ASIAN J. MATH. (© 2013 International Press
Vol. 17, No. 4, pp. 729-758, December 2013 010

EIGENVALUES OF HECKE OPERATORS ON HILBERT MODULAR
GROUPS*

ROELOF W. BRUGGEMANT AND ROBERTO J. MIATELLO?

Abstract. Let F be a totally real field, let I be a nonzero ideal of the ring of integers O of F',
let T'o(I) be the congruence subgroup of Hecke type of G = H?:l SL2(R) embedded diagonally in
G, and let x be a character of T'o(I) of the form x (§ §) = x(d), where d — x(d) is a character of
Op modulo I.

For a finite subset P of prime ideals p not dividing I, we consider the ring H!, generated by the
Hecke operators T'(p?), p € P (see §3.2) acting on (I, x)-automorphic forms on G.

Given the cuspidal space LE’CUSP (Fo (D\G, X), we let Vi run through an orthogonal system of
irreducible G-invariant subspaces so that each Vi is invariant under H!. For each 1 < j < d, let
Aw = (Aw,;) be the vector formed by the eigenvalues of the Casimir operators of the d factors of G on
Vi, and for each p € P, we take Aw,p € Jp := [0,14+N(p)) U (0, /1 + N(p)2]) so that AZ, , — N(p)
is the eigenvalue on Vi of the Hecke operator T(p?). If for some prime p the Hecke operator T'(p)
can be defined then its eigenvalue on Vi is real and equal to Aw p or —Ag p.

For each family of expanding boxes ¢t — Q, as in (3) in R?, and fixed interval Jp in Jp, for each
p € P, we consider the counting function

N (Jplpep) = > C

W, Aw€Qt 1 Ay, p EJp ,VPEP

Here ¢"(w) denotes the normalized Fourier coefficient of order r at co for the elements of Vg, with
r € O \pOf for every p € P.

In the main result in this paper, Theorem 1.1, we give, under some mild conditions on the ¢,
the asymptotic distribution of the function N(Q4; (Jp)pep), as t — co. We show that at the finite
places outside I the eigenvalues of the Hecke operator T'(p?) are equidistributed compatibly with the
Sato-Tate measure, whereas at the archimedean places the eigenvalues A are equidistributed with
respect to the Plancherel measure.

As a consequence, if we pick an infinite place [ and we prescribe A ; € €2 for all infinite places
j #1land Ay p € Jyp for all finite places p in P for fixed sets Q; and fixed intervals J, C J, with
positive measure and then allow A ; to run over larger and larger regions, then there are infinitely
many representations w in such a set, and their positive density is as described in Theorem 1.1.

Key words. Automorphic representations, Hecke operators, Hilbert modular group, Plancherel
measure, Sato-Tate measure.
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1. Introduction and discussion of main results. We work with a totally real
number field F of degree d, the Lie group G = SL2(R)? considered as the product of
SLy(F;) for all archimedean completions F; = R of F. The group SLa(F) is diagonally
embedded in G. We consider the congruence subgroup I' = I'g(I) with I a nonzero
ideal in the ring of integers Op = O of F, a character x of (Or/I)* inducing a

character x (‘C‘ Z) = x(d) of T, and a compatible central character determined by

¢e€{0,1}7

Lg (T\G, x) is the Hilbert space of classes of square integrable functions trans-
forming on the left by I according to the character x, and transforming by the center
Z of G according to the central character determined by £. We work with a maximal
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orthogonal system {V,}« of irreducible subspaces in the cuspidal Hilbert subspace
of Lg(F\G, ). For each w, there is an eigenvalue vector Ay = (Ap ;); € RY, where
Aw,j is the eigenvalue of the Casimir operator of the factor SLa(R) at place j in the
product G = SLy(R)<.

We normalize the Fourier terms of automorphic forms at the cusp co as discussed
in §2.5. With this normalization, one obtains Fourier coefficients ¢" () that are the
same for all automorphic forms in V,,. The order r of the Fourier terms runs through
the inverse different O of Op.

In [9] (Theorem 4.5, Proposition 4.6 and Theorem 5.3) we prove that, under some
mild conditions on the family of compact sets t — €, in R%:

O Y ) = APEVIING) b6 ) (14 o)

) (t = 0).

w, A €EQt

(In [9] the factor Vol (I'\G) is not present. It is due to a different normalization of
measures discussed in §2.5.) The factor Dp is the discriminant of F' over Q, the ¢"(w)
are Fourier coefficients, and Pl denotes the Plancherel measure given by Pl = @;Pl,
on R, where

(2) Ply(f) = Oof(A) tanh /A — L dA
1/4

D DR CESFACICES )R

b>2,b=0 mod 2

PlLi(f) = 1/4f()\)coth71' A—1dx

+ Y e-nrGa-5).

b>3,b=1 mod 2

In this paper we work with a family of the following type:

(3) O = [-,49 x []14;, By,
JjEE

where {1,...,d} = QU E is a partition of the archimedean places of F' for which
@ # 0. The end points A; and Bj of the fixed interval with j € E are not allowed to
lie in the set {%(1 — %) cbh=¢&, b> 1}, of discrete series eigenvalues. The variable
t tends to infinity. The set E can be empty, but the set () has to contain at least one
place.

The asymptotic formula (1) shows that if the box [[;cp[A;, Bj] has positive
Plancherel measure ®;4Pl¢;, then there are infinitely many eigenvalue vectors Ay
that project to this box.

If one of the factors [A;, B;] has zero density for Pl¢,, which happens in particular
if [A;,Bj] C (0, %), then the asymptotic formula has no meaning. For such a situation
it is better to use the following formulation:

@ X e - PO fo(i@) @ ).

W, A €
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where the reference measure V; has product structure Y = ®; ¥, 13 with

1 0 1 5/4
5) [ravia = 5 [ naxe g [T -1
0

2 /54
+ > Bh(1/4-pY),
B>0, B=4(1)

0o 5/4
/thL1 %/ h(A)dAJr%/ A —1/4/7Y2dx

5/4 1/4

+ > Bh/4-BY).

B>0, B=0(1)

This measure V] is positive on all sets in which eigenvalue vectors can occur, and is
comparable to Pl near points A for which all coordinates stay a positive distance away
from (0, 4) So the asymptotic formula does not exclude exceptional A ;, but only
limits their density.

For congruence groups I'g(I) over totally real number fields it is impossible, in
general, to define Hecke operators T'(p) corresponding to the Hecke operators 1, for
congruence subgroups of SLs(Z). However, one can consider Hecke operators of the
form T'(p?) for primes p not dividing I. If the prime ideal p = O is principal, then
the action of the Hecke operator T'(p?) on (T, x)-automorphic functions f on G (i.e.,
transforming on the left according to the character y of I') is given by

(6) fIT(p*)(9) = X(Wp)f<<7;p 1/x ) ) 2 f<<1b/ﬂp) )

beO/p
1/mp b/my

+ Z (( - gl -
beO/p2 P

This does not depend on the choice of the generator m,. The Hecke operator in (6)
preserves (T, x)-automorphy, square integrability and cuspidality. For non-principal
p 1 I, we will show that there are also Hecke operators T'(p?) with similar properties
(see §3.2). They generate a commutative algebra of symmetric bounded operators on
L?CHSP(F\G, X). Furthermore, the orthogonal system {V.} can be chosen in such a
way that each operator acts on V by multiplication by a fixed scalar. One can show
that the eigenvalue Ay, 2 of T'(p?) on V is a real number with absolute value at most
N(p)2 + N(p) + 1. (See §4.2.) Hence there is

(7) Aop € Jp = [0,14+N(p)] U i(0,1/1+4 N(p)?]

such that A2, =p — N(p) is the eigenvalue of T'(p?) in V.
If the prime p { I is of the form p = Om, with totally positive 7, for which
X(mp) = 1, then one can define the Hecke operator T'(p) by the formula

_ Vi 0 17,0 l;r,, ) )
T — . VoY ,
(8) (fIT(p)(g9) = f << 0 L ) 9) +b€§O/pf (( 0 g

and T'(p) satisfies T(p)? = T(p?) + N(p). In such a situation we can further arrange
the system {Vz} to be such that T'(p) has eigenvalue in [—1 —N(p), 1+ N(p)] on V.
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This eigenvalue is equal to A, or —Ag5 p, with A5 , as chosen above. In general, one
cannot define T'(p) for all prime ideals p.

The Sato-Tate measure is the measure on R given by

f »—>z /Wf(2\/N(p) cos V) sin? 9 dv
™ Jo

(9) 24/N(p)
1
= —— A) VAN(p) — A2d\.
2 \/N(p) /_2 N(p)f( ) (p)

See p. 106-107 of [12]. This is the measure one expects to describe the distribution
of the eigenvalues of the operators T'(p) if they are defined. We have to deal with the
parameter A\ , € Jp in (7), and use the following measure ®, on 7,, which is related
to the Sato-Tate measure:

2/N(p)
(10) %) = s [ o VNG =R

The main goal of this paper is to prove the following distribution result:

THEOREM 1.1. Let t + Q; be a family of compact sets in RY as in (3) and let P
be a finite set of prime ideals in p € Op, p{ 1. For each p € P let J, be an interval
in [0,00) U i(0,00). Then for any r € O% such that r & p O for every p € P, we
have:

(11) > e ()|

W, Aw€Qt 1 Ay pEJp ,VPEP

~ 2/[Ds] Vol (T\G) (

- (2m)

PI) [T @0(J) +o(v1<m)) |

peP

(By an interval in [0, 00) Ui(0, 00) we mean a connected subset.)

