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EXTEND MEAN CURVATURE FLOW WITH FINITE INTEGRAL
CURVATURE*

HONG-WEI XUT, FEI YE!, AND EN-TAO ZHAOf

Abstract. In this note, we prove that the solution of certain mean curvature flow on a finite
time interval [0,T) can be extended over time T if the space-time integration of the mean curvature
is finite. Moreover, we show that the condition is optimal in some sense.
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1. Introduction. Let M™ be a complete n-dimensional manifold without
boundary, and let F; : M™ — R™"! be a one-parameter family of smooth hyper-
surfaces immersed in Euclidean space. We say that M; = Fi(M) is a solution of the
mean curvature flow if F}; satisfies

{%F(m,t) = —H(z,t)v(z,t)
F(I,O) = FO(I)a

where F(z,t) = Fy(z), H(z,t) is the mean curvature, v(z,t) is the unit outward
normal vector, and Fj is some given initial hypersurface.

K. Brakke [1] studied the mean curvature flow from the view point of geometric
measure theory firstly. For the classical solution of the mean curvature flow, G.
Huisken (see [5, 6]) showed that for a smooth complete initial hypersurface with
bounded second fundamental form the solution exists on a maximal time interval
[0,T), 0 < T < oo. If the initial hypersurface is closed and convex, he showed in
[6] that the mean curvature flow will converge to a round point in finite time. He
also proved that if the second fundamental form is uniformly bounded, then the mean
curvature flow can be extended.

By a blow up argument, N. Sesum [9] proved that if the Ricci curvature is
uniformly bounded on M x [0,T), then the Ricci flow can be extended over T'. In
[10], B. Wang obtained some integral conditions to extend the Ricci flow. A natural
question is that, what is the optimal condition for the mean curvature flow to be
extended? By a different method, we investigate the integral conditions to extend the
mean curvature flow. We will prove that the mean curvature flow can be extended if
the space-time integration of the mean curvature is finite and the second fundamental
tensor is bounded from below.

THEOREM 1.1. Let F, : M™ — R»+! (n > 3) be a solution of the mean curvature
flow of closed hypersurfaces on a finite time interval [0,T). If
(1) there is a positive constant C such that h;j > —C' for (z,t) € M x [0,T),

@) W llarrxiory = (Jo Sag, [HIdpudt) ™ < +00 for some a > n+2,
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then this flow can be extended over time T'.
When the initial hypersurface is mean convex, we have the following

THEOREM 1.2. Let Fy : M™ — R""! (n > 3) be a solution of the mean curvature
flow of closed hypersurfaces on a finite time interval [0,T). If
(1) H>0att =0,

T a3
@) 1 llarrxiory = (Jo Sag, [HIdpudt) ™ < +00 for some a > n+2,
then this flow can be extended over time T.

The following example shows that the condition o > n + 2 in Theorems 1.1 and
1.2 are optimal.

EXAMPLE. Set " = {z € R"™!: 3" | 22 = 1}. Let F be the standard isometric

3

embedding of S™ into R"*1. It is clear that F(t) = /1 — 2ntF is the solution to

the mean curvature flow, where T = % is the maximal existence time. By a simple
computation, we have g;;(t) = (1 — 2nt)g;;, H(t) = T and hi;j(t) > 0. Hence

1
T o
||H||a,Mx[o,T)=</ / |H|O‘dutdt>
o Jm,
T n—o %
e </ (1)’ dt) ,
0

where C is a positive constant. It follows that

=00, for a>n+2,

[1H[la.31[0.7) { <oo, for a<mn+2.

This implies that the condition o > n + 2 in Theorems 1.1 and 1.2 are optimal.

2. An upper bound of the mean curvature by its L""?-norm. Let F :
M™ — R™"! be a compact immersed hypersurface. Denote by g = {g;;} the induced
metric, A = {h;;} the second fundamental form, V the induced Levi-Civita connection
and A the induced Laplacian. The volume form on M is du = \/det(g;;)dz, and the
mean curvature H is the trace of the second fundamental form.

In this section we obtain an inequality relating the mean curvature and its
L™ 2norm in the space-time. We first recall some evolution equations (see [3, 14]).

LEMMA 2.1. Along the mean curvature flow we have the following evolution
equations.

50 = —2Hh;j,

0

—duy = —H%d

ot Mt s

0

—H =AH+ |A*H

%|A|2 = AJAP? - 2|VA]? +2|A)%
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The following Sobolev inequality can be found in [8] and [12].
LEMMA 2.2. Let M™ be an n-dimensional (n > 3) closed submanifold of a Rie-

mannian manifold NP with codimension p > 1. Suppose that the sectional curvature
of N™ P is non-positive. Then for any s € (0,+00) and f € C*(M) such that f >0,

1 "2%2 71.;2 - , l ,
C?%(n) (/Mf du) Ho (1+ 5) /Mf du] ’

2w,(1+n)(1+%)
(n=1)on

2 (”_2)2
/M VI 2 A

where Hy = maxzenm |H|, C(n) = , and o, is the volume of the unit ball

in R+
The following estimate is very useful in the proofs of our theorems.

