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Introduction. Let G be a connected reductive group over an algebraically closed
field k of characteristic p > 0. Let W be the Weyl group of G. Let W be the set
of conjugacy classes in W. The main purpose of this paper is to give a (partly
conjectural) definition of a surjective map from W to the set of unipotent classes in
G (see 1.2(b)). When p = 0, a map in the opposite direction was defined in [KL, 9.1]
and we expect that it is a one sided inverse of the map in the present paper. The
(conjectural) definition of our map is based on the study of certain subvarieties By
(see below) of the flag manifold B of G indexed by a unipotent element g € G and an
element w € W.

Note that W naturally indexes (w — O,,) the orbits of G acting on B x B by
simultaneous conjugation on the two factors. For g € G we set B, = {B € B;g € B}.
The varieties By play an important role in representation theory and their geometry
has been studied extensively. More generally for g € G and w € W we set

By ={B € B;(B,gBg~") € Ou}.

Note that B; = By and that for fixed g, (By')wew form a partition of the flag manifold
B.

For fixed w, the varieties By (9 € G) appear as fibres of a map to G which was
introduced in [L3] as part of the definition of character sheaves. Earlier, the varieties
By for g regular semisimple appeared in [L1] (a precursor of [L3]) where it was shown
that from their topology (for k = C) one can extract nontrivial information about the
character table of the corresponding group over a finite field.

I thank David Vogan for some useful discussions.

1. The sets S,.

1.1. We fix a prime number [ invertible in k. Let g € G and w € W. For i,j € Z
let H 2(8;", Q:); be the subquotient of pure weight j of the l-adic cohomology space
H(By,Qu). The centralizer Z(g) of g in G acts on By’ by conjugation and this induces
an action of the group of components Z(g) on H:(B;’, Q) and on each H:(B;, Qi);-
For z € Z(g) we set

B, = Y (=1)'tr(z, H(BY, Qu);)v’ € Z[v]
i,jEZ
where v is an indeterminate; the fact that this belongs to Z[v] and is independent of
the choice of [ is proved by an argument similar to that in the proof of [DL, 3.3].
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2 G. LUSZTIG

Let [ : W — N be the standard length function. The simple reflections s € W
(that is the elements of length 1 of W) are numbered as $1,s2,.... Let wg be the
element of maximal length in W.

Let ‘H be the Iwahori-Hecke algebra of W with parameter 112 (see [GP, 4.4.1]; in
the definition in loc.cit. we take A = Z[v,v™ ], as = v? by = v? — 1) Let (Tw)wew
be the standard basis of H (see [GP, 4.4.3, 4.4.6]). For w € W let T, = v~ 2T, If

is a reduced expression for w € W we write also Ty =T

84154y « -+ Sty G1%2...0¢

For any g € G,z € Z(g) we set

.= » E¥.T,cH

weW

The following result can be proved along the lines of the proof of [DL, Theorem 1.6]
(we replace the Frobenius map in that proof by conjugation by g); alternatively, for g
unipotent, we may use 1.5(a).

(a) I, , belongs to the centre of the algebra H.

According to [GP, 8.2.6, 7.1.7], an element ¢ = ) cwTw (cw € Zv,v71]) in the
centre of H is uniquely determined by the coefficients ¢, (w € W,;,,) and we have
Cw = Cy if w,w' € Wy, are conjugate in W; here W,,,;,, is the set of elements of
W which have minimal length in their conjugacy class. This applies in particular to
¢ = I, see (a). For any C € W we set 2§, = Z%_ where w is any element of
CNWin.

Note that if g = 1 then II,; = (3, v*()1. If g is regular unipotent then
g1 = > pew 2T, If G = PGLg( ) and g € G is regular semisimple then
My, = 64302 = 1)(T1 + T2) + (02 — 1)2(Thg + To) 4+ (8 — 1)Tha1; if g € G is a
transvection then Il ; = (202 +1) + v4(T1 + Tg) + 05T a1.