The theorem shows that in the Hilbert modular case the parameters A5 , with
p { I are equidistributed with respect to the measure ®,. We recall that A p2 =
)\2w’p —N(p) is the eigenvalue of T'(p?) in the space V,. For those p € P for which T(p)
can be defined, by the same method one can prove the result in Theorem 11 using
the eigenvalues £\, of T'(p), with @, replaced with the Sato-Tate measure at these
places. In the case F' = Q and I = Z that is Proposition 4.10 in [4]. (Since d = 1, the
set E has to be empty in this case.)

The theorem stays true for more general families t — €2, as discussed in §B.1 in
the appendix.

COROLLARY 1.2. Let E be a set of archimedean places, with 0 < #FE < d, and let
S be a finite set of finite places outside I. Suppose that J, C R is a bounded interval
for each v € EUS. Suppose that the J; with j € E satisfy the condition on the end
points mentioned below (3). If

H Ple; (J;) H Dy(Jp) >0

JEE peS

then there are infinitely many representations w such that Ag ., € J, for allv € S.
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According to the Ramanujan-Petersson conjecture one should have that

(12) Aw,j g (07 1/4)a Vi, )‘w,P € [072\/ N(p)]’ VPTI

In the language of representation theory this means that local factors w, of @w cannot
be in the complementary series for any place v of F' outside I. Theorem 1.1 gives
support to this conjecture: If v = j is an archimedean place, then we take E = {j}
and [A;, B;] C (0, %) If v = p is a finite place not dividing I, we take S = {p} and
Jp such that J, N[—N(p), 3N(p)] = 0. We conclude from the theorem that exceptional
eigenvalues such that A ; € [A;, B;] or Az € J, are relatively scarce: the sum in
the left hand side of (11) is o(V1(£2¢)) as ¢t — co. The theorem gives more: the A .,
are distributed according to the Plancherel measure if v is an archimedean place, and
according to the measure ®,, compatible with the Sato-Tate distribution if v is a
finite place outside I.

In these results we fix one finite unramified place (or finitely many), and consider
the distribution of the eigenvalues A, of the Hecke operators for this place p (or the
joint distribution of the Hecke eigenvalues for the finitely many fixed places), averaging
over an infinite set of automorphic representations w. That point of view is in some
sense orthogonal to results like those in [1], where an automorphic representation w
is fixed, and it is shown that the distribution of Hecke eigenvalues A , where p runs
over the (unramified finite) places, is given by the Sato-Tate distribution.

The paper is organized as follows. In §2 we introduce some notations and recall
some facts on automorphic forms. To handle Hecke operators it is convenient to work
in an adelic context recalled in §2.6. In §3 we discuss the Hecke algebra H! and the
relation of its eigenvalues to Fourier coefficients. In §4 we give the proof of the main
result, Theorem 1.1. To this end, we need to generalize the asymptotic result (4) to
a sum in which |¢"(w)|? is replaced by a product of Fourier coefficients of possibly
different order and at possibly different cusps. This generalized asymptotic result
is Theorem B.1, proved by using the sum formula given in Theorem A.2. We have
included this auxiliary material in two Appendices to avoid interrupting the flow of
proof of the main result.

2. Preliminaries. In this section we will introduce some notations and recall
known facts on automorphic forms and Hecke operators in our context.

2.1. Notations. For any ring R we denote:
lz t 0 N
(13) n(z) = (01) forx e R, h(t) = (Otl) fort € R*.

In the case R = R? we also use

k(D) = (( cos My smﬁl)’.”’( cos Yy 51n19d)) for 9 € RY

—sin¥y costh —sindy cos ¥y
and write
(15) N = {n(z) : z e R}, A = {a(y) : y€(0,00)"},
K = {k@®) : 9 e R} .
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The center Z of G is the set of h(¢) with ¢ € {1,—-1}¢ C R%.
The function S : RY — R given by S(z) = > zj extends Trp)g : F' — Q.

2.2. Cusps. As in §2.1.4 of [8] we choose a set P of representatives of the I'-
equivalence classes of cusps. We take co as representative of I" co. For each k € P we
choose g, € SLo(F) such that k = g, 00. For kK = co we can and do take go, = 1. We
use the notations N*® = g,Ng-! and P* = g.NAZg_', and we put I[,, :=['N P~
and I}, := 'NN". So I}, equals the subgroup of I fixing ~, and has I}, as a normal
commutative subgroup of the form I, = { gxn(§)gt € € MK} for some fractional
ideal M, of F, which is a lattice in R?, under the embedding of F in R¢. There is
the dual lattice M/, consisting of all r € R¢ such that S(rz) € Z for all z € M,,. So
M, is the fractional ideal O" M1, where 0’ is the inverse of the different ideal. Note
that M, and M), depend on the choice of g, but I, and I},. do not. For the cusp
oo we have taken goo = 1, 50 Mo = O and M/ = O’.

Py is the subset of x € P for which the fixed character x of I' is trivial on I},..
For k € Py, the dual lattice M/, describes the characters of g,Ng, ' that are trivial
on I};,. For general x € P we put

(16) M. = {re R? : x(gen(z)gst) = ™50 for every z € M} .

Thus, M/, is a shift of M/ inside R?, and & € P, if and only if 0 € M.

2.3. Automorphic functions and Fourier terms. By a (T, x)-automorphic
function on G we mean any function on G that satisfies f(vg) = x(7)f(g) forally € T
and g € G. We call a (T, x)-automorphic function an automorphic form if f is an
eigenfunction of the d Casimir operators of the factors of G = SLy(R)¢, and if it has a
weight q € 72, i.e., f(gk(1)) = f(9)e*5@) for any ¥ € R?, where S(g,?) = Zj q;9;.
All automorphic forms on G are real-analytic functions.

Let f be a continuous (T, x)-automorphic function on G. For each k € P the
function x — f(g,@n(ac)g) on R? transforms according to a character & — e275(8) of

M, for some r € M .. So it has an absolutely convergent Fourier expansion

(17) f(grcg) = Z Fn,'r‘f(g)v
TGM;
(Ferf)(9) = m/w/zwﬁ e~ 2mSD) f(g,n(x)g) dx .

In [8] and [9] we considered only the Fourier expansion at the cusp co. For the
relation with Hecke operators we need to consider in this paper Fourier expansions at
other cusps as well.

We call an (T, x)-automorphic function cuspidal is all its Fourier terms of order
zero vanish. Since 0 € M; only if k¥ € Py, the function f is cuspidal if F,; of = 0 for
all Kk € Py.

2.4. Automorphic representations. Let L*(To(I)\G, x) denote the Hilbert
space of classes of functions transforming according to x i.e. f(vg) = x(v)f(g) for
any v € I'g(I) and ¢ € G. The group G acts unitarily on this Hilbert space by
right translation. This space is split up according to central characters, indicated by
¢ €{0,1}4 By LE(I‘O(I)\G, X) we mean the subspace on which the center acts by

G 0 ¢ 0 ¢
(5 (5e))~Te
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where ¢; € {1, —1}. This subspace can be non-zero only if the following compatibility
condition holds:

(18) x(-1) = [[(=n%.
J
We assume this throughout this paper.
There is an orthogonal decomposition

(19) LE(To(D\G, x) = L (To(I\G, x) & L (Lo ()\G, X)-

The G-invariant subspace Lz’cont (To(I)\G, x) can be described by integrals of Eisen-

stein series and the orthogonal complement L?’discr(l’o(] N\G, x) is a direct sum of
closed irreducible G-invariant subspaces. If xy = 1, the constant functions form an
invariant subspace. All other irreducible invariant subspaces have infinite dimension.
They are cuspidal and span the space L?C“Sp (Do (D\G, x), the orthogonal complement

of the constant functions in Lz’discr(Fo(I)\G, X)-

We fix a maximal orthogonal system {V }_ of irreducible subspaces in the Hilbert
space Lz’C“Sp(I‘O(I )\G, x). This system is unique if all @ are inequivalent. In general,
there might be multiplicities, due to oldforms.

In §3.2 we will discuss Hecke operators T'(a?), which act in L?(I‘O(I)\G,X) as
symmetric bounded operators. These operators commute with the Casimir operators
of the factors SL2(R) of G, and leave invariant the space LE’C“SP(FO(I)\G,X). (See
§4.2.) Then we can and will assume that the Vi, are invariant under these Hecke
operators T'(a?).

