ASIAN J. MATH. (© 2012 International Press
Vol. 16, No. 4, pp. 637-660, December 2012 004

HARMONIC FORMS ON PRINCIPAL BUNDLES*

CORBETT REDDENT

Abstract. We show a relationship between Chern—Simons 1- and 3-forms and harmonic forms
on a principal bundle. Doing so requires one to consider an adiabatic limit. For the 3-form case,
assume that G is simple and the corresponding Chern—Weil 4-form is exact. Then, the Chern—Simons
3-form on the princpal bundle G-bundle, minus a canonical term from the base, is harmonic in the
adiabatic limit.
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1. Introduction. In general, explicitly computing the harmonic forms on a Rie-
mannian manifold is a difficult problem. However, if one has some symmetries or some
extra information, the problem becomes more manageable. We notice a few interest-
ing things in this paper. First, if one places a very natural metric on a principal
bundle, the harmonic forms have a nice characterization in an adiabatic scaling limit.
In fact, the Chern—Simons 1-form and 3-form naturally arise in this context. Second,
to show that a form is harmonic in the adiabatic limit, one only needs to show that
the Laplacian of it tends towards 0 at a fast enough rate in the scaling limit. One does
not need to characterize the harmonic forms on the nose for any particular scaling.

We now proceed to say this more concretely. All manifolds in this paper are con-
nected, compact, oriented, and without boundary. Fix a connected compact semisim-
ple Lie group G. Let P > M be a principal G-bundle with connection © over the
Riemannian manifold (M, gas). Choosing some bi-invariant metric gg on G, we use
the connection ©® and base metric gps to construct a local product metric gp on P:

gp :=T"gm D ga-

The closed manifold P now has a Riemannian metric, and it is natural to investigate
the harmonic forms with respect to this metric.

In concrete calculations, however, one observes that this space has no obvious
characterization. In fact, it depends on the choice of bi-invariant metric go. Equiva-
lently, the finite-dimensional space of harmonic forms varies as one globally rescales
the base metric gp;. For this reason, we introduce a scaling factor in one direction
and take a limit. For any § > 0, define the metric on P

gs =061 gm D ga-

The limit 6 — 0, where the volume of the base is very large with respect to the
volume of the fiber, is known as the adiabatic limit and appears in a number of
constructions. Of particular relevance to our situation is the work of Mazzeo—Melrose
[MM], Dai [Dai], and Forman [For], which considers the Hodge Laplacian on forms
in an adiabatic limit. While the metric g5 and corresponding Laplacian Ay, become
singular at 6 = 0, the space of harmonic k-forms Ker A’;d_ smoothly extends to § = 0,
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as proven in all three of the above papers. We therefore define

HE(P) = lim Ker Al C Q%(P),

and note that #*(P) = H*(P;R) canonically.

To calculate this, we use an interpretation of #*(P) in terms of the Leray-Serre
spectral sequence for the fiber bundle G <— P — M. While this relationship was
obtained in [MM], [Dai], [For], it is rather subtle and not commonly known, so we
give a brief recount of [For] in Section 2. The key idea is that we do not have to
construct a d-family of gs-harmonic forms; instead, we only need to show that a given
form is harmonic up to a low-order power of §. The required power of § is related
to when the spectral sequence collapses. For example, if an SU(n)-bundle satisfies
c2(P) = 0 € H*(M;R), then the spectral sequence calculating H?(P;R) collapses at
N = 2. That N = 2, and not higher, makes our calculations possible.

By definition, a principal G-bundle has a free right G-action, and the metrics
gs are all invariant under this action. This implies that the harmonic forms on P
will be contained in the subspace Q*(P)¢ of right-invariant forms. In Section 3,
we give an explicit description of this as a bigraded cochain complex in accordance
with the discussion from Section 2. We see that it has a very natural description
as Q4 (P)¢ = QF(M;Ag%), where gp is the Adjoint bundle associated to P. The
exterior derivative decomposes into a Lie algebra derivative dg, a covariant connection
dv, and a curvature term vq,.

In Section 4, we perform the actual calculations. The notation is that © is a
connection with curvature 2, and the harmonic forms on M are H*(M). To begin,
in Theorem 4.2 we calculate the harmonic 1-forms on a G-bundle for any connected
compact G. For G = U(n), this is shown in Corollary 4.4 to be

H(P) = T HI (M) if c1(P) # 0 € H*(M;R)

| PHN (M) @ R[E Tr(©) — k] if 1 (P) = 0 € H*(M;R)
where h € Q'(M) is the unique form such that dh = 5= Tr(Q) = ¢1(P, ©) is the first
Chern form and h € d*Q%(M). The cohomology class c;(P) is the first Chern class
and 5= Tr(©) is the Chern-Simons 1-form. We then see in Proposition 4.5 that when
G is semisimple, the adiabatic-harmonic 1 and 2-forms are

HY(P)=7"H (M),  H2(P)=7"H*(M).

Finally, Theorem 4.6 calculates the adiabatic-harmonic 3-forms when G is simple. We
denote the Chern-Simons 3-form by a(©) € Q3(P), and the Chern-Weil 4-form by
(QAQ) € Q*(M). For G = SU(n) with n > 2, the harmonic forms in the adiabatic
limit are

H(P) = T*H3(M) c2(P) # 0 € HY(M;R)
| THA(M) @ R[a(O) — 7*h]  co(P) =0 e H*(M;R)
where h € Q3(M) is the unique form such that dh = (Q A Q) = c2(P,©) and h €
d*Q*(M). In particular, the Chern-Simons form «(©) is in H3(P) precisely when
the second Chern form (2 A Q) is identically 0. When n = 3 or n > 5, the above
statement also holds with SU(n) replaced by Spin(n) and c; replaced by &-.
We briefly discuss one use for these results which appears in [Red2]. First consider
the subset of forms with integral periods and define H3(P) C H3(P) as the image
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of H3(P;Z) — H?*(P;R) 5 H3(P). In the situation where G = Spin(n) with
n > 5, there is standard way to choose (-, -) so that a(©) restricts to the generator of
H3 (Spin(n)) = Z. 1t follows from Theorem 4.6 that if Z-(P) = 0 € H*(M;Z), then

’H%(P) = ﬂ'*’H%(M) ® Zla(O) — n*H|,

where H is unique up to the addition of an element from H3(M). The form H €
Q3(M) satisfies dH = (Q A Q) and d*H = 0, but in general it has a non-trivial
harmonic component due to the fact that a(0) — 7*h will not have integral periods.
The non-integrality of a(®) — m*h is precisely because, modulo Z, this integrates to
give Chern—Simons numbers on 3-cycles, which are often non-zero [CS].