For g € G let cl(g) be the G-conjugacy class of g; let cl(g) be the closure of
cl(g). Let Sy be the set of all C' € W such that Egl # 0 and 55,1 = 0 for any

g € m —cl(g). If C is a conjugacy class in G we shall also write S¢ instead of S,
where g € C.

We describe the set S, and the values Egl for C' € S, for various G of low rank
and various unipotent elements g in G. We denote by u,, a unipotent element of G
such that dim B,,, = n. The conjugacy class of w € W is denoted by (w).

G of type A;.

Su, =(1),8y, = (31),H1 =1 —I—’UQ,:ZE 1= =2
G of type As.
SUB = (1)7Su1 = (81);Su0 = (5152)-
Euan =1+ 207 + 20" + 05, Effll)l = ot %) — g4

ug,l
G of type Ba, p # 2. (The simple reflection corresponding to the long root is denoted
by 81.)
Su4 = (1)a Su2 = (51)7 Su1 = {(SQ)a (31328182)}’ Suo = (5152)'

Zher = L+ 0 (L+0h), 200 = o' (14 0%), 57 = 207,
Eii17i25152) _ ( 2 ) Eusgl?) vt
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G of type Ba, p = 2. (uh denotes a transvection; uj denotes a unipotent element with
dim B,y = 2 which is not conjugate to us.)

Su, = (1),Su;, = (51),S(uy) = (52),Su, = (51525152), Suy = (5152).

=L, = (L0221 +0%), 25 = (1 +0), 552, = o' (1 + %),

’LL41_

u
—~(51525152) 8 :(5152) _ .4
—uy,l =v ’ —up,1

G of type Ga2, p # 2, 3. (The simple reflection corresponding to the long root is denoted
by s2.)

Sug = (1), Sus = (s2),Su, = {(51), (515251525152) }, Su;, = (51525152),

Su, = (5182).

Bl = (14 021+ 0t +0%), 507 = o814 0%), 201 = v' (1 +0?),

—ue,l —
—(s1s2s1825182) __ 8/ 4 —=(s1525182) __ o 8 —=(s182) __
il =v°(v" = 1),E,1 =20%, 5,1 =t

G is of type As. (The simple reflections are si, s2, s3 with s1s3 = s381).

Su6 - (1)aSu3 = (81)7Su2 - (5183)asu1 = (5152)7Su0 = (818253)'

2l =1+ o)1+ o)1 40 + ot +08), E( )1—1) + 08,

“ug,l —
—(s1s3) __ 8 —(s182) __ 6 —(s15283) __ 6
“ug,1 T v +tv 1 Sug,1 0 T U S0 =v

G of type Bs, p # 2. (The simple reflection corresponding to the short root is denoted
by s3 and (s1s3)% =1.)

SUQ - (1)7 Su5 - (Sl)a Su4 = {(53)7 (82535253)}7 Sus - {(5153)7 ('(UO)},

Su, = (5152),Suy = {(5253), (5253515253) }, Suy = (515253).

Ehpn = (14022 (1+0h) (140 +0%), 20 =B (14072,

—ug,l —
72542’?35253) 8(1 + ,UQ)( 4 _ 1), ”(53)1 = 28 (1 +v )2a
St =0t (1407, 2 =0t - 1), B = 2,

—(5253) __ o, 6 —(s283518253) __ 8/ 2 —(s15283) __ 6
Su1 = 200500 =v (v —1),E, 1 =0

G of type C3, p # 2. (The simple reflection corresponding to the long root is denoted
by s3 and (s153)% = 1; ufj denotes a unipotent element which is regular inside a Levi
subgroup of type Cq; ub denotes a unipotent element with dim B, wy = 2 which is not
conjugate to uj.)