Each irreducible automorphic representation w of G = [] ;SL2 (R) is the tensor
product ®;w; of irreducible representations of SLo(R). Here and in the sequel, j is
supposed to run over the d archimedean places of F'.

The factor w; can (almost) be characterized by the eigenvalue A5 ; of the Casimir
operator of SLy(R), and the central character, which is indicated by &;.

The eigenvalues Ay ; are known to be in the following subsets of R depending on
the central character ;:

:b22even}u [)\o,oo) it =0,

(20) ) )
:bZBodd}U[Z,oo) ifg =1,

B2

4
B2
4

where Ay € (0, i] By a conjecture due to Selberg in the spherical case, it is expected

that one can take \g = i. The result % > Ao > 411 — (%)2, due to Kim-Shahidi

and Kim-Shahidi-Sarnak, [11], has recently been improved to g > i - (éf by
Blomer and Brumley, [2]. We call Ay, = (A ;) € RY the eigenvalue vector of the
representation w. As discussed in §1.1 of [9], spectral theory shows that the set of
eigenvalue vectors {\,} is discrete in R

The correspondence between values of A = A ; and equivalence classes of unitary

representations of SLo(R) of infinite dimension is one-to-one if A > 0 for { = §; =

0, and if A > % if £ = 1. In the other cases, A = %— % with b € Z>1, b =
& mod 2. In these cases, there are two equivalence classes, one with lowest weight
b (holomorphic type), and one with highest weight —b (antiholomorphic type). If

b > 2, representations of these classes occur discretely in L2 (SLQ (R)), and are called
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discrete series representations. The representations in the case b = 1 are sometimes
called mock discrete series. They do not occur discretely in L? (SL2 (R)) All these
representations, discrete series or not, may occur as an irreducible component of

L2 (To(D\G, X).

2.5. Fourier coefficients. In the version in [9] of the asymptotic formula (1) the
factor Vol (I'\G) is not present, due to a different choice of the norm in the Hilbert
space LZ(T\G, x). There we used IfII? = fF\G |f|?dg, with the Haar measure dg

indicated in §2.1 of [8]. Here we prefer to use the norm

(1) 191= (Sorgrvy o )

With this choice the norm || f|| of f € LZ(T'\G, x) does not change if we consider f as
an element of Lg (Th\G, x) for a subgroup I of finite index in T'.

As discussed in §2.3.4 in [8], the Fourier expansion of one automorphic form in V,
determines the Fourier expansion of any automorphic form in V. This is valid at all
cusps, not only at the cusp co considered in [8] and [9]. We review the choice of the
Fourier coefficients of an automorphic representation V,,, indicating the differences in
comparison with [8]. We put references to formulas and sections in [8] in italics.

Like in (2.27), we determine the Fourier coefficients ¢™"(w), for k € P and
r e M, by

(22) Forhoq = " (w)d" (¢, ve) Wy(r,ve) .

Here d"(q, V) is the factor with exponentials and gamma functions in (2.28), with
a choice of v = (Ve j)1<j<a € (4]0, 00) U (O, 20))? such that Aw,j = 411 —v2 ;. The
“Whittaker function” Wy(r,vw) on G is a standard function on G, given in ( 2.12),
with weight ¢ and the rlght transformation behavior for translations by elements of N
on the left. The weight ¢ in (22) runs over all weights that occur in V. The ¢ 4
form a basis of the space of K-finite vectors in V. They are related by the action
of the Lie algebra of G and have norms as indicated in (2.26). Then this determines
the Fourier coefficients ¢"(w), independent of the weight ¢g. The difference with [8]

is the choice of the norm in (21), which can be summarized as follows:

1
f € LE(F\GaX) : ||f||here = T e/ Hthhere;

V/ Vol (T\G)
ww,q in (226) of [8] 11’;1:; — \/\W ;hzr67
¢ (w) in (2.27) of [8]: 2 (@) = /Vol (T\G) Cfpere() -

As a consequence, we use now Fourier coefficients ¢" (w) = ¢ (w) that are equal to
v/ Vol (I'\G) times the corresponding coefficients in [8] and [9]. This causes the factor
Vol (T\G) in (1), which stayed hidden in the normalization used in [9]. The wish to
make the dependence on the ideal I in T' = T'y(I) explicit is our motivation to go over
to the norm in (21).

In the choice of the ¢™"(w) there is for each w the freedom of a complex factor
with absolute value one. In the result we work with absolute values, so these choices
do not influence the results of this paper.

In the case F = Q and v, = v € i(0,00) the function v : z = x + iy —

Vw0 (‘f f) is a Maass cusp form of weight zero. Each cusp k of T'o(N) can be
-+
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described as k = g,00 with now g, € SLy(Z) C SL2(Q), such that the subgroup of
Io(N) fixing x is generated by g, (3)11”) g-! for some w € N. Then M, = wZ, and
M| = %Z. There is o, € Q depending on x such that M; =a, + %Z. The Maass
form u has at the cusp x the Fourier expansion

u(gez) = Z L("ﬂe%”” Wo.. (47 |r|y)
K = 1 N2 )
r=a, mod 1/w 2|T|F(§ +V)

where Wy, is a Whittaker function. (If a, € %Z the term with » = 0 should be
omitted.) If we apply to u the Maass weight raising and weight lowering operators
we get Maass forms of even weights ¢ that are explicit multiples of 1 4, with Fourier
expansions containing W, Slgn (r)/2,0(4|r|y). The normalizing factors d" (¢, v) are such
that the same coefﬁ(nents ¢™"(w) occur in all these Fourier expansions.

2.6. Automorphic forms on the adele group. We now consider the embed-
ding of I' = I'g(I) C SLo(F') in SLa(Ay¢), where Ay is the group of finite F-adeles.

We recall that Ay is the subset of [], F, of those a = (ap)y € ], F such that
a, € Oy for all but finitely many primes p in O. By O, we denote the closure of O
in the completion F, of F at place p. The ring A; contains the subring O = Hp Oy,
which is the completion of O for the topology in which the system of neighborhoods
of 0 is generated by the non-zero ideals in O.

The local ring O, has maximal ideal p, which is the closure of p C O in O,. The
closure I, of I in O, is equal to O, if p I, and is a nonzero ideal contained in p if
plL

For each ¢ € SLy(F') the group I' N ¢l'e™! has finite index in I' = To(I). This
system of subgroups is cofinal with the system of all congruence subgroups of I'. The
closure ' of T in SLq (A ) is the completion of I' in the topology for which the system
of neighborhoods of the unit element is generated by the congruence subgroups. There
is a decomposition as a direct product

SL2 p lfpfl

’:];‘[f‘p, wherer{ {( )ESLQOp ;cefp} ifp| 1.

The isomorphism (O/I)* = lel((’)/p”*’([))* implies that the character x mod I can
be written uniquely as a product x(z) = [],;xp(2) for € O relatively prime

to I, where ¥, is a character of (O/p"»(D)* = (O, /I,)*. In particular, x, induces a
character of Oy.
We now define a character ¥ on the subgroup

{ue A} :uy, €Oy, ifp |1, and uy € K if p 11},

by setting x(u) = HP\I Xp(up). If z € O is relatively prime to I then, for the diagonal
embedding O C A%, we have x(z) = Y(z). Thus we have extended the character x of
o/n-.

Recall that we use the symbol y also to denote the character x (“ b) x(d) of T.

We may extend this character x to the subgroup {g € SLa(Af) : g, € Ty, for p | I}
of SLa(Ay) by

(23) (1) = e = .

pll
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This character is trivial on SLa(fy) for all p { I. For all p | I, we denote by X, the
restriction of x to I'y.

The adele ring A of F' is the direct product As X Ay, with A = R So
G = SL2(R)? = SL2(Aw). The group SLy(F) can be viewed as embedded discretely
in SLy(A). Any (T, x)-automorphic function f on G determines uniquely a corre-
sponding function f, on SLy(A) by

(24) fa(c(goo, ) = X(u) " £(900) Goo € SLa(Ay), u €T, c € SLy(F).

Here we use that SL2(A ) = SL2(F)T, a consequence of strong approximation for SLo.
So f, transforms on the right according to the character Y~ ! of ', and is left-invariant
under SLy(F'). Square integrability of f on T'\G is equivalent to square integrability
of f, on SLo(F)\SL2(A). At the finite places we normalize the Haar measure on
SLy(F,) so that Iy, has volume 1.

3. Hecke algebra. One of the advantages of adele groups is the possibility to
view the classical Hecke operators as convolution operators. In this section we study
the structure of a ring of Hecke operators, locally in §3.1, globally in §3.2.

