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CONSTRUCTING KAHLER-RICCI SOLITONS FROM
SASAKI-EINSTEIN MANIFOLDS*

AKITO FUTAKIT AND MU-TAO WANGH

Abstract. We construct gradient Kahler-Ricci solitons on Ricci-flat Kahler cone manifolds and
on line bundles over toric Fano manifolds. Certain shrinking and expanding solitons are pasted
together to form eternal solutions of the Ricci flow. The method we employ is the Calabi ansatz over
Sasaki-Einstein manifolds, and the results generalize constructions of Cao and Feldman-Ilmanen-
Knopf.
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1. Introduction. Kahler-Ricci solitons are self-similar solutions of the K&hler-
Ricci flow. They are classified as expanding, steady, and shrinking solitons for obvious
reasons. The convention is that an expanding soliton lives on (0, 00) and a shrinking
soliton lives on (—o00,0). The self-similarity reduces the Ricci flow equation to an
elliptic system for a pair (g, X) consists of a Kéhler metric g and a vector field X on
a background manifold. In particular, any Kéhler-Einstein metric is a steady soliton
with X = 0. Kahler-Ricci solitons arise as parabolic blow-up limits of the Kahler-
Ricci flow near a singularity. We refer to [5] and [9] and for surveys of results on
Kahler-Ricci solitons and the role they play in the singularity study of the flow.

In this article, we construct new Kahler-Ricci solitons from Sasaki-Einstein man-
ifolds. Sasaki-Einstein manifolds are links of Ricci-flat Kahler cones and singularity
models in Calabi-Yau manifolds. We first show that there is an expanding soliton
flowing out of the Kéahler cone over any Sasaki-Einstein manifold. The method we
employ is an ansatz of Calabi in his construction of Kéhler-Einstein metrics ([3], see
also [14]). This Ansatz is then applied to circle bundles over toric Fano varieties on
which possibly irregular Sasaki-Einstein metric exist by [11]. We obtain both ex-
panding and shrinking solitons depending on the degree of the associated line bundle.
Certain pair of shrinking and expanding solitons can be pasted together to form an
eternal solution of the K&hler-Ricci flow which lives on (—o00,00) with singularities
along the zero section of the line bundle, but the shrinking solitons extend smoothly
to the zero section when the Sasaki-Einstein structure is regular. These results gener-
alize the constructions of [4] and [9]. While the examples in [4] and [9] are rotationally
symmetric, our examples in general do not carry any continuous symmetry.

Similar constructions for eternal solutions of Lagrangian mean curvature flows
were discovered in [15] and [16]. They were shown to satisfy the Brakke flow-a weak
formation for the mean curvature flow. As a weak formulation of the Ricci flow has
not yet been established, we may ask to what extent our examples would qualify as
generalized solutions of the Ricci flow (see also the discussion in §1.2 of [9]). It will be
a good indication if the flow satisfies Perelman’s monotonicity formula [18] across the
singularity. This will be pursued later. At this moment, we note that the Gaussian
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34 A. FUTAKI AND M.-T. WANG

density of Perelman’s functional of known Ricci solitons are computed in [6] and [13].
The main theorems in this paper are stated as follows.

THEOREM 1.1. Let M be a Fano manifold of dimension m, and L — M be a
positive line bundle with Kyy = L™P, p € ZT. For0 <k < p, let S be the U(1)-bundle
associated with L™F, which is a regular Sasaki manifold. Let Z be the zero section of
L=". Suppose that S admits a possibly irreqular Sasaki-Einstein metric. Then there
exist shrinking and expanding solitons on L™F — Z, and they can be pasted together
to form an eternal solution of the Kihler-Ricci flow on (L™F — Z) x (—00,00). If S
admits a regular Sasaki-Finstein metric, i.e. if M admits a Kdhler-Einstein metric
then the solution of the Kdhler-Ricci flow corresponding to the shrinking soliton for
t € (—00,0) extends smoothly to the zero section Z.

Recall that a Sasaki manifold S is an odd dimensional Riemannian manifold with
its cone C(S) a Kéhler manifold. In the following theorem the apex of C(S) is not
included in C(S).

THEOREM 1.2. Let S be a compact Sasaki manifold such that the transverse
Kéhler metric g7 satisfies Einstein equation
RicT = kg”
for some k < 0 where RicT denotes the transverse Ricci curvature. Then there exists
a complete expanding soliton on the Kdhler cone C(S).

Note that, when a Sasaki manifold S satisfies the assumption of Theorem 1.2, S
is necessarily quasi-regular so that S is an orbi-U(1)-bundle over an Kéhler-Einstein
orbifold with negative scalar curvature. This is because, if it is irregular, a torus of
dimension bigger than 1 acts as isometries and there is a Killing vector field inducing a
nontrivial action on the Kéhler-Einstein local orbit spaces of negative Ricci curvature.
But this is impossible because of the transverse version of the well-known Bochner
theorem: If the Ricci curvature is negative then there are no nontrivial Killing vector
fields. One can prove this transverse version using the Appendix of [11].