THEOREM 2.3. Suppose that F; : M™ — R"*1 (n > 3) is a mean curvature flow
solution for t € [0,To], and the second fundamental form is uniformly bounded on the
time interval [0,Ty]. Then

TD n+2
max H?(2,t) < Cy / / |H|"2dpdt ,
(z,t)eM X [0 Ty] 0o Jm

where Cs is a constant depending on n, Ty and Sup, ;e nrx(o, 1) 14l

Proof. The evolution equation of H? is

(1) %m = AH? - 2|VH|* +2|A*H?.

Since A is bounded, we obtain the following estimate from (1) that

(2) %HQ < AH? + BH?,

where f3 is a constant depending only on sup(, y)earxjo,1] [4l-
Denoting f = H?, from the inequality in (2) and the evolution equation of the
volume form in Lemma 2.1, we obtain that for any p > 2,

0 0
_ D — p—1 7 _ p+1
i [, = [t e [ g
< /M pfP N (AF + B dus
4(p — 1 P
= —M/ |Vf5|2dut+ﬁp/ fPdp.
p M, My
Thus
0 4(p — 1 »
3) O prap s A28 / V7% 2y < Bp / 2
M, p M, M,
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For any 0 < 7 < 7" < Tp, define a function ¢ on [0, To):

0 0<t<T,
W(t) o r<t<7,
1 T/<t<T0

Then by (3) we have

0 0
J <w /Mt fpdut) _y /Mt PPy o < /Mt fpdut>
<4 f*’dutw( M/ IV £ 5 [2dp,
M, p M,
(4) +5P/M f”dut)-

For any t € [7/, Ty, integrating both sides of the inequality in (4) on [r,t] we get

O [ a0 [ i< (s ) [ " [, srawa

For the integral fTT,O fMt fp(1+%)dutdt, by Schwarz inequality and Sobolev inequality
in Lemma 2.2, we have

To ) To 2 np %
/ f”‘”ﬁ)dutdt < / (/ f”d,ut) ( f“dut) dt
T J My ! M, M,

2

n To np %
< max </ fpdut> / ( f”dut> dt
tE[T',To] M, ! M,
2 2
1 2 To n
< (o4 52) ( / f”dutdt>
=T T My

</ ) e D) [ st e

+3502(n) (1 + é) /Mt fpdut} dt.

’
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For the third factor on the right hand side, we have from (5)

[ [ [ 9t focr (14 2) [ ] a

_ A=D1 +5) /T/ IV 5 Pdpdt
T/ My

- (n—2)?
1 To .
<ﬂp+ = _T> /T /Mt f dutdt] dt

’

To
+%ﬁ(72(n) (1 + é) /T

(n—1)C?*(n)p( + 5) 1 oo
=220 1) (ﬁpﬂ/T)/T Frdpds

M
To
+gﬁCQ(n)T0 (1 + %) (Bp + i T) /T /Mt fPdugdt

R (1] (o ) [ o

Hence

To
/ fp(1+%)dﬂtdt

4 My

< [ et

(n—=232(p-1)

1+2 To
(6) X (ﬁp+ ,1 ) ( / / f”dutdt>
T =T T M,

1
= I f 1 — [T (no2) _ [n=1plbom)
Put L(p,t) = [ " [y, fPdpedt, s = YR ,and Dy, , = s The

+ Z8C ()T (1 + %)]

1+2

inequality in (6) can be rewritten as

2 / 2 1 1+% 1_;’_2
(7) Lip 1+5 , 7| < D5, 6p+7’—7 L(p,7)""n.

Now let =14 2, p, = 2% and 75, = (1 - #) t. Then from (7) we obtain

k1

1 vk -2 n+2)8 n+2 Yim0b; w4 ,

(8)L(pkt1, Thot1) BFt1 SDn n351+1 <( 5 ) o ) uZ1:OpiL(p07TO)7L+2'
2

s

As k — +o00, we conclude from (8) that

2
2 2 To " e
(n—|— 5+n+ ) (/ f ydu,:dt) .
2 2t 0 M,

Therefore, for any (z,t) € M x [22,Ty], we get from (9)

w3

2n 2
n-+2

2

To nt+2
(10) H?(x,t) < Cq (/ /M |H|n+2dﬂtdt> ;
0 t
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where C5 is a constant depending on n, To and sup, 4)enrx (o, 1] |A|. Since (z,t) €
M x [L2Ty) is arbitrary, it follows from (10) that

7 s
max H?(z,t) < Cy / / |H|" 2 dpydt ,
(z,t)eM x [0 Ty] 0 M,

which is desired.

3. Mean curvature flow with finite total mean curvature. We are now
in a position to prove our theorems.

Proof of Theorem 1.1. We only need to prove the theorem for a = n + 2 since by
Holder’s inequality, |[H||q,arx[0,7) < 00 for a > n + 2 implies ||H||,42,1rx[0,7) < 00
We argue by contradiction.