For I' = I'y(I) and the character x, consider the convolution algebra H of com-
pactly supported functions ¢ on SLo (A f) satisfying 1 (uigus2) = x(u1) ™t ¥(g) X(u2) ™"
for uy,ug, € I and g € SLy (Ay). Convolution gives not only a multiplication on #,
but also an action of H on (T, x)-automorphic functions f,:

(25)  faxilg) = / falge™)(a) do = / fa(goor @) Yz gy) d
SLQ(Af) SLQ(Af)

with ¢ = (goo, g7) € SL2(A) = G x SLa(Af). The support of a non-zero ¢ € H is
a non-empty compact subset of SLa(Ay) that satisfies T'supp (/) T' = supp (¥). By
compactness, the set ['\supp (1) is finite. Strong approximation allows us to pick
representatives of I'\supp ¢ in SLa(F). We normalize the Haar measure on SLa(Af)
by giving T’ volume 1. Then we have for g, € G:

fax(go0:1) = D falgoe: §) ()

¢el\supp ¢

(26) = > Fa(€7 (9o, 1)) (€

€T\ (SL2 (F)Nsupp ¢)

= > F(€900) ¥(8) -

€T\ (SL2(F)Nsupp ¢)

Thus we obtain the action of ¥ in terms of a finite sum of left translates of the
(T, x)-automorphic function f.

If fo € L*(SLa(F)\SL2(A)), then so is F¢ : g — fa(g(1,€71)) (&) for all £ €
SLa(Ay), and || Fel|l2 = [|fall2 |(§)|. Hence the convolution operator fo — fo * ¢
defines a bounded operator on the Hilbert space L?(SLa(F)\SL2(A)) with norm at
most

(27) [¥]loc - # (T\supp ) .
For each x € SLy(Ay), right translation R, given by (R.f)(¢9) = f(gz) is a uni-

tary operator in L%(SLo(F)\SL2(A)). We put ¢*(z) = y(z~1). If ¢ as above
satisfies ¥* = 1, then convolution by v defines a symmetric bounded operator on
L? (SL2 (F)\SLy (A)) .
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3.1. Local Hecke algebra. Before defining the subalgebra of H with which
we will work, we will consider some pertinent local convolution algebras, for primes
outside I. We recall that the character x is trivial on SLo(Fy) for all p{ I.

DEFINITION 3.1. For each finite prime p not dividing I we denote by H, the
convolution algebra of compactly supported locally constant functions on SLa(F})
that are left and right invariant under translation by elements of SLa(O,).

We recall the well known description of the structure of H,. Let 7, be a generator
of the maximal ideal p of O,.

The unit element of H,, is the characteristic function &, of T'y = SLa(O,).

A basis of H,, is given by the characteristic functions 7'(p?*) of the sets

(28) A(p?) = {#,%g : g € Ma(Oy), detg = #2F}
for k € Ng. So A(p®) = &,. We have

2k B Fh—l pa—k
(29) A(p?*) = |_| |_| Fp( % ﬁlik>
p

1=0b€0, /5!

2k
|_| |_| fph(ﬁgil)”(ﬁ)a

1=0 Bept—2k /p2l—2k
in the notations of §2.1. For k& > 1 we have the relation:
(30) T(p™) « T(p?) = T(p*F2) + N(p) T(p*") + N(p)* T(p** ).

This implies that H, is a polynomial ring in the variable T'(p?). Furthermore, (30)
allows us to check that H, is isomorphic to the subring of the ring C[X g, Xy %] of even

Laurent polynomials that are invariant under Xg . 2 by sending T (p?*) to

2k
y
(31) N(p)* > X%
j=0
Each character of H, corresponds to a map X, — N(p)"», where the parameter
271
(32) vy € Cmod ———7Z,
’ log N(p)

is determined up to v, <+ —1p. The quantity v, is related (but not equal) to the usual
Satake parameter.

Thus we have described the structure of H, completely for primes p t I. For
primes p dividing I the algebra H, is the convolution algebra of compactly supported
functions on SLy(F},) that transform on the left and on the right by the character x,, !
of I'y. We do not go into its structure, and only note that its unit element &, is equal
to )2;1 on fp and is zero outside f‘p.

3.2. Global Hecke algebra. We shall work with the following subring of H:

DEFINITION 3.2. We denote by H! the convolution subalgebra of H of compactly
supported bi-x ~!-equivariant functions on SLy(Af) spanned by

®1/1p & ®5P7

ptl plI
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where ¢, € H, for all p1 I, and ¥, = &, for all but finitely many p.

We denote by @y the function g — [],1p(gp) on the group SLa(Af). The
condition that 1, = €, for almost all p ensures that ®,1), makes sense. The algebra
#H! is isomorphic to the (restricted) tensor product of the algebras H, with p{ I. It
is a commutative algebra. In this way we restrict our attention to the places where
the local Hecke algebra is unramified.

Next we build elements of 7 from elements of #, with p tI. Since the character
X may be non-trivial this requires some care. We also describe the action of elements
of H on automorphic forms for T'o(I).

We consider a nonzero ideal a in O prime to I. It has the form a = Hpeppk*‘
with P a finite set of prime ideals not dividing I, and positive k,. We define

(33) T(e*) = @ T(r*™) @ @ <.

peP pgP
Thus defined, convolution by T'(a?) satisfies T'(a?)* = T(a?).
With a and P as above, we consider the action of T'(a?) on automorphic forms,
first under the assumption that all p € P are principal ideals in O.
So p = (mp). Then my, € 7,0}, and m, € O at all other finite places q. The

element 7, embedded in A% by taking 1 at all places not equal to p, satisfies X(ﬁp) =1.
However, the representative m, € F™* need not be in the kernel of x, so we may have

X(my) # 0.

The Iwasawa decomposition of SLQ(Fp) shows that we can choose representatives
& of P\suppT(a?) of the form & = (q 0 ) (3?) € SLy(A;), with

01/q
(34) q@p = fr',f”*l", By € plo =2k ifpeP,
qula Bq:O ifqg P,

where each [, runs from 0 to 2k,, and where Bp runs through a system of repre-
sentatives of plr =2k /p2l»=2k»  The representatives # need not be in SLa(F). We

take
_(a O 18
v (0 1/%) (0 1) € SLa(F)

el

such that € 't with b = Hpepp , Qo = HpeP , and 8 in a system of

representatives of ba=2/b%a~2. In this way for g € SLQ( )

(35)  (faxT(o® =3 3 %) fa (g (LnB) " hig) )

bla2 BEba—2/b2a—2

which becomes in terms of (T, y)-automorphic functions on I'\G:

(36)  (fIT(e? = Y %) f (Mae)n(B)ge) (9 €G).

bla? B€ba—2/b2a—2

If we can choose m, totally positive for all p € P, a description of T'(a) similar to
the latter formula is possible for all ideals a built with prime ideals in P.
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In general, not all prime ideals p € P are principal, so we proceed as follows.
Taking 3 € ba=2 C F, 8 € 8+ b%a~2, we have in the notations of (34):

h(g)n(B) € Th(g)n(B).
By strong approximation there exists g, € SLa(F') such that

. 18
(37) (3 € Tao (o)
Indeed, for b such that ab~! is principal, we may take gy to be a diagonal matrix, in

particular, go = ((1) (1)) For other b we use that in any field we have

<(t>13t> - (3);) <—tl—1(1)) (éi) <(1)(1)> (t£0).

For any ideal J there are elements &, € F and u,v € J, such that ¢ = £ + u,
q ! =n+wvfor gasin (34). If we take J as the product of sufficiently high (depending
on ¢q) powers of primes in P and I, we have

_ [1&+u 10\ /1é+u) [0-1\ ~/1&\/10)\/1&\/0-1
o= (01 () G (o) eras) () () ()
so that h(q) € T - SLa(F). This leads to the following description of convolution by
T (a?):

(38)  (faxT(@)(9) = D RMge)™" D falo(Ln(B) g "))

bla2 BEba—2/b2a—2

for any g € SL2(A). Since the gen(8) in this sum are elements of SLy(F), we can go
over to the corresponding function on G, and obtain:

ProPOSITION 3.3. Let a be a non-zero integral ideal in O prime to I. For
each integral ideal b dividing a there exists go € SLa(F) such that for any (T, x)-
automorphic function f on G, and for any g € G:

(39) (FIT@)(g) = D Rg)™ D flgen(B)g) -

b|a? BEba—2/b2a—2

In the sum, B runs over elements of ba=2 C F representing the classes modulo
b2a2. The elements gy are in SLo(F). For b = O we can take gy = Id. If all prime
ideals dividing a are principal we can take all gy to be diagonal matrices satisfying (37).

In particular, the Hecke operators act in the space L? (T\G, x) as bounded opera-
tors. (See (27).) The relation T'(a?)* = T'(a?) implies that T'(a?) acts as a symmetric
bounded operator. Its norm is bounded by the number of terms in (39).

4. Distribution of eigenvalues of Hecke operators. It will be critical for
this paper to work out the relation between the eigenvalues of Hecke operators and
the Fourier coefficients of automorphic forms. In the first subsection we discuss the
action of Hecke operators on Fourier expansions (Propositions 4.3 and 4.4) and then
we apply these results to give an expression for the eigenvalues of Hecke operators
on automorphic cusp forms (Theorem 4.5). In the final subsection we give a proof
of our main result, Theorem 1.1 in several steps. The main tools in the proof are
Theorems B.1 and 4.5.
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4.1. Hecke operators and Fourier expansion.

