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ON NON-EXISTENCENESS OF EQUIFOCAL SUBMANIFOLDS
WITH NON-FLAT SECTION*

NAOYUKI KOIKET

Abstract. We first prove a certain kind of splitting theorem for an equifocal submanifold
with non-flat section in a simply connected symmetric space of compact type, where an equifocal
submanifold means a submanifold with parallel focal structure. By using the splitting theorem,
we prove that there exists no equifocal submanifold with non-flat section in an irreducible simply
connected symmetric space of compact type whose codimension is greater than the maximum of
the multiplicities of roots of the symmetric space or the maximum added one. In particular, it
follows that there exists no equifocal submanifold with non-flat section in some irreducible simply
connected symmetric spaces of compact type and that there exists no equifocal submanifold with
non-flat section in simply connected compact simple Lie group whose codimension is greater than
two.
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1. Introduction. A properly immersed complete submanifold M in a simply
connected symmetric space G/K is called a submanifold with parallel focal structure
if the following conditions hold:

(PF-i) the restricted normal holonomy group of M is trivial,

(PF-ii) if v is a parallel normal vector field on M such that v,, is a multiplicity
k focal normal of M for some xy € M, then v, is a multiplicity k£ focal normal of M
for all x € M,

(PF-iii) for each = € M, there exists a properly embedded complete connected
submanifold through x meeting all parallel submanifolds of M orthogonally.

This notion was introduced by Ewert ([E2]). In [A], [AG] and [AT], this subman-
ifold is simply called an equifocal submanifold. In this paper, we also shall use this
name and assume that all equifocal submanifolds have trivial normal holonomy group.
The submanifold as in (PF-iii) ia called a section of M through x, which is automat-
ically totally geodesic. Note that Terng-Thorbergsson [TeTh] originally introduced
the notion of an equifocal submanifold under the assumption that the sections is flat.
The condition (PF-ii) is equivalent to the following condition:

(PF-ii’) for each parallel unit normal vector field v of M, the set of all focal radii
along the geodesic ~,, with 4, (0) = v, is independent of the choice of z € M.

Note that, under the condition (PF-i), the condition (PF-iii) is equivalent to the
following condition:

(PF-iii") M has Lie triple systematic normal bundle (in the sense of [Koil]).

In fact, (PF-iii)=(PF-iii’) is trivial and (PF-iii’)=(PF-iii) is shown as follows. If
(PF-iii’) holds, then it is shown by Proposition 2.2 of [HLO] that exp’(T;- M) meets
all parallel submanifolds of M orthogonally for each 2 € M, where exp’ is the nor-
mal exponential map of M. Also, it is clear that exp®(T;- M) is properly embedded.
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Thus (PF-iii) follows. An isometric action of a compact Lie group H on a Riemannian
manifold is said to be polar if there exists a properly embedded complete connected
submanifold ¥ meeting every principal orbits of the H-action orthogonally. The sub-
manifold ¥ is called a section of the action. If 3 is flat, then the action is said to
be hyperpolar. Principal orbits of polar actions are equifocal submanifolds and those
of hyperpolar actions are equifocal ones with flat section. Conversely, homogeneous
equifocal submanifolds (resp. homogeneous equifocal ones with flat section) in the
symmetric spaces are catched as principal orbits of polar (resp. hyperpolar) actions
on the spaces. U. Christ [Ch] showed that complete connected equifocal submanifolds
with flat section of codimension greater than one in irreducible simply connected sym-
metric spaces of compact type are homogeneous. Kollross [Koll] classified hyperpolar
actions on irreducible symmetric spaces of compact type up to orbit equivalence. Ac-
cording to the classification, all hyperpolar actions of cohomogeneity greater than
one on the spaces are Hermann actions. By imitating the proof of Theorem B of
[Koi3], it is shown that the principal orbits of Hermann actions on the spaces are
curvature-adapted except for three exceptional actions ((2), (4) and (7) in P256 of
[Co)).

In 1997, Heintze and Liu [HL] showed that an isoparametric submanifold in a
Hilbert space is decomposed into a non-trivial (extrinsic) product of two such sub-
manifolds if and only if the associated Coxeter group is decomposable. In 1998, by
using this splitting theorem of Heintze-Liu, Ewert [E1] showed that an equifocal sub-
manifold with flat section in a simply connected symmetric space of compact type
is decomposed into a non-trivial (extrinsic) product of two such submanifolds if and
only if the associated Coxeter group is decomposable.

In this paper, we first prove the following splitting theorem for an equifocal sub-
manifold with non-flat section in a simply connected symmetric space of compact

type.