In [Red2], we discuss the notion of “string structures” on a principal bundle and
see that a string structure picks out a canonical cohomology class S € H3(P;Z) that
restricts fiberwise to the standard generator of H(Spin(n);Z). By the results of this
paper, the canonical differential form [S] € H3(P) representing S will be

[S] = a(©) — m*H € Q3(P),

thus specifying a canonical H = Hy,, o,s. Choosing a string structure can be thought
of as choosing an H such that a(©) — 7*H € H2(P). An important consequence is
that the form H lifts the values of the associated differential character from R/Z to
R.

Finally, the author would like to thank Stephan Stolz for all of his encouragement
and insight. He is also grateful to Brian Hall, Liviu Nicolaescu, and Bruce Williams
for numerous helpful comments and discussions.

2. Hodge theory and spectral sequences. The idea that the harmonic forms
on a fiber bundle are related to a spectral sequence was developed in [MM] and [Dai]
and expanded on in [For]. In particular, the spectral sequence structure was described
in [Dai] and made even more explicit in [For]. In the following, we summarize Forman’s
treatment to make this paper self-contained. However, the reader should be warned
that we use the bigrading notation (horizontal, vertical), which is opposite that of
Forman. Before getting to the adiabatic spectral sequence, we quickly review Hodge
cohomology and spectral sequences.

2.1. Hodge theory. Counsider a Riemannian manifold (M, gps) that is compact
with no boundary. The operator d on differential forms naturally gives rise to de Rham
cohomology. However, a de Rham cohomology class only determines an equivalence
class of forms representing the cohomology class. Choosing a Riemannian metric and
orientation produces the Hodge star * : AT M* — A" *TM*, the adjoint operator
d* = (—1)*++D+1 4 dx and the Hodge Laplacian

AP = (d+d")? = dd* + d*d: QX (M) — Q5 (M).
Forms in the kernel of A are called harmonic, and we use the notation
H* (M) := Ker A¥ = Kerd N Kerd* ¢ Q~(M).

Elements in #*(M) are called harmonic, and we refer to H*(M) as the Hodge co-
homology of the complex (2*(M),d,d*). The main theorem of Hodge theory is the
orthogonal decomposition of forms

(2.1) QF (M) = dF 1t @ d* QM @ HE(M).
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In particular, the finite-dimensional vector space H* (M) of harmonic forms is canon-
ically isomorphic to the de Rham cohomology H¥(M;R). Furthermore, there are
natural isomorphisms between exact and coexact forms

o
B Sammmam
* k
(2:2) d*Qk+1 — dQF(M).

For generic Riemannian manifolds, explicitly describing harmonic forms is ex-
tremely difficult. However, on a compact connected Lie group with bi-invariant met-
ric, the situation is much easier. The group acts on itself by isometries, and it follows
that any harmonic form must be invariant under the left and right group actions. In
fact, it can be shown that any bi-invariant form must be closed, leading to Proposi-
tion 2.1. Restricting to the subcomplex of left-invariant forms, we obtain the standard
complex used in Lie algebra cohomology. The adjoint d* maps left-invariant forms to
left-invariant forms, and so descends to an adjoint at the Lie algebra level:

0 dy dg dg 0
KN Fo > HFdg >, FdgN A g s TS
(23) 0 R g A%g A" 1g A"g 0.

The harmonic forms H*(g) = Ker(dgd}; + djdgy) are naturally isomorphic to H*(G)
and are described by the following standard result (see, for instance, 7.4 of [Nic]).

PROPOSITION 2.1. For connected compact Lie groups with bi-invariant metric,
the harmonic forms are exactly the bi-invariant forms. Equivalently, for Lie algebras
with Ad-invariant metric, the harmonic forms in (2.3) are exactly the Ad-invariant
forms.

2.2. Leray—Serre spectral sequence. The Leray—Serre cohomology spectral
sequence for a fibration F' — P — M consists of:

e a sequence of “pages” or cochain complexes EY, EY EY ... EP | equipped
with a bigrading E%. = @ EL.
i+j=p

e differentials dg : EY. — EZT such that H? (B}, dy) = EY 1. With respect
to the bigrading, dg : E}(] — E?KJ*KH,

e EYY =~ H'(M; H/(F; H)), where H is an abelian group (if 71 (M) acts trivially
on P),

e EP gives HP(M; H) in the sense that E-P~™ is isomorphic to the quotient
EP/F},, of afiltration 0 C F} C --- C Fj = HP(P; H).

In other words, it relates the cohomology of the total space of a fibration with the
cohomology of its base and fiber. This allows for powerful calculations using formal
methods. The primary example we deal with is the case where P is a principal bundle
over a manifold M. We note that if G is connected, then 7 (BG) = 0. Since any
G-bundle is isomorphic to a pullback of the universal bundle EG — BG, w1 (M) acts

trivially on the fibers of P. For examples of spectral sequence calculations, see Section
4.

2.3. Adiabatic spectral sequence. While the results of [For] apply to more
general situations, we restrict to a specific geometric hypothesis to simplify matters.
Suppose that F < P 5 M is a fiber bundle of compact manifolds such that m
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is a Riemannian submersion; i.e. (P,gp) and (M, gn) are Riemannian manifolds,
the map 7 is a Riemannian submersion, and the fibers 7=!(z) C P are Riemannian
submanifolds isometric to a fixed Riemannian manifold (F, gr). Thinking of the fibers
F as the vertical direction and the base M as the horizontal direction, the tangent
bundle T'P decomposes as

TP=THPoT"P
Here,
TVP :=Kern, C TP, and THP :=TP& TP C TP

are distributions of vertical and horizontal vectors respectively (THP is defined by
taking the orthogonal complement of TVP using the metric gp). The metric on P is
then the direct sum of metrics on the horizontal and vertical distributions:

gp = gm D gr-

Define the 1-parameter family of metrics gs, where § > 0, by
(2.4) 95 = 0"2gm @ gp.

The limit § — 0 is called the adiabatic limit and can be thought of as making the
base very large relative to the fibers.
The orthogonal decomposition of T'P induces a bigrading on the differential forms

Qr(P)= @ Q¥(P), QY (P)=C®(PANT"P @ NTVP).
i+j=p
The exterior derivative d and its adjoint d*, under the fixed metric gp, decompose as

d=d"" +d"0+d>", dvP QY (P) - QI (P),

- dO,l* + dl,O* +d2’_1*, da,b* : Qi,j(P) N Qi—a,j—b(P).