LEMMA 4.1. Let a be a non-zero integral ideal in O relatively prime to I, and let
b | a®. Then there is a unique k € P such that the element gy in Proposition 3.3 has
the form go = ygxp with v € T and p = n(b) h(a) € SLy(F).

For each (T, x)-automorphic function f on G the function

(40) forgm Y. flgen(B)g)

BEba—2/b2a—2

is left-invariant under I,... The Fourier terms of f, are given by

(@) P folg) = {N(b) XO) Fuaerf(pg) - Jorr € 6710,
0 for other r € O'.

Proof. The element g, € SLy(F) is in ['h(g) with ¢ as in (34). Since gp oo is a
cusp, it is of the form yx with v € T, for a unique x € P. Then gy 1gs € SLa(F)
fixes 0o, and is hence of the form p = n(b)h(a) with b € F, a € F*.

We claim that

(42) a’b?a™? = M,.

Indeed, the construction of the system of representatives in §3.2 implies that for
different 3 in a system of representatives of ba=2/b2a~2 the sets ['yyn(3) are disjoint,
and furthermore gbn(ﬂ)ggl € T'if B8 € b%2a=2. Hence, for all 5 € b%2a=2 we have
gepn(B)p~tg ' € I, which implies that n(a?8) € g;'I.gx for all such B. This
shows that a?b%a=2 C M,.

Conversely, if z € M,, then g.n(z)g;' €T, and gen(a=2z)g, ' € v 'I'y =T. We
have gy = uh(q), with u € T'. Hence h(q)n(a=2x)h(q)~!' € T, and ¢?a=2x € O. Since
qO = ab~ !, we have z € a2b2a 2N F = a2b2a~2.

Moreover, for 8 € b%a=2, we have

X (95n(a2B)g5") = (95p) % (n(B)X(gsp) ™ = 1.

So x is trivial on Ty, and M, as defined in (16) is equal to M/, = a=2b"2a20'.
The set Uﬂeba,z/hQa,Q Lgen(p) is right-invariant under the group {n(w) : w €
ba’Q}, which contains I},... Hence f, in (40) is left-invariant under I},... It has a

Fourier expansion with terms of order r € (0, and the terms with r outside (ba=2) =
b~ 'a?©’ vanish. For r» € b~ 'a20":

1 —2riS(ra)
™ rT d
Vol (R4 /ba~2) /]Rd/ba2 e fo (n(z)g) dx

1 / —2miS (7‘(1‘+B))
= d/p—2 Z € f (vgepn(z + B)g) dz,
Vol (R /ba ) R/ba—2 Beba—2/b2a-2

Foo,rfb(g) =

where we have written g, = vg.p, and have used that S(r3) € Z. The function z +—
e 2m8(re) £ (vg.pn(z)g) is a function on R?/b%a~2. Hence the integration over z €
Rd/ba_2 and the summation over 8 € Ba~2/b%a? is replaced by integration over
r € RY/b%a"2:

1

Feorfolg) = Vol (R%/ba?)

L5 gniag) da
R4 /b2a~
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Using also p = n(b)h(a) and the fact that f is (T, x)-automorphic we obtain

Foorfolg) = % /}Rd/b2 72 e 28U f (gen(b)h(a)n(z)g) dx

= L —27iS(rx) 2
= Vol (R7/ba-2) /Rd/b%z e f (gxn(a*z)pg) da.

Next we carry out the substitution z — a2z:

_ X(’Y) —2miS(ra”%z)
R e e ) f (gen(xpg)

We have seen in (42) that a?62a=2 = M,;. So we obtain the formula in (41) when we
show that

1 N(b)

IN(a)|® Vol (R /pa-2) Vol (R?/M,)

This follows from the facts that Vol (R%/bc) = N(b) Vol (R?/c) and Vol (R?/aA) =
IN(a)| Vol (R%/A), for all fractional ideals b and ¢, all lattices A, and all @ € F*. O

LEMMA 4.2. Suppose that k = oo in the situation of Lemma 4.1. Then we can
choose gy = h(a), with a € F*, and v = 1. The Fourier terms of fu are given by

~N(b) F o2 f(R(a)g) ifr € b 1a?0,
(43) Feorfolg) = {O for other r € O’ .

If b = a, then we can further take a = 1, while if b # a then a € F* ~ O*.

Proof. We have gy = yn(b)h(a) € Th(q) with ¢ as in (34). This implies that
a = uq with v € O*, and hence the ideal ¢ O = ab='O is generated by a € F*. So
ab~! is a principal ideal, a is a generator of ab~!, and we can choose gy = h(a), v = 1.
So p = h(a) and the formulas for the Fourier terms follow from (41) in the previous
lemma. O

PROPOSITION 4.3. Let a be a non-zero integral ideal in O relatively prime to I,
and let f be a (T, x)-automorphic function on G. For each non-zero integral ideal
b dividing a there exist unique r(b) € P, p(b) = n(b(b)) h(a(b)) € SLa(F), and
~(b) € T such that for all r € O

(44)  Faor(fIT(a%)(9)
= > N() X (9r(6)P(5)) " Fr(o),ae)-2f (p(0)g) -

blaZ, reb—1a20’
If k(b) = oo, then either b =a, a(b) =1, b(b) =0, and v(b) =1, or b # a, and
a(b) € F* \ O*.

Proof. Replacing the inner sum on the right hand side of (39) in Proposition 3.3
by fe in (40) in Lemma 4.1, we obtain

(FIT (@) = D %(gs) " foly

bla?
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Applying Lemma 4.1 for each b | a®> we obtain x(b), p(b) and ~(b), now explicitly
depending on b. For a given b we obtain a non-zero contribution to the Fourier term
of order r € O’ only if r € b= a2’ (see (41) in Lemma 4.1), and that contribution is

X(g6) " N(b) X (7(0)) Fu(o),a(e)-2r-f (p(b)g)
. -1
= N(b) X(9r(0)(0))  Fr(o),a(e)-2r-f (p(0)g) -
The other statements follow from Lemma 4.2. O

We recall that we defined cuspidality, after Proposition 3.3, as the vanishing of all
Fourier terms F; o with k € P,. So the following proposition tells us that the Hecke
operators T'(a?) preserve cuspidality.

PROPOSITION 4.4. Let f be a (T, x)-automorphic continuous function on G for
which Fof =0 for all k € Py. Then

Foo(fIT(@)) =0  forall k € Py,

for each non-zero ideal a in O that is relatively prime to I.

Proof. Let f and a be as in the proposition. Consider x € P,. Then
Feo(fT@)(e) = 30 el
0 g £ ol (R7/M,)

: f(gen(B)gan(x)g) dx
/Rd/M"' 5€baz2/:b2a2

- / S ¢ f(hynla) g) da,

/My 5

where h; runs over a finite set of elements of SLo(F'), and ¢; € C. We note that the
function z — > ¢; f(h;n(z) g) on R? is M,-periodic, but the individual terms may
not be M,-periodic. Since the finitely many h; are all in SLo(F'), there is a fractional
ideal Ay with finite index in M, such that the individual terms are Ag-periodic.

Write h; = vjgx,n(b;)h(a;) with g; € ', k; € P and p; = (‘10] 1%1) € SLy(F).

Then for all fractional ideals A in Ag we have

[ sng)de = x6) [ Flonn)hla))n()g) do

(45) R /A RY/A

— X IN@)| [ Flann(@h(ag) do.
Re/a; A

For each ' € P the fractional ideiﬂ M, contains a fractional ideal MH/ on which y
is trivial. (For k' € P, we can take M,» = M,.) The assumptions of the proposition
imply that for all g € G:

/ ) f(g,{/n(:c)g) de = 0.
R/ NI,/

Taking for A C Ao a non-zero ideal in O divisible by all primes that contribute
denominators of the a;, we can arrange that a;A C M, for all j. Thus, we conclude
that the integral in (45) vanishes. So Fy o(f|T(a%)) =0. O



EIGENVALUES OF HECKE OPERATORS 745

4.2. Action on cusp forms. We turn to the action of the Hecke operators on
the cuspidal space LECUSP (T\G, x), and define the eigenvalues of Hecke operators that
occur in Theorem 1.1.

