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BACKLUND TRANSFORMATIONS AND DARBOUX
INTEGRABILITY FOR NONLINEAR WAVE EQUATIONS*
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Abstract. We prove that second-order Monge-Ampere equations for one function of two vari-
ables are connected to the wave equation by a Bécklund transformation if and only if they are
integrable by the method of Darboux at second order.
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1. Introduction. Roughly speaking, a Backlund transformation is a method for
generating new solutions for a given partial differential equation by starting with a
‘seed’ solution to the same (or a different) PDE and solving an auxiliary system
of ODEs. Bécklund’s original example was a transformation that produced new
pseudospherical surfaces from old, and it is equivalent to the following system:

Vg — Uy = $sin((u+v)/2),

- (1.1)

vy +uy = —5 sin((u —v)/2).
Given an arbitrary smooth function u(z, y), this overdetermined system for v is incon-
sistent. However, if u satisfies the sine-Gordon equation u,, = sinu then the system
is consistent, and the function v(z,y), determined up to a constant of integration,
will also satisfy the sine-Gordon equation. The transformation works in reverse, too:
given a solution v(z,y) for sine-Gordon, the system determines a 1-parameter family
of solutions u(z,y) for the same PDE.

It is this type of Béacklund transformation—connecting solutions of two second-
order Monge-Ampere PDE in the plane, not necessarily the same equation—which is
the general subject of this paper. (A second-order Monge-Ampeére equation is a PDE
where the highest-order derivatives may appear nonlinearly but only in the form of the
determinant of the Hessian.) Another important example of this type is the system

Ze — Uy = —2exp((u+ 2)/2), (1.2)
Zy + uy = exp((u — 2)/2). '
In this example, if z(z,y) satisfies the wave equation (in characteristic coordinates,
Zzy = 0), then the system determines a 1-parameter family of solutions of Liouville’s
equation ugzy = e*, and conversely. Backlund transformations of this subtype—where
one of the two PDE involved is the standard wave equation—are the specific concern
of this paper.
Liouville’s equation also has the rare property that it is Darbouz-integrable—in
other words, it can be solved by the method of Darboux. (This will be defined below.)
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The main point of this paper is that this is not a coincidence; more precisely, we will
prove

THEOREM 1. Let (MP®,Z) be a hyperbolic Monge-Ampére system. If there is a
normal Bdcklund transformation with 1-dimensional fibers linking this system with
the wave equation, then the first prolongation of Z is Darbouz-integrable. Conversely,
if the first prolongation of T is Darbouz-integrable, then near any point p € M there
is an open set U C M around p such that the restriction of Z to U is linked to the
wave equation by a normal Bdcklund transformation.

The technical terms in this theorem must be explained. Any single PDE or system
of PDE may be re-cast as an exterior differential system (EDS) or differential ideal
(i.e., an ideal, with respect to wedge product, in the ring of differential forms on a
manifold, that is also closed under the exterior derivative), in a way that solutions are
in one-to-one correspondence with submanifolds to which all the differential forms in
the EDS pull back to be zero. (These submanifolds, which must usually also satisfy a
nondegeneracy condition, are known as integral manifolds of the EDS.) In particular,
a Monge-Ampere equation in the plane can be re-cast as the following type of EDS:

DEFINITION. A Monge-Ampere exterior differential system is a differential ideal
7 on a 5-dimensional manifold M, such that near any point of M, Z is generated
algebraically by one 1-form 6 and two 2-forms Qq, Q. (Hence, df must equal a linear
combination of the Q’s, plus possibly a wedge product with 6 as factor.) The 1-form
0 is required to be a contact form, i.e., 6 Adf A df # 0. A Monge-Ampere system is
hyperbolic if the 2’s may be chosen so that both are decomposable.

For example, for Liouville’s equation we may take M to be R® with coordinates
,y,u,p,q, and let

0 = du — pdx — qdy, Oy = (dp — edy) A dx, Qg = (dg — e*dx) Ndy. (1.3)

(Note that df = —Q; — Q2.) Given a solution v = f(z,y) of the PDE, we can
construct a surface ¥ C R® such that i*0 = 0, i*Q; = i*Qp = 0 (where i : ¥ — R is
the inclusion map) by setting v = f(z,y), p = fo(z,y) and ¢ = f,(z,y). Conversely,
any surface ¥ satisfying i*0 = 0, i*Q); = i*Q23 = 0 and the nondegeneracy condition
i*dx A dy # 0 is the graph of a solution constructed in this way.

In the body of the paper, we will also use another type of EDS:

DEFINITION. A Pfaffian exterior differential system is a differential ideal Z on an
arbitrary manifold M, defined by a vector bundle I C T*M, such that a differential
form belongs to Z if and only if it is a linear combination of wedge products involving
sections of I or their exterior derivatives. (In practice, our Pfaffian systems will be
specified by giving a list of 1-forms that span the fiber of I at each point.) The rank
of a Pfaffian system is the rank of the vector bundle.

A Pfaffian system satisfies the Frobenius condition or is said to be integrable if
the exterior derivative of any section of I is in the algebraic ideal generated by I.
Any Frobenius system is locally equivalent to a (possibly underdetermined) system of
ordinary differential equations; see Chapter 1 in [8].

Theorem 1 is about relations between exterior differential systems; in particular,
we have the following definition from [8]:
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DEFINITION 1.1. A Bdécklund transformation between two exterior differential
systems (M,Z) and (M,Z) is a manifold B equipped with submersions 7 : B — M
and 7 : B — M (see diagram below) and vector bundles .J,.J C T*B such that
(i) the fibers of 7 and T are transverse in B;

(ii) the rank of J equals the dimension of the fibers of 7, and sections of J pull back
to the fibers of 7 to span the cotangent space of each fiber;

(iii) J is similarly related to the fibers of 7;

(iv) the algebraic ideal J generated by 7*Z and sections of J is the same as the
algebraic ideal generated by 77 and sections of J, and J is a differential ideal.

JV[7 B \Tﬁ

The impact of the last condition is that if N C M is an integral manifold of Z,
then sections of J pull back to 77!(N) to satisfy the Frobenius condition, so that
integral manifolds of J inside 7= (N) may be constructed by solving ODE; moreover,
the image under 7 of each of these integral manifolds is an integral manifold of Z.
Because the definition is symmetric, this also works in the other direction: given an
integral manifold of Z, we can solve a Frobenius system on the inverse image in B to
obtain a family of integral manifolds of Z. For example, given a solution z(x,y) of
the wave equation, substitution in (1.2) gives an overdetermined system of ODE for
a solution u(z,y) of Liouville’s equation, and in this context the Frobenius condition
is exactly the compatibility condition for the ODE system.

The condition of normality for Backlund transformations, assumed in Theorem
1, will be explained in §2.

A hyperbolic Monge-Ampere system is a special case of hyperbolic EDS:

DEFINITION. A hyperbolic EDS of class k is a differential ideal defined on a mani-
fold of dimension k+ 4 that, near any point of the manifold, is generated algebraically
by k 1-forms and two decomposable 2-forms.

Associated to a given hyperbolic EDS 7 of class k are two characteristic distri-
butions, one corresponding to each decomposable 2-form generator. At each point,
the distribution is given by the 2-dimensional subspace of the tangent space anni-
hilated by the k 1-forms of the system and the factors of the chosen decomposable
2-form. (These annihilators form a rank k + 2 Pfaffian system, known as a charac-
teristic system of Z.) A hyperbolic EDS 7 is integrable by the method of Darboux, or
Darbouzx-integrable for short, if both characteristic distributions have two independent
first integrals, i.e., functions which are constant along all curves tangent to the distri-
bution, and whose differentials are pointwise linearly independent from the 1-forms of
Z. Such functions are also known as characteristic invariants, since they are constant
along integral curves of the distribution.

The Darboux-integrability condition has the virtue that it is easy to check, using
only differentiation and linear algebra, by calculating the successive derived systems of
each characteristic system. An extensive discussion of hyperbolic EDS and Darboux-
integrability, with worked-out examples, is available in Chapter 6 of [8]. For the
purposes of this paper, we will need a few more facts about the method of Darboux:
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e It is known that any Monge-Ampere system which is Darboux-integrable
(i.e., has two characteristic invariants for each distribution) is equivalent to
the standard wave equation under a contact transformation (see, e.g., Thm.
2.1 in [2]).

e If a hyperbolic Monge-Ampere system Z has a pair of independent first in-
tegrals for exactly one of its characteristic distributions, then 7 is said to be
integrable by the method of Monge or Monge-integrable for short. (The analo-
gous term for hyperbolic EDS of arbitrary class k is Darbouz semi-integrable.)

e If a hyperbolic EDS of class k fails to be Darboux-integrable, it is possible
that its prolongation, which is a hyperbolic EDS of class k + 2, is Darboux-
integrable. Thus, a given Monge-Ampere system may lead to a hyperbolic
system that is Darboux-integrable only after sufficiently many prolongations.

Prolongation of an EDS is essentially the process of adding higher derivatives as new
variables and adjoining to the ideal the differential equations satisfied by the higher
derivatives. For example, for Liouville’s equation we add variables r and ¢ to stand
for uz, and uy, respectively, and adjoin the 1-forms 6, = dp —r dx — e“dy, 0, = dg —
etdr—tdy. The new ideal is a Pfaffian system on R” (with coordinates x, y, u, p, q, 7, t)
generated by 1-forms 6p, 01, 62. (Note that the 2-forms 7 and Qo given in (1.3) are
now in the ideal generated algebraically by these 6y, 61,62.) The set of algebraic
generators of the new ideal is completed by computing the exterior derivatives of
01,05, and these are expressible as linear combinations of the decomposable forms
Of = (dr —petdy) Ndx, Qy = (dt — ge*dx) Ady, modulo multiples of 0y, 61, 02. (Thus,
the new ideal is a hyperbolic EDS of class 3.) Let Aj,As be the corresponding
characteristic distributions for the prolongation (i.e., A; is annihilated by 6o, 61,602
and the factors of €2). To see that the system is Darboux-integrable, note that
T, 7 — %p2 are invariants for Ay and y,t — %q2 are invariants for As.

Remark. Both Darboux-integrability and the transformation (1.2) enable one to ex-
press all solutions of Liouville’s equation via specifying two arbitrary functions and
integrating systems of ODE, and these two solution methods are equivalent, although
Darboux’s method requires one to solve more ODEs. For, as mentioned above, sub-
stituting the wave equation solution z = f(z)+ ¢(y) in (1.2) produces two compatible
ODEs for u(x,y). Given an initial value for u, these may be integrated simultaneously
in the z- and y-directions to propagate a solution over an open set in the zy-plane.
On the other hand, under Darboux’s method we obtain ODEs by setting one invariant
in each characteristic system to be an arbitrary function of the other, yielding in this
case the equations

P’ =0(x), qy,—3¢* =),

which, together with u, = p and u, = ¢, may be integrated to obtain the solution.
(In fact, the data for these two methods are related by ¢ = f” and ¢ = ¢”, but in
other cases we cannot expect the relationship to be this simple.)

Next, we will put Theorem 1 in context with other results both classical and
modern. Much of what was known in the 19th century about solving second-order
PDE for one function of two variables was summarized in Goursat’s treatise [6]. In
Volume 2, §181 of that work, we find the following result:

NI

Dz —

THEOREM 2 (Darboux-Goursat). Suppose that a second-order PDE for z as a
function of x,y has the property that there exists a Pfaffian system

dFi:<I>ida+\Ifidﬁ, 1§Z§€,
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and formulas
x=Vy, y=Vo, 2=V, (1.4)

where ®;, U;, Vi, Vo, V3 are functions of Fi, ..., Fy, o, 3, f(«), g(B) and finitely many
of the derivatives of f and g, such that (1.4) satisfies the Frobenius condition for
arbitrary choices of functions f and g, and gives an implicit solution of the PDE for
arbitrary choices of initial data for the Frobenius system. Then the PDE is Darbouz-
integrable after finitely many prolongations.

The hypotheses of the Darboux-Goursat theorem are fulfilled if the given PDE
is linked to the standard wave equation by a Bécklund transformation. (For, the
d’Alembert formula gives solutions of the wave equation ung = 0 in the form u =
f(a) + g(B) for arbitrary f and g, and the Pfaffian system in the theorem is given
by the equations of the Bécklund transformation.) Compared with the Darboux-
Goursat theorem, one direction of our theorem has a stronger hypothesis (essentially,
that £ = 2 and only first derivatives of f and g are involved) and a stronger conclusion
(that at most one prolongation is required to get Darboux-integrability).

In Theorem 6.5.14 in [8] it is shown, by an elementary argument, that Darboux-
integrability of the prolongation implies that there is a Bécklund transformation be-
tween the prolongation (not the original Monge-Ampeére system, but one defined by
an EDS on a 7-dimensional manifold) and the wave equation (defined by an EDS
on a 5-dimensional manifold). However, this asymmetric transformation-relating the
2-jets of solutions of one PDE to the 1-jets of another—is less than satisfying, com-
pared to more symmetrical transformations like (1.2). Our analysis in §4 shows that
it is a much more delicate matter to show that there exists a Béacklund transforma-
tion between two Monge-Ampere systems. We should also note that the argument
given in [8] for the other direction (Bécklund-equivalence to the wave equation implies
Darboux-integrability) is unfortunately incorrect, and the proof we give in §3 of this
paper is along completely different lines.

We now briefly outline the rest of the paper. In §2 we set up the basic machinery
required for the first half of the proof, namely, the G-structure for Backlund transfor-
mations originally introduced by the first author in [3]. In §3 we prove the forward
direction in our theorem by following the implications (for the invariants of the G-
structure) of the existence of a Bécklund transformation to the wave equation. In
§4 we prove the converse direction by constructing, for any given Darboux-integrable
Monge- Ampere equation, an involutive exterior differential system whose solutions are
such transformations. In §5, we discuss our results in the context of earlier classifica-
tions of Darboux-integrable equations and of Backlund transformations to the wave
equation; we also outline an alternate proof technique for the converse direction, which
can in some examples be used to establish global existence of the transformation. In
§6 we discuss further steps in our research program.

We are grateful to the referee who read the first version of this paper, and gave
us many useful comments and suggestions.

2. G-structure for Backlund transformations. The material in this section
is taken from the first author’s paper [3]; additional details may be found there.
Suppose that (M,Z) and (M, Z) are hyperbolic Monge-Ampeére systems, with

T—1{0,0,), T-{0,0,0)
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As a special case of Definition 1.1, we define a Bécklund transformation between
(M,Z) and (M,Z) to be a 6-dimensional submanifold B C M x M for which the
pullbacks to B of the forms 1, 0o, Q1, Qs have the property that

Q2 =Q; mod {0,0}, i=1,2.