This paper is organized as follows. In section 2 we review Kahler-Ricci flows and
Kahler-Ricci solitons. In section 3 we review Sasaki manifolds with transverse Kahler-
Einstein structure. In section 4 we obtain an ordinary differential equation to get a
gradient Kéhler-Ricci soliton by Calabi’s ansatz. In section 5 we extend Cao’s work
[4] to construct expanding solitons on Ricci-flat K&hler cones. After preparatory argu-
ments in the case of line bundles over Fano manifolds in section 6, we extend in section
7 the results of [9] to construct shrinking and expanding solitons on line bundles over
Fano manifolds such that the associated U(1)-bundles admit Sasaki-Einstein metrics.
This last condition is satisfied when the base manifolds are toric Fano manifolds ([11]).
The shrinking soliton in section 7 and the expanding soliton in section 5 are pasted to-
gether to give an eternal solution, and obtain Theorem 1.1. In section 8 we introduce
gradient scalar solitons and set up an ordinary differential equation to obtain them by
Calabi’s ansatz. We get a necessary condition to have a complete gradient scalar soli-
ton on the cone C'(S) of a Sasaki manifold S with transverse Kéhler-Einstein metric.
We show that a special case when the transverse Kahler-Einstein metric has negative
transverse Ricci curvature gives gradient expanding Ricci solitons in Theorem 1.2.

2. Kahler-Ricci flows and Kahler-Ricci solitons. Given a Kahler manifold,
the Kéahler metric g can be written as

o 0

95 = g(
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where z!,-- -, 2™ are local holomorphic coordinates. The Kahler form w of g is written
as

w= igijdzi Adzd,
and the Ricci form p(w) of w is expressed as
p(w) = —iddlog det(g;7)-
The coefficients
2

0
Rz = BT log det(g,;7)

of p(w) constitute the Ricci tensor Ricy of g.
A Kéhler-Ricci flow is a family w; of Kahler forms with real parameter ¢ satisfying

d 1

(1) Ewt = f§p(wt).

We could remove the coefficient 1/2 in (1) by taking homothety of the Kéhler form,
but we use the convention of (1) in order to adapt to the convention of the paper [10]
so that we can refer to the computations there directly.

A Kabhler-Ricci soliton is a Kéhler form w satisfying

) —%p(w) — o+ Lxw

for some holomorphic vector field X where A = 1,0 or —1. Note that the imaginary
part of X is necessarily a Killing vector field, i.e. an infinitesimal isometry. When

Exw = 185u

for some real function u, we say that the Kéhler-Ricci soliton is a gradient Kahler-
Ricci soliton. According as A = 1,0 or —1 the soliton is said to be expanding, steady
and shrinking.

Given a Kéhler-Ricci soliton (2) with A = £1, if we put

(3) wt = My w

where v; is the flow generated by the time dependent vector field

1
4 Y, = —X
( ) t A\ )

then wy is a Kahler-Ricci flow. The Kahler form is of course a positive form, and
therefore when A = 1, the Ricci flow exists for ¢ > 0 and w; = w, and when A\ = —1,
the Ricci flow exists for ¢ < 0 and w_y = w. When A = 0 if we put

(5) Wt 1= YW

where v, is the flow generated by the vector field X, then w; is a Kdhler-Ricci flow.
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3. Ricci-flat Kahler cones with aperture. In this section we first review
basic facts about Sasakian geometry. Good references are the book [2] and the papers
[11] and [10].

We wish to construct gradient Kéhler-Ricci solitons on Ricci-flat Kahler cones.
Recall that a cone manifold C'(S) is a Riemannian manifold diffeomorphic to (0, c0) xS
with a cone metric g is of the form

§=d7‘2 +r29

where g is a Riemannian metric on S and r is a coordinate on (0, 00). A Riemannian
manifold S is called a Sasaki manifold if C(S) is a Kéhler cone manifold.

Let the complex dimension of C'(S) be m + 1. Then the real dimension of Sasaki
manifold (S, g) is 2m + 1. (S, g) is isometric to the submanifold {r =1} = {1} x S C
(C(5),9), and they are usually identified. Let J be the complex structure on C(S)
such that (C(S), J, §) is Kihler. Then we have the vector field £ and the 1-form 7
on C(S) defined by

E=Jro = =39(&) = V=10 — 0)logr.

It is easily seen that the restrictions £ = £|s and 1 = 7g to {r = 1} ~ S give a vector
field and a one form on S. The one form 7 on S is a contact form and the vector field
¢ is the Reeb vector field of the contact form 7, that is ¢ is the unique vector field
which satisfies

i(&n=1 and i(&)dn = 0.