Since all T'(a?) act as self-adjoint bounded operators and they all commute with
the Casimir operators Cj, j = 1,...,d, we can arrange the orthogonal system {V}
of irreducible cuspidal subspaces so that V,|H C V for each w. Hence we have
for each w a character xyo of H that gives the eigenvalue of the Hecke operators
on the irreducible space V. Since the convolution operator determined by T'(a?) is
symmetric, the value x (7'(a%)) is real for all a prime to I. By (27), (28) and (33)
we have

(46) = (T@)| < TT #@\AG) = [T Do Nk) -

peP peP j=0

In (32) we have assigned a parameter v, to each character of a local Hecke algebra
Hp. To x corresponds, at the place p outside I, a parameter v, € C such that

Awp = N(p)'/2 (N(p)yp + N(P)"’“). It satisfies

—N(p) — 2= N(p) ™" < N(p)** +N(p)~** < N(p) + N(p) "
By (31) we have

2k
(47) X (T(6™)) = N(p)* 3_ N(p) 9=

We note that if the operator T'(p) can be defined, the system {Vw} can be rearranged
so that T'(p) acts by £Ax , - Id on V. In that case Ay, is real.
fa=]],cp p*» is prime to I then

(48) Xo (T(0) = ] S.26, M)
peP

where S, o5 is the only even polynomial of degree 2k such that
2k

(49) Span (VNGp) (X + X71) = N(p)* Dy x>0,
j=0

Now we are in a position to give the relation between the eigenvalues y (7'(a?))
and the Fourier coefficients of the cuspidal automorphic representation co:

THEOREM 4.5. Let a be a non-zero integral ideal in O relatively prime to I, and
let r € O\ {0}. With the notations of Proposition 4.3 we have for each irreducible
cuspidal space Vg invariant under the Casimir operators and the Hecke operators
T(p?) with p t I the following relation for each non-zero ideal a in O prime to I:

(50)  xw(T(a®)e™" (@) = S N(®) R(guep(0) " IN(a(b)]

blaZ, reb—1a20’

. HSign (aj(b))gj eQwiS(7‘b(h)/a(h)3) cn(h),'r'/a(b)z(w).
J
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Proof. We pick a weight ¢ occurring in Vi, and use (22):

X (T(a%)) ¢ (@) d" (g, vez) Wy (r, Vo 9)
- ST NO) K (geoyp(8)) OO () g/ (g )

bla2, reb—1a20’

- Wy(ra(b) ™, v p(b)g) -

Formulas (1.12) and (2.28) in [8] imply that this is equal to

ST N(B) ((gugeyp(0) " OO () |N(a(b)))]

blaZ, reb—1a20’

-dr(q,l/ ) 27iS(rb(b)/a(b)? )W ’I" Vi g HSlgn a] & )

This yields statement (50) in the theorem. O

REMARK 4.6. This theorem generalizes the classical relation between eigenvalues
of Hecke operators T}, with p prime on a cuspidal eigenform and the Fourier coefficient
of order p of that form. In the classical context one uses the normalization of the
eigenform by taking its Fourier coefficient of order 1 equal to 1. This normalization
does not extend to the present situation in a straightforward way, since there is in
general no obvious Fourier term order r in @’ \ {0} to play the role of 1. Hence we
give a formulation in which » € O’ \ {0} can be chosen freely.

4.3. Proof of Theorem 1.1. In this subsection, we give a proof of Theorem 1.1
in two steps. First we prove Proposition 4.8, which is a version of Theorem 1.1 with
the characteristic functions of the intervals J, replaced by polynomials. Next, §4.3.2
gives the extension of this result to characteristic functions of intervals.

4.3.1. Asymptotic formula for polynomials.

LEMMA 4.7. Let P be a finite set of primes of F'. Then there are elements r € O’
such that v & pO’ for all p € P.

Proof. For any fractional ideal a with prime decomposition a = Hp p® the quo-
tient a/(a [Ler p) = HPGP(}J“p /p® 1) contains elements x such that x, + po 1 5
p@tlforallpe P. O

PROPOSITION 4.8. Lett + Qy be a family of sets in R? as in (3). Let P be a finite
set of primes not dividing I, and let Ay, and @ be as in (7) and (10) respectively.
Then, for any choice of even polynomials gy, p € P, and any r € O" such that r & pO’
for each p € P, we have as t — oo:

(51) Z |COO’T(W)‘2 ]___[ @p(Ao,p)

@, A €2 peEP

= 2v |DIE2X;)1 (M) P1(Q;) H D, (qp) + 0 (Qt))

peP
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Proof. Let a =[] cp p*» with k, > 0. The sum in (50) is finite, so Theorems 4.5
and B.1 give for any r € O’ \ {0}:

3o xe(T@) @) = S N(®) %(gaeyp(8) " N(a(b))]

@, Aw €2 bla2, reb—1a20’

. HSlgn (a](b))gj eQTriS(’!‘b(b)/a(b)a) 600,/{([3) (5,;(7“, r/a(b)2)
J

2,/[DF| Vol (T\G)
: F(%)d PL(Q) + 0o(V () -

In the terms in the sum the factor do (e is nonzero (and equal to 1) only if x(b) = oco.
Then either b = a and a(b) = 1, or a(b) € F* . O*, by Lemma 4.2. Then we see in
§A.2.3 that 6, (r,r/a(b)?) = 0 if a(b) ¢ O, and 6, (r,r/a(b)?) =1 in the case b = a.
Thus, we arrive at

) 2
(52) > Xe(T(a?) [ ()]
w, Aw €Q
_ N MR EE P, ifre a0
0 otherwise

We use (48), and note that S, o =1, to find

(53) ST @) T Shzwy M)

W, Aew €2 pepr
- WPI(QQ [Tep N0)* ifr € O - [[,epp™
0 otherwise
+o(Vi()) -

We have to consider this for r € O’ such that r € pO’ for any p € P. That means
that we obtain only the term 0(V1 (Qt)) except in the case that all k, vanish.
A computation shows that the measure @, in (10) satisfies

1 ifk=0
54 o = ’
(54) » (2% {0 otherwise.
So we can replace the right hand side in (53) by that in (51) with ¢, = S, 2x. Since
the Sy 21, k£ > 0, form a basis of the even polynomials in X, we have completed the
proof. O

4.3.2. Asymptotic formula for characteristic functions. We complete the
proof of Theorem 1.1 by extension steps also used in [6] and [9].

For the families under consideration we can have P1(€2;) = 0 for all ¢. That occurs
if £ # 0 in (3), and Pl([Aj,Bj]) = 0 for at least one j € E. In this case, equation
(11) follows directly from (83).
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For all other families under consideration we have P1(€2;) — oo. Then we may
view (51) as a limit formula

(55) limp(p) = plp),
for positive measures on the compact space HpeP Jp with J;, as in (7):
(56) ) = s o @ (Omlrer).
W, A €t
2+/|Dp| Vol (T\G
sy = 2R S (@ 0, ) ).

Equation (51) gives (55) on tensor products of even polynomials. By the Stone-
Weierstrass theorem we get (55) for all continuous functions.

For p € P let J, be an interval contained in J;, and denote by x the characteristic
function of Hpe pJp. For a given € > 0, there exist continuous functions ¢ and C on
Xp such that u(C —¢) <e,and 0 < ¢ < x < C. From

mfd < m(x) < m(f)
ple) < px) < wp0)

and p(C) — u(c) < e we conclude that

p(x) — 2 < liminf i (x) < limtsuput(x) < p(x) + 2.

Since ¢ is arbitrary, then equation (55) holds for p = x and the theorem now follows.

Appendix A. Kuznetsov sum formula. The proof of (4) in [9] is based on
the sum formula in [8]. Similarly, the proof of Theorem B.1 in §B will be based on a
generalization, Theorem A.2, of such a sum formula. In this section we discuss how
to adapt and extend the sum formula in [8] to our present requirements, showing how
the proof in Ioc. cit. can be modified to give Theorem A.2. We shall need an estimate
of generalized Kloosterman sums that is discussed in §A.1.3.

A.1. Kloosterman sums. The sum formula relates Fourier coefficients of au-
tomorphic representations to Kloosterman sums, which we discuss now.

A.1.1. Bruhat decomposition. It is well known that
(57) SLe(F) = PrUCE (Bruhat decomposition),

{(5)) estam},  cr = {(;0:) GSLQ(F)} .

For k,k’ € P we put

(58) Ko = {CGF* Iy el gltvge = (**)},

C *

Pr

and we let *S "(c) denote a system of representatives of

B\ (CNgeCOg: ) My, 0 = {(T7)}-

C *

Note that —*C* = "&", and that we may use (7
sentatives of Iy..o\ (I'N g C(—c)gt) /Tyn-

0 ,(1)) -#8%(c) as a system of repre-
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A.1.2. Kloosterman sums. For the present situation the Kloosterman sums
are defined, for k,x’ € P, c € "C*, r € M}, v’ € M],, by:

(59) Se(r, K, 1"50) = Z X(7) " te2mis(=EE)
’YE"/S"(C)

where g.vg,;' = (7). For the cusp oo this simplifies to a more familiar Kloosterman
sum:

Sy (r, 15 ¢) 1= Sy (00,15 00,75 ¢)
ab\ " (sl
- Z X\ed € o

a,d mod (¢), ad=1 mod ¢

withce I, ¢ #0, and r,7" € O'.
Since ("L:S"‘”"(c))f1 is a system of representatives for the double quotient space
Ly \(I'N gxC(—c)g..") /Tywr, we have

(60) Se(k,ri k! rse) = S (&' 75k, 1 —¢) = x(=1) S (K, 15k, 15 0),
and we can use "S"(c) as a system of representatives "S* (c).

A.1.3. Weil type estimate. The proof of the sum formula in the form that we
will need requires a Weil type estimate for the Kloosterman sums occurring in the
formula. We will also need this estimate in the use of the sum formula, when we prove
the asymptotic formula in Theorem B.1.