THEOREM A. Let M be an equifocal submanifold with non-flat section in a simply
connected symmetric space G/K of compact type and X be a section of M. Then M
is decomposed into a non-trivial extrinsic product of two equifocal submanifolds if and
only if the restricted holonomy group of (the induced metric on) X is reducible.

Next we prove the following fact in terms of Theorem A.

THEOREM B. Let M be an equifocal submanifold with non-flat section in an ir-
reducible simply connected symmetric space G/K of compact type. Then each section
of M 1is isometric to a sphere or a real projective space.

For equifocal submanifolds with non-flat section, some open problems remain, for
example the following.

OPEN PROBLEM 1. Does there exist an equifocal submanifold with non-flat section
in an irreducible symmetric space of compact type and rank greater than one?

This includes the following open problem.

OPEN PROBLEM 2. Are all polar actions on irreducible symmetric spaces of
compact type and rank greater than one hyperpolar?

L. Biliotti [B] gave the following partial answer for this problem.
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All polar actions on irreducible Hermitian symmetric spaces of compact type and
rank greater than one are hyperpolar.

In 1985, Dadok [D] classified polar actions on spheres up to orbit equivalence. Ac-
cording to the classification, those actions are orbit equivalent to the restrictions to
hyperspheres of the linear isotropy actions of symmetric spaces. In 1999, Podesta and
Thorbergsson [PoTh1] classified (non-hyperpolar) polar actions on simply connected
rank one symmetric spaces of compact type other than spheres up to orbit equivalence.
Kollross [Kol2] has recently showed that there exists no (non-hyperpolar) polar action
on irreducible symmetric spaces of type I and rank greater than one. See [H] about
symmetric spaces of type I. Thus homogeneous equifocal submanifolds in irreducible
symmetric space of type I are classified completely. All isoparametric submanifolds of
codimension greater than one in a sphere are (curvature-adapted) equifocal subman-
ifolds with non-flat section. According to the homogeneity theorem by Thorbergsson
([Th]), they are homogeneous and hence they are catched as principal orbits of the
linear isotropy actions of symmetric spaces of rank greater than two.

By using Theorem B, we can show the following fact for Open Problem 1.

THEOREM C. (i) There exists no equifocal submanifold with non-flat section in an
irreducible simply connected symmetric space G/ K of compact type other than spheres
whose codimension is greater than

po i ) Ma/K (A : reduced)
0 mg ik +1 (A : non — reduced)

as mg g = max{meq |a € A}, where A is the root system of G/K and m,, is the
multiplicity of «.

(ii) There exists no curvature-adapted equifocal submanifold with non-flat section
in an irreducible simply connected symmetric space G/K of compact type other than
spheres whose codimension is greater than

me, k= max{mg |a € A s.t. [{a, B)] < (o, a) for all 3 € A},

where AN and m,, are as above and { , ) is the inner product of the dual space of a
fixzed mazimal abelian subspace of T.x(G/K) (C Lie G).

According to the statement (i) of Theorem C and the following table for mg/x
and my, /K We can give the following partial answer for Open problem 1.

THEOREM D. There exists no equifocal submanifold with non-flat section in ir-
reducible simply connected symmetric spaces of compact type belonging to the classes

(AD), (CD), (ED), (EV), (EVIII), (FI) and (G).
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E7/(SU(8)/{*1})
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(G x G)/A(G)

N[ Co| 00| | Co| || 00O DN
DO | ~J| —| 0ol | CO| x| | 00| | DN | i~ | | i

(G :a simply connected compact simple Lie group)

TABLE.
Also, we have the following fact.

THEOREM E. There exists no equifocal submanifold with non-flat section in a
simply connected compact simple Lie group (equipped with a bi-invariant metric) whose
codimension is greater than two.

REMARK 1.1. The root systems of symmetric spaces belonging to the seven
classes in Theorem D and simply connected compact simple Lie groups are reduced.

According to Theorem E, we have the following facts for Open problem 2.

CoOROLLARY F. All polar actions of cohomogeneity greater than two on simply
connected compact simple Lie groups (equipped with a bi-invariant metric) are hyper-
polar.