The component d~12 = 0 due to the integrability of TVP. To effectively deal with
gs, introduce the isometry for any § > 0
pPs: (Qi’j (P)agé) - (Qi’j (P);QP)
& 8.
Conjugating by ps gives rise to a 1-parameter family of operators ds, d;, and Lgy; on
the fixed inner product space (2*(P), gp). These evidently take the form
d(S = pédpg_l —_ dO,l + 5d170 +62d27_17
(25) dg — péd*gépgl _ dO,l* 4 5d1,0* +(52d27_1*7
Ly, = p(;Agép(;_1 = dsdy + dsds.
In addition to fixing the inner product, the isometry ps produces the above factors

of § which naturally give the spectral sequence structure. We first define the terms
EY/, and then we define the differentials and explain why this is a spectral sequence.
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DEFINITION 2.2.
E}(] = {w e Q(P)|Jwy,...,w € QI (P) with
ds(w + 0wy + -+ + 0lwy) € sK QT P)[6]
dj(w + dwy + -+ + 0'wy) € S5 T(P) (5]}

K

While the above definition seems formal, there is a nice geometric interpretation.
The polynomial w4+ 6wy + - - - + 6'w; should be thought of as the Taylor approximation
at 6 = 0 of a function

& € 0([0,1], 2 (P)),
and elements w € E}(J as boundary values of sections w such that as § — 0,
ds@ = 04 O(6%); dio = 0+ O(6%).

By definition, Q%I (P) = Eé’j .o D E}}j D E;’(J‘Jrl D ... D EY. To define the
differentials, first let

Kk Q1 (P) = Ex C Q°(P)

denote the orthogonal projection using the metric gp. To any w € E, there exists a
non-unique polynomial ws = w + dwy + - - - + 0'w; satisfying Definition 2.2. Define

dicws = lim 6~ dsws = lim 6~ ds(w + own + 8wz + ) € Q°(P).
Though this depends on the choice of polynomial ws,
Trdk : Fx — Ex
is well-defined. The same procedure defines
mxdy : Ex — Ex
and the second order operator
Ar:= (Trdk) (Trdy) + (Trdy) (Trdk) -

THEOREM 2.3 (Theorem 2.5 [For]).
1. (ﬂKdK)2 = (TFKd;()Q =0.
2. Ker A= Ker(mgd,) NKer(rxdy) = Ex+1-
3. mgdy : By — BT

Therefore, the complex {E}(J ,Trdg} is a bi-graded spectral sequence. However,
instead of taking the ordinary cohomology and dealing with equivalences classes of
cocycles, Ef , ; is obtained as the Hodge cohomology of the complex E7.. The cochains
of each subsequent page in the spectral sequence are still represented by differential
forms. By Corollary 4.4 in [For], the spectral sequence is isomorphic to the standard
Leray-Serre spectral sequence associated to the fibration F < P 5 M. Let N =
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N(p) denote the page where the portion of the spectral sequence calculating H?(P;R)
collapses; i.e. N is such that

p P _ .. _pp
ENpy1 7 Engy = = B

PROPOSITION 2.4. For w € EY_, there exists a unique formal power series
Ws = w + 6wy + 62we + -+ € QP(P)[I]

such that w; € Eé‘o for alli > 1 and formally dsws = djws = 0.
Furthermore, for any ws € QP (P)[0] satisfying

w € ELX (1 <1< L) and dsws, djws € ™ TLQ*(P)[d],

the terms wy for Il < L are the terms in the unique power series above.

Proof. The first part of the proposition follows from the second by considering
arbitrarily large L. To prove the second part, suppose w+ w1+ -+ and w+d¢; + - - -
satisfy the assumptions above. Then, we have that

ds(w + dwy + 0%wg + -+ ) — ds(w + 51 + %P +
= ds(6(w1 — ¢1) + 6° (w2 — ¢2) +
di(w + 0wy + 0%ws + ) — df(w + 6y + 62pa +
= d5(0(w1 — 61) + 8% (w2 — o) +

) € GNTEQPHL(P)[6],
) € SNTEQPTL(P)[6).

Hence, w; — ¢1 € E%+L—1 = E? . but we know that w; — ¢1 € (Ego)l. Therefore,
w1 = ¢1, and we continue inductively to show uniqueness of the higher order terms
for i< L. 0O

2.4. Relation to harmonic forms. We now wish to discuss the convergence
of the spectral sequence in relation to the adiabatic limit of harmonic forms. As
a reminder, the Laplacians AP and LI are defined for all 6 > 0 and have finite-
dimensional kernels naturally isomorphic to H?(P;R). Define the spaces Ker A} and
Ker L¥ by

26) Ker Af := %Lr%KerAgé ={w e QP(P)| 3w € C*([0,1],Q2P(P));

' 5(0) = w, A2 &(8) = 0V3 > 0}
and
Ker Lf := lim Ker L, = {w € Q°(P) | 3@ € C=(10,1), 2°(P));

(2.7)
5(0) = w, L2.35(5) = 0¥5 > 0},

In other words, an element w € Ker L} if and only if it is the limit of a 1-parameter
family of Lg,-harmonic forms. Suppose w(d) is such a smooth function on [0, 1] with
values in Ker L, for all 6 > 0. It follows that the Taylor series at § = 0, denoted
ws € QP(P)[0], is formally LY harmonic. In other words,

w(9) 6f=vow5:w+5w1+62w2+---
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and
L5(w+5w+62w2+---):0.

This gives a map of finite-dimensional vector spaces Ker Lf — EP? . In fact, this is
an equality. Forman proves this by a careful analysis of the eigenvalues of Lg,;. If
the eigenvalues of L? are ordered, then the number of eigenvalues \;(d) (counted
with multiplicity) such that X;(§) = 0+ O(6*£) is equal to the dimension of E%.
(Cor. 5.14 [For]). This, combined with the knowledge of E%. as a spectral sequence,
implies that if \;(6) = 04+ O(62Y), then A (§) = 0 + O(6%) for all K, and therefore
corresponds to an element of E,. The spectral sequence interpretation of EZ  implies
that dim E2, = dim HP(P;R), and standard Hodge theory implies that the number
of 0-eigenvalues for all § > 0 is the dimension of H?(P;R). Therefore,

dim HP(P;R) = dim EZ, = #{\:(8) | \i(8) = 0+ O(6)}
> {0 (0) | \(6) = 0V § > 0} = dim H?(P; R).

If \;(0) is an eigenvalue such that \;(6) = 0+ O(6"), then ); is identically 0.
Let Ilker Ly, denote the orthogonal projection onto Ker Ly,. Suppose that w €
E’go, and ws = w + dwy + ... + dhw; with w; € EolO for 4 > 1 is such that both

dsws =0+ 0N ™) and djws = 04 OV M),
Then, Theorem 5.21 in [For] implies
(2.8) (HKerL% - 11) ws = 0+ O(6™M).
Therefore, given any w € E, there exists
@(8) := Hker 1, ws € CM([0,1], Ker Ay,)

such that the first M-terms in the Taylor expansion at the boundary coincide with the
polynomial ws. Considering arbitrarily large polynomials of the form in Proposition
2.4 implies the following theorem.

THEOREM 2.5 (Cor 5.18 [For]). The space of Lgs-harmonic forms extends
smoothly to § =0, and

%i_{%KerLgé = E? C QP(P).