PROPOSITION A.1. For k,r’' € P, 7€ M/~ {0}, 7' € M!, ~ {0}, there is a finite
set S of prime ideals in Op such that, for each € > 0 and for all c € RCH

1
3te

(61)  S(mriw'sr'50) <mimmwnre [ NG | ] N@)»©
pes pégs

where v, denotes the valuation at the prime p.

This estimate is weaker than what we may expect to be true. See for instance
the estimate stated in (13) in [13].

The proof of (61) is relatively easy. First one establishes a product formula,
reducing the task to estimating local Kloosterman sums. We put all places where
something special happens (places dividing I, places where O, ®o M, # O,, places
where g, € SL2(0,), and similarly for ') into S, and estimate the corresponding
local Kloosterman sum trivially. At the remaining places the local Kloosterman sum
is a standard one and can be estimated in the usual way.

A.2. Sum formula. The sum formula in Theorem A.2 relates four terms, each
depending on a test function. We discuss first the test functions and the four terms.

A.2.1. Test functions. The class of test functions is the same as in [9], §2.1.1:
functions of product type ¢(v) = [[; ¢;(v;), where the factor ¢; is defined on a strip

|Rev;| <7 with <7 <1 and on the discrete set H;&j +Np. The factor ¢; satisfies
on its domain ¢;(v;) < (1 + |v;])~° for some a > 2, and is even and holomorphic on

the strip |Rev;| < 7.
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The v; occurring in this way are related to spectral data. The eigenvalues A ; of

the Casimir operators in V can be written as A5 ; = % -2 =,j» Which we can choose

n (0,00) Ui[0,00). So the test functions ¢ can be viewed as functions defined on a
neighborhood of the set of possible values of the vectors vy = (Ve 5);-

A.2.2. Spectral terms. The sum formula is based on the choice of two pairs
(k,r) and (k’,7’) of cuspidal representatives k and £’ in C, and non-zero Fourier term
orders r and 7’ at those cusps. In this paper, we need only the case that r/r’ is totally
positive.

Closely related to the counting function in (82) is the cuspidal term

(62) N () = 3 o (@) ¢ (@) ().

w

The Fourier coefficients of Eisenstein series enter into the Eisenstein term
(63) Eis’”””’“”"r =2 Z cx Z / D'” A, XG0, ip)
AEP HEAN x
D" (N Xz iy +ip) (iy +ip) dy,

with ¢y > 0, and Ay, as in §2.1.2 of [9]. (The ¢, differ from those in [9] due to the
difference in normalization discussed in §2.5. Their actual value is not important for
the present purpose.)

A.2.3. Delta term. The delta term A®"*"" () can be non-zero only if k = &/
and r/r’ satisfies a strong condition.

We put
(64) 8 (7, 7“/) = 5.0, &, ’I“I)
1 .
T2 > X(7) e 2mSCBO T (Signe;)%
’YEFPK,/FNK’ ,r/r'=e2 ;

where v = g, (0 P )g,,i If Kk = oo the € occurring in (8 E&) € I' are the units of

O. For other £ € C, the € occurring in g, (0 i 1) g.t €T form also a subgroup of F™*

isomorphic to (Z/2) x Z¢~1. Only if r/r’ is the square of an element of this subgroup
the sum in (64) is non-empty, and then consists of two equal summands.

The delta term is
2Vol (R¢/M,,)

(65) AH7T;KI7TI ((10) = (27r)d

5%,&’ 5H (T7 Tl) ]31(90) ’

where Pl = ®j131§j is the Plancherel measure in (2) written in terms of the spectral
parameter v:

(66) / f dPly

2i/0 f(v) tanmv vdv
o 6-Dr(E),

b>2, b=0 mod 2
d]Sl = -0 - v vvdy
/f 1 22/0 f(v) cotm
+ D CESNACSR

b>3, b=1 mod 2
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A.2.4. Sum of Kloosterman sums. The Bessel transform Bf is the same as
n (34) of [9], with s € {1,—1}%, s; = Sign (r;). For each test function ¢ it provides
a function B8y on (R*)?. The Kloosterman term in the formula is

K,k (s (H/,T'/;H,T;C) s Vrr!
(67) erer (o) = 30 AT S By (1)
, IN(e)l
cergr
We restrict ourselves to stating the formula in the equal sign case Sign (r) =
Sign (r'), since this is the case needed in this paper. With a different Bessel transform,
the formula goes through if Sign () # Sign (/).

~ THEOREM A.2. (Spectral sum formula) Let x,x" € P and r € M/~ {0}, ' €
M, ~ {0} such that s = Sign (r) = Sign (r'). For any test function ¢ the sums and

integrals N7 (), Eis“’r‘””rl(go), Pl(p) and K®"5" (BSp) converge absolutely,
and

Nn,'r‘;n/,r’(@) + Eisﬁ,r;n’,'r'/((p)
Vol (T\G)

B QVblﬂRd/Afﬁ)
= Ty

S, O (7, 7) P1(ip) + K71 (BS) .

A.3. Proof of the sum formula. We shall go through the proof in §3 of [§],
indicating where changes are needed to deal with Fourier coefficients at cusps k # co.

A.3.1. Poincaré series. Let x € P. If the function A" on G satisfies the
transformation rule

h”(g,{n(:c)g) _ GQWiS(Tz)hH(g,{g)

with » € M’ and the estimate h"(g.na(y)k) < [[; min (yf,y{ﬁ) with o« > 1 and
a+ 8 >0, then

(68) PrRi(g) = Y x(v) 'A% (vg)

'yEFNK’\F

converges absolutely and defines the function P*h" on G that is a square integrable,
(T, x)-automorphic function. In the first step of the proof of convergence, the sum
over the units in Lemma 2.3 of [8] is replaced by a sum over I \I,.. The method in
§8 of [5] works well for this sum. The second step is a reduction to the convergence
of the Eisenstein series, which is a fact that we can assume. In Lemma 2.4 of [8], in
place of (2.52) and (2.53), we have, as N(y) =[], y; — oo

(69) PEh™(gena(y)k) <ap.e max(N(y)l_‘X“’N(y)—Bﬂ)’
P*h"(gana(y)k) <a.e N(y)'=ote,

for A € P~ {k}.
For h"* and f of weight ¢, equation (3.1) in [8] takes the form

Vol (R¢/M,,)

(70) (PR F) = g TG

/A h*(gra)F.rf(a) |a|71 da .
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A.3.2. Fourier coefficient of Poincaré series. For (k,r) and (x/,r') as in
Theorem A.2 and for A" satisfying the conditions above:
1

k' 1K _ —1
’YGFNK/\F

. / e 2SR (yg,n(x)g) da.
R/M

We write g_,'vg, = (Z fl). Only if k = &’ there can be a contribution with ¢ = 0.

With v = g, (8 1‘/35) g7 ! as in §A.2.3, we obtain:

1 1
(72) Vol R > oxt”
el A\

. / e 2miS(rz) (gnn(ﬁg + EQI)h(E)g) da
R /M

1 2miS((r—e?r')z)
— ™ r—eTr )x d hl{ Hh
Vol (R%/M,,) /Rd - z h" (gxh(€)g)

= 20,(r,") h*(gra(e?)g),

where ¢ € O}, satisfies €2 = r/r’ if there are elements of the form (8 1[/35) in g 'Tg,.

For all combinations of x and «’ the number of terms with ¢ # 0 is large. We

write g_'ygx = (ZZ) = n(a/c)w(c)n(d/c), where w(y) = (2 7y7(1)), and obtain, in
the notations in §2.1:

™ Gwmn L L LA

cerlr yerSr(c) 0€l,

[ et st
]Rd/M

= Vol (RY/M,,) Rd/M 2 2 «x

cerlr yerSr(c)

/ e—QTriS(r(x—d/c))+2m’S(7“a/c)hn/ (g,@/w(c)n(x)g) dx
R

2 N L (gen(en(ag) i

A.3.3. Whittaker transform. §3.2 goes through almost verbatim. (We again
indicate references to [8] by italics.) In Definition 3.4, we put

(74) wg"'n(gxg) = wyn(g) -

We insert g, at appropriate places. The last formula in Theorem 3.8, implies

(75) | e Sy ulen(a)g) da = vy i(ans).
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A.3.4. Restricted version of the formula. As in §35.3, the scalar product of
Poincaré series P*wy""n and P~ wy " 7’ is computed in two ways.
In the spectral computation, we obtain the following

Vol (R%/M,,) -
(P, ,q) = 82 d(%) IN() /2 5 ()
e —Tiq,

. 77(1/ ) — SN 0
© 1:[ F(% t Vo5t %)
together with a similar expression for the scalar product with an Eisenstein series.
(Compare with (5.89).) We have to modify (3.40) and (3.41) by inserting the cusps
t and k' into the Fourier coefficients. We modify the definition of the measure by

defining da;:?”/’r/ by the expression in (3.43) with x and x’ inserted into the Fourier
coefficients. Then we obtain in place of (3.46):

ropt 87T2)d \/N(?"I“/) ,/ ! ot
76 PK KT Pn KT — ( 19r,7 d K,TK T
( ) < 'UJ s n > VOI (F\G) v q (V) o-X’E (V) 9
¢
with
d —
ﬁrr _ I]: 7b(bb)n ( ])
_=: T(§ — v + S5 (L ;4 45800

and da”é i’ adapted to the new normalization.