2. Proof of Theorem A. In this section, we shall prove Theorem A. Without
loss of generality, we may assume that G is simply connected and K is connected.
Let 7 : G — G/K be the natural projection and ¢ : H°([0,1],g) — G be the
parallel transport map for G, where g is the Lie algebra of G and H([0, 1], g) is the
space of all L?-integrable paths having [0, 1] as the domain. Let M* := 7—1(M) and
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M := (mo¢)~Y(M). Since G is simply connected and K is connected, M* and M
are connected. Denote by A (resp. /Nl) the shape tensor of M (resp. M) and by
VL (resp. V1) the normal connection of M (resp. M) Let 3, be the section of
M through x (€ M). Assume that the restricted holonomy group of 3, is reducible.
Fix 9 € M. We have the non-trivial orthogonal decomposition T,,%,, = W1 & Wy,
which is invariant with respect to the restricted holonomy group of ¥, at z¢. Since
M has trivial normal holonomy group, there exists the V--parallel subbundle DY of
the normal bundle T+ M of M with (DN),, = W; (i = 1,2). For each x € M, it is
easy to show that there exists an isometry f of a neighborhood of z¢ in ¥, onto a
neighborhood of x in ¥, such that f,,, coincides with the parallel translation (with
respect to V1) along any curve in M from zy to x. From this fact, it follows that,
for each € M, the orthogonal decomposition T,,%, = (DY), @ (DY), is invariant
with respect to the restricted holonomy group of ¥, at x. Let 55\’ (i =1,2) be the
subbundles of the normal bundle T-M of M with (mo gf))*u((ﬁf\[)u) = (DY) (rog)(w)
(w € M) and DN* (i = 1,2) be those of T+(M*) with T (DN*)g) = (DN )a(y)
(9 € G). According to Lemma 1A.4 of [PoThl], the focal set of (M,x) consists
of finitely many totally geodesic hypersurfaces in X,. Denote by £, the set of all
focal hypersurfaces of (M,x). Let ¥, : ¥, — X, be the universal covering of ¥,.
According to the de Rham’s decomposition theorem, ix is isometric to the (non-
trivial) Riemannian product L x 32, where 3 (i = 1,2) is the complete totally
geodesic submanifold of 3, through 2 € ¢ () such that (¢y).e(T55L) = (DN),.
By retaking the decomposition T;;JM = Wi @ Wy if necessary, we may assume that
f)}c has no Euclidean part in the de Rham’s decomposition for each x € M. Let
€, = {7 (L)| L € £,}. According to Corollary 3.6 of [Kol2], elements of £, are
either L x ii—type (L1 : a totally geodesic hypersurface of ii) or f)i x La-type
(Lo : a totally geodesic hypersurface of iz), where we need the fact that f)}ﬁ has no
Euclidean part. Denote by E; (resp. Ei) the set of all elements of £, of Ly x ﬁi—
type (resp. of S x Ly-type) and set £8 := {L € £, |7 (L) € £} (i = 1,2). Let
V' := Span( UﬁTj‘J/\Z), V; := Span( Uﬁ(f)z]\’)u) (i = 1,2) and V := (V/)1. Also,
ue

ue

let (ﬁg)u = N Kergv, (ﬁ{)u = N Ker A4, @(ﬁg)u and (ﬁg)u =
veT W vE(BYN)u

( N Ker /L) e (Bg )u, where u € M. Without loss of generality, we may assume
ve(BY)u

that M includes the zero element 0 of H°([0,1], g), where we note that 0 is the constant

path at the zero element 0 of g. Let M’ := M NV’. First we prepare the following
fact.

PROPOSITION 2.1. We have M = M’ x Vo C V' x Vo = H([0,1], g).

Proof. First we shall show Vg € (DT),, for each u € M, where we regard (D). (C
T.HY([0,1],g)) as a subspace of H°([0, 1], g) under the identification of T,, H%([0, 1], g)

with H°([0,1], g). From the definition of Vj, we have V C T, M for each u € M. Let
(DI)E be the orthogonal complement of (DI, in T,M. Clearly we have (DIt =

( &) Ker(gv - Aid)), where Spec A, is the spectrum of A,. Let
’UETi‘ﬁ A€Spec &,\{0}
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X € Ker(A, — \id) (v € T-M, X € Spec A, \ {0}). Let Jx be the strongly Jacobi
field along the normal geodesic v, with 4/ (0) = v satisfying Jx(0) = X (hence
J5%(0) = —A,X). Let a: (—e,e) — M be a curve in M with o/(0) = X and v be the
parallel normal vector field along o with ¥y = v. Define a map § : (—e,¢) x [0,00) —
HO([0,1],g) by 6(t,5) := e, (s), where 7e, is the normal geodesic in H°([0, 1], g) with
Ye, (0) = v¢. Then we have 6 (& ]i=0) = Jx. Since 6(t,0) — &(t, %) € TaL(t)M c V' for

each t € (—¢,¢), we have 6, (2 |i—s—0) — 5*(%“:075:%) € V’'. On the other hand, we
have 5*(%|t:s:0) = X and 5*(%|t20’52%) = 0. Hence we have X € V’. From the
arbitrariness of X, it follows that Ker(A, — Aid) C V. Furthermore, it follows from
the arbitrarinesses of A and v that (DI c V', that is, Vo C (DI)y. Since Vg C

u

(DT), C T,M for any u € M, we have M = U _(u+Vy) =M xVyC V' xVp. O

ue

703
Mﬁ%

X

Vo

S

V/

Fic. 1.