Sug = (1)7 Suﬁ = (53)a Su, = {(31)7 (52333233)}7 Su3 = {(3133)7 (wo)},
Su, = (5152), Suy = (5253), Su; = (5253515253), Su, = (515253).
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Ehoa = L4021+ v (140t %), 200) = (1 +0?)2(1 + o),

=(s2538283) _ ’UIO(’U4 —1) =(s1) _ 2U8(1 +0?),

—uq,l )y —ug,l T

—(s183) __ 8 2\ =(wo) 14/ 4 —(s182) __ .6 2
—ug,1 =0 (1+’U )a“ug,l =0 (’U 71)7'—‘7/2,1 =v (1+’U )a
—(s283) __ 6 2\ —(s2s3s15283) _ 10 —(s18283) __ 6

Byl =V (1+0%), 2,71 =v BT =00

1.2. We expect that the following property of G holds:
(a) ﬂ = Uy Su

(u runs over a set of representatives for the unipotent classes in G).

The equality W = U, S,, is clear since for a regular unipotent u and any w we
have 2| = v2M®) | Note that (a) holds for G of rank < 3 if p is not a bad prime for
G (see 1.1). We will show elsewhere that (a) holds for G of type A, (any p) and of
type By, Chn, D, (p # 2). When G is simple of exceptional type, (a) should follow by
computing the product of some known (large) matrices using 1.5(a).

Assuming that (a) holds we define a surjective map from W to the set of unipotent
classes in G by

(b) C—C

where C' € W and C is the unique unipotent class in G such that C' € S, for u € C.
We expect that when p = 0 we have

(c) cu €8Sy

where for any unipotent element u € G, ¢,, denotes the conjugacy class in W associated
to u in [KL, 9.1]. Note that (c) holds for G of rank < 3 (see 1.1). (We have used the
computations of the map in [KL, 9.1] given in [KL, §9], [S1], [S2].)

Note added on October 21, 2010. After this paper was submitted, property (a) was
established (in good characteristic) in the author’s paper ”From conjugacy classes in
the Weyl group to unipotent classes”, to appear in Representation Theory (electronic).

1.3. Assume that G = Spa, (k) and p # 2. The Weyl group W can be identified
in the standard way with the subgroup of the symmetric group Sz, consisting of all
permutations of [1, 2n] which commute with the involution ¢ — 2n+1—i. We say that
two elements of W are equivalent if they are contained in the same conjugacy class of
Son. The set of equivalence classes in W is in bijection with the set of partitions of
2n in which every odd part appears an even number of times (to C' € W we attach
the partition which has a part j for every j-cycle of an element of C' viewed as a
permutation of [1,2n]). The same set of partitions of 2n indexes the set of unipotent
classes of G. Thus we obtain a bijection between the set of equivalence classes in W
and the set of unipotent classes of G. In other words we obtain a surjective map ¢
from W to the set of unipotent classes of G whose fibres are the equivalence classes in
W. We will show elsewhere that for any unipotent class C in G we have ¢~ 1(C) = S,
where u € C.

1.4. Recall that the set of unipotent elements in G can be partitioned into ”spe-
cial pieces” (see [L5]) where each special piece is a union of unipotent classes exactly
one of which is "special”. Thus the special pieces can be indexed by the set of isomor-
phism classes of special representations of W which depends only on W as a Coxeter
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group (not on the underlying root system). For each special piece o of G we consider
the subset S, := UccoSc of W (here C runs over the unipotent classes contained in
o). We expect that each such subset S, depends only on the Coxeter group structure
of W (not on the underlying root system). As evidence for this we note that the
subsets S, for G of type Bs are the same as the subsets S, for G of type C5. These
subsets are as follows:

{1} {(s1), (83), (s2838283) }, {(s153), (o) }, {(s152) },

{(5253)7 (5253515253)}, {(518283)}.

1.5. Let g € G be a unipotent element and let z € Z(g), w € W. We show how
the polynomial Z¢’, can be computed using information from representation theory.
We may assume that p > 1 and that k is the algebraic closure of the finite field F,,. We
choose an F), split rational structure on G with Frobenius map Fy : G — G. We may
assume that ¢ € Gfo. Let ¢ = p™ where m > 1 is sufficiently divisible. In particular
F = F" acts trivially on Z(g) hence cl(g)f is a union of G¥-conjugacy classes
naturally indexed by the conjugacy classes in Z(g); in particular the G¥'-conjugacy
class of g corresponds to 1 € Z(g). Let g, be an element of the G'-conjugacy class in
cl(g)¥ corresponding to the Z(g)-conjugacy class of z € Z(g). The set By is F-stable.
We first compute the number of fixed points |(BY )F].