A comparison shows that the cuspidal subspace contributes

72 /N(rr") Vol (T\G) ~! &’ (g’

with a similarly modified expression for the scalar product with Eisenstein series.
The geometric computation of the scalar product is carried out as in §3.3.4. The
contribution from (72) is equal to

(77) 26, O, (7, 7") Vol (R?/M,.) (47)?|N(r)] /Y 97 (v) dP1(v).

This agrees with (3.50), with the substitutions
(78) a(x; &y 1) = 205w 05(ry7”) - V/|D| = Vol (R/M)

The remaining contribution to the scalar product is given by (73):

(79) Vo1(Rd/MH)/Aw n(gea) - Y Vol (RY/M,)~'S\ (i, 5, 17)

ceERCr

' / TSR y (guw(e)n(x)a) de o]~ da.

Using (60) and Theorem 3.8, we see that the expression in (79) is equal to

S S i) x(-1) [ g n(g.0) 0T (9, lal ! da.

A
cERSH
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The transition 7 — 7’ under the conjugation is present in Theorem 3.8. The transition
k' + K is a consequence of the definitions, and has to be checked. With (3.52) the
integral over A is given by

(87%)7
IN(e)l

N(?‘T’)I/Q X(_l) (BS,&;,T’)(‘}TK‘\({W) )

This gives the final result of this contribution:
(80) (872)N(rr ) /2K (B3
Division by (872)? N(r1”)'/2 gives the restricted sum formula

1 B 2Vol (R” /M, _
(81) W \/Yg 19(1/) dO'X:‘E7 ’ (l/) = 5:1,;4% \/Yg ﬁ(V)dPl(l/)

+ KH,T;I{,,T’ (Bs’ﬂ) )

for all ¥ indicated in Proposition 3.9.

At this point we notice a minor error in [8]. With the sum of Kloosterman sums
as defined in (3.60), it should read K;'(/”“ instead of K;”“l in (3.61). The solution that
we will adopt from now on, is to take the expression in (3.60) as the definition of
K;””/, like in (67) here.

The proof of the convergence of the sum of Kloosterman sums (Proposition 3.14)
has to be revisited. In [8] the prime ideals are split according to whether they divide
the ideal I or not. The finite set S in Proposition A.1 may tun out to be a larger
set of prime ideals than those dividing I. Nevertheless, the method in (3.72), goes
through.

A.3.5. Extension. The rest of the proof of the formula in [8] is based on the
restricted formula in Proposition 3.9, and consists of extending the space of test
functions for which the formula holds. The dependence on the cusps « and " in (81)
here, is immaterial in these extension steps. In §3.5 we use Proposition 3.16, which
goes through unchanged. Thus we arrive at the sum formula as stated in Theorem A.2.

Appendix B. Asymptotic formula. In the proof of Proposition 4.8 we have
used the generalization (83) of (4), where |c"(@)|?> = [c>"(w)|? is replaced by
7 (w) ¢ "' (w). The aim of this section is to show that the methods in [9] can
be extended to give the asymptotic result (83) below.

We define for k, k" € P, r,1’ € M,; ~ 0 and compact sets Q C R?

(82) NEEEQ) = Y e (@) T (),

w, Ao EQ

where w runs through a maximal orthogonal system of irreducible subspaces of
L?CHSP(F\G; X). This generalizes the counting function on the left hand side of (1).

THEOREM B.1. Let t — Q be a family of bounded sets in RY as in (3), or
satisfying the conditions indicated in §B.1 below. Let ki, k" € P, and let r € M~ {0},
r e M!, ~ {0}, such that Signr = Signr'. Then, as t — 0o

2Vol (R%/M,.) Vol (T\G)
(2m)d

(83)  NOTE(Q) = s Bn(ryr) PL(Q) + o(Vi())
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with the notations in (65), (2) and (5).

The restriction to Signr = Signr’ is necessary to us. We have not been able to
estimate Bessel transforms suitably in the unequal sign case.

B.1. Conditions. In §B.3 we will show that Theorem B.1 is valid for families
t — Q as used in [9]. Such families have product form

O = & x G < [[145,B)],

JjeE

based on a partition {1,...,d} = QT UQ~ U E of the archimedean places of F. The
bounded intervals [4;, B;] do not depend on ¢, and the endpoints should not be of
the form %(1 - %) with b = & mod 2, b > 1. The sets C’;r and C’{ are compact sets
contained in HjeQ+ [%, oo), respectively HjeQ* (00, 0], such that the corresponding
sets CF = [Lico+ (i[1,00) U [0,00)) in the variable v with A = 1 — 12 satisfy the
conditions in (97) or (102) in [9]. The proof of Theorem 1.1 is based on the asymptotic
formula, so the statement of the theorem holds for all families ¢ — §2; satisfying these
conditions.

A family ¢t — € as in (3) in the introduction does not satisfy these conditions

directly. We write Qt = Qi ) with
Qi(fp) [Z’t] x [ t’ ;} x [ ;7 Z} ’

and let p = (QF,Q7,Q") run over the partitions Q@ = QT U Q~ U Q° such that
Q% # Q. All sets Qﬁp ) satisfy the conditions in [9]. Summing the asymptotic formulas
(83) applied to each of the families ¢ — QEp) gives it for ¢ — Q.

There are more families for which the asymptotic formula can be proved, by
expressing them in families satisfying the conditions in (97) or (102) in [9]. Hence the

statement of Theorem 1.1 holds for all these families, in particular for the families in
§1.2.4-13 and §6 in [9)].

B.2. Estimates of Fourier coefficients of Eisenstein series. In [9], (32),
(33), we quoted from [6] and [8] estimates of D;*" (A, x; iy, in). These estimates have
to be generalized to D" (X, x; iy, ip).

The estimations in §5.1-2 of [6] are based on the fact that Eisenstein series for
To(I) are linear combinations of Eisenstein series for the subgroup I'(1). In §4.2 of
[8] it is shown that this result extends to the situation with weights in Z instead of
27Z. The character x is trivial on I'(I), hence it only influences the coefficients in the
linear combination.

These estimations concern the Fourier coefficients Dgo’r. Let « € P be another

cusp. The function Eq : g+ Eq(\, x;v,i1; gxg) is an Eisenstein series on the group
I'y = g, 'To(I)gx for a character x; determined by conjugation. Actually, depending
on the normalizations, it might be a multiple of an Eisenstein series on I'1, with a
factor in which the influence of v and p is of the form "¢ with ¢ > 0, t; > 0.
So this factor is unimportant for estimates. Since g, € SLo(F), the group T’y is
commensurable with T'o(7), and contains a principal congruence subgroup I'(I1), with
I, C I. The character x is trivial on I'(1), so we can arrange I; such that y; is trivial
on I'(I1). Thus, for the Fourier coefficients of Eq at oo with nonzero order, we have
an estimate like in Proposition 4.2 in [8]. The Fourier coefficients of Eq (A, x; v, iu) at
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% of nonzero order can be expressed in those of Eq at oo. The consequence is that
Dg’r()\, X;V,ip) satisfies an estimate like that in Proposition 4.2 of [8]. As in (33) of
[9], we have:

7
(84) D" (A X3 1y, i) K F 1 7 (1og(2 +> v+ ujl)) :

J

B.3. Derivation of the asymptotic formula. The method of proof is the
same as in §2-5 in [9], so we shall only indicate the points where the argument departs
from the approach therein.

In the proofs in [9] we mostly use the spectral parameter v instead of the eigen-
value A = 1 — 2. In terms of the spectral parameter the counting function in (82)

1
has the form

(85) Nerntr (@) = 3" (@) ¢ ().

w , IJWGQ

We choose the test functions in the same way as in Lemma 2.2 in [9]. The
considerations in §2.2.1 and §2.2.4, loc. cit., do not depend on the Fourier term order,
and go through unchanged. We use the Weil type estimate of Kloosterman sums in
Proposition A.1, and, in §2.2.2, loc. cit., we replace the distinction between p | I and
p 1 I, by the distinction, p € S and p ¢ S, where S is a finite set of primes as in
Proposition A.1.

In §2.2.3 of [9] we use the estimate (84) of Fourier coefficients of Eisenstein se-
ries. The statement of Proposition 2.4 in [9] goes through for the counting quantity
N&7sT (o(g,-)). The factor \/|[Dp| is a specialization of Vol (R%/M,), and a factor
Ok Ok (r,7") is inserted. Hence the delta term is present only if the cusps x and &’
are equal, and also /7’ is the square of a generalized unit.

The remaining proofs in [9] are based on the estimate in Proposition 2.4 of [9],
and hence go through for Fourier coefficients at different cusps.
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