(The vector bundles J,.J C T*B mentioned in Definition 1.1 are in this case spanned
by the pullbacks of § and 6, respectively.) A Bicklund transformation is normal in the
sense of Theorem 1 if the pullbacks to B of the 2-forms df, df are linearly independent
modulo {6, 0}.

Now let J be the ideal on B generated by the pullbacks of 7 and Z; according to
the conditions above, J is generated algebraically by the forms {6,0,d6, dd}.

Since Z and 7 are hyperbolic, locally there exist 1-forms w!, w?,w?, w* on B such
that {0, 0, w!, w? w3, w*} is a coframing of B (i.e., a set of 1-forms that restricts, at
each point, to be a basis for the cotangent space of B) and

J=10,0, w' Nw?, W3 AWt}

(It is important to note that # and @ are each separately determined up to a scalar
multiple, since each determines the contact structure on a 5-manifold.) Any such
coframing has the property that

dd = Ay w' Aw? + Aywd Aw? mod {6, 6},
df = Azw' Aw? + Ay Aw? mod {6, 6}
for some nonvanishing functions A;, Ay, As, A4. Since df, df are required to be lin-
early independent 2-forms at each point of B, we must have A1 A4 — A2 A3 # 0.
By rescaling the w' and adding multiples of # and @ to the w’ if necessary, we can
arrange that
dd= A w' A + WP Aw' mod 6, (2.1)
dd = w' Aw? + Asw Aw?* mod 0
for some nonvanishing functions Ay, 42 on B with A; As # 1. This coframing is not
unique; any other such coframing {0, 9, &', &2, &3, ©*} has the form

- 5 - 9 =1 F .-

0 [b11b22 — b12b2y 0 0 0 0 0 0
9 0 aiaze —apzazr 0 0 0 0 0
(:Jl 0 0 ai;p a2 0 0 wl
= . (2.2)
o2 0 0 as1 Qa92 0 0 w?
@3 0 0 0 0 b11 b12 w?’
_@4_ L 0 0 0 0  bo1 b22_ _w4_

where b11b22 - b12b21 7§ O, a11a22 — 12021 }é 0. (The inverse is included for greater
ease of computation in carrying out the method of equivalence.) A coframing satis-
fying (2.1) is called adapted, and the group G of matrices of the above form is called
the structure group of the equivalence problem. (In fact, the most general choice of
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structure group would include a discrete component interchanging the distributions
{w!,w?} and {w?,w*}. However, this freedom does not contribute anything crucial to
the structure group, and it is easier to work with a connected group.) The associated
G-structure is the principal G-bundle P — B whose local sections are precisely the
adapted coframings over a neighborhood of B.

In [3], it is shown that P has structure equations

[ do ] Bi+B: 0 0 0 0 0 0
do 0 ar+ag 0 0 0 O 14
dw! 0 0 a; as 0 0 w!
aw?| | o 0 s an 0 0| |w2
duw’ 0 0 0 0 B B |wb
| du? | L0 0 0 0 B B [wi

[0 A (A1Cw! — 4101 w?) + A wh A w? + w3 A w?]
0N (ACiwd — AyC3w*) + w! Aw? + Ay w? A w?
BiOAG+Crwd Aw?
BoOAO+ Cow? Aw?

B3O A+ Cyw' Aw?

BiOANO+Crw' Aw?

for some functions A;, B;, C; and 1-forms «;, 3; on P. These equations are chosen so
that the matrix in (2.3) takes values in the Lie algebra g of G; this is a standard step
in the method of equivalence. (See [5] for details.)

The 1-forms oy, §; are linearly independent from each other and from 6, 6, w*; they
are called pseudoconnection forms, or more concisely (but imprecisely) connection
forms on P. They are well-defined only up to transformations of the form

a1 o Friwt +raw?, Bi— Bi+ 51w + spw?,
g — ag + row! 4+ r3w?, B — B2+ sow® + sgw?, (2.4)
ag a3 +riw' —rw? Bs > B+ ssw® — 51w,
Qy — oy — 7wt — row?, Ba— By — s1w® — sow.

Remark. The coeflicients A;, B;, C; are called torsion functions. They may be inter-
preted as the components of well-defined tensors associated to the Backlund transfor-
mation, as follows.

A hyperbolic Monge-Ampere system naturally equips the underlying manifold M?
with a line bundle L € T*M and two rank 3 characteristic bundles K1, Ko C T*M
whose intersection is L. (The generator 1-form 6 is a section of L, and the factors of
the decomposable generator 2-forms Q1 and s span a complement of L within K;
and Ko, respectively.) The G-structure for the Backlund transformation shows that
B is equipped with a well-defined splitting of its cotangent bundle:

T*B=L&L®W, & W, (2.5)
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where L and L are the pullbacks of the Monge-Ampere line bundles from M and M
respectively, and Wi, W, are spanned by w!,w? and w3, w?* respectively. The normal
Bécklund condition implies that

The splitting (2.5) induces a corresponding splitting of A%T*B, whose summands
include the line bundles L ® L, A2W; and A2W,. We may then define a natural map
from sections of L to sections of AWy, given by

8o : 6 — projection of df into A2TV7.

But this map is linear under multiplication by functions, and so gives a well-defined

map between the corresponding vector bundles. The structure equations (2.3) show

that Ajw! Aw? is the value of §y applied to the first member 6 of the coframe. Hence,

A; is the component, with respect to the given coframe, of a well-defined tensor in

L* ® A2W,. Similarly, A, is the component of a well-defined tensor in L ® A2W,.
We may similarly define a map on sections of Wy by

01 : w — projection of dw into L1 ® Lo,

which again is linear under multiplication by functions. The structure equations
show that B10 A 6 and B2 A 6 give the value of d; on the basis sections w',w? of
W1, respectively. Thus, the vector [B; Ba| gives the components, with respect to
the coframe, of a well-defined tensor in Wi ® L1 ® Ly. In a similar way, we see
that [Bs Ba] are the components of a tensor in Wi ® Ly ® L, [C1 (3] are the
components of a tensor in W} @ A2Ws, and [C5 C4] are the components of a tensor in
W5 ® A2W7, all defined by taking the exterior derivative of a section and projecting
into the appropriate summand of A2T*B.

The following results are proved in [3]:

PROPOSITION 2.1. The vectors [B1 Bs], [Bs Ba], [C1 Ca], [C5 Cy4] are
relative invariants: given any point m € B, they are each either zero for every adapted
coframing at m, or nonzero for every adapted coframing at m.

PROPOSITION 2.2. [If [C1 Co] = [C3 C4] = [0 0], then [B1 Bs] = [Bs Bi] =
[0 0] as well, and (M, T) and (M,ZI) are each contact equivalent to the Monge-Ampére
system representing the standard wave equation.

PROPOSITION 2.3. If [C1 Co] = [0 0] (resp., [C3 C4] =[0 0]), then [By Ba] =
[0 O] (resp., [Bs Ba] = [0 0]) as well, and (M,Z) and (M,Z) are each Monge-

integrable.

PROPOSITION 2.4. Suppose that the vectors [C1  Cs3] and [Cs Cy4] are both
nonzero. Then the vectors [B1 Bs] and [Bs By are either both zero or both nonzero.

If [Bi Bg2] = [Bs B4 = [0 0], then the differential ideal generated by
{wh,w? w3 w} is a Frobenius system. (The converse is true as well.) It follows
that locally, there exists a 4-manifold V which is a quotient of B and for which the 1-
forms w!, w?, w3, w* are semi-basic for the projection p : B — V. (Here “locally” refers

to the fact that any point in B has a neighborhood which possesses such a quotient,
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and “semi-basic” means that the restrictions of the w' to the fibers of the projection
vanish identically. See [8] for details.) In fact, this quotient factors through each of
the quotients 7 : B — M and 7 : B — M, as shown by the following commutative
diagram.

The vanishing of the vector [B; Bs] implies that the span of {w!,w?} is unchanged
along the fibers of p, and is thus the pullback via p of a well-defined rank 2 sub-bundle
of T*V. When the vector [B3 By] also vanishes, the ideal {w! A w?, w3 A w?} is the
pullback via p of a well-defined hyperbolic system H of class 0 on V, and Z, T are both
integrable extensions of H.

Béacklund transformations of this type are called holonomic. One can test whether
a Béacklund transformation is holonomic by checking whether the Pfaffian system on
B spanned by the intersection of the basic forms for 7« with the basic forms for 7 is
Frobenius. Note that the basic forms for 7 are spanned by the Cartan system® of Z,
and the basic forms for 7 are spanned by the Cartan system of Z.

Holonomic Bécklund transformations are generally considered less interesting
than non-holonomic Bécklund transformations because of their limited capacity to
generate new solutions, which we now explain. Given an integral surface N of (M, Z),
solving the Frobenius system J on 7—1(N) produces a 1-parameter family of integral
surfaces Ny of (M,Z). Reversing the process, beginning with any one of the inte-
gral manifolds Ny, in turn produces a 1-parameter family of integral surfaces Ny, u of
(M, Z). In general, this results in a 2-parameter family of integral surfaces of (M, Z),
and iterating the process produces an ever-increasing family of new integral surfaces
for both Monge-Ampere systems.

For example, consider the system (1.2). If we substitute the trivial solution
z(z,y) = 0 of the wave equation into (1.2), the resulting overdetermined PDE system
for u yields the 1-parameter family of solutions

u(z,y) = —2In(—z — 3y — 1) (2.6)

to Liouville’s equation. Reversing the process, substituting (2.6) into (1.2) produces
a PDE system for z which has a 2-parameter family of solutions:

z(z,y) = 2In(—y — c2) — 2In(2x + 2¢1 — ¢2). (2.7)

Finally, substituting (2.7) into (1.2) produces a PDE system for u which has a 3-
parameter family of solutions:

u(z,y) = —21In (C3xy+ (cocs—1)x+ (c1e1 — %0203 — %)y—i— (c1eae3— %c%c;; —cl)). (2.8)

It is clear that the solutions (2.6) form a proper subset of the solutions (2.8), since
the argument of the latter contains an zy term.

For the system (1.2), and for non-holonomic Bécklund transformations in general,
successive iterations of this process continue to produce new solutions. However, if the

1The Cartan system for a given EDS 7 is the smallest Frobenius system that contains Z.
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Bicklund transformation is holonomic, then all integral surfaces of (M,Z) and (M, Z)
produced by this process must lie in the inverse image of a single integral surface of
(V,H). It follows that successive iterations can produce no more than a l-parameter
family of integral surfaces for each Monge-Ampere system.

3. Proof that Biacklund implies Darboux. Now suppose that we have a
Bécklund transformation as in §2, and that the Monge-Ampere system (M®,Z) is
contact equivalent to the standard wave equation Zxy = 0. We can choose local
coordinates (X,Y, Z, P,Q) on M such that Z is generated by the forms

0=dZ — PdX — QdyY, Q) =dX ANdP, Qo =dY N dQ.
There is a unique local section o = (0,0, w!,w? w? w*) : B — P satisfying

0 =dZ — PdX — QdY,

wl=dX + 016,
w? = dP + Cy¥, (3.1)
w? =dY + Cs6,
wt=dQ +C40

for some functions C; on B. (Note that, because specifying this portion of the cofram-
ing determines a unique local section of P, the 1-form  is also uniquely determined.)
The functions C; are the pullbacks under o of the corresponding torsion functions,
and this coframing has 4; = 1. When the structure equations (2.3) are pulled back to
B via o, the 1-forms o, 3;—which were linearly independent from the 1-forms 6, 6, w*
on P—must pull back to some linear combinations of these 1-forms.

Now we embark on the process of comparing the structure equations (2.3) to those
for the explicit coframing above. First, note that

0=d(dX)=dw' —C10) = (g Aw' + as Aw? + CLw! Aw?) mod 6.
Therefore, by choosing ra, 73 appropriately in (2.4), we may assume that
o] = a109 + allwl + %C’luﬂ, Qo = CL209 - %Clwl

for some functions a1g,a11,ag0 on B. Similar considerations of d(dP),d(dY),d(dQ)
modulo 6 yield similar expressions for the remaining connection forms:

a1 = a0 + anw' + 101w, B1 = biof + bisw® + 050",
o = ag0l — %Clwl, B2 = bl — %CBWB,
a3 = azol + 2Chw?, By = bsob + $Cyw?,
o4 = ag0l — %ngl + ag0w?, B4 = bgo — %04(-03 + bagw*.

Next, a straightforward computation shows that for the coframing (3.1),
df = 0 A (Cow' — Crw? 4+ Cyw® — Csw®) + w' Aw? + W A w?.
Comparing this with the first structure equation in (2.3) yields

b1z = 3Cu, bay = —3Cs.
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In order to continue this comparison, we need to introduce derivatives of the functions
Ay, C;. So, set
dAy = A 00 + Ay 50 + A 1w’ + Ag pw® + Ag sw® + Ag g,
dCy = Ch00 + Cy 50 + C1aw' + C1 2w” 4 C1 30° + Cy g0,
dCy = Ca 08 + Cy50 + Co1w’ + Caow® + Ca 3w” + C gw?, (3.2)
dCs = C3,00 + C3 0 + C31w" + C300% + C3 30° + C3 4w,
dCy = Cu 08 + Cy 0 + Cuaw' + Cyow® + Cy3w® 4 Cyaw’.

Comparing the structure equations (2.3) for dw’ with the derivatives of the explicit
forms w? in (3.1) yields

ajp = C11 — C1C4, bip = C33 — C3Cy
ago = C1 2+ C%, bao = C3.4 + C3,
azp = 02,1 - 022, bso = 04,3 - Of,
aso = Co 2 + C1Cy, byo = Cy g + C3C4,

in addition to the following relations among the torsion and its derivatives:

B, =-Cy5, Ci,3 = C1Cy4, Cs,1 = CyC3,

By =—Cyp, C1 4= —CiCs, Cho = —CiCs, (3.3)
B3 = —Cy5, Cy,3 = C2C4, Cy1 = CaC4,

Bi=—Cyp, Coq = —CsCs, Cio = —CiCi.

While we don’t have an explicit coordinate representation for é, we can still
explore the consequences of d(df) = 0. Computing d(df) = 0 modulo 0 yields

—2A21 + Cy(Az +2) e — —2A55 — C1(As +2)
2A2 ) 42 — 2A2 )

a1l =

Ago=A2(Cs3+Cya—Ci1—Ca2).

Then computing d(df) = 0 modulo 6, w", w? yields

C C
Ayg=Cr2+Ca2 — As(C33+ Cua) — A_:AQ,l - A—ZA2,2 — C3As3 — CyAs 4.

(Note that the fact that 6 is a contact form implies that A, cannot be zero.)