There are two Kéhler structures involved in the study of Sasaki manifolds. One

is the Kéhler structure on C(S). The Kéhler form w of (C(S), J, g) is given by
w= 1d(7°277) = 5857“2.
2 2
The second one is the transverse Kahler structure of the flow, called the Reeb flow,
generated by the Reeb vector field £. This is a collection of Kéahler structures on
the local orbit spaces of the Reeb flow. The vector field € is a Killing vector field
on (C(S),g) with the length g(&,€)'/2 = r. The complexification £ — v/—1.J¢€ of the
vector field is holomorphic on (C(S),.J). Since the local orbit spaces of the Reeb flow
on S and the local orbit spaces of the holomorphic flow generated by & — v/—1J¢ on
C(S) along S can be identified then they define a transverse holomorphic structure of
the Reeb flow, i.e. holomorphic structures on the local orbit spaces of the Reeb flow.
But since 7 is a contact form and non-degenerate on the contact distribution, i.e.
the kernel of 7, we obtain the transverse Kéhler structure by identifying the tangent
spaces of local orbit spaces with the contact distribution. Thus the transverse Kéhler
structure is a collection of Kéhler structures on local orbit spaces of the Reeb flow.
The Kahler forms on local orbit spaces are lifted to S to form a global 2-form
1
T._
w' o= 2d77,
called the transverse Kéahler form. The transverse Kéhler form can be lifted also to
C(S) and can be expressed as
~T ]- ~ 7: a C
w' = Edn = §d(a — ) logr = dd°logr.
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The Ricci curvature Ric? of the transverse Kahler metric g7 is related to the Ricci
curvature Ricg of (S, g) by

(6) Ric, = Ric —2¢7 +2m n®1n.

We wish to use Calabi’s ansatz when the transverse Kahler structure is Kahler-
Einstein. This last condition is equivalent to say that the orbit spaces have Kahler-
Einstein metrics.

There is a related notion in classical Sasakian geometry, called n-Einstein man-
ifolds. A Sasaki manifold S is called an n-Einstein manifold if for some constants «
and /3

Ricg =ag+B8n®n.

Since Ric(£,&) = 2m by (6), we have a + f = 2m, and (6) also shows that the
transverse Kéahler metric is Einstein with

p(w”) = (a+ 27

Conversely a Sasaki manifold with a transverse Kahler-Einstein metric has an 7-
Einstein metric. Therefore Ric? is positive definite if and only if o + 2 > 0, that is
a > —2. Obviously (S5, ¢g) is Sasaki-Einstein, i.e. n-Einstein with 8 = 0 if and only
if Ric, = 2myg, and also if and only if Ric’ = (2m + 2)g”. The Gauss equation also
tells us that (.9, g) is a Sasaki-Einstein manifold if and only if (C(S),7) is a Ricci-flat
Kahler manifold.

The typical example is when (S, g) is the (2m + 1)-dimensional standard sphere
in which case C(S) = C™*! — {0} with the flat metric and the orbit space of the
Reeb flow is CP™ with a multiple of the Fubini-Study metric such that the Einstein
constant is (2m + 2).

Given a Sasaki manifold with the Kihler cone metric § = dr? +1r2g, we transform
the Sasakian structure by deforming r into 7/ = r® for positive constant a. This trans-
formation is called the D-homothetic transformation. Then the new Sasaki structure
has

1
(7) 7’/ = legT’a = an, 5/ = Efa

(8) g =ag" +an®an=ag+ (a®> —a)n@1.

Suppose that g is 7-Einstein with Ric, = ag + 87 ® n. Since the Ricci curvature
of a Kéhler manifold is invariant under homotheties the transverse Ricci form is
invariant under the D-homothetic transformations : Ric’? = Ric?. From this and
Ricgy (&',&") = 2m we have

9) Ric, = Ric" —2¢'7 + 2my/ @ o/
= Ric? — 2ag” + 2mn’ @ 1/
= Ric|pxp + 297 — 2ag” + 2my’ @7/
= ag? +2¢7 — 2a¢” + 2mn) @ 7.
This shows that ¢’ is n-Einstein with
, oa+2—-2a

(10) o = "
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Thus we have proved the following well-known fact.

LEmMMA 3.1. Under the D-homothetic transformation of an n-FEinstein metric we
have a new n-Einstein metric with
a+2

(11) p/T _ pT, w/T _ awT, p/T _ (O/ + 2)w/T _ w/T,
a

and thus, for any positive constants k and k', a transverse Kdhler-Einstein metric
with Finstein constant k can be transformed by a D-homothetic transformation to a
transverse Kdhler-Finstein metric with Einstein constant «'. The same is true for
negative k and k', and for k = k' = 0.

Given a Sasaki-Einstein metric, a positive constant multiple of the K&hler cone
metric of its D-homothetic transformation may be called a Ricci-flat Kdhler cone
metric with aperture, whose Kéhler form @ is of the form

(12) @ = Ciddlogr*

for some positive constants C' and ¢ where g = dr? +r2g¢ is the Ricci-flat Kéahler cone
metric of the given Sasaki-Einstein metric.

4. Solitons on Ricci-flat Kahler cones. In this section we apply Calabi’s
ansatz to transversely Kéahler-Einstein Sasaki manifolds to obtain gradient Kéahler
Ricci solitons. Suppose that we have a transversely Kéhler-Einstein Sasaki manifold
so that we have an n-Einstein metric with

Ricg =ag+B8n®n.

This is a transverse Kihler-Einstein metric with transverse Kihler form w? = %dn
satisfying

PU—

with kK = a+ 2. As was explained in the previous section, on C(S) we have

n = 2d°logr, wl = ddlogr.
The Calabi’s ansatz seeks for a special metric of the form

w=w!" +i00F(s).
where we put
s =logr
and where
F € C*((s1, $2)), (s1,82) C (—00,00).
Here we search metrics of this form for Kéhler-Ricci solitons. We further put
o=1+F'(s),

and define (o) by

(13) (o) = F"(s).
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Since
i00F (s) = iF" (s)0s A Os + i F'(5)00s
we have
w = ow? + ¢(0)ds A Ds.
Put
SILH; a(s) = SILIEI(l + F'(s)) = a, SILHQQ a(s) = SILI?2(1 + F'(s)) = b.