Suppose that the solution of the mean curvature flow cannot be extended over
T. Then A becomes unbounded as t — T'. Since h;; > —C, we get -, ;(hij +C)* <
Cstr(h;j + C)]?, where Cj5 is a constant depending only on n. On one hand, |A|? is
unbounded implies that >, ;(hi; + C)? is unbounded. On the other hand,

tr(hij + C))* = (H +nC)* = H* + 2nCH + n*C*.
j
Thus H? is unbounded. Namely,

sup H?(z,t) = cc.
(z,t)eM x[0,T)

Choose an increasing time sequence t(), i = 1,2, - - -, such that lim;_,o t®) = T. We
take a sequence of points (¥ € M satisfying
H? (2@ 1)) = max H?(z,t).

(z,t)EM x[0,t(1))
Then lim; oo H?(z®, () = 0.

Putting Q¥ = H?(z®,t®), we have lim; ,o, Q) = co. This together with
lim o t® = T > 0 implies that there exists a positive integer iy such that
QWt® > 1 and QW > 1 for i > iy. For i > iy and t € [0,1], we define
FOt) = (Q(i))§F<é;(}) —|—t(i)). Then the metric on M induced by F®(t) is

QD
curvature flow on t € [0,1]. Since F; satisfies h;; > —C for (z,t) € M x [0,T), we
have

gD (t) = QWg (tfl + t(i)), and FO(t) : M™ — R™+! is still a solution of the mean

HPy(x,t) <1 on M x [0,1],

C
QW
where H ;) and AL = h;lk) are the mean curvature and the second fundamental form

of F((t), respectively. The inequality in (11) gives that h§2 + —£_ > 0. Hence

v

(®)
(11) hip > —

on M x[0,1],

nC'

; C ; c
12 RO+ —— < (nW + —=— ) < H, .
" b < () 0+ o
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The inequality in (12) implies that h§2 < Hg) + %
it follows that |A®)| < Oy for i > ig and t € [0,1], where Cj is a positive constant
independent of .

Set (M), g0 (1),2®) = (M, Qg (&4 +¢) ,2®), ¢ € [0,1). From [2] we

know that there is a subsequence of (M® ¢ (t),z()) converges to a Riemannian

Since Q" > 1 when i > iy,

manifold (M ,g(t),T), and the correspondmg subsequence of immersions F*)(t) con-

verges to an immersion F(t (t) : M — R+, Also, it follows from Theorem 2.3 that for
(P 7:07

n-+2
max H?, (z, t) < C H dpb ) (pdt ,
(2,)e M x[1,1] gl ’ (/ / HIG g0 )

where C5 is a constant independent of 7. Hence

7L+2
max H? (z,t) < lim Cj </ / |H|( d“g()(t)dt>

(z, t)GMX[% 1] i—00

£ (@)1 =
< lim Cs < / / |H|”+2dptdt>
i—00 1)

(13) =0.

The equality in (13) holds because fOT fMt H™2dudt < +00 and lim; . (Q¥)~! = 0.
However, according to the choice of the points, we have

H?*(7,1) = lim H()( 2@ 1) = 1.

1—00

This is a contradiction. We complete the proof of Theorem 1.1.
With a similar method, we can prove Theorem 1.2.

Proof of Theorem 1.2. Since H > 0 at ¢ = 0, there exists a positive constant
Cg such that |A|2 < CgH?. The evolution equation of H in Lemma 2.1 implies that
H > 0 is preserved along the mean curvature flow. By [7] we have the following

. . Al?
evolution equation of ‘ HL

9 (1A A2 LYY _ 2
(14) E(F):A(m (v ~ gralflVihin = Vil Rl

Using the maximum principle, we obtain from (14) that |A|?> < CgH? is preserved
along the mean curvature flow.

It is sufficient to prove the theorem for a = n+2. We still argue by contradiction.
Suppose that the solution of the mean curvature flow cannot be extended over time
T. Then |A|? is unbounded as ¢t — T. This implies that H? is also unbounded since
|A]2 < CeH?. Let (2, t®), QW FO(1), g (t) and (M, §(t),#) be the same as in
the proof of Theorem 1.1. Let A®) and H, (iy be the second fundamental form and mean

curvature of the immersion F((t), respectively. Then we have [A®|? < Cg|H ;)|? for
(z,t) € M x [0,1], which implies that A is bounded by a constant independent of i
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for ¢ € [0, 1]. It follows from Theorem 2.3 that

2
1 nt2
H? (z,t) < H|™M2du iy dt
(o) MO XL ,1] (@1 < Cr (/0 /M,,| G drgco

where C7 is a constant independent of i. By an argument similar to the proof of
Theorem 1.1, we get a contradiction which completes the proof of Theorem 1.2.

Finally we would like to propose the following

OPEN QUESTION. Can one generalize Theorems 1.1 and 1.2 to the case where

F; is the solution of mean curvature flow of closed submanifolds in a Riemannian

manifold?
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