At this point, all coefficients in the structure equations (2.3) have been expressed
in terms of the functions As, C1, Cs, C3, C4 and their first derivatives. In addition, we
have relations among the derivatives that amount to an overdetermined PDE system
for these five functions on B. Necessary compatibility conditions for this system may
be found by computing d(dAs) = d(dC;) = 0. In particular, computing

(dC3) =0 mod 0,0, w",w?,
(dCy) =0 mod 0,0, w®,w*

d(dCh)
d(dCs)

d
d
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yields

Cl 0= _A201,6 — 020172 + Cl(_Cl,l + 03,3 + C474)7

)

Cao = —Azcgﬁ — 1091 + Co(—Ca2 + Cs3+ Cua), (3.4)
C30=—C35—C1C34+ C3(C11 + Ca2 — C33),
C1,0 = —Cy5—C3C1 3+ Cy(Cr1 + Ca2 — Cy ).

At this point, we have derived all the relations among the torsion functions on B
and their derivatives that will be needed in order to prove that (M,Z) is Darboux-
integrable after at most one prolongation. The proof of Darboux-integrability is di-
vided into two main cases. In §3.1, we prove Darboux-integrability under the as-
sumption that the vectors [C; Cs], [C5 Cjy] are both nonzero. This case is further
divided into three subcases, depending on the ranks of certain Frobenius systems that
arise during the proof. Precise statements of the results are contained in Propositions
3.1, 3.2, and 3.3. In §3.2, we prove Darboux-integrability under the assumption that
exactly one of the vectors [C; C3], [C5 C4] vanishes; the precise result is contained
in Proposition 3.4. As noted in §2, it is not necessary to consider the case where
[C; Cs], [C3 C4] both vanish, since in that case both Monge-Ampere systems are
contact equivalent to the standard wave equation.

3.1. Case 1: [C; (3], [C5 C4] are both nonzero. Without loss of generality,
we may assume that Co and Cj are nonzero. Consider the exterior derivatives of the

ratios % and % A straightforward computation shows that
2 4

d (ﬁ) =0 mod 6,6, w",w?;
Cs

therefore, d (g—;) must lie in the last derived system of IC; = {6,0,w",w?}—i.e., the

largest integrable subsystem of K1, denoted by ICgOO). Similarly,

d (%) =0 mod6,0,w?, w
Cy

so d (g—i) must lie in the last derived system of Ko = {6,0, w3, w?*}.

First, consider the system X;. In order to compute its first derived system ngl),
we must find those 1-forms in Ky whose exterior derivatives are zero modulo the linear
span of the 1-forms in K. To this end, we compute:

df = w? A w?
df = Ay A w?

mod ;.
dw' = Cy w? A wt

dw? = Oy w3 AWt
Therefore, K" = {6 — 426, w! — C16,w? — C,60}. Observe that

wh — 10 = dX, w? — C0 = dP.
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Therefore, the rank 2 subsystem {w! —C16, w?—C,0} = {dX, dP} of K\ is integrable,
and the next derived system qu) (i-e., the first derived system of ngl)) contains this
rank 2 system. The only question is whether, in fact, IC§2) = Kgl)—i.e., whether ICgl)

itself is integrable. In either case, we will have IC§2) = ngoo)

that

. A computation shows

A0 — A20) = 0 A [(Azs + A2Ci(As — 1)) WP + (Ass — AsC3(As — 1)) w?] mod £,
(3.5)
so the rank of ICgOO) is either 3 or 2, depending on whether or not the 1-form in
brackets vanishes.
Similarly, we can compute that

K& = {0 - 0,0° — Cs6,0" — Cu8} = {0 6,dY,dQ}.

So lCéoo) contains the rank 2 subsystem {w? — C36,w* — C40} = {dY,dQ}, and a
computation shows that

Az +Ca(42 - 1)) N (A22 — Ci(4A2 — 1))
A2 A2

d@—0)=—0A ( mod K.

(3.6)
So the rank of IC;OO) is either 3 or 2, depending on whether or not the 1-form in

brackets vanishes.
Now we must divide into cases depending on the ranks of these derived systems.

3.1.1. Case 1.1: ICgoo) and IC;OO) both have rank 3. In this case, we have
the following result:

ProposiTiON 3.1. If [C1 O3], [C3  Cy] are both nonzero and ngOO) and lCéOO)
both have rank 3, then the system (M,ZI) is contact equivalent to the standard wave
equation.

Proof. By Theorem 2.1 of [2], it suffices to show that (M, Z) is Darboux-integrable,
i.e., that each of the characteristic systems {f,w!,w?} and {0, w?, w*}—which are
well-defined on M even though the 1-forms w’ are not—contains a rank 2 integrable
subsystem.

The hypothesis that ICgOO) and ICéOO) both have rank 3 implies that the expressions
(3.5) and (3.6) must both vanish identically; therefore,

Ag 1 = —Cy(A2 — 1), Ag o = C1(A2 — 1),
A2)3 = —AQC4(A2 — 1), A2)4 = AgCg(Ag — 1)
Using these conditions, a straightforward computation shows that
{§’w17w2}(1) = {A2w1 - Cl?, 142(")2 - 025}7
{5, w?’,w4}(1) = {A2w3 — C3§, A2w4 — 045},
and that each of these derived systems is integrable. O

3.1.2. Case 1.2: Exactly one of ngoo) and ICéOO) has rank 3. Without loss
of generality, we may assume that IC;OO) has rank 2 and is equal to {dY,dQ@}, and
that ngoo) has rank 3. Tt follows that (3.5) vanishes identically and that (3.6) does
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not. Since all our results are local, we will assume that we are working on an open
set where (3.6) is nonzero. The vanishing of (3.5) implies that

A2)3 = —AQC4(A2 — 1), A2)4 = AQC3(A2 — 1).

Recall that the function g—z satisfies

d (@) e K = {dv,dQ}.
Cy

It follows that g—z is a function of Y and @ alone. Now consider the 1-form

This 1-form is contained in the span of w?,w*, and we have

do® =0 mod &

3 3

so w” is a multiple of an exact 1-form, say & = \dY. Moreover, because w® is ex-
pressed solely in terms of Y and @, A and Y may be chosen to be functions depending
only on Y and @, and which are therefore well-defined on M. The crucial point here
is that there ewists an exact 1-form in the span of {w?,w*} which is well-defined on
M. Then we have

dY NdQ =& ANdQ = AdY A dQ = dY A dQ,

where

o Q
AT.Q = [ ATt
0
Since
df = dX AdP + dY AdQ,

Pfaff’s Theorem (see Ch. 1 of [8]) implies that there exists a function Z on M such
that

0=dZ — PdX — QdyY.

We can now repeat all our constructions starting with the coordinate system
(X,Y,Z,P,Q), but now our adapted coframing o will have the additional property
that w3 = dY and C3 = 0. Thus we will drop the tildes and assume that C'5 = 0 for
the remainder of this subsection.

PRroPOSITION 3.2. If [Ch Cs], [C5 C4] are both nonzero, ICgOO) has rank 3,
and ICéOO) has rank 2, then the system (M,Z) is Monge-integrable, and it becomes

Darbouzx-integrable after one prolongation.

Proof. The same argument as that given in Case 1.1 shows that the characteristic
system {6, w!, w?} on M contains a rank 2 integrable subsystem; therefore, (M,Z) is
Monge-integrable.
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In order to prove the second half of the Proposition, we will need to make use of
relations among the second derivatives of the functions Ao, C1,Ca, Cy. These will be
denoted as, e.g.,

dA270 = A2,009 + A2,06§ + Az)olwl + A2702w2 + Ag)ogwg + A2704w4.

Note that, although (for example) the As;; are second derivatives of As, because

we are working in a coframing rather than in coordinates, we cannot assume that
Az iy = Az ji-
Computing d(dAz) =0 mod {#,w? w*} shows that

Az 10 =A2(Cya1 — Ci11 — Ca01 + Co(Cr1 + Cap — Cua))
+ A3 1(Cyq — Con — C103) + Az o(Coy — C3),
Az 00 = A2(Caa2 — Cr12 — Co20 + C1(Caa — C11 — Co2))
+ A31(Cy 2+ 012) + Az2(Cyq — Cr 1 + C1C3),
A

A
Ago1 = Az 12+ (A2 = 1) (C11+ Co2 — —=C1 — ﬂCQ .
A2 A2

Next, computing d(dCy) =0 mod {6, 0} shows that

Ca34 = Cyaz + (A2 — 1)Cy 5+ Ca(Cr1 + Ca2),
Cyz = Co(Cy3+ C3),

Cazo = —C1(Cu3 +C3),

Cya1 = CoCypu,

Cya2 = —C1Cy 4.

Now computing d(dCy) =0 mod 0 shows that

((A2 +1)C1 — Az1)

Cyp1 = CaCy5+ 2 Cyo:
2
((Ay +1)Ca + A22)
C4,62 = _0401,6 - Ay 04,67

C4,36 = 04,63 - A2C4C4,6=

Cya0 = Caos
and then computing d(dC4) =0 mod 6 shows that

Ca30 = Ca(Cr13 + C2.23 — Cua3 + Cy 5) + (Cu 3 — C3)(Cr1 + Ca2) — Cyo3s

Ca,a0 = Ca(Cr14 + C2.24 — Ca04) + C14(Cr1 + Ca2) — Cy gy,

((A2 = 1)Cy — Az2)
AsCy

((Ay = 1)Cy + A21)
AsCy

Ci12 = —Cap + (A2 = 1)C) 5 — C1Cy 4 +

C221 = —=Cr11 — (A2 = 1)Cy5+ C2Cy 4 —
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Next, computing d(dCy) =0 mod {6, 0} yields

Ci13 = C4(Cr1 + C1Ca),

Ci14 =0,
Cio3 = C4(Crp — C}),
C'1.,24 = Oa

((A2 = 1)Cy — Az2)
AsCy

01721 = —02722 — 20104_]4 + 2(A2 — 1)01,6 + 04,6'
Similarly, computing d(dC>) =0 mod {6, 0} yields

C,13 = C4(Ca21 + 022),

Cr14 =0,
Co,23 = C4(Ca o — C1Ca),
C'2.,24 = Oa

(A3 = 1)Cy + A21)
AsCy

02712 = —01711 + 20204_]4 — 2(A2 — 1)02,6 — 04,6'

Computing d(dC1) =0 mod {w? w3, w*} yields

Ci,10 = C2C202 — C1C1 11 — A2C, 5y + ((2 = A2)Ca — A21)C 5 + Cua(Cr a1 + 2C1Cs)
(A2 —=1)C1 — A 2) ~
A2C4 0204’0,

(Ag1 — C2)

Ao

C1,16 = 01,61 + 01,67

and computing d(dC3) =0 mod {w!,w? w*} yields

C2,20 = C10111 — C2Ca22 — A2Cy 5y + ((A2 — 2)C1 — A22)Co 5 + Cua(Ca 2 — 2C1Cs)
(A2 —1)Ca + Az 1)
AsCy
(Ag2 + Ch)
Ay

0104,67
Cyo5=Chga + Cy 5

Now computing d(dAz) =0 mod w? yields

1
Ay 15 = I [—C1As11 — Coda 1o + Az 1 (C1C2 + Ca2) + Az 2(—Co 1 + C3)]
— (A — 1)02,6 — 02(01)1 + 0272) — ((Ag — 2)02 + 2A271)C4)4
(A2 -1)Co + Az,l)C -
AQO4 4,00
1 c? C,C
Ay gg = |~Ci1A212 — C2Az 00 — A1 [ Cr2 + L) 4 A (Cra - 12
Ao Ay Ao

C
+ (A2 = 1)C 5+ A—;(Cl,l + C22) + (A2 — 2)C1 — 2429)Cy 4
(A2 —=1)C1 — Az )
04 0’

A2 C4 ’
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and
Ag1a = Az04 = Cyaa =0.

Finally, we need two additional relations which do not become apparent until we
differentiate the equations for dCy 3 and dC4 4. Computing d(dC43) =0 mod {0 —
0, w3, wt — 040} yields

o 2 ~ 1yl _ 2
0, s » s
(CiCygz—((A2+1)CE+Cu3)Cy5)0 N [(A21 +Co(A2 —1)) w' 4 (A22— C1 (A2 —1)) 7.

Note that the right-hand factor is precisely (3.6), which we have assumed is nonzero.
Therefore,

04)5(0413 + (A2 + 1)042)
04,63 = Cy :

Precisely the same argument applied to d(dCjy,4) shows that

~ Cy5Caa

C14,64 C4

With these relations in hand, consider the characteristic system K = {6, w?, w?}
of T—which is well-defined on M, even though w?* is not. We need to show that
after one prolongation, the corresponding characteristic system K of the prolongation
contains a rank 2 integrable subsystem. In order to perform this computation, we
need to construct a basis for K consisting of 1-forms which are well-defined on M.
Fortunately, 6 and w® are already well-defined on M. For the remaining 1-form, it
will be convenient to choose a 1-form which is contained in the first derived system
K(l) = {w* — C40,w%}. To this end, introduce functions 7,¢g on B such that the
1-form

=€ (W= C10—guw?)

is well-defined on M. (The fact that K" is well-defined on M guarantees the existence
of such functions.) As before, we denote the derivatives of these functions by

dr = 100 + 750 + mwt + mw? + 1w + mywt,

dg = gof + g50 + grw* + gow? + gsw® + gaw®,

and similarly for second derivatives.
Because v is well-defined on M, di contains no terms involving €. This, in turn,
determines the partial derivatives 7, go:

70 = Cy4,
go=C%7 —Cs3—gCua.

We will also need to make use of relations among the second derivatives of 7, g.
These are determined by computing d(dr) = d(dg) = 0; this is a straightforward
computation, which we omit here for the sake of brevity.

We can define a partial prolongation 7 of T on M x R as follows. (Note that
Darboux-integrability of the partial prolongation implies Darboux-integrability of the
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full prolongation.) Let ¢ be a new coordinate on the R factor; then the partial prolon-
gation 7 is generated by the 1-forms 6, 7 = 1 — tw3, and the 2-form w! A w?. Again,
this system is well-defined on M x R, even though w',w? are not.

A straightforward computation shows that

d0 = —m Aw?® mod {0, ?l},

where

mo=dt — (tr — " gr)w' — (12 — €7 go) W

The corresponding characteristic system of 7 is
K = {5,5/,7T1,w3}.

We will now compute the derived systems of K’ and show that the second derived
system E/(Q) is a Frobenius system of rank 2; this will complete the proof of the
Proposition. In order to compute the first derived system, we compute:

df = w! Aw?
o' =0 _
mod {0,6, m,w?}
dmy = Ew!' A w?

dw? =

(the last line following from C3 = 0), where
E=¢"Ci+(e7gs —tr14)Cs — €"Cu3 — (e"g + t)Cu 4 + (e g5 — t75).
Let mo = m — E, so that
K/(l) = {§I,7T2,w3}.
Next we compute the derived system of K/(l):

_ Cy—
g = A—‘;e A [(Azg + Co(Az — 1)) w' + (A22 — C1 (A2 — 1)) w?]