Because of the positivity of w we must have
(14) >0 and w(o) >0

on the region a < 0 < b. By o'(s) > 0, the map o : (s1,s2) = (a,b) is a diffeomor-
phism.
Conversely, given a positive function ¢ on (a,b) with @ > 0 such that
) 7 dx . 7 dx
lim —— =351, lim —— = S2
o—at oo CP(O') o—b— o0 CP(O')

we define o(s) by

/0’(5) dx
5 — i
0 PT)
and define F(s) by
o(s) . _
F(s) :/ a 1d:£.
o @)
Note that
ds 1 do
@+ a0 _ —
dFf  o—1 d_a

ds (o) ds -0
If we put s = logr and consider o and F' as a smooth function on

C(8) (s51,50) = {€ <1 < e} C O(S)

(15) Wy = w! + dd°F(s)
owl + p(c)ids N\ s

ow’ + (o) weyl

gives a Kéhler form on C(S) s, s,) with the Kéhler metric

g=109" + ¢(0)gey
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where wey; and g, denote the cylindrical Kéhler form and Kéhler metric on C — {o}.
It is also possible to write

(16) wy = i00(s + F(s)).
Let (29, 2%,--+ ,2™) be local holomorphic coordinates on C(S) such that
0 1,0 0 1, 0 =~
(rog —iJrg-) = S(rg- —i€)

Then we have

and
;7.0 0 dr

where 9 is a local coordinate along the orbit of the Reeb field, so that §~ = 0/0.
Using these coordinates one can show as in [10] that

Wt = g™ (m + 1)p(0)ids A Os A (W)™

©
(17) =o"(m+ 1)(,0(0)%6[20 A dzO A (Wh)™
and that
pe = p’ —i9dlog(c™ p(0))
(18) = kw! —iddlog(c™p(0)).

LEMMA 4.1. Let Q be a smooth function in s. Then grad’ Q(s) is a holomorphic
vector field if and only if

0
grad Q(s) =

for some constant u € R. Moreover this is equivalent to

(19) Q. = nplo)
and also to
(20) Q=po+c

where ¢ is a constant.

Proof. The former half follows because r% — iJr% is the only s-dependent
holomorphic vector field. For the latter half of the lemma, since

50(0—)gcy1 = ¢(U)(d52 + d92)

dr? p(0) 2
= ¢(0) (7"_2 + d02) = =3 (dr® +r7do?)
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we have
r2 Os 0 r2 10 r 0
d = — ST/ = —— sT T = —— L — .
grad ¢ cp(a)Q or Or cp(a)Q rar (o) @s or
This and the former half of the lemma show
r
— Q. =,
p(o) *°

which implies (19). This completes the proof of Lemma 4.1. O
Now let us derive the gradient Kahler-Ricci soliton equation in terms of ¢. By
(18) we have

P, =100(ks — log(a™p(0))).
Comparing this with (16)
(21) Pu, + 2Mw, = i00(ks — log(c™p(0)) + 2As + 2AF).
Put
Q = —krs+log(c™p(0)) —2As — 2A\F
so that
Pu, + 2dw, = —i0IQ.

In order for w, to be a gradient Kahler-Ricci soliton, grad ) must be the real
part of a holomorphic vector field. So we may apply Lemma 4.1 to this (). Then we
see from (19) that ¢(o) must satisfy

(22) o' (o) + (ﬂ - u) ¢(0) = (k+2Xo) = 0.

g

In general a solution to the ODE y' 4+ p(z)y = ¢(z) is

(23) y=e /@) (/ q(z)el POy C) :

It follows from (23) that the solution to (22) is given by

vet?  2X0 22+ 55 SN (m+1)!
(24) ¢(o) = o Mm+2+1 7 w ol

=0

In the next section we construct Kéhler-Ricci solitons on C(S). We thus assume
(81,82) = (—00,00). We also assume a := lim;,_oo 0(s) > 0. It follows from this
assumption that

(25) o(a) = 0.

It also follows from (24) and (25) that, in either cases of A = —1,0 or A = 1, v is
determined by

20 2 A+ S (m+1)!
26 v =eH"agm | Za+ mt - Jgi—m
( ) 1 ‘uerQ ; ]!
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5. Expanding solitons on Ricci-flat K&hler cones. In this section we extend
Cao’s construction [4] of expanding soliton on C™ to the general Ricci-flat Kahler
cones, i.e. the Kahler cones over Sasaki-Einstein manifolds. In this case we require

a=0.

Geometric reasoning of this requirement is given in sections 4.1 and 4.2 in [9], and we
do not reproduce it here. Then near ¢ = 0 we have

(27) plo) = LT 1 Z”“—i
(28) ~ Vﬁl/&(:u‘)

where v (1) is the one given as (26) with a = 0:

v (MDA + )
Vo) = ,um+2 .