Let H, = Q ®z[v,v-1] H where Q, is regarded as a Z[v, v !]-algebra with v
acting as multiplication by ,/q. We write T}, instead of 1 ® T),. Let IrTW be a set
of representatives for the isomorphism classes of irreducible W-modules over Q;. For
any E € Irr'W let E; be the irreducible H,-module corresponding naturally to E.
Let F be the vector space of functions Bf — Q;. We regard F as a GF-module by
vy f e f, f/(B) = f(y 'By) for all B € BY. We identify H, with the algebra
of all endomorphisms of F which commute with the G¥-action, by identifying T,
with the endomorphism f ~— f" where f'(B) = Y p/cpr,(p p)co, [(B) for all B €
BF. As a module over Q;[GF] ® H, we have canonically F = @geimwpe @ E,
where pg is an irreducible G¥-module. Hence if v € G and w € W we have
tr(YTw, F) = X pereew (7, pE)tr(Tw, Ey). From the definition we have tr(yT,, F) =
{B e B;(B,yBy™ ') € Oy}| = |(BY)¥|. Taking v = g. we obtain

(a) (By)F 1= Y te(gz pp)te(Tu, By).
EclrrW

The quantity tr(g., pr) can be computed explicitly, by the method of [L4], in terms
of generalized Green functions and of the entries of the non-abelian Fourier trans-
form matrices [L2]; in particular it is a polynomial with rational coefficients in ,/g.
The quantity tr(T, Ey) can be also computed explicitly (see [GP], Ch.10,11); it is a
polynomial with integer coefficients in ,/g. Thus |(B;’Z)F | is an explicitly computable
polynomial with rational coefficients in /q. Substituting here /g by v we obtain the
polynomial =}, . (Here we use the trace formula for Frobenius maps.) This argument
shows also that Z¢’, is independent of p (note that the pairs (g, z) up to conjugacy
may be parametrized by a set independent of p).

This is how the various =, in 1.1 were computed, except in type A, Az, Ba
where they were computed directly from the definitions. (For type Bs,C3 we have
used the computation of Green functions in [Sh]; for type G2 we have used directly
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[CR] for the character of pg at unipotent elements.)

1.6. In this section we assume that G is simply connected. Let G = G(k((e)))
where € is an indeterminate. Let B be the set of Iwahori subgroups of G. Let W be
the affine Weyl group attached to G. Note that W naturally indexes (w— O,) the
orbits of G acting on B x B by simultaneous conjugation on the two factors. For g € G
and w € W we set

={B € B;(B,gBg") € Ou}.

By analogy with [KL, §3] we expect that when g is regular semisimple, B;” has a
natural structure of a locally finite union of algebraic varieties over k of bounded
dimension and that, moreover, if g is also elliptic, then B}’ has a natural structure of

algebraic variety over k. It would follow that for g elliptic and w € W,

W= 3" (~1) dim HI(BY, Qu);v7 € Z[]

i,jEZ

—_
—
—

~ ;:Vu} i . .
weW =g T,y is central in

the completion of the affine Hecke algebra consisting of all formal sums ° ew wlw
(a € Q(v)) that is, it commutes with any T,,. (Here T}, is defined as in 1.1 and the
completion of the affine Hecke algebra is regarded as a bimodule over the actual affine
Hecke algebra in the natural way.)