From here, it easily follows that the finite-dimensional spaces H} (P) of Agy-
harmonic forms extends smoothly to § = 0. To see this explicitly, we know that the
spaces of formally harmonic Ay and Ls power series are isomorphic over the ring of
formal Laurent series in . To a given w € E% , we can associate the unique power

series ws € QP(P)[0] as described in Proposition 2.4. Then, for some finite i,
py tws = 8 ps € 6P (P)[4],

where 15 = tpg + d¢p1 + -+ is formally harmonic. The projection operators Ikerr,;
and Iker A,s aTe related by

—1
HKer Ags — P5 HKer L95P6~
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Consider the polynomial 1y + ...d%); obtained from truncating s at some [ such
that

d(o + 8ty + -+ -+ 8ay) = 0 + O(sNTRTIFLY
d*9% (o + 0tp1 + -+ - + 8lfy) = 0 + O(sN TRHitDy,

It will then satisfy

(HKerA% — ]].)(1/)0 —+ ... (5“/)[) = pgl(HKerLgé — ]].)51((.«} + dwy + .. )
=0'p5 ((0+0(3")) =0+ 0(3).

The equalities above are obtained from (2.8), the characterization of ws, and the fact
that pé_1 divides by powers of § at most k.

Therefore, 1) is the limit of a continuous 1-parameter family of A, -harmonic
forms. In fact, the argument can be repeated using higher-order polynomial approxi-
mations of 15 to show the following.

THEOREM 2.6 (Cor 5.22 [For|, Cor 18 [MM]). The space H?, (P) of Ay, -harmonic
forms extends smoothly to HP(P) at 6 = 0.

PROPOSITION 2.7. Suppose wy + dwi + -+ + 6Fwy, + O(6*) € QF(P)[4] is
a formally Ls-harmonic power series that is in the image of ps; i.e. applying pgl
produces no negative powers of §. Then, applying pgl and taking the constant term
gives an element of Ker Ak :

(5 H(wo + 6wy + -+ + 6Fwi)) ;_y =

:w81k+w%,k—1 +w§,k—2+...+w£7O€Hk(P) CQk(P)

Proof. Due to Theorem 2.5, there exists a family of L4,-harmonic forms
w e C™([0,1],Ker Lg,)
such that, close to § = 0,
G(0) ~ wo+dwi+ e+ §Fwp + 055 ).
Under the isometry pgl,
ps '@ € C([0,1], Ker AY ),
and
ps '@ o P! (wo + dwy + -+ + 8Fwy, + O(3F ).
The isometry pgl divides at most by 6*. Therefore,

Py (wo + 0wy + -+ + 8Fwi + O(6™H1)) =

(s b 4034244 uf) +00).
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Consequently,

(p5'@) (0) = (p5 " (w + bwr + -+ + 6"wr)) 5_,

0,k 1,k—1 2,k—2
=w" +w; + Wy

+~~~+w,§’0 € KerA’O“.
a

COROLLARY 2.8. There is an inclusion of vector spaces (as subspaces of Q*(P))

ER ¢ HY(P) Cc QY(P).

Proof. Let w € ELY. By definition, there exists a power series of the form
w+ O(0) € Ker Ly,
and consequently
6Fw + O(681) € Ker L;.
Applying Proposition 2.7, we see that
(pgl(ékw))ézo =w e Ker Af.
d

3. Right-invariant forms on a principal bundle. We want to use the adi-
abatic spectral sequence to analyze harmonic forms on a principal bundle. If the
metric on P is invariant under the free right G-action, then the harmonic forms will
be contained in the subcomplex of right-invariant forms. We proceed to characterize
these and relate them to the bigraded complex considered in Section 2. Once this
characterization is complete, the calculations in Section 4 follow with relative ease. In
particular, a number of maps in the bigraded complexes (3.11) and (3.12) are 0, which
leads to a great deal of simplification. Much of the following language of principal
bundles, as well as the later description of the Chern—Simons 3-form, models that
used in [Fre]. More explicit details and proofs for the following statements are given
in [Red1].

3.1. Vertical distribution. Let G be a compact Lie group, and define g to be
the associated Lie algebra of left-invariant vector fields on G. A principal G-bundle
P 5 M is a manifold P with a free right G-action such that P > P/G = M is the
natural quotient. This implies that each fiber

P,:=7n'2)CP

is a right G-torsor (P, has a free and transitive right G-action). The manifold P, is
diffeomorphic to G, but only after choosing an initial point p € P,. A choice of point
p € Py, gives the (right) G-equivariant map

P =G
pP-g—g-.
If we choose a different p’ € P,, we see that p = p’ - h for a unique h € G, and that

’_
Tp—LhOTp,



HARMONIC FORMS ON PRINCIPAL BUNDLES 647

where Ly, : G — G is left multiplication by G.

Therefore, any left-invariant structure on G can naturally be placed on a right
G-torsor. For example, let § € Q'(G;g) be the Maurer-Cartan 1-form, defined by
associating to any vector its left-invariant extension. Then,

Ly0 =9,

Ry0 = Ady-10,
so 0 pulls back to a well-defined g-valued 1-form on P,, which we also denote as 0,
and satisfies R}/ = Ad,-160. This gives a natural isomorphism

TP, % P, x g

that is equivariant with respect to the right G-action on T'P,, P,, and g (G acts on g
from the right by the inverse Adjoint representation). Consequently, a right-invariant

vector field on P, is equivalent to a function P — g such that v(pg) = Ad,-1v(p) for
all g € G. More concisely, it is an element of the vector space

(3.1) gp, = Py X449 = P: x g/ ((p,v) ~ (pg, Ady-1v)) .

The Lie bracket [-,-] : g x g — g is Ad-equivariant because Ad, : g — g is a Lie
algebra automorphism. Therefore, the product bracket on (P, xg) X (P, xg) — Py Xg
descends to a Lie bracket

(3.2) gp, X 9P, Q apr,-

Unpackaging these isomorphisms shows that the bracket (3.2) is the natural Lie
bracket of right-invariant vector fields on P,. We can then consider the cochain
complex of right-invariant forms {A®g}, , dy}, where

(3.3) dgp(Xo, .., Xx) = D (~1)H(Xs, X1, .. Koy X5, X,
i<j

for ¢ € Akg}w,Xi € gp,. A classical theorem of Chevalley and Eilenberg [CE] shows
that the inclusion of cochain complexes

{A%gp, . dg} 2 {Q°(P:)%, d} = {Q°(P), d}

induces an isomorphism on the cohomology of the chain complexes.

This discussion of right G-torsors carries over immediately to principal G-bundles.
The projection 7 defines the vertical distribution VP C T P of vectors along the fibers
of P by

TVP :=Kerm, CTP, T"Pr-1, 2TP,.

Translating (3.1) into families of G-torsors, we obtain the natural G-equivariant iso-
morphisms

(3.4) TP~ P x g>~n*gp,

where gp = M is the Adjoint bundle P x 44 g. The bracket in (3.2) gives us the Lie
bracket of right-invariant vertical vector fields on P

gp X gp ﬂgp
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This induces a map of vector bundles
dg : Algh — Agh,
as defined in (3.3).