But we must have

(29) v =15 (p),

for if v < v (1) then (o) < 0 near ¢ = 0 contradicting (25), and if v > v (i) then
o(s) becomes 0 for finite s > —o0.
With this v, ¢ is written as

> MJ-‘rmo-J

()O(O-)Zm— Zj+m',

Jj=2

so we have a solution o : (—oo,71] = R of do/ds = p(0).
Put A =1 and g = —1/q with arbitrary fixed ¢ > 0. We know that ¢(0) = 0 and
¢’ (0) > 0. If b is any positive solution of ¢(b) = 0 then by (22)

¢'(b) =k +2b> 0.

This implies that there is no positive zero b, and we have ¢ > 0 for all ¢ > 0. For
large o we see from (27) that

do 20 1
&~ O

where G is smooth at zero. Since p < 0 then o extends for all s € R and has the form

2s
W

o(s) =e W E(e) =r nE(rr)

where E' is smooth at zero and E(0) > 0. This soliton is asymptotic to a Ricci-flat
Kaéhler cone metric with aperture as can be seen as follows. The vector field %r%

generates a one parameter group {v;} of transformations such that

I
yir=tor.
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Then
* _ * . ILL
v s =logyir = ElogtJr s.
The flow {ty;w} satisfies
tyfw = t(t? r)fﬁE((t%r)%)ié)gs

2 4

2 J—
+t (_;t—lriE(tru) — —2E'(trﬁ)) 10s N\ 0s

I
_2 .= 2 2. =
(30) — E(0) <7" 13008 — ;7’ 1i0s N\ 85)
as t — 0. Since we put g = —% then (30) is equal to
_ _ _ [ r24
(31) E(0) (r*i98logr + 2qr*%idlogr A idlogr) = E(0)idd <2—> .
q

This is a Kéhler cone metric of an n-Einstein Sasaki manifold.
Thus we have proved the following:

THEOREM 5.1. Let S be a compact Sasaki-Finstein manifold and C(S) its Kahler
cone. Then there is a gradient expanding soliton which is asymptotic to a Ricci-flat
cone metric with aperture.

6. Line bundles over toric Fano manifolds. Let M be a Fano manifold of
dimension m, and L — M be a positive line bundle with K = L™P, p € Z*. Take
k € Z*. Let S be the U(1)-bundle associated with L%  which is a regular Sasaki
manifold with the Kihler cone C(S) biholomorphic to L~ minus the zero section. It
is proven in [11] that when M is toric then S admits a possibly irregular toric Sasaki-
Einstein metric. Keeping this result in mind we assume that S is a possibly irregular
Sasaki-Einstein manifold whose cone C(5) is nevertheless biholomorphic to the cone
of the regular Sasaki structure, i.e. the total space of L™ minus zero section.

Let k = 2?”. Then by a D-homothetic transformation we may assume we have a
transverse Kéhler-Einstein metric, i.e. n-Einstein Sasaki metric, such that

PLa—y

where w’ and p? are respectively the transverse Kihler form and its transverse Ricci
form. Then we have

(32) 2[wT]/2m = 1 (LF).

In this set-up we apply the computations in section 4, and we have a gradient Kahler-
Ricci soliton w, with ¢ given by (24). Let

al}r—noo U(S) =% sll{lgoo-(s) =b

and suppose that a > 0.

LEMMA 6.1. If o is a zero of ¢ then

(33) o'(0) = k+ 2)o.
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Thus if A = —1 then there are at most two positive zeros, one a with 0 < a < 5 and
one b with 5§ < b. If A =1 then there is at most one positive zero 0 < a < 1.

Proof. This follows immediately from (22). O

THEOREM 6.2. Suppose that the Sasaki-Finstein structure is reqular. Then the
Kahler-Ricci soliton given by the solution of (24) with a > 0 extends to the zero section
smoothly if and only if

p K
a=A1-7)=A1-3).

In particular we have 0 < k <p if A= —1 and that p <k if A= 1.

Proof. Suppose that w, extends to the zero section as a Kahler form. Since w,
satisfies the Kéhler-Ricci soliton equation we have

1 —k
o2l = ol llar = ea (M) 4 er (L),
On the other hand, from

Wy = ow’ + ©(0)weyl

and (32) we have
_L[Q)‘MPHM = —Xakey(L).
2m
If A = %1 then we have
a:)\(lf%):)\(lf ).

Since a > 0 this shows that 0 < k < pif A= —1 and that p < kif A = 1.
Conversely, suppose that we have a = A(1 — §). By (33) if A = —1 we have

K
2

Oa)=rk—2a=r—(k—2)=2.
If A =1 then
a)=rk+2a=r+(2—K)=2.

Then the extension to the zero section follows from the Proposition 6.4 below. O

Here we take up the problem of completeness of the metrics obtained by Calabi’s
ansatz starting from a compact 7-Einstein metric. We do not necessarily assume that
the n-Einstein structure has transversely positive Ricci curvature.