2. The sets s,.

is well defined; one can then show that the formal sum

2.1. In this section we assume that G is adjoint and p is not a bad prime for G.
Forge G,z € Z(g),w € W we set

€ =B o = > (~)ite(z, HABY, Qo) € Z
i€Z
This integer is independent of I. For any g € G,z € Z(g) we set

Zgwwez w].

weEW
This is the specialization of II, , for v = 1. Hence from 1.1(a) we see that 7, , is in
the centre of the ring Z[W]. Thus for any C' € W we can set fgz =&, , where w is
any element of C'. For g € G let s, be the set of all C' € W such that {gz # 0 for some
2z € Z(g) and 596:72/ = 0 for any ¢’ € cl(g) — cl(g) and any 2’ € Z(g'). We describe
the set sy, and the values fgz =0for C €sy, z € Z(g), for various G of low rank and
various unipotent elements g in G. We use the notation in 1.1. Moreover in the case
where Z(g) # {1} we denote by z, an element of order n in Z(g).
G of type A;.

Sup = (1),8u, = (s1)60, 1 = 2,600 1 =
G of type As.
Sus = (1), 8u;, = (51),8u, = (s182).

fug, 1=06, 51([?1 =1 51(;1;2 -
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G of type Bs.

Sus = (1),8u, = (51),8u;, = {(52), (51525152)},8u, = (5152)-

u4, =38 €u2 1= §(521 =2 §(51525152) 07

Uy, u1,1

_ (s1s25182) _ (s182) _
€u1122 05“1722 - guo, =1L

G of type Gs.

Sug = (1);Su3 = (52);Su2 = (51)7Su1 = {(515251525152)7 (81525152)}asu0 = (8152)'

— 192 §(62) _ é—(sl) _ 5(818281828182) _3 5(515251525152) =3,

ua 1 — us,l ug,l T uy,1 u1,22
(s15251825182) __ (51525152) (s1828182) _ (s1525182) (s182) _
gul,zg 0 5 2 é.1,61,22 - 0751,61723 2 guo 1
G of type Bs.

Sug = (1),Su5 = (Sl)asu4 = {(53)7 (82835253)}7Su3 = (8183)a

Su, = {(5152), (wo)},8u, = {(5253), (8253515283) }, Suy = (515283).

§11L9 | = 48 €u5 ) = 4 §(52535253 -0 §(828382S3) 4,¢ (s3) _

Ug,22 ug,l
gfjf:) € 5153) =2 €u2 1 — 61(;;]02)2 =6
(616 ) 518 (s 5 ) 528
I

5(5253515253 _ 0 5(5253515253) 2 5(515253 -1,

u1,l u1,22 ug,1
G of type Cs.
Sug = (Uasue = (33)7Su4 = {(31)7 (52535233)}7Su3 = (5153)a

Suy = (5152),8uy = (5283),8u; = {(5253518253), wo}Sy,) = (515253).

é—l 48 €u6 1= 8 §(52S35253 =0 6(82838283) — 4

ug,l

ug,1 U4,22 )
51(;1% —4 5(51 -0, 51(;31isg,) —9 5(6152) —9 5(5253)
G = 1 gl = 160 = 3,60, = ff;i””) L

2.2. For any unipotent element v € G let n, be the number of isomorphism
classes of irreducible representations of Z(u) which appear in the Springer correspon-
dence for G. Consider the following properties of G:

(a) W = L,s,

(u runs over a set of representatives for the unipotent classes in G); for any unipotent
element u € G,

(b) [Sul = 1.

The equality W = U,s,, is clear since for a regular unipotent u and any w we have
w1 = 1. Note that (a),(b) hold in the examples in 2.1. We will show elsewhere that
(a ) (b) hold if G is of type A. We expect that (a),(b) hold in general.
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Consider also the following property of G: for any g € G, w € W,

()

&1 1s equal to the trace of w on the Springer representation

of W on @; H*(B,, Q).

Again (c) holds if G is of type A and in the examples in 2.1; we expect that it holds in
general. Note that in (¢) one can ask whether for any z, &g 1s equal to the trace of wz
on the Springer representation of W x Z(g) on &;H*(B,,Q,); but such an equality
is not true in general for z # 1 (for example for G of type Bs).
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