F_ 7 o
dry = 0 A (g + ol = 1) + (Azz = Ci(Az = 1)) ?] mod {#',m2, "},

where
F= 6702 + (6794 - tT4)C4 - €TC4)3 — (eTg + t)C474.

Once again, we see the bracketed 1-form in (3.6) appearing. Since this 1-form is

assumed to be nonzero, the derived system K/(Z) has rank 2 and is spanned by the
forms w® and

T3 = C47T2 - F?
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Finally, another computation shows that

d7T3 =0
mod {73,w?};
dw® =0

therefore, KI@) is integrable. O

3.1.3. Case 1.3: £ and K™ both have rank 2. Now we assume that the
bracketed 1-forms in both (3.5) and (3.6) are nonzero. By the same argument as that
given in the previous case, we may assume that C; = C3 = 0, with w! = dX, w? = dY.

ProposiTION 3.3. If [C1 O3], [C3  Cyu] are both nonzero and ngOO) and lCéOO)
both have rank 2, then the system (M,Z) becomes Darboux-integrable after one pro-
longation.

Proof. The proof is very similar to that of Proposition 3.2. We must now consider
both characteristic systems

El = {§7w15w2}7 K? = {55 w37w4}

of Z. As before, these systems are both well-defined on M, even though w? and w?
are not. We introduce functions p, 7, f,g on B such that the 1-forms

n = el (Aqw? — Caf — fuwl), =€ (w* — C4f — gu®)
are well-defined on M. These forms have the property that
(1) (1)
Kl = {77#01}7 ’CQ = {1/)’0)3}.

We construct the prolongation 7 of T on M x R? as follows. Let r,t be new
coordinates on the R? factor; then the prolongation 7 is generated by the 1-forms
0,0, =n—rw', 0y =1 — tw?, and their exterior derivatives.

The remainder of the proof consists of applying the argument of Proposition 3.2
to each of the characteristic systems K;,K; of the prolongation 7. The argument

varies only in the details of the calculations, and so we omit it for the sake of brevity.
O

3.2. Case 2: One of the C-vectors vanishes. Without loss of generality,
assume that [C; C3] = [0 0], and that Cy # 0. By Proposition 2.3, it follows that
[B1 Bz] =1[0 0] as well.

PROPOSITION 3.4. If [C; Co] = [0 0], then the system (M,Z) is Monge-
integrable, and it becomes Darbouz-integrable after at most one prolongation. Fur-
thermore, the Bdcklund transformation B C M x M is holonomic.

Proof. Tt follows from Proposition 2.3 that (M, Z) is Monge-integrable; in fact, the
characteristic system {,w!, w?} contains {w!,w?} = {dX,dP} as a rank 2 integrable
subsystem.

Now consider the other characteristic system K = {,w? w*} of Z. One easily
computes that the first derived system of K is

KO = {w? — 30, w* — C46}.
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In order to find the second derived system, we compute:

_ Ca—
d(w3 - 039) = —39 AN (AQ 1&)1 + A2 2w2)
A, ) ) )
c mod .
d(w4 - 045) = A—4§ A\ (Ag)lwl + A2,2w2)
2

If A1 = Az =0, then KD is integrable; in this case, Z is Darboux-integrable and
hence contact equivalent to the standard wave equation. Therefore, we assume that
As 1 and Asg o are not both zero.

In order to prove the second statement, we will construct a partial prolongation of
7 and proceed as in §3.1.2. But first we need to derive relations among the derivatives
of the torsion functions.

Picking up where we left off at (3.4), consider d(dC3),d(dCy). Computing
d(dC3) = d(dCy) =0 mod {6 — 0,w? — C30, w* — C40} yields

C35=Cu5=0.

From (3.3), it follows that Bs = B4 = 0; therefore, the Bicklund transformation is
holonomic, as claimed.
We now have

dCs = C373(w3 — 036‘) =+ 03)4((4}4 — 046‘) = Cg)3dy + C374dQ,
dCy = C473(w3 — 036‘) =+ 04)4((4}4 — 046‘) = C4)3dy + C474dQ. (37)

It follows that C3, Cy are functions of Y and @) alone. Now the same argument as that
given in §3.1.2 shows that we may assume C3 = 0; moreover, Cy remains a function of
Y and @ alone when we do so. Computing d(dC4) = 0 yields the following relations
among the second derivatives of Cy:

Ca,30 = —C4Cy 34, Ca,a0 = —C4Cy 44, Cauz = Cy34,

Cy35="Chap=Cus31 = Ca32 =Csa1 = Cr420=0.

Now consider the characteristic system K = {0,w3 w*}. As we computed above
(recalling that Cs5 = 0), its first derived system is

KO = {03, w* — 040},
As in §3.1.2, choose functions g, T so that the 1-form
=€ (W= C10—guw?)

is well-defined on M, and construct the partial prolongation 7 of 7 and the 1-form 8
as we did there. Similar calculations to those of §3.1.2 show that the corresponding
characteristic system K of T’ has a rank 2 integrable subsystem. This completes the
proof. O
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4. Proof that Darboux implies Backlund.

4.1. The non-Monge-integrable case. In this subsection (M, Z) is assumed to
be a hyperbolic Monge-Ampere system which is Darboux-integrable after one prolon-
gation, but not Monge-integrable. We will construct a canonical coframing associated
to the prolongation. We will then use this coframing to construct an integrable ex-
tension J of (M,Z) in such a way that J defines a Backlund transformation between
(M, Z) and the standard wave equation Zxy = 0.

LEMMA 4.1. Near any point of M, there exists a coframing (0,71, 72,1, n?) such
that 0 spans the 1-forms of I, and the characteristic systems C1,Ca of T have derived

flags
Ci = {0, m1,m'} D {m,n'} 2 {n'} = >,
Co = {60, m2, 1%} D {ma, %} D {n?} = 5.

Proof. By a result of Jurds [10], (M,Z) is locally contact equivalent to a system
encoding a PDE of the form

Ugy = F(%%%Pa‘])-

Thus, there are local coordinates z, y, u, p, ¢ near the given point of M such that 7 is
generated by the 1-form 6 = du — pdx — qgdy and the 2-forms (dp — F dy) A dz and
(dq — F dx) A dy. Tt is easy to verify that the coframing given by 0, n' = dx, n? = dy,
m =dp — Fdy — F,0, and m2 = dq — F'dx — F,0 has the properties claimed. O

In terms of the local coframing on M given by the lemma, the prolongation
(M, 7") is defined as follows: let M’ = M x R?, with coordinates r,t on the R? factor,
and let Z’ be the Pfaffian system on M’ generated by 6 and the forms

6, =m —ryt, Oy = 7o — tn°. (4.1)
LEMMA 4.2. Near any point of M there exists a coframing (0,01, 02,n',n?, 73, 74)
such that T' is generated by 6,071,062, satisfying

df = —0; Ant —6, An® mod 6
d91 = —T3 A 7’]1 mod 9, 91 (42)
dfy = —my /\772 mod 6, 65,

with the derived flags of the characteristic systems of I' given by

C{ = {9701;025771571-3} 2 {9791777157-(3} 2 {917771571-3} 2 {771571-3} = Ci(OO)v
Cé = {9791792777277T4} D) {9792777277‘—4} D) {92777277T4} D) {77277T4} = Cé(OO)
Proof. Let 0,n* = dz,n? = dy be part of the local coframing on M (pulled back

to M) constructed in the proof of Lemma 4.1, and let 61,6 be defined as in (4.1).
Then

df; = —(dr — (D, F)dy) A dz mod 6, 61,
dfs = —(dt — (DyF)dzx) A dy mod 6, 6,
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where

D,F = F, + Fup+ Fpr + F,F,
D,F = F, + Fuq+ F,F + Fyt.

For the moment, let m3 = dr — (D, F)dy. Because drs = 0 modulo dz, 73,0, 61,02, it

follows that 3 lies in C{(l)

ensure that s lies in 01(2).

. Moreover, we may subtract a multiple of 8 from 73 to

Next, we prove that the last derived system of Cj has rank 2, rather than rank
3. (A similar argument applies to C}.) Suppose that C{@) = {01,n', 73} is integrable.
From (4.1), it is clear that this is equivalent to the statement that {my,n*, 73} is
integrable—i.e., that dm; = dnp' = dr3 = 0 modulo 7,7, 3. But 7 and n' are
both well-defined on M, so their exterior derivatives do not involve 7. It follows
that dm = dn' = 0 modulo 71,7, and C§1) = {m,n'} is integrable, contrary to the
hypothesis that (M, Z) is not Monge-integrable. O

The conditions in Lemma 4.2 are preserved by changes of coframing of the form

6] e O O 0 0 0 0 9
6, 0 aic 0 0O 0 0 0 6,
0y 0 0 ae 0O 0 0 0 0o
=10 0 0 a* 0 0 0 nt, (4.3)
2 00 0 0 a' 0 0 n?
73 0 O 0 b1 0 a%c 0 T3
| 74 ] 0 0 0 0 ba 0 a3c | T4 |

with a1, as,c¢ # 0. Let G C GL(7,R) be the group of such transformations, and let P
be the G-structure on M’ of which the coframing of Lemma 4.2 is a section.

After absorbing as much torsion as possible and differentiating to uncover relations
among the torsion, P has structure equations
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[db ] (v 0 0 0 0 0 0 0
do, 0Oy+ar O 0 O 0 0 01
dbs 0 0 ~v+a2 0 O 0 0 02
dnt| =—|0 0 0 —a; O 0 0 A 7t
dn? 0 0 0 0 —as O 0 n?
dms 0 0 0 G/ 0 v+2a1 O 3

| dTy | |10 0 0 0 B 0 vy+2a02| |m4]

61 Ant+02 An?
w3 At +(Az02+Bon?) A6
w4 A2+ (A101+Bint) A O
- 0 L (44)
0
2C101 N\ 73

2C505 N\ 74

Because of the dimensions of the derived flags of the characteristic systems (given
in Lemma 4.2), Ay, B; are not both zero, and A, Bs are not both zero. Furthermore,
we can choose a local section o : M/ — P satisfying the conditions that n* = du,
n? = dy, and the forms 73, 74 are integrable; i.e.,

dr3 =0 mod 73, dry =0 mod 7y.

To see why, note that {n', w3} is a Frobenius system, and so it is spanned locally by
two exact 1-forms. Thus we can adjust m3 by adding multiples of n' in order to make
it a multiple of an exact form. Similarly, we can add multiples of 1% to 74 in order
to make w4 a multiple of an exact form. However, we cannot independently scale 3
and 4 to make both of them exact.

This choice of section is not unique; it is determined up to a transformation of
the form

(67 [c 0 0 0 0 0 O 6
6, 0 ¢c 00000 0,
0, 00 c 0000 05
=10 0010 0 0 n' (4.5)
7?2 0000100 n?
s 00000 ¢ 0 3
7] 000000 ¢ |m
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with ¢ # 0. However, we can make the choice of ¢ unique (albeit slightly non-
canonical) as follows: since 73, 4 are integrable 1-forms, we must have

73 = e9dEy, 7y = eldé,

for some functions &1,&s, f,g on M'. Using the remaining scaling freedom, we can
arrange that h = —g; the resulting coframing o : P — M is uniquely determined.

When we pull back the structure equations via o, the pseudoconnection forms oy,
g, B1, B2, 7 become semi-basic. By making use of the remaining ambiguity in these
forms and the conditions imposed thus far on the coframing, we can assume that

a; = (D, + E))n!
as = (Da + Eo)n?
B1 = 2D1m3
B2 = 2Damy
v =—C161 — Caby — Exn' — Eon® + Fims + Fomy

for some functions Cj, D;, E;, F;. Then the structure equations for this coframing
become:

df =0 A (—C10; — Cafy — E1n' — Fon? + Fims 4+ Fomy) — 01 At — 03 AP
dfy = 01 N (—Ca6y — Eyn? + Fims + Forry) + D161 A n—m At 0N (Al + B2772)
dfy = 03 A (—C101 — Ern' + Fims 4+ Fomy) + Doy An? — g An? +0 A (A101 + Bint)
dnt =0 (4.6)
dn* =0
drs = w3 A (C167 — Cabs + Eint — Eon® + Fory)
dry = 4 A (=C101 + Coly — Exn' + Eon? + Fims).

(Note that these torsion functions are completely unrelated to those in §2 and §3.)

As in §3, we will need to compute relations among the derivatives of the torsion
functions in order to show that (M,Z) has a Bécklund transformation to the wave
equation. We begin by differentiating the structure equations (4.6). Using notation
similar to that in §3, we denote derivatives as, e.g.,

dA; = Ay 00+ Ay 101 + Ay o0s + Ay an' + Ay un® + Ay s+ Ap 6Ta.

(Note that since this coframing is defined on a different manifold from that in §3, the
indexing of the derivatives is different as well.)

Computing d(df) = d(db,) = d(df2) = d(dms) = d(dmrs) = 0 yields the following
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equations for the derivatives of the torsion functions:
dA1 = A1,00 + A1,101 — 3A,1C202 + A1,3771 — A1(D2 + 2E2)772 + A1 Fsms + A1 Foma
dAs = Aa o — 342C101 + Az 00y — As(D1 + 2E1)n" + Az an® + AsFams + A Famy
dB1 = B1,00 + (A1,3 — A1D1)61 — 2B1C202 + B1,3771 — Bi(D2 + Ez)ﬁ2 + Aims
dB2 = Ba,00 — 2B2C101 + (A24 — A2D3)02 — Ba(D1 + E1)n' + Baan® + Aoy
dCi = A1C0 + C1,101 — C1Ca0s 4 Ci3m" — (3A1+ C1E2)n* + Cr5ms + C1 Foma
dCs = A2C10 — C1C201 + Ca 202 — (%AQ + C2E1)771 + Coun® + CoFims + Coema (4.7)
dDy = B1C0 + D1,161 + 2 A20> + Disn' + 1(3B2 — Bi)n® + (2C1 — E15)7s
dDs = ByC10 + £A101 4 D2 202 + 3(3B1 — B2)n' + Doan® 4 (202 — Ea6)ma
dE1 = B1C20 + (C1,3 — C1D1)61 + £ Ax02 + Eisn' + (B2 — Bi)n® + E15ms
dEy = B2Ch0 + %Alal + (C2,4a — C2D2)02 + %(Bl — 32)771 + Ez,4?72 + E26ma
dFy = (2C1F1 — C1,5)01 — CoF102 + (C1 + ErxFy — Ev5)n' — ExFin® + Fisms + Figms
dFy = —C1Fo01 + (2C2Fs — Ca6)02 — ErFon' + (Co + EoFy — E26)n” + Fiems + Foema.