PROPOSITION 6.3. Let wy, be the Kdhler form obtained by Calabi’s ansatz starting
from a compact Sasaki manifold with an n-FEinstein metric g. Then w, defines a
complete metric with noncompact ends towards the end points of I = (a,b) if and only
if the following conditions are satisfied at the end points:

e At 0 = a, v vanishes at least to the second order.
o If b is finite then as ¢ vanishes at 0 = b at least to the second order.
o Ifb= oo then ¢ grows at most quadratically as o — oo.
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Before starting the proof we change the variable by
T=0—a

because this makes the arguments more transparent. We regard ¢ as a function of 7,

and then what we need to show is that, for example, at 7 = 0, ¢ vanishes at least to

the second order, and if b = oo then ¢ grows at most quadratically as 7 — oco.
Proof. First define the function £(s) by

7(s) dx
34 l(s) = .
(34) (s) . o)
Then

(35) R oY ]

Thus £(s) gives the geodesic length along the s-direction with respect to the Kahler
form wy, of (15); recall s = logr.

Next consider at 7 = 0. By elementary calculus ¢(s) — oo as 7 — 0 if and only if
o vanishes at 0 at least to the second order. By the same reason, if b is finite then ¢
must vanish at 7 = b — a at least to the second order. Similarly if b = oo, £(s) = oo
as 7 — oo if and only if ¢ grows at most quadratically. O

PROPOSITION 6.4. Let w, be the Kdhler form obtained by Calabi’s ansatz starting
from a regular compact n-FEinstein Sasaki manifold. Suppose that the profile ¢ is
defined on (a,00) and that t1 = —oo. Then w, defines a complete metric, has a
noncompact end towards o = co and extends to a smooth metric on the total space of
the line bundle up to the zero section if and only if @ grows at most quadratically as
o — o0 and p(a) =0 and ¢'(a) = 2.

Proof. As before we use the change of variable
T=0-—a

and regard ¢ as a function of 7. As in the proof of the previous proposition ¢ must
grow at most quadratically as 7 — oo. Now let us consider at 7 = 0. From the
assumptions of the proposition the Sasaki manifold S is the total space of the U(1)-
bundle associated with an Hermitian line bundle (L, h) whose curvature form w? is
Kéhler-Einstein on the base manifold of L. Let z be the fiber coordinate and put
r2 = h|z|%. This is the Kihler form of the cone C(S), which is isomorphic to L minus

the zero section. Recall that the Kéhler form w,, given by (15) is of the form
wy = (T + a)w” + (7)ds A Bs.

Let 7 : L* — M be the projection and i : M — L* the inclusion to the zero section.
Since w? is the restriction to LF — i(M) of 7wk where wgp is the Kéhler form
of a Kahler-Einstein metric on the base manifold M, w” naturally extends to the
zero section i(M). Therefore we have only to consider w, in the direction of the

holomorphic flow generated by %(E — ng) Thus we look at

(36) o(T)idt A d°t = @id log 72 A d¢log 12

- %(hidz Adz + O(|z])).
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Hence we need only to find the condition for lim, g ¢(7)/ r2 to exist and be positive.
Suppose that

(37) (1) = ar7 + O(1?).
Since s =logr, 7+a =1+ F'(s) and ¢(r) = F"(s) we have
dr

(38) — =p(r) =a17+ 0(7'2).
ds
Thus
/() dr
(39) tim 20y P E g, 00
70 12 S——00 27“% 2 70 12

Therefore if lim,_,q ‘PT(_Z ) exists and is positive then a; = 2, i.e. ¢'(0) = 2. Conversely

if ¢/(0) = 2 then we have

dr

(40) i

(1) = 27 + O(1?) = 27a(7)

where a(7) is a function of 7 real analytic near 7 = 0 with «(0) = 1 since ¢ is a real
analytic function by (24). We then have

dr

41 =2

(41) Ta(T) dt
and from this

(42) logT7+ B(1) =c+2t

where ((7) is a real analytic function of 7 with 5(0) = 0. From this we have

(43) 7= e BMeet2t — p2ee=B(),
Thus we obtain

c

(44) 1imM:1imLO(72):e.

T—=0 7T T—0 72
This completes the proof of Proposition 6.4. O

7. Expanding and shrinking solitons on line bundles over Fano mani-
folds. In the set-up of the section 6 we first consider expanding solitons on L~* with
k > p. Recall that A = 1 and a = 1 — p/k in this case by Theorem 6.2. By the
same argument as in the proof of Lemma 5.1 of [9] we can prove that an expanding
soliton on L~ must have ; < 0. By (24) the dominant term of ¢ is —27" because the
exponential term is tame. We may write o5, = ¢(0) in the form

0—52_0—+G<l>
17 o

where G is smooth at zero. Considering the behavior of 1/o for large s we find that

2s 2s

o(s)=e »B(ew)
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where B is a smooth function with B(0) > 0. Using s = logr we get

(45) w=e % Blen )w + <%6_2;B(e2;) - %B’(ﬁ)) Weyl
_z2 2, .= 2 _2 2 4 20\ . —
(46) =7 #B(r#)idds + | ——r ¥ B(r¥) — —B'(r¥) | ids A 0s.
I Iz

The vector field %7‘% generates a one parameter group {7:} of transformations
such that

N =tEr.
Then
* _ * _ H
Vs =logyir = §1ogt + s.
The flow {tv;w} satisfies

tyiw = t(t2r) F B((t7r)")i00s

2 4 =
+t (——t_lrﬁB(tri) - —QB'(tri)) i0s A\ Os
[ [
_2 = 2 2 =
(47) — B(0) (7“ #3008 — ;r #i0s A 05)
as t — 0. If we put g = f% then (47) is equal to
_ _ _ [ r24
(48) B(0) (r*%iddlogr + 2qr**idlogr Aidlogr) = B(0)idd (2_(1) .