3.2. Horizontal distribution. While the vertical distribution 7"VP requires no
extra choices, there is no natural horizontal distribution THP. Instead, a choice of
connection © on P is equivalent to the equivariant choice of a horizontal distribution
THP C TP such that

TP e TP =TP.
In particular, if © € Q(P;g) is the connection 1-form, then
THP .= Ker ©.
This induces the G-equivariant isomorphism
(3.5) THP >~ 7*T M.

A connection © on P gives a covariant derivative V on sections of any associated
bundle. Suppose v € I'(M,A*g%). One can take the derivative of a function whose
values live in a fixed vector space, and v := 7*v € I'(P,A*g*)%. Given a vector
X € T, M, the isomorphisms 7* : T, M — THPp (defined by the connection) give a
G-equivariant family of vectors X in TP r-1(z)- The derivative of v in the direction of
X is well-defined, resulting in the equivariant X7 € I'(P,A*g*)%. The isomorphism
(3.4) then defines

(3.6) Vxv:= X0 € [(P,A*g")¢ = T(M, ArFgp).

The operator V : I'(M, Akgh) — T'(M,T*M ® AFg%) is called the connection on the
associated vector bundle and extends uniquely to a first order differential operator dv
on the complex

(8.7)  T(M;Afgp) = Q'(M; Afgh) % Q2(M; AFgp) 25 QF (M Argh) <% -
by requiring that dy satisfy the Leibniz rule
dy(w®v) = (dw) @ v + (—=1)'w @ (Vv)

for all w € QY (M) and v € T'(M, Akg%).
The possibility that T P is not an integrable distribution leads to the notion of
curvature, and the curvature 2-form Q € Q?(P;g) is defined by the equation

0= d®+%[®A@].

The form €2 is only non-zero when evaluated on horizontal vectors. If Xp, Yy € THPp,
then

(3.8) WXy, Yy)=d0(Xy,Yy) = —0([Xu, Yu)).
Therefore, Q2 € Q%(M, gp), and we can form the contraction tq

(3.9) QUM Mgp) = Q2 (M M gp).
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3.3. Bi-graded complex. The decomposition TP = THP @ TVP induces a
bigrading on forms

QM (P) :=T(P,A'THP @ ATVP).

The G-equivariant descriptions of TVP and THP in (3.4) and (3.5), respectively, imply
that G-invariant forms on P decompose as

oF(P)Y = @ (P
i+j=k
=~ B I(M,ANTM* ® Ng})
i+j=k
= @ 20N,
i+j=k

Thus, an invariant (i, j)-form is naturally an i-form on M with values in the bundle
AFg%, where gp — M is the Adjoint bundle of P.

The exterior derivative d decomposes with respect to the distributions TVP and
THP. In general,

d= d71’2 +d0’1 + dl,O + d2’71,

where d*® : QW(P) — QFeit(P) giving a bigraded cochain complex
{Q%7(P),d**}. When restricted to right-invariant forms, the complex {Q%7(P), d**}
has an explicit description using (3.3), (3.7), and (3.9).

PROPOSITION 3.1. Under the isomorphism {Q%7(P)%} r {QU(M, N g%)}, the
components of the exterior derivative d are related by
e d 2t =0
d®l « (—1)%d,
d'0 dv
a1 & (71)iLQ.

We draw the bigraded complex isomorphic to {Q"7(P)%, d} below:

dg —dg dg —dg

d d . d
QO(M; A2g%) ——> QL (M; A%gh) ——> Q2(M; A2gh) — > Q3 (M; A2g%) —> -

QO(M;gp) ——— Q' (M;0p) ——> Q¥ (M;gp) ———> @ (Migp) —— -+

das PIVEREN dyps dig S
Q°(M; R) ———— QY(M;R) ————> Q2(M;R) —————> Q3(M;R) ———= - -~

Note that above is not a commutative diagram, but summing over all possible paths
between two points in the complex gives zero. These relationships are explicitly given
by (d%! +d'0 4 d>~1)? = 0.
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Proof of Proposition 3.1. We will denote the pushforward of the standard exterior
derivative by m.d and note that for any w ® ¢ € QY (M; A gh),

(med)(w @ ) := (77) " Hd(mw @ 7).

The d=?' = 0 because the distribution TVP is integral. Each component of d
satisfies the Leibniz rule, so to describe d on Q*(M; A’g?%), it suffices to say how each
component acts on Q'(M) and T'(M; Alg}).

For (m.d) : QY(M;R) — QY (M;R)@QH(M; g5), med = m.d"° and is the exterior
derivative on M, denoted dj;. This follows from the naturality of d,

dr* QN (M) = 7 dp Q(M).

Let ¢ € I'(M,A*g%). To calculate 7.d>!, let Xo,..., Xy € I'(M,gp). Tracing
through definitions and (3.3) gives
Ol (Ko, Xy) = S T ([0 X, T X, T X T X, )
i<j

= 1"dg(Xo, ..., Xz).
The Leibniz rule then implies that for w € Q(M), v € T'(M, A g%),
Ol (w @) = (A% *w) AT + (1) (7 w) A (O *ep)
= (—=1)'7*(w ® dg¥)).
Therefore, m,d>! = (—1)%dy. To calculate 7,.d"°, let X € T'(M,TM) and use (3.6):
(@07 ) (X) = (dn"$) (X) = X = 7V .
The Leibniz rule implies
407 (w0 @ ) = (d05"w) A (176) + (—1)'(5°w) A (d07")
=" (dyw @ ¥) + (-1)'7" (w ® V)
=7"dv(w®Y).
A similar use of (3.8) shows that
AN (r"p) = 7 (o),
and hence 7,d*> ™! is given by contracting along the gp-valued 2-form €. O

3.4. Riemannian metric and the adjoint d*. We now construct a right-
invariant Riemannian metric on P. Let gjs be a Riemannian metric on M, which in
turn induces a metric on the distribution 7P = 7*TM. Let gg be a bi-invariant
metric on the Lie group G. Such metrics gg exist due to the compactness of G and
are equivalent to Ad-invariant metrics on g. Since g¢g is an Ad-invariant metric on
g, it induces a right-invariant metric on TVP = 7*gp. We also let Alg;, and A7 95
denote the induced metrics on A“T'M* and A7 g%, respectively. Using the connection
O to give an orthogonal splitting TP = n*(TM & gp), we obtain a canonical metric
gp on P by

gp =7 (9 © 9c)-
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More explicitly,
gp(X1, X2) = gm (M X1, T X2) + 96 (0 X1, ©Xa).