Because A; appears as a derivative of By, and A1, By cannot vanish simultane-
ously, By cannot vanish on any open set in M’. In fact, By cannot vanish identically
on any fiber of the projection M’ — M, and the same is true of Bs. Henceforth we
restrict to the dense open set in M’ where Bj, Bs are both nonzero, and note that
this set surjects onto M.

We may obtain further relations among the derivatives of the torsion functions by
differentiating equations (4.7). Computing d(dA;) = d(dB;) = 0 modulo 6, 01,n', 74
yields

Aro=A1(Coq — Do — CaDy), Bio = B1(Cay — Dag — CaDs3).

Then computing d(dB;) = 0 modulo 0, 01,n' yields Cy 6 = CoFy. Similar considera-
tions of d(dAs) and d(dBsz) show that

A= A2(Ci3— D11 — CiDn), By = B2(C1,3 — D11 — Ci1D1), Ci5=CiFy.

It will now be convenient to derive several equations and solve them simultane-
ously. First, d(dC;) = 0 modulo 6;,n! implies that

A1(Co 0 — C2) = As(Ciq — Cc?) (4.8)
A1(3Ca4 — Do — 3C3Dy) = 2By (Cy 1 — CF).
Additionally, d(dC3) = 0 modulo 65,72 implies that
A3(3C13 — D1y — 3C1Dy) = 2By (Caz — C3). (4.10)
Finally, d(dD;) = 0 modulo 0,7, 73 implies that
B1(3C3,4 — D32 — 3C3D3) = B3(3C1 3 — D11 — 3C1 Dy). (4.11)

The general solution to equations (4.8)-(4.11) is most easily expressed in terms of a
new torsion function H, such that

C11=C}— AH, Dy1=3(Cy3—C1D;)+ 2B H,
Coo = C3 — AyH, Dy o =3(Cs,4 — C2D3) + 2B H.
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Next, we need information about the derivatives of C; 3 and C54. Computing

d(dC7) = 0 modulo 6; yields
dCi3 = (CoA1 3 — %AlAQ + B1C1C2)0 + Cr 3101 + (%A2C1 — 020 3)02

+ C1 330" — 1(A13+2E5C1 3+ Cy(By — Bo))n?
+ (F1C13 — C1E1 5 + 207 — A1H) Ty + FoCy 374,

and computing d(dC2) = 0 modulo 6, yields
d0274 = (ClA274 - %A1A2 + 320102)9 + (%Alcg — 010274)91 + 027426‘2
— 2(As,4 4+ 2E1Co g + Co(Ba — B1))n' + Couam?
+ F102747T3 + (FQCQA — OQEQA + 2022 — AQH)ﬂ'4.

Now, computing d(dC;) = d(dC3) = 0, d(dD1) = 0 modulo n', 73, and d(dDs) =
0 modulo n?, w4 yields four different expressions for dH. Taking linear combinations

of these expressions shows that
Al (A173 — AlDl) = Bl (A171 — Alcl) (412)
AQ(AQA — AQDQ) = BQ(AZQ — AQOQ). (413)

Equations (4.12) and (4.13) may be solved by introducing new torsion functions Jy, Ja,

such that
A =AC+ A h Ag o = AsCy + AsJo
A3 =A1D1+ B J; Aga = A2 Dy + By Js.

Then the various expressions for dH may be combined to show that
Ci31 =2C1C1 3 — CiDy + A1Cy — $A1Jy — (A1Dy + Bi ) H
02142 = 2020214 — 022D2 + AyCq — %AQJl — (AQDQ + BQJQ)H,

and
dH = (H(OLg —C1D1 + B1H + 0214 — C9Dy + BQH) — %OlJQ + CQJl) 0
+ C1HO0y + CoHO; + (D1 H + %Jz)nl + (D2 H + %Jl)ﬁz + W Hrs + FoHry.

They also imply the relation
H(Cy3—C1D1+ BiH) — 1C1Jy = H(Coy — CoDa + BoH) — 1Co ;. (4.14)
The equations for dA;, dAs now take the form:

dA; = —2A1(Cg74 — CyDy + BQH)9 + A (Cl + J1)91 — 34,050,
+ (AlDl + Bljl)’ql — Al(DQ + 2E2)772 =+ A1F37T3 + A1 Fomy (415)

dA2 = —2A2(0173 —C1D, + BlH)9 - 3A20191 + A2(02 =+ J2)92
— Ag(Dl + 2E1)’I71 + (A2 D2 + BQJQ)’I]2 + AsF3mg + Ao Fomy. (4.16)
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Now, computing d(dB;) = 0 modulo 1,7n' yields
Co.44 = (Dy — E2)Co 4+ CoDg g — HB9 4 — (Da + E3)BoH + Co Do Ey + Bo(Cr — Jh).
Similarly, computing d(dBz) = 0 modulo 0, n? yields
Cis3=(D1—E1)Ci3+CiDi13—HB13— (D1 + Ev1)B1H + Ci1D1Ey + B1(Cy — Jo).
Next, computing d(dA;) = 0 shows that

dJl = 4.A1029 + (Cljl + A1K1)6‘1 — Cngeg
+ (20113 — 201D1 + 2B1H + 20274 — 202D2 + 2B2H + D1J1 + BlKl)T]l
— (2A1 + E2J1)772 + FiJims 4+ FoJimy

for some function K. Similarly, computing d(dAz2) = 0 shows that

dJy = 4A2C10 — C1Jo01 + (Cada + AsK2)0y — (242 + EyJo)n?t
+ (201)3 - QClDl + 2BlH + 20274 - 202D2 + 2BQH + D2J2 + BQKQ)T]2
+ Fy Joms + FyJomy

for some function K. But now computing d(dH) = 0 modulo 6, 01, 6 yields
Bi(K; +4H) = Bo(Ko + 4H).
It follows that

Ky =—-4H + BoM
Ko =—-4H+ B1M

for some function M. Computing d(dH) = 0 modulo #2,n' and d(dH) = 0 modulo
61,71 shows that

A1M = Ay M = 0. (4.17)

CrLAamM. M = 0.

Proof. Suppose not. Then by (4.17), A; = Ay = 0. Therefore, equations (4.15)
and (4.16) reduce to

O = dAl = Bljl’ql
0= dA2 = BngT]2.

Since Bjp, By are nonzero, it follows that J; = Jo = 0. Then

0=dJ; = (2013 — 2C1 Dy — 2B1H + 2Cs 4 — 2C2Da + 2B H + B Bo M)
0=dJy = (2013 —2C1 D1 + 2B1H + 2Cs 4 — 2C2 Dy — 2B2H + By Ba M),

Subtracting the two coefficients above yields
4(By — B1)H =0,

so either B; = By or H = 0.
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First suppose that By = Bs. Then
0=d(By — By) = —2B,(C16; — C2605) mod 0,n",n?,
so 1 = Cy = 0. It follows that Cy 3 = C4 = 0 as well. But now
0=dJ, = B}M,

so M = 0, as desired.
Now suppose that H = 0. Computing d(dC4 3) — C1d(dD1) = 0 modulo 6 yields

BiB,M =0,

so M = 0 in this case as well. O
Finally, computing d(dH) = 0, keeping the relation (4.14) in mind, yields two
additional relations:

202(20113 — 201D + 2B1H)
+ (202 — JQ)(?OQA — 205Dy + 2B2H) + A2(401 — Jl) =0 (418)

(2Cy — J1)(2C1.5 — 2C1 Dy + 2B, H)
+2C4(2Cs.4 — 2C3 Dy + 2BoH) + Ay (4C — J5) = 0. (4.19)

We now have all the relations that will be needed for the involutivity calculation
below.

Now suppose that M = R® carries a Monge-Ampere system Z representing the
wave equation Zxy = 0, generated algebraically by the contact form

0=dZ — PdX — QdY (4.20)

and the 2-forms dP A dX and dQ A dY. If there were a Backlund transformation
B Cc M x M, then Z would be a local coordinate on the fibers of B — M and the
functions X, Y, P, @ on B would satisfy the Backlund condition

{dPANdX,dQ NdY} = {m An',ma An?} mod 6,0 (4.21)

(see the definition at the beginning of §2).

Accordingly, we let B =M x R, with coordinate Z on the second factor. We will
show that, on an open neighborhood of any point of B, there exist functions X,Y, P,
such that the ideal J = ZU {0} on B (where 0 is defined as in (4.20)) gives a Biicklund
transformation between (M,Z) and (M,Z). We will do this by setting up an EDS
whose integral manifolds correspond to functions satisfying these conditions; once we
know that this EDS is involutive, an application of the Cartan-Ké&hler Theorem will
prove the existence of the desired Backlund transformations.

Let B = M’ x R, again with Z as the coordinate on the second factor; we
extend the projection M’ — M to a projection B’ — B by the identity on the
second factor. It will be convenient to set up our EDS in terms of the coframing
(0,0,01,02,1n',n?, 73, 74) on B’. Thus, we will regard X,Y, P,Q as functions on B’,
but require that

dX,dY,dP,dQ € {6.0, 61,05, 0", 1%}
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so that they are in fact well-defined on B. In order to satisfy the Backlund condition
(4.21), we will furthermore require that

{an dP} C {9,5, 917771}7 {dK dQ} C {97§7 927772}' (422)

From this, and the structure equations (4.6), it follows that {dX, dP} (resp., {dY,dQ})
is the largest integrable subsystem of {6, 8, 01,1n'} (resp., {0,0,02,7?}). Therefore,

n' =dv e {dX,dP}, n°=dye{dY,dQ},

and by a contact transformation on M, we may assume that X = 2, ¥ = y. Thus,
we will set

0 =dZ — Pdx — Qdy,
and condition (4.22) becomes
dP €{0,0,01,n'},  dQ €{0,0,02,1°}.
Suppose that

dP = Py + P30 + P16, + Psn’' (4.23)
dQ = Qof + Qgf + Q202 + Qun’. (4.24)

Observe that normality of the Backlund transformation requires that Py, Q2 # 0 and
Py # Q.

REMARK. Equations (4.23)-(4.24) give an overdetermined system of first-order
partial differential equations for functions P and (). The process of generating com-
patibility conditions for such systems can be carried out systematically by computing
the exterior derivatives of the 1-form equations, and using the fact that the repeated
exterior derivative of a function is zero. Moreover, applying Cartan’s Test for in-
volutivity (see [8], Chapter 7) to the resulting EDS will tell us when we can stop
differentiating: if the system is involutive then no further compatibility conditions
arise through differentiation, and solutions exist that may be constructed by applying
the Cartan-Kéhler Theorem.

Differentiating (4.23) modulo 6,0, 61, n' yields
(PO —+ P@QQ) 92 A 772 = O,
and differentiating (4.24) modulo 6, 0, 63, 7? yields

(Qo+ QgP1) 61 At = 0.
Therefore, because the 1-forms 6,0, 601, 605,1m", n? are linearly independent on B, we
have Py = —F;Q2, Qo = —QgF1, and we may write
dP = Py(0 — Q20) + P16y + P3n’* (4.25)
dQ = Qy(0 — P16) + Q20 + Qun’”.
Note that neither Py nor Q5 can vanish identically: for, if Py = 0, then differentiating

(4.25) shows that P; = 0 as well, which contradicts the hypothesis of normality. (A
similar argument applies to Qg.)
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Differentiating equations (4.25) modulo various combinations of 1-forms leads to
the following expressions for the exterior derivatives of Fy, Pi, P3, Qf, Q2, Q4:

dP@ = _P6Q629 + Pm(? — QQ@) + P6191 + P63771
A1Q2 4+ C1QgPr)
Qo

B ~(E1 P; Ps — P
~ (B1Q2 + Qp(E1 Py + Py(Q2 1)))771 — ByPi? + Fy Py + FyPima

o
4Py = (Pyy + P20 — Qap) - P12 Gol D1 £ PUR 2 215G = 1))
0

+ Ps3n' + Pims (4.26)
Q5 = —QuF510 + Qug(0 — P10) + Qgz02 + Qgy’

Qs = Qo (0 — PrO) — €100, — 2P T Cal5Q2)

dPy = P5,(0 — Q20) — ( 61 — Co P16,

01

62

5
- E1Qan” — By + PE(EQQ;j— Uoll1 = Qo)) n° + Fi1Qams + FoQomy
0
—= By Py + Py((Dy + E 2Q5(P1 —
1Q1 = (@ + QT - Prp) - (2D L Pl 2 Ml Qo)

+ Q44772 + Q274

Now computing d(dP;) = 0 modulo § — Q20 and d(dQ2) = 0 modulo 6 — P,
yields

, 1 _ 2 21 p 2
Py = 0aP205(05 — P (201 (P —2Q2) PiQ2P5 Qg + 2Co P Q2 PyQ5
+2(C1,3 — C1Dy + BiH)P{ Q2 PsQ5 + A1(Py — Q2)Q3 P + A2P13Q%)
1
% = BRI =0 (201P1Q§P62Q5+ 2C5(Q2 — 2P1) Q2 Py Q2
+2(Coa = CaD + ByH)PLQPoQy + A1Q3PE + A2(Q2 — P)PEQE)
, P(AQa +2C1QgP)
Py, = o0 (4.27)
On) = — Qy(A2 Py + 202 P5Q)2)
2 F5Q
P _P6(31Q2 + (Dl + El)PlQﬁ + (2@2 — Pl)PﬁQﬁ)
03 P1Qg
Q. = QuBePr + (D2 + B5)Qa Py + (2P — Q1) FoQp)
o4 Q2P '

This leaves only P33 and Q44 as undetermined second derivatives of P and Q.

We are now ready to set up our exterior differential system. Let B = B x R
with coordinates P, Q, Py, P1, P, Qf, @2, Q4, P33, Qa4 on the R0 factor. Let W
be the rank 8 Pfaffian EDS on B generated by the 1-forms

@1 = dP — Pﬁ(@ — QQ@) — P191 — Pg’l]l,
02 = dQ — Qy(0 — P16) — Q26> — Qu’,
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and similar forms O3, ..., Og prescribing conditions (4.26) for dPs, dPi, dPs, dQyg,
dQ2, and dQ4, substituting the values (4.27) for Pyg, Py, Ps3, Qug, Qo2s @5, Integral
manifolds of W satisfying the independence condition §AOAO AOa Ant An? Az Ay # 0
are in one-to-one correspondence with the desired functions P, ) defining a Backlund
transformation.