This is a Ricci-flat Kéhler cone metric with aperture.
Thus we have proved!:

THEOREM 7.1. Let M be a Fano manifold, and L — M be a positive line bundle
with L7 = Ky, p € Z*. Suppose that the U(1)-bundle of Ky admits a possibly
irregular Sasaki- Einstein metric whose cone C(S) is biholomorphic to the total space of
K minus the zero section. For k > p, L™% minus the zero section admits a gradient
expanding soliton such that the corresponding Kdihler-Ricci flow g(t) converges to a
Ricci-flat Kdhler cone metric with aperture, or equivalently a Kdhler cone metric over
a transversely Kdhler-Finstein Sasaki manifold. Here the Kdhler cone manifold is
biholomorphic to L™* minus the zero section and the transversely Kdhler-Einstein
Sasaki manifold is diffeomorphic to the total space of U(1)-bundle associated with
L=F. If S admits a reqular Sasaki-Einstein metric, i.e. if the underlying toric Fano
manifold M admits a Kdhler-FEinstein metric then the above soliton extends smoothly
to the zero section.

In the set-up of the previous section 6 we next consider shrinking solitons on L%
with 0 < k < p. Recall that A = —1 and that a = x/2 — 1 = p/k — 1 in this case. By

IProfessor X.H. Zhu kindly informed us that the regular case of Theorem 7.1 and 7.3 was also
obtained by Y. Bo [1]. A more general and complete set of Ricci solitons was obtained by A. Dancer
and McKenzie Wang in [8].
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the same argument as in the proof of Lemma 6.1 of [9] we can prove that an shrinking

soliton on L% must have x> 0 and v = 0.
From (24), ¢(a) = 0 can be re-written as

=0.

(m+1)! [ 2a™mFLm+L <2 Kl ) i a’ !

am pmt2 (m+1)! T om+1 = 7!

49)  fla,p) =

The following lemma can be proved in the same way as Lemma 6.2 in [9].

LEMMA 7.2. For each 0 < o < %, there exists a unique positive root pu of

27
f(o, ) = 0. This root satisfies p > Am+1)

P .

Proof. We may write f in the alternate form

(m + 1)! “i (20 — ;25 )07 !

(50) flon) = s S 7
o = J!
Since 0 < ¢ < k, the coefficients
L om0 SR (96 — ko
o J! o (m+1)! (m+1)!

change sign only once, so there is at most one positive root u of f(o, ) = 0. One sees
from (49) that f(o, @) =0 >0, while f(o,pu) ~ (0 —K)/p<0as p— co. O
Since there is no exponential term one can see that o exists for —oo < s < co. It
is now obvious that ¢ > 0, 0/ > 0. This defines a shrinking soliton on L~*.
The vector field —Qﬁtr% generates a one parameter group {+;} of transformations
such that

®

ver=(=t)" 2.
Then
%o «._ M
vis =logyir = -5 log(—t) + s.
The flow {tv;w} satisfies

—tyfw = —t((—t)"Er) i D(((—t)" % r) " )idDs

2 M 2 2 4 2 —
—t (—((—t)—ir)uD((—tru) — —2D'(tru)) i0s A\ Ds
K K
2 — 2 2 _
(51) — D(0) <rﬂ7i885+ ;rﬁz‘&s/\as)
ast — 0. If we put ¢ = i then (51) is equal to
_ _ _ [ r2a
(52) D(0) (r**i00logr + 2¢r*idlogr A idlogr) = D(0)i00 (2—) :
q

This is a Ricci-flat Kéahler cone metric with aperture, or equivalently a Kéahler cone
metric of a transversely Kahler-Einstein Sasaki manifold with positive basic first
Chern class.
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Thus we have proved :

THEOREM 7.3. Let M be a Fano manifold, and L — M be a positive line bundle
with L7 = Ky, p € Z*. Suppose that the U(1)-bundle of Ky admits a possibly
irreqular Sasaki-Einstein metric whose cone C(S) is biholomorphic to the total space
of Ky minus the zero section. For 0 < k < p, L™F minus the zero section admits a
gradient shrinking soliton g(t) for —oo <t < 0 such that g(t) converges ast — 0 to
a Ricci-flat Kdhler cone metric with aperture, or equivalently a Kdhler cone metric
over a transversely Kdhler-FEinstein Sasaki manifold. Here the Kahler cone manifold
is biholomorphic to L™% minus the zero section and the transversely Kihler-Einstein
Sasaki manifold is diffeomorphic to the total space of U(1)-bundle associated with
L=F. If S admits a reqular Sasaki-Einstein metric, i.e. if the underlying toric Fano
manifold M admits a Kdahler-FEinstein metric then the soliton extends smoothly to the
zero section.