The metric gp is evidently right-invariant, and we have the following isomorphism of
cochain complexes with metric:

{QU(P), " (Nighy © Mgg)} < {9(M, Mgp), Nigiy ® Mg}

The adjoint d* : QF(P) — QF1(P) (with respect to gp) commutes with isome-
tries, and therefore, d* restricts to the right-invariant complex

(3.10) (Q(M; N gp), med*) =2 (QH(P)Y,d*97) — (Q(P),d* 7).
The adjoint d* decomposes under the bigrading,
d* = dO,l* —|—d1’0* +d2,—1*

where d%b* : Q4 (P) — Q=%3=(P). Using our description of the differentials d*°
in Proposition 3.1, along with the right-invariance of gp and the compatibility of the
metric with the bigrading, we see that on right-invariant forms

P = (1) (d), dW = w(dy), M = (<1 (),

where the adjoints are induced by the metrics g and gg on T'M and gp, respectively
Therefore, the dual complex of right-invariant forms on P is naturally isomorphic
to the dual of the bigraded complex in Proposition 3.1. In particular, the adjoint
1 QM R) — Q71 (M;R) is the usual adjoint with respect to the metric gps, and
the adjoint dj is induced from the usual adjoint (2.3) to the Lie algebra derivative
with respect to the metric gqa.
Finally, we note that the complexes ultimately relevant are {Q*(P),ds} and
{Q*(P),d;}. As noted in the definition (2.5),

d6 _ dO,l + 5d1,0 +62d2,717 d;; _ dO,l* + 5d1,0* +52d2,71'

Therefore, the rescaled complexes of right-invariant forms are isomorphic to the fol-
lowing two complexes. These two pictures will be very helpful when following the
proofs in the next section.

(3.11)
dg —dg dg —dg

0 2 v 1 2 sa¥ 2 2 saV 3 2w y0dY
QY (M; A gp) —— Q (M; A°gp) —— Q°(M; A“gp) ——= Q°(M; Agp) —> -~
d ,dg

epdg —dg

. 2
g 870

o
5aV

. S%g .
e o g

* 4 * 8d * * 6d
QM 9p) — = Q' (Migp) — = Q*(Migp) — = Q*(M;gp) ——=

e s e —6%ug

. ; e 820
5d Sy Sdjiae Sdfp
QO(M;R) — > QU(M;R) — % Q?(M;R) — == Q3(M;R) — 3 ...
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(3.12) L~ D~
52L;<2 *6*2?2 ) )
dg Trte e —dg
sd%, sat saL sd%,
QO(M; A%gh) =—— QY (M; A%gh) =—— Q2 (M; A%gh) =—— Q3(M; A%gh) =—— - -
« 52,5 e R « 520k e *
dy Q 7dg Q . ,j,g Lo 7dg
QOU(M; gp) =——— Q' (M;97) =<——— Q*(M;9}) <—— (M3 9p) <—— -+
52, _s§2, 2,5 T
o Q el Q 06 Q w0
sd%, sy Csay e sy
0 1 2 3
QY(M;R) =— QY M;R) =—— Q*(M;R) =——— Q*(M;R) =—— - -+

4. Calculation of the harmonic forms. Using the machinery and terminology
described in Sections 2 and 3, we proceed with the calculations. To review notation,
G is a connected compact Lie group, and P — M is a principal G-bundle with
connection © over the closed, oriented Riemannian manifold (M, gas). We denote
this information by (M, P, gar,®). It useful to remember that any bundle P is a
pullback of the universal bundle

r—Is pg

M —L- Ba.

The harmonic i-forms on M, with respect to gas, are denoted H'(M), and H’(G)
denotes harmonic j-forms on G with respect to a bi-invariant metric. As defined
earlier, and whose existence is made clear by Theorem 2.6,

H(P) := lim Ker Al = lim H. (P) C Q(P)

is the finite-dimensional space of harmonic forms on P in the adiabatic limit, and
H!(P) = H'(P;R) canonically.
Proposition 3.1 gives the natural isomorphism of bigraded cochain complexes
QUM M)} > {9 (P)}C C{Q(P)).

In the following, we perform all calculations in terms of the left-hand complex (avoid-
ing unnecessary use of 7*), but we state all major theorems in terms of Q*(P). Fi-
nally, {E}’} denotes the Leray—Serre spectral sequence, with R-coefficients, for the
fiber bundle G — P — M.

PROPOSITION 4.1. Given (M, P, g, ©), assume that E;’O = EL0. Then,
T H (M) C H'(P).
Proof. Let w € H!(M); ie. dyw = dj;w = 0. For dimensional reasons, the
operators ds and dj take a slightly simpler form, and we calculate
dsw = ddprw = 0,
diw = 6d}y; + 821w = £6%10w.

Therefore, w € EZ° = EL0. By Corollary 2.8, w € Hi(P). O
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4.1. 1-forms. We realize that this calculation of H!(P) is more complicated
than it needs to be. However, it provides a similar but simpler calculation than that
of H3(P) and helps clarify the logical structure. In examining the cohomology of the
bundle P, we use the standard isomorphism

Hi(M; H (G;R)) = H' (M; RY™H (GR)) ~ Fi(M[;R) @ H (G;R).

(The action of w1 (M) on H*(G;R) is trivial.) The connectedness of M and G imply
that HO(M;R) = H°(G;R) = R. Furthermore, the classifying map gives a morphism
between the spectral sequences for the universal bundle EG — BG and P — M. The
relevant portion of the Ey page is:

Examining the universal example, we know EG is contractible, so E%/ = 0 for
(i,4) # (0,0). This implies dp is an isomorphism between H!(G;R) and the uni-
versal characteristic classes H2(BG;R). If ¢ € H(G;R), then let

P(EG) := dypp € H*(BG;R) and ¢(P) := f*(¢(EG)) € H*(M;R).
By naturality of the spectral sequence, the class f*¢ = ¢ € H'(G;R), and
d2¢ = dof*d = [*drop = $(P) € H*(M;R).

Therefore, the transgression da sends an element in H*(G) to the corresponding char-
acteristic class of the bundle P. The only non-trivial differential in spectral sequence
for H'(P;R) is da, so we see that

E! = E;° @ Kerdy(E).
Therefore, H*(P;R) sits in a short exact sequence
(4.2) 0— H'(M;R) — H*(P;R) — Kerdy — 0.