The structure equations for this EDS have the form:

rdO;] M 0 0 0 0 0 0 0] r o 0,
4O, 0 00 0 0 00 7 0,
dOs 0000 O O 0O 0, W,
40, 0000 0 0 00 |ol [y,
= — A —+ mod@l,...,Gg,
d/@g, 0 0 0 O Hl 0 0 0 771 \115
dOg 0000 O O 0O 02 T
4O, 0000 O O 0O T3 v,
| dOs 0000 0 II 00 A g |
(4.28)
where
II; = dP. _
' > mod 9797917927771777277T377T47
s = dQaa
and ¥,..., ¥g are 2-forms which are quadratic in the forms 6, 6, 81, 63,0, 1%, 73, 74,
with coefficients which are polynomial functions of the two quantities
(2HP(Q2 — P1)Q% + Q2(2C1Q2 + J1(P1 — Q2))Q5 + A1Q3) Py
— 205 P} Q3 + 2(Cay — CoDy + BoH)QpP1Qo, (4.29)
(2HQ2(Py — Qz)Pﬁ2 + Pi(2C5P1 + J2(Q2 — P1)) Py + A2 PY) Qg
—201Q3P2 +2(Cy,3 — C1 Dy + B1H)PyP1 Q5. (4.30)

In order to find integral manifolds, we must restrict W to the locus Z C B defined by
the simultaneous vanishing of (4.29) and (4.30). (These relations could also be found
more directly, by computing d(dP;) = d(dQ2) = 0.) While relations of this sort could
easily lead to hopeless incompatibility for the PDE system given by (4.25) and (4.26),
it turns out that differentiating these quantities yields no new relations.

A case-by-case analysis, based on the vanishing or non-vanishing of various torsion
coefficients of (M, Z), shows that the functions Py, Qg, Pi, Q2 are all nonzero on an
open subset Z° C Z which is surjective for the projection Z — B. Since normality
requires that these functions be generically nonzero, we further restrict W to this
open subset.

Let W denote the pullback of W to Z%; W is a rank 6 Pfaffian EDS on 2°.
Because differentiating the equations defining Z yields no new relations, W is torsion-
free; moreover, it is straightforward to check that W is involutive with last nonzero
Cartan character s; = 2. (See [8] for a discussion of Cartan’s test and involutivity.)
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Therefore, it follows from the Cartan-Kahler Theorem that local integral manifolds
exist and are parametrized by 2 functions of one variable.
We summarize this result as:

PROPOSITION 4.3. Let (M, Z) be a hyperbolic Monge-Ampére system which is not
Monge-integrable, and which is Darboux-integrable after one prolongation. Then near
any point p € M there is an open set U C M around p such that the restriction of T
to U is linked to the wave equation by a normal Bdcklund transformation; moreover,
the set of all such Bdcklund transformations is parametrized by 2 functions of one
variable. Up to contact transformations, all such Bdicklund transformations preserve
the space of independent variables x,y.

4.2. The Monge-integrable case. In this subsection (M, Z) is assumed to be a
hyperbolic Monge-Ampere system which is Monge-integrable and Darboux-integrable
after one prolongation. As explained below, we will construct a canonical coframing
associated to the partial prolongation of 7, and then proceed as in §4.1.

A similar argument to that of Lemma 4.1 can be used to prove:

LEMMA 4.4. Near any point of M, there exists a coframing (0,71, 72,1, n%) such
that 0 spans the 1-forms of I, and the characteristic systems C1,Co of T have derived

flags

Cl = {977T17771} o {717771} o {771} = C§M)7 C2 = {977T27772} D {7T27772} = Cém)

Indeed, the same coframing as that given in the proof of Lemma 4.1 satisfies the
conditions of Lemma 4.4. Note that this lemma only assumes the Monge-integrability
of (M, Z).

In terms of the local coframing on M given by the lemma, the partial prolongation
(M, Z") is defined as follows: let M’ = M x R, with coordinate r on the R factor, and
let 7’ be the Pfaffian system on M’ generated by 6, the 1-form 6; = m; — ', and the
2-form mp A 7.

LEMMA 4.5. Near any point of M’ there exists a coframing (0,01, m2,n*,n?, 73)
such that T' is generated by 0,01, and 7o A 02, satisfying
dd = —6, An' —0, An*> mod 6

) (4.31)
d91:—7T3 /\T] mod 9,91,

with the derived flags of the characteristic systems of I' given by

C{ = {95917n177T3} ) {9177717773} ) {771571-3} = 01(00)7
Ch = {0,601, m2,7%} > {0, 72,77} D {ma, 7} = €4,

Proof. As in the proof of Lemma 4.2, the usual or “full” prolongation of Z on
M x R? is generated by 6, 61 and 63 = 7y — tn?. We may construct the coframing
(0,01,02,n',n? m3,74) on M x R? precisely as in Lemma 4.2, and this coframing
satisfies the structure equations (4.2).

The hypothesis of Darboux-integrability implies that the characteristic system

ICl = {9791762777177‘—3}
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of the prolongation contains a rank 2 Frobenius system. As in Lemma 4.2, it follows
from the structure equations and the construction of 73 that

Icgl) = {97 9177717 7T3}'

However, this system is well-defined on M’ = M x R, and it coincides with the
characteristic system C{ given in the statement of the present Lemma. It follows that
we may adjust 73 so that it lies in the rank 2 Frobenius system Ci(oo).

Note that the second characteristic system Cj is simply the sum of Z’ and the
pullback of the characteristic system Co of Z, and the structure of its derived flag
follows from that of Co. O

The conditions in Lemma 4.5 are preserved by changes of coframing of the form

- - o =1 - -

[0 ¢c 0 0 0 0 0 0
6‘~1 0 aic 0 0 0 0 6‘1
7?2 0 0 asC 0 bl 0 T
= , (4.32)
it 0 0 0 a' 0 0 nt
i 0 0 b 0 ay' 0 n?
_7~T3_ _0 0 0 b3 0 a% C_ _7T3_

with a1, as,c¢ # 0. Let G C GL(6,R) be the group of such transformations, and let P
be the G-structure on M’ of which the coframing of Lemma 4.5 is a section.

After absorbing as much torsion as possible and differentiating to uncover relations
among the torsion, P has structure equations

[df ] v 0 0 0 0 0 0
6, 0Oy+a; 0 0 0 0 01
dms 0 0 ~v+a 0 [ 0 T2
" lo 0 0 —mo o Mg
dn? 0 0 B 0 —ay O n?
| drs 0 0 0 B3 0 v+2a] |m)
61 Ant+ma An?
73 Ant+(Ame+Bn?) A6
0
- . (4.33)
0
0
i Cms A 601

Because of the dimensions of the derived flags of the characteristic systems (given
in Lemma 4.5), A, B are not both zero. Furthermore, we can choose a local section
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o : M/ — P satisfying the conditions that n! = dz, n? = dy, 7 is exact, and w3 is
integrable. The resulting coframing is uniquely determined.

When we pull back the structure equations via o, the pseudoconnection forms
a1, ag, B1, B2, B3, v become semi-basic. By making use of the remaining ambiguity
in these forms and the conditions imposed thus far on the coframing, we can assume
that

a1 = ET]17 Qo = 07 ﬁl = G7T27 52 = 07 63 = (_H+ 2E)7T37 Y= F7T2 + GT]Q

for some functions E, F,G, H. Then the structure equations for this coframing be-
come:

dd =0 A (Frg +Gn?) — 01 At — mo Ap?
dfy = 61 A (Fry + En* + Gn?) — 73 Ant + 0 A (Ama + Bn?)

dme =0 (4.34)
dnt =0
dn* =0

drs = m3 A (—C61 + Frg + Hn' + an).

Once again, we will need to compute relations among the derivatives of the torsion
functions in order to show that (M,Z) has a Bécklund transformation to the wave
equation. We begin by differentiating the structure equations (4.34). We denote
derivatives as, e.g.,

dA = A09 —|— A191 —|— A27T2 —|— Ag?’]l —|— A4T]2 —|— A57T3.

Computing d(df) = d(df,) = d(dm3) = 0 yields the following equations for the
derivatives of the torsion functions:
dA = Agf + ACO, + Ay — AED + Agn?
dB = Byf + BCH, + Aymy — BEn' + Byn?
dC = C160, + CFry + Csn' + CGn? + Css
dE = Er61 + 2Ams + E3n' + 2Bn* — Cr (4.35)
dF = ACO + Fymy + Ay + Fyn?
dG = BCO + Fymy + Bn' + Gun?
dH = (CE — C3)01 + Amy + Hsn' + By + Hsms.
We may obtain further relations among the derivatives of the torsion functions by

differentiating equations (4.35). Computing d(dF) = d(dG) = 0 modulo m2,7? and
recalling that A, B cannot vanish simultaneously yields

Ay = A(C3 — CE), By = B(C3 — CE), Cy =—-C?, Cs = 0.
Then computing d(dA) = d(dB) = 0 modulo 6, 72, n? yields
Ey =2(CE - C3),
and d(dC) = 0 implies that
dCs = (C?E — 2CC3)0; + (AC + FC3)ma + Cazn' + (BC + GC3)n* — C?ms.
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Finally, computing d(dA) = d(dB) = 0 modulo 72, n? yields
Cs3 = CE3 + ECs.

We now have all the relations that will be needed for the involutivity calculation
below.

Now suppose that M = R® carries a Monge-Ampere system Z representing the
wave equation Zxy = 0, generated algebraically by the contact form

0=dZ —PdX —QdY (4.36)

and the 2-forms dP A dX and dQ A dY. As in §4.1, if there were a Biécklund trans-
formation B C M x M, then Z would be a local coordinate on the fibers of B — M
and the functions X, Y, P, @ on B would satisfy the Backlund condition

{dP AdX,dQ NdY} = {m1 An*, 12 An*} mod 6,0. (4.37)

Asin §4.1, let B' = M’ x R, again with Z as the coordinate on the second factor;
we extend the projection M’ — M to a projection B’ — B by the identity on the
second factor. We will regard X, Y, P, Q as functions on B’, but require that

dX,dY,dP,dQ € {6,0,0,,m,1", n°}

so that they are in fact well-defined on B. In order to satisfy the Backlund condition
(4.37), we will furthermore require that

{an dP} - {9,5, 917771}7 {dY7 dQ} C {97§7 7T27772}' (438)

The same argument as that given in §4.1 shows that by a contact transformation
on M, we may assume that X = z. However, the same is not true for Y: the system
{0,0,7,1m*} on B contains a rank 3 integrable subsystem, so we cannot necessarily
arrange to have 72 € {dY,dQ}. There are three different, geometrically natural
conditions that we could impose on the intersection of the rank 2 Pfaffian systems
{dY,dQ} and {m,n?}, each of them potentially leading to a different type of Bicklund
transformation:

1. {dY,dQ} N {m2,n*} has rank 1 and is spanned by a non-integrable 1-form.
2. {dY,dQ} N {m2,n*} has rank 1 and is spanned by an integrable 1-form.
3. {dY,dQ} N {m2,n?} has rank 2.
In cases (2) and (3) we can arrange that Y = y via contact transformations on M and
M, but in case (1) this is not possible.

4.2.1. Case (1). In this case we have
§=dZ — Pdzr —Qdy,
and condition (4.38) becomes
dP €{0,6,01,n'},  dY,dQ € {0,0,m2,n°}.
Suppose that
dP = Py0 + P;0 + P16; + Psn'

dQ = Qob + Qgf + Qama + Q1 (4.39)
dY = Yo + Y50 + Yomg + Yan®.
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Normality of the Bécklund transformation requires that P; # 0, Q2Yy — Q4Y2 # 0,
and Py # Q2Ys — QaYa.

The argument proceeds in much the same fashion as that of §4.1: differentiating
equations (4.39) leads to relations among the derivatives of P, Q,Y . Eventually we are
led to a Pfaffian exterior differential system WV whose integral manifolds satisfying the
independence condition § A @ A6, Ama An' An? # 0 are in one-to-one correspondence
with the desired functions P, Q,Y defining a Backlund transformation. This EDS
is involutive with last nonzero Cartan character s3 = 1. Therefore, local integral
manifolds exist and are parametrized by 1 function of three variables.

If we impose the additional condition that the Backlund transformation be holo-
nomic, we find that the resulting EDS is involutive with last nonzero Cartan character
s9 = 2. Therefore, among the Backlund transformations of this type, there is a small,
proper subset, parametrized by 2 functions of two variables, consisting of holonomic
transformations.

4.2.2. Case (2). In this case, we can use contact transformations on M and M
to arrange that {dY,dQ} N {m2,n?} is spanned by n? = dy = dY. Then we have

0 =dZ — Pdx — Qdy,
and condition (4.38) becomes
dP €4{0,0,0,,n'},  dQ € {0,0,m,n°}.
Suppose that
dP = Pyf + P50 + P16; + Psn', (4.40)
dQ = Qof + Qgf + Qo + Qur’.

Normality of the Backlund transformation requires that P, Q2 # 0 and P; # Q.

Differentiating equations (4.40) leads to relations among the derivatives of P, @,
and to a Pfaffian exterior differential system W whose integral manifolds satisfying the
independence condition @9AOAO; Ao Ant An? # 0 are in one-to-one correspondence with
the desired functions P, ) defining a Backlund transformation. This EDS is involutive
with last nonzero Cartan character s; = 1. Therefore, local integral manifolds exist
and are parametrized by 1 function of two variables.

If we impose the additional condition that the Backlund transformation be holo-
nomic, we find that the resulting EDS is involutive with last nonzero Cartan character
s1 = 3. Therefore, among the Backlund transformations of this type, there is a small,
proper subset, parametrized by 3 functions of one variable, consisting of holonomic
transformations.

4.2.3. Case (3). In this case, we can use contact transformations on M and M
to arrange that n? = dy = dY, 7 = dQ. Then we have

0 =dZ — Pdx — Qdy,
and condition (4.38) becomes
dP € {0,0,01,n'}.
Suppose that
dP = Py + Py + P16, + Psn*. (4.41)
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Normality of the Bicklund transformation requires that P, # 0 and P; # 1.
Differentiating equation (4.41) leads to relations among the derivatives of P, and
to a Pfaffian exterior differential system W whose integral manifolds satisfying the
independence condition 8 A O A 1 A s Ant An? # 0 are in one-to-one correspondence
with the desired functions P defining a Backlund transformation.
The involutivity calculation in this case depends on the torsion functions in the
structure equations (4.34). If

AG—BF = AC+F(CE—C3) = AF?+ FAy— AFy = BF?+ FA4— AF, = 0, (4.42)

then W is involutive with last nonzero Cartan character so = 1, and so local integral
manifolds exist and are parametrized by 1 function of two variables. Otherwise, there
are no solutions with P; # 0, and hence no normal Bécklund transformations of this
type.

Observe that in this case, the G-structure on the Backlund transformation B (cf.
§2) will satisfy the condition that (omitting obvious pullback notations)

{w?, '} = {m2, n*} = {dY,dQ}.