Proof of Theorem 1.1. By Theorem 5.1 we have the expanding soliton on (L~%—2)
and the corresponding Kihler-Ricci flow on (L=* — Z) x (0, 00). By Theorem 7.3 we
also have the shrinking soliton on (L~* — Z) and the corresponding Kéhler-Ricci flow
on (L7% — Z) x (—00,0). By adjusting the solitons by homothety so that E(0) = D(0)
we get a smooth soliton on (L7% — Z) x (—o0,00). If S admits a regular Sasaki-
Einstein structure then the shrinking soliton extends smoothly to the zero section as
stated in Theorem 7.3. This completes the proof of Theorem 1.1. O

8. Complete solitons in the cone of compact 7-Einstein Sasaki mani-
folds. Let us define a gradient scalar soliton to be a Kahler metric g such that the
scalar curvature S satisfy

(53) S—c+AQ=0

where c is a constant and @) is a smooth function whose gradient vector field of @ is
the real part of a holomorphic vector field. The gradient scalar solitons are also called
generalized quasi-Einstein metrics ([12], [17]). We wish to find gradient scalar solitons
using Calabi’s ansatz on the cone of Sasaki manifold with transverse Kahler-Einstein
structure (or equivalently 7-Eintstein Sasaki manifold), and with this purpose we go
back to the beginning of section 4. Let w, be the Kéhler metric on C(S) defined by
Calabi’s ansatz, expressed as (15). In this section we require (a,b) = (1,00). Thus
we require

o—1=F'(s) >0
and
p(o) =F">0.
Let u(o) be a smooth function of o. Then
do

d(u'(0) T d°s)

u'(0)p(o)dd®s + (u'p) pds A d°s

(54) dd® u(o)

1
=/ (0)p(o)dd’s + —(u'¢) do A do.
¥

Taking wedge product of this with

(55) wg =0 W™ +mo™ P A ldr Ado
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and comparing it with
(56) wf}"’l =o"(m+1)p tdo Ad°o A (wh)™.

we obtain the Laplacian A, with respect to w, is expressed as
m

(57) Aju=—u'o+ (u).
o

From (15) and (18) the scalar curvature S, of w,, is given by

rm

(58) Sp = — Ay log(a™p(0))
Km m
2 _r 7 m, . -1 m
T 080" = (oo loga™y)
km 1 d*,
= ")

From (58) and Lemma 4.1 the gradient scalar soliton equation is written as

Km 1 d?

Seme=" e gz

P m

Namely the gradient scalar soliton equation is

(59) (6™) — u(c™p) = mro™ ' — co™
Integrating this we obtain
c
(60) (O’mgO)/flLLO'mgO:IiO'm — m——HO'm+1+Cl.
Applying (23) the solution to
o _ m
Y —py = ke - st
is given by
nx S < 4 nx m! c m+1 nx
61 =e" (=K —e — + z e”
e O Db ey R
ci—xm e By o)
—— - - — 2
poo= [t
c m! ™I c a1
—(k+ — —— + R
( u)j=o (m =)t pitt " p(m+1) ’

Substituting y = 6™ and « = ¢ into (61) we obtain the solution ¢(o) as

m
m! C C1 _
g + — —0 M+ et ™

62 —
(62) p(o) = < (m—j)! MJ+1 N(m+1) L

c
u
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In order for the solution to be complete near o = 1 we need only have

p(1)=¢'(1)=0

by Proposition 6.3. Then it follows from (60) that

c
(63) C1—7I$+m+1,

Substituting (63) into (60) we get

(64) (Umso)’*uamcp:cfm(“*milff)*:u m+1

The constant ¢y is determined by ¢(1) = 0 using (62) and (63), and is given by

m

B o m! 1 m! 1
(65) c2=¢€ “(HZWW‘H +CZ m/ﬂ“)'

Jj=1 Jj=0

THEOREM 8.1. Let S be a compact Sasaki manifold with transversely Kahler-
Einstein metric with Ric? = kw?T, in other words S is a compact n-FEinstein Sasaki
manifold. Consider Calabi’s ansatz (59) for the gradient scalar soliton equation (53).
Suppose k — <5 >0, ¢ <0 and p < 0. Then there exists a solution (o) giving a
complete gradient scalar soliton in the cone C(S).

Proof. With the constants ¢; and ¢z given by (63) and (65) we have (1) =
¢’ (1) = 0. We first show that for o > 1 we have ¢ > 0. Since ¢ < 0 and o > 1 we
have from (64)

m / m c
_ > _ _ [
(c™p) —po™p > (K m+10) Kt
C
66 S ~1)>0.
(66) m+1(0 ) >

This shows that ¢(o) can not be nonpositive for o > 1.

Thus the Ké&hler form w, of Calabi’s ansatz (15) exists for all ¢ > 1. We have
o(1) = ¢'(1) = 0 and (o) is linear growth when ¢ — oco. Hence this metric is
complete by Proposition 6.3. This completes the proof of Theorem 8.1. O

Proof. [Proof of Theorem 1.2] Comparing (60) with (22) we see that a gradient
scalar soliton is a gradient Ricci soliton if and only if

c
=0 and 2\ =— .
C1 an - 1
This equivalent to
(67) c=(m+1)k=-2A\m+1)

The assumption of Theorem 8.1 is satisfied if kK < 0 and p < 0. But k < 0 is assumed
in Theorem 1.2 and the choice of y is arbitrary and we may take u < 0. This completes
the proof of Theorem 1.2. 00
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