Chern—Simons/Chern—Weil theory gives a more explicit geometric interpretation
of this. In a slight abuse of notation, let ¢ € g* be Ad-invariant, so ¢ is equivalent to
an element of H!(G) =2 H(G;R). Via da, ¢ also determines an element in H?(BG;R).
The choice of a connection © € Q(P;g) constructs the Chern—Simons 1-form ¢(©) €
Q(P) and Chern-Weil 2-form ¢(Q) € Q2(M), which satisfy the properties

o i26(0) = 0(0) € H)(G),

e Ry6(0) = 6(0) € Q!(P),

e d9(0) = 6(Q — 1[0 A 8)) = 6(Q) € T Q2(M).
In other words, ¢(0) is right-invariant, restricts to a canonical element in #!(G) on
the fibers, and its derivative is the Chern-Weil form ¢(£2). Furthermore, ¢(2) is
closed and its de Rham cohomology class is independent of the chosen connection ©.
Doing this carefully in the universal case implies that

[6(Q)] = ¢(P) € H*(M;R).
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To make this more concrete, consider the case of G = U(n). At the level of
cohomology, HY(U(n);R) = HY(U(1);R) = H'(S';R) is 1-dimensional and has a
canonical generator. The image, under ds, of this canonical generator is denoted
c1 € H*(BU(n);R), and f*c; is the usual first Chern class ¢;(P) € H2(M;R). At
the level of forms, let

o(e) = i Tr(e) € u(n)*.
This gives the Chern-Simons 1-form & Tr(©) € Q'(P) and the first Chern form
o= Tr() € #*Q%(M). It is important to note that if ¢;(P) = 0 € H*(M;R), the form
5= Tr(€2) is exact but not necessarily zero.

THEOREM 4.2. Consider (M, P, gy, ©) where G is a connected compact Lie
group, and ¢ € (g*)2. If ¢(P) =0 € H*(M,R), then

#(©) —m*h € H'(P),

where h € QY(M) is the unique form such that dh = ¢(Q) and h € d*Q*(M). In fact,
the form ¢(©) — w*h is harmonic with respect to the metric gs for any § > 0.

Proof. First, note that the vanishing of ¢(P) € H?(M;R) implies that the form
() € Q*(M) is exact. The Hodge decomposition (2.1) implies there exists a unique h
satisfying our assumptions. We now proceed by explicit calculation using the bigraded
complexes (3.11) and (3.12).

ds(¢(©) = 6h) = psd(H(©) — h) = ps(¢(2) — () = 0.

For dimensional reasons, several terms in the dj calculation are automatically 0,
leaving only:

d5¢(0) = ddy¢(0) = 0,
dih = 8dih = 0.

The top equation holds because ¢(©) restricts to a harmonic form on the fibers, and
the bottom equation holds by the assumption h € d*Q?*(M). Therefore, d}((©) —
h) = 0. This calculation can be visualized by using the complexes (3.11) and (3.12).
Let dotted lines denote maps which send a element to zero, and let 4+ show when the
images of two elements cancel. This looks like:

We have shown ¢(©) — 6h € Ker Ls. Proposition 4.1 implies that EL? = H1(M),
and we have assumed that h € d*Q?(M), which is orthogonal to H!(M). We can now
use Proposition 2.7, and

P51 (6(0) — 6h) = 6(0) — h € H(P).
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Finally, we notice that we do not have to consider the adiabatic limit in order for
¢(©) — m*h to be harmonic. Since d = pé_ld(;p(;, our calculation above shows that

d(¢(©) — h) = py 'ds(a(©) — 6h) =0,
d*(¢(©) — h) = p5 'dj(a(©) — 5h) =0

|

REMARK 4.3. The fact that ¢(©) — 7*h is harmonic for any ¢ > 0 is special to
1-forms. In particular, explicit calculations of harmonic 3-forms on a bundle show
that one must take an adiabatic limit for Theorem 4.6 to hold.

Proposition 4.1 and Theorem 4.2 allow us to calculate H!(P) for any principal G-
bundle P when G is compact connected. Proposition 4.1 gives representatives for the
classes corresponding to H'(M;R). If we choose a basis for Ker da, we use Theorem
4.2 to obtain representatives of these classes. Therefore, by the short exact sequence
(4.2), these forms will together provide a basis for H!(P).

COROLLARY 4.4. Consider (M, P, grr, ©) where G = U(n). Then,

T H (M) if c1(P) # 0 € H2(M;R)

= {W*HI(M) © R Tr(©) —7*h]  if e1(P) =0 € H>(M;R).

Proof. The term E,° = EL° = H'(M;R), so Proposition 4.1 implies that
T*HY (M) € HY(P). If ¢1(P) # 0, then dim H'(P;R) = dim H'(M;R), so we are
done.

If ¢; (P) = 0 € H*(M;R), Theorem 4.2 implies that 5= Tr(6)—n*h € H'(P). The
vector space spanned by it and 7*H!(M) has dimension equal to that of H*(P;R),
so we are done.

4.2. 1-forms and 2-forms for GG semisimple. Now, consider the case where G
is a compact, connected, semisimple Lie group. The semisimplicity of G implies that
the decomposition of g has no abelian factors, and hence H!(G;R) = H?(G;R) =0
[CE]. The Leray—Serre spectral sequence then takes the form
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PROPOSITION 4.5. Consider (M, P,gn,©) where G is a compact, connected,
semisimple Lie group. Then,

T H (M) = H(P) fori=1,2.
1 (M) C H3(P).

Proof. For i = 1,2,3, Eé’o =~ HY(M;R) is not in the image of any non-trivial
differential, implying that H!(M) = Eé’o = E%0. Proposition 4.1 then implies
T*HY (M) C HY(P) for i = 1,2,3. The spectral sequence also implies that for i = 1,2,
Hi(P;R) = H'(M;R), so the inclusion of 7*H!(M) spans H!(P). O

4.3. 3-forms for G simple. Analyzing the above spectral sequence for G
semisimple, we see that the contractibility of EG implies

dy : H¥(G;R) — H*(BG;R).

Therefore, choosing generators of H?(G;R) determines universal characteristic classes
in H*(BG;R), and dy maps H?(G;R) to the pullback of these classes in any manifold
M. As dy : H3(G;R) — H*(M;R) is the only non-trivial differential in the sequence
calculating H3(P;R), we have the short exact sequence

(4.3) 0 — H3(M;R) — H3(P;R) — Kerdy — 0.

Just as in the discussion for H!(P;R), this has a natural geometric interpretation
from Chern—Simons and Chern—-Weil theory. If (-,-) is an Ad-invariant, symmetric,
bilinear form on g, then (6 A [0 A 0]) € Q3(G) is a bi-invariant 3-form and hence
an element of H3(G). Also, (-,-) naturally gives the Chern-Weil 4-form (Q A Q) €
Q*(M) whose de Rham class is the pullback of the universal class in H*(BG;R). The
corresponding Chern—Simons 3-form for (2 A Q) is

(4.4) (@) =(QA0) -~ —(OA[OAQ]) =a®! +a% € Q3(P).

1
6
The notation o' + a%? denotes the decomposition of a(©) with respect to the
bigrading on P. The Chern—Simons 3-form also satisfies [Fre]
o ita(0) = —2(OA[0AG]) € H3(G),
e R:a(0) = a(©) € Q3(P),
e da(®) = (AN + QA OAO]) — QN[O AB]) = (QAQ) € T*QHM).
In other words, «(®©) is a right-invariant form that restricts to a canonical element in
H3(G) on the fibers, and its derivative is (2 A ).