Therefore, all transformations of this type satisfy the hypotheses of Proposition 3.4
and so are holonomic.

We summarize these results as:

PROPOSITION 4.6. Let (M,Z) be a hyperbolic Monge-Ampére system which is
Monge-integrable, and Darbouz-integrable after one prolongation. Then there exist
Backlund transformations of types (1) and (2) above between (M, T) and the standard
wave equation (M, T), and of type (3) if the torsion functions of (M, T) satisfy (4.42).
The generic Backlund transformation is of type (1) and does not preserve the space
of independent variables. There are both holonomic and non-holonomic Bdcklund
transformations of types (1) and (2), and all Bdcklund transformations of type (3)
are holonomic.

5. Examples. In this section we review the classifications of second-order
Darboux-integrable Monge-Ampere equations, due to Goursat and Vessiot, and dis-
cuss the connection between our results and the work of Zvyagin. We will also give
examples of a method for explicitly solving for Backlund transformations linking these
equations to the wave equation.

5.1. The Goursat-Vessiot List. Goursat [7] studied non-linear PDE of the
form

Ugy = F(x,y, ’U/,’U@,’uy) (51)

which are Darboux-integrable at the 2-jet level, classifying them up to complex contact
transformations that preserve the form (5.1). Using Lie-theoretic techniques, Vessiot
[11] reproduced Goursat’s classification, expanded to include linear equations, and
showed that some of the equations on Goursat’s list were equivalent under more gen-
eral contact transformations. Recently, Biesecker [1] re-proved Vessiot’s classification
using Cartan’s method of equivalence, with respect to real contact transformations.
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Retaining Goursat’s numbering, the list is:
(@ + Yty = 2/Uzlly; @
uuwy:\/l—i—u%,/l—i—u%; (I1)
(sinu)ugy = /14 u2(/1+ uZ; (I1IT)
Ulizy = £ (ug)(uy), (IV)
where ¢(t),1(t) satisfy the ODE df /dt +t/f = K for some nonzero constant K;
(@ + Yty = () y(uy), V)

where 7 is implicitly defined by v(¢) — 1 = exp(t — v(t));

Uy — u% =f (a:, %) ; (VD)
Y Y
Ugy = €'/ 1+ (ug)?; (VII)
Uy — Y Uy = [(T, Uay); (VIII)
Ugy = €5 (IX)
Ugy = Ug€®,; (X)
1 1
zy = | —— 2Uy. XI
Uzy <u+x+u+y>uuy (XT)

(In (VI) and (VIII) the function f is arbitrary.) To Goursat’s original list, Ves-
siot added representatives of the two equivalence classes of Darboux-integrable linear
equations:

Uzy = a(z, y)ugz + bz, y)uy, — alz, y)b(z, y)u, (X11)

where h(z,y) = —a, and k(z,y) = —b, must satisfy the system (Inh),, = 2h — k,
(Ink)yy = 2k — h with h # k; and finally,

2u
Ugy = R (XIIT)
In the above list, we have replaced Goursat’s original versions of (VII) and (XI)
by simpler equations that Vessiot showed were equivalent to them by contact transfor-
mations; see [11], part 2, pages 5 and 6, respectively. Vessiot also observed that (VI)
is contact-equivalent to (X), and (VIII) may be reduced by a contact transformation
to the special case

=t (VIIT*)
x+y

Ugy

Our Theorem 1, together with Goursat’s classification, implies the following

COROLLARY 3. If a second-order Monge-Ampere PDE for one function of two
variables is linked to the standard wave equation by a normal Bicklund transformation
with 1-dimensional fibers, then the PDFE is either equivalent to the wave equation by a
contact transformation, or equivalent to one of the equations (I)-(XIII) in the above
list.
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5.2. Zvyagin’s List. Zvyagin [14] investigated second-order Monge-Ampere
equations linked to the standard wave equation by a Bécklund transformation, and
asserted that all such transformations that are non-holonomic are exhausted by a list
of six examples in addition to Liouville’s equation. Zvyagin did not publish a proof
of this classification, and did not give explicit forms for the Monge-Ampere equations
for some of the transformations on his list. He did give an explicit transformation for
Goursat-Vessiot equation (I):

N IR CENC R .

where, as in §4, Z is the solution to the wave equation, with z- and y- derivatives P
and Q. (The a- and y-coordinates are preserved by the transformation.)

Corollary 3 implies that every one of Zvyagin’s transformations must be iden-
tifiable with an equation on the Goursat-Vessiot list. We have calculated explicit
forms for certain transformations on Zvyagin’s list, and we can identify the following
transformations as belonging to equations (IT), (IIT), and (VII), respectively:

ZP—up=+/22 —u2\V1+ P2, ZQ—uq=V7%—u>\/1+ Q? (.11

sinh Z + Le=w)P 4 (Z-w)/2, /P2 _
( >

P= —sinu ’
(sinh Z — Je=*)Q + e~ (w22, /Q2 — 1
q= — : (z.11I)

—w.

where w is related to v and Z by cosu = cosh Z — %e ;

p=(1-2e"T%)pP— 2e(t D)2\ [eutZ _ 1/ P2 41,
g=-Q— A2\ etz _ 1. (z.vI)

Each of the above transformations, which preserve the z- and y-coordinates, may be
verified as being non-holonomic. To see how this is done, suppose that the transfor-
mation equations, when solved for p and ¢, take the form

p= f(x,y,u, Z, P), q=g(z,y,u,Z Q). (5.2)

The Cartan system for the Monge-Ampere equation is spanned by dz, dy, du, dp and
dgq, while the Cartan system for the wave equation is spanned by dz, dy, dZ, dP,dQ.
Recall from §2 that a transformation is holonomic if the intersection of these systems
is Frobenius. In light of the transformation equations (5.2), the intersection of these
two systems is spanned by dz, dy, dp — f, du and dq — g, du. The last two 1-forms
are congruent modulo dr and dy to

&1 = fpdP + fzdZ, &2 = 9QdQ + gzdZ,
respectively. To check that the system {dz,dy, £&1,&} is not Frobenius, compute
A&y A& NE& = go(fuzfp — frufz)dP AdQ N du NdZ,
déas N1 N& = fr(guz9g — 9ougz)dP N dQ N du A dZ

In each case, the coefficients on the right are nonzero, and we conclude that the
transformation is non-holonomic.

mod dz, dy. (5.3)
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5.3. Solving for Béacklund transformations. In this subsection, we will set
up systems of PDE whose solutions are Backlund transformations to the wave equa-
tion for some examples on the Goursat-Vessiot list. Although the existence of these
transformations follows from the arguments of §4, here we will be able to go further
in writing down explicit formulas for the transformations. Because we will work with
specific Monge-Ampere equations on the list, we can take advantage of explicit for-
mulas for the characteristic invariants. (These invariants are computed, for example,
in the dissertation of M. Biesecker [1].)

The general approach is as follows. We write a PDE on the list in the form

s = F(z,y,u,p,q). (5.4)

This form always has x and y as characteristic invariants, and we assume these are
the only functionally independent invariants up to first order for the equation (i.e.,
we assume that the equation is not Monge-integrable). The Bécklund transformation
must take these invariants to corresponding characteristic invariants for the wave
equation. By employing a change of variables on the wave equation side, of the form
X — ¢(X),Y — ¢(Y), and interchanging X and Y if necessary, we may assume that
the transformation has

=X, y=Y.

Now suppose that the remaining equations defining the Backlund transformation take
the form

P:f($7yaU7Z=P7Q)7 q:g(x7yuu7Z7P7Q)' (55)

The Monge-Ampere system on R® encoding the PDE (5.4) is generated alge-
braically by the contact form 8 = du — pdx — qdy and the 2-forms

Ql = (dp - F(‘Tv Yy, u,p, q)dy) A dl’, Q? = (dq - F(x7y7 u,p, Q)dx) A dy
The defining property of the Bécklund transformation is that substituting (5.5) into
04, Q2 must make them congruent to linear combinations of dP Adx and dQ Ady (the
2-forms defining the Monge-Ampere system for the wave equation) modulo 6 and the
contact form on the wave equation side,

0 =dZ — Pdx — Qdy.

In fact, €23 must become congruent to a multiple of dP A dz and (3 congruent to a
multiple of d@ A dy. Using (5.5), we compute

Q= ((fy + fug + f2Q — F)dy + fpdP + fodQ) A dx mod 6,9,
and
Q2 = (g2 + guf + 9zP — F)dz + gpdP + godQ) A dy mod 6,.
We immediately conclude that fo = gp = 0, so that the transformation is of the form

p=flz,y,u, Z,P),  q=g(z,y,u,Z,Q), (5.6)
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and f, g must satisfy two additional first-order PDEs,

fy:F(‘rvyauufug)_fug_fZQa (57)
9 = F(z,y,u, f,9) — guf — 9z P. (5.8)

We derive additional first- and second-order PDEs that f and g must satisfy by
differentiating the conditions so far. Taking derivatives with respect to @ in (5.7) and
P in (5.8) gives

fZ:(Fq_fu)gQ7 gZ:(Fp_gu)fpu (59)

where the partials F,, = 0F/0p and F, = 0F/0q are taken and then evaluated with p
and ¢ given by (5.6). As we will see in specific cases below, this will sometimes imply
that f and g must be linear in P and Q.

In what follows, let J; and .J5 denote the second-order characteristic invariants for
the given PDE (whose existence makes the equation Darboux-integrable), expressed
in terms of xz,y,u,p,q and the second-order jet coordinates r and ¢. (We make the
convention that J; is invariant along the characteristic curves where z is constant,
and Js is invariant when y is constant.) Then the Bécklund transformation must take
J1 and Js to second-order characteristic invariants for the wave equation. In order to
compute these additional constraints, we must take total z- and y-derivatives in (5.6)
to deduce how the second-order jet coordinates r and ¢ transform in terms of those
of the wave equation:

r=fo+ fuf + fzP+ fPR, t=gy+9u9+92Q + 9QT. (5.10)

Requiring that, under these substitutions, J; transforms to be a function of only
x, P, R, and Js transforms to be a function of only y,@,T, will lead to additional
second-order PDEs which f and g must satisfy.

We now turn to specific examples.

Equation IX (Liouville’s equation). In this case, F' = e¢*, and the equations
(5.7) through (5.9) become

fy=e"+ fu(Qgq — 9), (5.11)
ge = €" + gu(Pfp — [), (5.12)
fz = —fugq, (5.13)
9z = —gufp. (5.14)

As mentioned in §1, the characteristic invariants are
Ji=r—3p°,  Jh=t—3i¢.
Under (5.6), the first invariant transforms as
1,2 _ 12
r—3p —fz+fuf+fZP+fPR_ §f .

Requiring that this be a function of x, P, R only immediately implies that fp can
depend on = and P only, and that the remaining terms have no dependence on u, Z
or y. This gives us 6 additional second-order PDEs for f:

fPu:ny:fPZZOu auaayuaZ(fm+fuf+fZP_% 2):0- (515)
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Similarly, we also get

9Qu = 9Qy = 9@z =0, Ous 0z,02(gy + gug + 92zQ — 39°) = 0. (5.16)

Note that some of these second-order equations are redundant, in light of the deriva-
tives of (5.13) and (5.14).

Next, we derive additional equations by differentiation. Note that (5.11) shows
that f,, cannot be identically zero; then, taking a @ derivative of (5.13) shows that
goo = 0. Similarly, fpp = 0, so that f and g are linear in P and Q. Thus, we may
set

f(x7y’u7 P7 Z) = fo(x)P+fl(I’y7 u’ Z)’ g(x’y7 u’ Q7 Z) = go(y)Q+gl(I’y7 u’ Z)'

In particular, taking the terms in (5.15), (5.16) that are linear in P and @ respectively
gives

Ou (SO =g fa=11) =0, 0 ((9° = fNgu—9"9") =0. (5.17)

Furthermore, equating the Z-derivative of (5.11) with the y-derivative of (5.13), and
using the u-derivatives of these equations to determine f,, and fz,, gives the com-
patibility condition

(9" = ) fugn = gy fu +€"g"
we similarly derive

(f° = ") figs = fogu +e" fO.

Adding and differentiating with respect to u, and using the values for fl, and g},

given by (5.17), shows that f© = —g° = k for some nonzero constant k, and flgl =
%e“. Integrating the remaining equations shows that the most general form for the

transformation is

q=—kQ+exp <u_ b7 - g(x) — w(y)> —w'(y),

where v(x), w(y) are arbitrary functions.
Using the calculation (5.3), it is easy to verify that none of these transformations
is holonomic.

In the next two examples, we will analyze the system of PDEs that f and g must
satisfy using the techniques of exterior differential systems.

Equation XIII. This PDE,

2u
s=Flu,z,y) = ———,
N
has second-order characteristic invariants
2 2
Ji=r+ P s Jo=t+ q

r+y r+y
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in the z- and y-directions respectively (see [1], Appendix A). Substituting for p and
r from (5.6) and (5.10) yields

h=<h+ﬁj+hP+£L)+hR
r+y

so that fp and the expression in parentheses must be functions of x and P only.
Similarly, we have

29
Jy = " = T,
B (gy+g g+ng+x+y)+gQ

hence gg and the expression in parentheses must be functions of y and @ only.
In this case, (5.7) through (5.9) specialize to

fy=F —(9—Q9q)fu, (5.19)
9o =F = (f = Pfr)gu, (5.20)
fz =—9qfu (5.21)
9z = —fPgu- (5.22)

If f. were identically zero, then fz would also be identically zero, but then f, = F' =
2u/(z + y)? would give a contradiction. So, we may assume that f, and (similarly)
gy are nonzero on an open dense set. It then follows from (5.21) that ggg = 0 and
from (5.22) that fpp =0, i.e., f and g are again linear in P and Q.

Differentiating (5.20),(5.22) with respect to z and Z, and equating mixed partials,
enables us to solve for fp, as

2fp

fre = fulfP —9Q) — —(— 73> 5.23
g (r 2 gu(r +y)? ( )
while from (5.19),(5.21) we similarly obtain
9Qy = gulgq — fpP) — 297622. (5.24)
fulz +y)

To encode the PDEs that f and g must satisfy as an exterior differential sys-
tem, we will use x,y,u, Z, P, @ as independent variables, and use f, f;, fu, fp, 1 and
9,9y, 9u, 9@, t1 as dependent variables. (The role of 71 and t; will be made clear
below.) We will regard these variables as coordinates on R'6. As stated above, we
restrict to the open subset U C RS where fp, fu, 9o and g, are nonzero.

The generator 1-forms are 11 through g, where

U1 = —df + fodr + fudu+ fpdP + f2dZ + f,dy,
o = —dg + gydy + gudu + 9odQ + gzdZ + g dx,
Y3 = —dfp + fpedz,
Ya = —dgq + gqudy,

with fy, fz, 92,92z given by equations (5.21) through (5.20) and fpy,ggy given by
(5.23) and (5.24). The remaining generators 5,1 encode the rest of the condition
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that the second-order characteristic invariants be preserved. Differentiating the first
term in J; gives

d (fx + foP+ fuf + %) =d(f:) + Pd(fz) + (d(fu) - %) f

92 _

+ <fu + —> (fu9 —goful + de) mod 1, dx, dP.
r+y

Let 77 be the 1-form on the right; then for any Bécklund transformation n; must be

a linear combination of dx and dP. In fact, since only the first term in 7; can contain

dP, the coeflicient of dP in 171 must be fp,. Thus, our remaining generators are

Vs =m — fpedP — ridx, e = N2 — goydQ — t1dy,

where, based a similar calculation of dJs, we set

12 = d(gy) + Qd(gz) + (d(gu) - %) g+ (gu + I—iy) (940 — fPgud + Fdz).

We seek to construct integral manifolds of the given differential ideal, i.e., sub-
manifolds of U to which all the forms in the ideal pull back to be zero. An integral
element for an EDS is an infinitesimal version of an integral manifold, i.e., a subspace
in the tangent space to U at some point, to which all the forms in the ideal restrict
to be zero. Because we want integral manifolds which are graphs of functions of
z,y,u, P,Q,Z, we will only consider integral elements which are 6-dimensional, and
to which the differentials dz, dy, du, dP, dQ, dZ restrict to be linearly independent; we
will call these admissible integral elements.

Applying Cartan’s Test to the Pfaffian system generated by 1, ..., 9g shows that
it has last nonzero Cartan character s; = 4, but is not involutive, as the space of ad-
missible integral elements has 2-dimensional fiber at each point. However, the system
becomes involutive after one prolongation, and this establishes the existence of the
required Bécklund transformations. The last nonzero Cartan character of the involu-
tive prolongation is s; = 2. By the Cartan-Kéhler Theorem (see [8], Chapter 7) we
conclude that 6-dimensional integral submanifolds, satisfying the independence con-
dition, exist through every point of U, and that the construction of such submanifolds
depends on a choice of 2 functions of one variable.

The additional 1-forms that generate the prolongation include

_ fu 2
1/)7 - d(fu) + <f3 + 2x—+y) dz + (fugu - m) dya

u 2
Vg = d(gu) + (95 +2 g+y> dy + (fugu — W) dx,

T

which are actually defined on the original manifold R'6. These forms vanish on all
integral elements of the original system, and if they had been included in the ideal, it
would have been involutive with s = 2.

The vanishing of 7, g implies that f, and g, are functions of x and y only.
Moreover, forms 7, 1g define a smaller Pfaffian system, involving only f,, g,, as func-
tions of x and y, which satisfies the Frobenius condition. This means that f,(x,y) and
gu(x,y) can be determined by solving systems of ODE. Once these are determined,
substituting the solutions into (5.23) and (5.24) gives a Frobenius system which may



BACKLUND TRANSFORMATIONS AND DARBOUX INTEGRABILITY 59

be solved for the functions fp(z) and gg(y). Then f and g may be determined by
integrating first-order PDE, with f including an arbitrary function of x and g an
arbitrary function of y.

For example, by observing that f, 4+ g, must satisfy a Riccati equation as a
function of x + y, we are led to a solution

y X
fu:

@t+ye T @ gy

Substituting these into (5.23),(5.24) leads to fp + gg = k(z + y)/(zy) for a constant
k. It is simplest to choose &k = 0 with fp = 1 and ggo = —1. Integrating then gives
the solution

ylu+ 2)
x(z+y)’

x(u—2)

f=re yle+y)

g=-Q+

PROPOSITION 5.1. All Bdcklund transformations between (XIII) and the wave
equation are holonomic.

Proof. As noted in §5.2, the holonomic condition is equivalent to the Pfaffian
system on B® spanned by dz, dy and

dp — fudu = (—gq fu)dZ + fpdP, dq— gudu= (—fpPgu)dZ + godQ, mod dz,dy

being Frobenius. It is straightforward to check that d(fpdP — gg fudZ) and d(god@ —
fpgudZ) are zero modulo dz,dy and the 1-forms of the above EDS. (For example,
d(fp) =0 modulo dz,dy, 11, ...,¢s, and the same is true for d(gg) and d(f,).) O

Equation IV. This PDE has the form

S:FWWﬂ%:iwmmm,
u
where o and ( are arbitrary solutions of the ODE df /dt + t/f = K for some fixed
K #0. (We will take the plus sign in these equations, the computation for the other

sign being completely analogous.) In this case, (5.9) takes the form

(e gg) e
- (@ (K - ﬁ) —gu> fp. (5.26)

(From now on, instead of writing a(f) and S(g), « and § will be understood to be
composed with f(x,y,u, Z, P) and g(z,y,u, Z, Q) respectively.)

Unlike in previous examples, here it is not valid to conclude that f and g are
linear in P and Q. In fact, differentiating (5.25) with respect to @ gives

enabling us to determine ggg. (If the coefficient in front were identically zero, then
B(q) would be identically equal to a constant times ¢, which contradicts K # 0.)
Similarly, differentiating (5.26) yields

0= (uffu— (KB - g)a)gqq +

(0® — (Ka—£)f)

5 f3. (5.28)

0= (uag, — (Ka— f)B)frr +
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The characteristic invariants for (IV) are

Ji =

& I®

S e)

) J2:

QI

| -

Substituting for p and r from (5.6) and (5.10) gives

_fat fuf+ 2P+ PR a

o u

J1

: (5.29)

so that fp/a must be a function of  and P only. Setting the derivatives of this with
respect to u,y, and Z equal to zero yields

O L T L o P A

a) « a) « « !

(5.30)
where f, is given by (5.7) and fz is given by (5.25). Similarly, from the T coefficient
in Jy we get that g/ must be a function of y and @ only, and hence

— _9) 9Q9u _ 9\ 9Q9= _ 9 9Q9z
QQ“‘<K 6) 5 e <K ﬁ) 5 Yz (K ﬁ) 5
(5.31)

We may also differentiate (5.25) and (5.26) to obtain equations for fp, and gqy.

We encode the various first- and second-order partial differential equations for
f and g derived so far into an exterior differential system generated by 1-forms
U1,...,%6, as we did for equation (XIII). Unlike the previous example, we do not
need to prolong, but instead obtain integrability conditions which take the form

agu = Bfu, (5.32)

and

(uffu — (KB = g)a)gq = (vagy — (Ko = f)B)fp. (5.33)

(Note that, by using (5.25), (5.26), this implies that agz = [fz.) With these con-
ditions incorporated into the EDS, it becomes involutive with last nonzero character
S1 = 2.

Solutions of this system may be obtained by observing that the quantities

NIV

« o

y=a—(Af+uPu, 0=p5-(Ag+pQ)u (5.34)

must be functions of x,y,u and Z only, and satisfy the following compatible system
of first-order PDE:

%:—uf—&—l@?—%& %:—(“Qv_fu”l)m %%:%%:(K—w\)x
o=, 9 (K~ un? L L
%:_(uw—ufguxﬂ)% %:(K—ux)%, %:(K_UA)%
g_;\:_(u%\z—?fgu)\—t-l)d’ g—’::(K—uA)%, %:%
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A solution (7,9, A\, ) to this PDE system may be constructed by integrating succes-
sively in the u-direction, the Z-direction, the z-direction and the y-direction. (Note
that the z-dependence of v and the y-dependence of § are given by arbitrary func-
tions.) Once v and ¢ are known, they implicitly determine f and g.

Using (5.3), one can check that the resulting Backlund transformations are holo-
nomic if and only if, in the above system, u?A\? — KuX + 1 = 0. Thus, holonomic
transformations exist, and depend on fewer arbitrary constants but the same number
of arbitrary functions. For example, if K = 2, then a solution to the above system is
given by

1 -1 v'(x)u w' (y)u
A=, W= N d=——"-"——.
u Z —v(z) —w(y) Z —v(z) —w(y) Z —v(z) —w(y)
Then, using (5.34), a holonomic Bécklund transformation is implicitly defined by
v'(z) — P)u w (y) — Q)u
)y @) =P o) — g W0 =)

Z —v(x) —w(y)’ Z —v(x) —w(y)

5.4. Summary. Besides equations (IV) and (XIII) discussed above, we have
also investigated the exterior differential system for Backlund transformations to the
wave equation for equations (V), (VII), (IX), (XI) and (XII). Even if explicit formulas
are not available, in each case we use the Cartan-Kéhler Theorem to determine (in
terms of the last nonzero Cartan character) the size of the solution set, in both the
holonomic and non-holonomic cases. The results are summarized in the table below.

Equation | Monge-Integrable | Holonomic BTs | Non-holonomic BTs
I no yes, §1 = 2 yes, §1 = 2
II no no yes, s; = 2
111 no no yes, s; = 2
v no yes, §1 = 2 yes, §1 = 2
\% no yes, §1 = 2 yes, §1 = 2
VI yes yes, So = 2 yes, s3 = 1

VII no no yes, s; = 2
VIII yes yes, So = 2 yes, s3 =1
X no no yes, §1 = 2
X yes yes, So = 2 yes, s3 = 1
XI no yes, §1 = 2 no
XII no yes, §1 = 2 no
XIIT no yes, §1 = 2 no

Note that the approach described in §5.3 is not feasible for the Monge-integrable
equations (VI, VIII and X), but for completeness we include them in the table, to-
gether with the results from the analysis in §4.2. The Cartan character for the system
for holonomic Backlund transformations for such equations is variable, depending on
whether one considers the cases (1), (2), or (3), as described in §4.2.

It is interesting to note that equations (I), (IV) and (V) have both holonomic and
non-holonomic transformations, in roughly the same degree of generality. In fact, it
is possible that these two kinds of Bécklund transformations linking the same pair
of equations may be closely related. In our previous paper [4], we pointed out that
the transformation (Z.I) is a composition of two simpler transformations, a holonomic
Béacklund transformation to the wave equation, and a contact transformation from
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the wave equation to itself. It is possible that, more generally, the non-holonomic
transformations for these equations are obtainable from holonomic transformations in
this way.

6. Concluding Remarks. In this section, we will indicate some interesting
directions in which the results in this paper might be extended, and some important
questions about Backlund transformations to which the techniques in this paper may
be relevant.

1. The set of equivalence classes (under contact transformations) of second-
order Monge-Ampere equations to which the results of §3 in this paper apply
is relatively small, confined to the equations on the Goursat-Vessiot list. It
would be interesting to see if the arguments in that section could be applied to
hyperbolic systems of class k > 1. In other words, given a hyperbolic system 7
of class k, linked to the standard wave equation by a Backlund transformation,
can one prove that the prolongation of Z is Darboux-integrable? Likewise,
given a hyperbolic EDS 7 of class k, such that its prolongation is Darboux-
integrable, does there exist a Bécklund transformation between Z and the
Monge-Ampere system for the standard wave equation? (The argument given
at the end of Chapter 7 in [8] shows that there is a Bécklund transformation
between the wave equation and the prolongation of Z; however, for practical
purposes it is desirable to have a Backlund transformation between systems of
as low an order as possible, so that one has a smaller system of ODE to solve
in order to construct solutions.) These hyperbolic systems would include,
for example, the Monge-Ampere equations which are Darboux-integrable at
third order, which have not been classified and are thought to comprise a
much larger set.

2. It is a theorem of Sophus Lie that no Monge-Ampere equation of the form
ugy = f(u) is Darboux-integrable (after arbitrary many prolongations) ex-
cept when f(u) = exp(au + b) for constants a and b (see [6], Chapter IX).
Consequently, important equations like sine-Gordon cannot have a Bécklund
transformation to the wave equation. Instead, the Backlund transformation
(1.1) for sine-Gordon produces solutions to the same PDE as we started with.
This is known as an auto-Bdcklund transformation;? such transformations
play an important role in the theory of completely integrable PDE [9].

It is therefore of interest to try to identify those Monge-Ampere equations
which have non-trivial auto-Béacklund transformations. We remark that for
such transformations, the Monge-Ampere systems Z on M and Z on M must
be contact-equivalent, i.e., there must be a diffeomorphism ® : M — M which

pulls back 7 to Z.
B
RN
P -

M M

Necessary conditions for the existence of such a diffeomorphism may be de-
rived from the fact that it is required to preserve the differential invariants of

2This terminology is not universally accepted; Hongyou Wu [12] has proposed that transforma-
tions between different PDEs be known as Miura transformations, and the term Béacklund transfor-
mation be reserved for what we are calling auto-Béacklund transformations.
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the Monge-Ampere systems. (See [2], §2.1, for a derivation of these invariants
using the method of equivalence.)

. Our previous paper [4] began the exploration of parametric Backlund trans-
formations using the method of equivalence. Such transformations contain
an arbitrary parameter in the Bécklund system; for example, an arbitrary
nonzero parameter A may be interpolated in the sine-Gordon auto-Backlund
transformation (1.1) to give

AL
Uy — Uy = §s1n((u+v)/2),

1
Uy + Uy = ~3% sin((u — v)/2).
One observes that this system differs from (1.1) merely by scaling « by A and
y by A~'—a change of variables which is a symmetry of the sine-Gordon equa-
tion but not of the system (1.1). This scaling symmetry can also be applied to
the Bécklund transformation (1.2), to produce a parametric transformation

2z = uy — 22 exp((u + 2)/2), zy:—uy—k%exp((u—z)ﬂ),

where u(z,y) satisfies Liouville’s equation and z(x,y) solves the wave equa-
tion. (In fact, this transformation is derived from the most general form (5.18)
by setting k = 1 and choosing v(z) = 2In A and w(y) = 0.) In [4] it is shown
that these transformations can be generated from a non-parametric Backlund
transformation by starting with a symmetry vector field on M, choosing a lift
into B® which is not a symmetry of the Pfaffian system g, but such that pulling
d back to B x R via the 1-parameter family of diffeomorphisms generated by
the lift gives a family of transformations. The same approach can be taken
with other transformations discussed in §4.1; for example, the transformation
(Z.IT) may be generalized to a parametric transformation

22 — Mty = V22 — Mu2\/A + 22, 22y — Aty = 22 — 2y [+ 22

for A > 0, where u satisfies (II) and z solves the wave equation. (This is
obtained by starting with the symmetry of (II) that simultaneously scales u,
z and y.)

With these examples in evidence, and given the importance of parametric
Béacklund transformations in the study of ‘soliton’ equations, it is desirable
to characterize those transformations that may be made to depend on an
arbitrary parameter by lifting symmetry vector fields.
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