To make this more concrete, consider the case of G = SU(n) for n > 2. Then,
H3(SU(n);R) =2 H3(SU(2); R) = H3(S3;R) = R, and there is a standard generator.
The image of this generator under do : H3(SU(n);R) — H*(BSU(n);R) is the uni-
versal second Chern class ¢o. The inner product (-,-) is a constant multiple of the
matrix trace, giving

1
CQ(P,Q) = @ TT(Q A\ Q)

Similarly, when G = Spin(n) for n = 3 or n > 5, H3(Spin(n);R) = R and there is

a standard generator whose image is sent to the characteristic class & (which, when
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multiplied by 2, is the ordinary first Pontryagin class p;.) The inner product is again
a constant multiple of the matrix trace.

While the above discussion holds for semisimple Lie groups, we now assume that G
is simple. This implies that H3(G;R) = R. This is important, because it implies that
if (A Q) is exact, then ES 3 = E%3. The following theorem uses that the sequence
collapses at N = 2. If H3(G;R) were 2-dimensional, and Ker d; was 1-dimensional,
the following proof would not suffice.

THEOREM 4.6. Consider (M, P,gn, ©) where G is a simple Lie group. Suppose
(Q A Q) is exact, so that the de Rham class is 0 € H*(M;R). Then
a(®) — *h € H3(P),

where h € Q3(M) is the unique form such that dh = (Q A Q) and h € d*Q*(M).

Proof. Supposing (2 A Q) is exact implies, by Hodge decomposition (2.1), the
existence of such a form h. This also implies that E§ = E2. In the calculations, we
deal with

pé(aoa Lol h370) — 0B 4 52021 _ §3p30.

To use Proposition 2.7, we will show that a3 + 62a?! — §3h extends formally to an
element of Ker Ls. To do this, we first show that a3 + §2a?! extends formally to
Ker Ls by proving that for some 1,

ds(a®? + 5%t + §3) € 5*Q*(P)[9],

45 (a3 + §2a®! 4 5%) € 5*Q2(P)[¢],
and then applying Proposition 2.4. Then, we show the term %3 must be h and apply
Proposition 2.7.

First, we see that
ds (% + 620! — §*h*0) = psd ((©) — h)
— P (2AQ) = (QAQ) =0,

but there is a non-trivial term of order §° in
d*(aO,B 4 52062’1 _ 53]13’0) _ d;a0’3 4 53d*va2,1 _ (53d7\/lh370 4 0(54)
— $Pdna’l + 0(5Y).

We listed all pertinent non-trivial components in the d§ calculation above. All oth-
ers are either trivially zero (for dimensional reasons) or have order greater than &°.
Because a3 is harmonic on fibers, d3a0’3 = 0. Likewise, we assume h coexact as a
form in M, which implies d},;h = 0.

We now must cancel the term

doa®l € QY (M;gh).

Fortunately, H'(g) = 0, so the Hodge decomposition implies g} = coexact(g}). Thus,
d : exact(A?g}) — gp is an isomorphism, and we define

(4.5) B2 = (dg) ™" (dga™?).
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The details of this are discussed in the following Lemma 4.8. The important properties
of %2 are that

dy1? = dga®',  dgfh? = 0.
We now calculate that

d6 (040’3 + (52042’1 o 53h o 5351,2) _ *53d5ﬂ1’2
= —5%dy1? + O(6*) = 0+ O(6*)

dz (040’3 + 52a2,1 o 53h3’0 o 53ﬁ1,2) _ 53 (d*VQQ’l o d;ﬂl’Q) + 0(54)
=0+ 0(%).

The structure of the two above calculations can be visualized by using the complexes
(3.11) and (3.12). This is shown below by letting dotted lines denote maps which
send an element to zero, and letting + show when the images of two elements cancel.
All elements of order greater than §° are ignored.

We note that a*! € EL for bi-grading reasons, since the spectral sequence satis-
fies

E3, =E3’ e EX}.
Proposition 2.4 therefore implies the existence of a power series
ws = % 4+ 62> + 88wz +--- € Q3(P)

for some w3, wy,... € Eé‘o, such that formally dsws = djws = 0.
Now, investigate the term wg’o in ws. The equation

0= dsws = 0 (<Q AQ) + deg’O) +0(5%
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implies that deg,o = —(QAQ). The equation djws = 0, when restricted to the (2,0)

component, shows that
dhwi® = 0.

For w3 to be an element of EL, w3 must be orthogonal to E3° = H3(M) (calculated
in Proposition 4.5). Therefore, wg,o = —h, where h € Q3(M) is the unique form such
that

dpn=(QAQ), dh=0, hLlHM).
Therefore, there exists a formal Ls-harmonic power series ws is of the form
ws = a3 + 52021 — B3O 4+ 5 (wy — h30) + Gy + - .
Finally,
pgl (a0’3 + 62>t + 83030 + 63 (w3 — h30) + 0(64))
= a%3 a2 — B30 4 O(9).

The polynomial satisfies the conditions of Proposition 2.7, so the constant term in
py (a3 45201 — §3h + - - +) is the adiabatic limit of a harmonic form on P:

040’3 + 04271 o h3,0 c 7‘[3(P)
ad

COROLLARY 4.7. Consider (M, P, gy, ©) where G = SU(n) for n > 2. Then,
letting co be the standard generator of the 1-dimensional space H*(BSU(n);R),

H(P) = {

where h € Q3(M) is the unique form such that dh = (Q A Q) and h € d*Q*(M).
When G = Spin(n) forn =3 orn > 5, the above statement holds with co replaced
by &

T H3 (M) if eo(P) £ 0 € HA(M;R)
T H3(M) @& Rla(©) — 7*h]  if c2(P) =0 € HY(M;R)

Proof. The proof is exactly the same as Corollary 4.4. We combine Proposition
4.5 with Theorem 4.6 and the exact sequence

0 — H¥(M;R) — H3(P;R) — H3(G;R) &4 H*(M;R),

noting that Ker dy is either 0 or 1-dimensional, depending solely on whether the form
(QAQ) is exact. O

LEMMA 4.8. For any ¢ € QY(M;g}) there exists 3 € QH(M; A%g%) such that
dgB=0, dyB=1.

Proof. This lemma is just the Green’s function for the Laplacian on G. As noted
earlier, a semisimple G has H'(g) = 0. Therefore, Harm(g*) = 0, and the Hodge
decomposition of

0
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gives
g" = Harm(g") @ exact(g*) @ coexact(g*) = coexact(g™).
The map
dy : exact(A%g*) — ¢g*
is an isomorphism. Hence, we have a bundle morphism
(@) s g — Mg

The image of (dj)~' is exact(A%g}), so dg o (df)~' = 0. Applying (d)~" to any
¥ € QH(M; g5) gives the desired form. 00
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