Define distributions D', DT and DI on M by

(Dg)z = (UEPLMKGTAU) M g« (Cg;lTl,M(g*_szlM)) )

01 = (0, Kerds) 16 (e (01)) ) © (D).

0= (( 0y, Keras) 10 (o 01) ) & (D)

for each + = gK € M, where c,(f) is the centralizer of # in *. Take an arbitrary
v € T M. Let a, be a maximal abelian subspace of p := T.x(G/K) containing v

and p=a,+ >, pZ be the root space decomposition with respect to a,. Note that
aEAY

(2.2) T.xM =a,NToxM+ Y (ph N Tex M)

aEAY
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and

(2.3) ThM =a, NThM+ Y (ph 0T M)
aEAU

because M is equifocal and hence it has Lie triple systematic (hence root decompos-
able) normal bundle. Let a, be a maximal abelian subalgebra of g containing a, and
af = a, N f, where f is the Lie algebra of K. For X € pj, (o € AL), we define
X5 as the element of § such that ad(a)(X) = a(a)X; and ad(a)(Xj) = —a(a)X for
all a € a,. For X € py, Y € d, and k € Z, we define loop vectors I , li ; and
Iy € H°([0,1], ) (i =1,2) by

Ix (1) = zXf (t) = X cos(2knt) — X;sin(2knt),
lf(k( )= le (t) = X sin(2knt) + Xj cos(2kmt),
l}/’k( ) =Y cos(2knt), lYJf( ) = Y sin(2knt).

For a general Z € g, we define loop vectors I, € H%([0,1],9) (i = 1,2, k € Z) by

i i i
Izx =z, % + Z (lzm,k + lzw,k) ;
aEAY

where Z = Zo+ > (Zpa+ Z5,a) (Zo € Qu, Zpa €95, Zio € §5 = {X5| X € p4}).
aEAHr

Denote by * the constant path at * € g. Note that % is the horizontal lift of * (€ g =

T.G) to 0. Then, according to Propositions 3.1 and 3.2 of [Koi2] and those proofs,

we have the following relations.

LEMMA 2.2. Let X € TeKMﬁpg. Then we have

Aﬁl}(,k = 25 - lX k)

Avl)z(,k = X k)

~ A — v ].

A X = AUX - (2 )Xf 2(7T) > e
keZ\{0}

SR av) »  alv 1

A@Xf = — (2 )X + 2(7'(') Z 71}2{,1@

keZ\{0}

and
Vi 0 =VE ot =Viet =V it =0,
where k € Z\ {0} and v is the horizontal lift of a parallel normal vector field v with
Vo = v along an arbitrary curve a in M with &(0) = X.
LEMMA 2.3. Let w € T5-M Np?. Then we have

a(v) 4

0 km ok
~ a(v) .
A lzi,k = ]iT)(wf - li k)
of

Z Elgzlw

keZ\{0}
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and

a(v)
2

%ﬁ ol = o(v) W,

W,k N 2k

W, Vi oF =0, V§ ok =
lw,k Wy
where k € Z\ {0} and v is as in Lemma 2.2.

LEMMA 2.4. Let X € a, and Y € a;’. Then we have

Aply = Aply ), = A;Y =0,

and
A X =A,X, V4 =0 (when X € a, N Tox M),
where i = 1,2, k € N and v is as in Lemma 2.2.

From Lemmas 2.2 ~ 2.4, we can show the following relations.

LEMMA 2.5. At 0 € M, (5{)() is equal to

Span{X | X € (D{)ex } @ Span{ij| n € ¢;(T5 M)}
@Span{ly, ;. | Z € ¢g(Tx M), i =1,2, k € Z\ {0}}

and (5?1)0 is equal to

Span{X | X € (D},)ex} @ Span{7j |1 € ¢;((D}})ex) © (T3 M)}
@Span{lZZJC | Z € cg((Dg)eK) o cg(TjKM), i=1,2, ke Z\{0}},

where (j1,j2) = (1,2) or (2,1).
Proof. According to Lemmas 2.2 ~ 2.4, we have

Ker Ay = Span{)/(\' | X e Ker A, Ner, o (v)}

@Span{)?f |, X € crpenr(v) ©a,} ® Span{€ | € € af }
@Span{ly ;| X € ¢cr m(v) ©ay, i =1,2, k€ Z\ {0}}
©Span{wy |w € cp1_p(v) © ay}
®Span{ly, , |w € CfFLKM(U) Oay, keZ\{0}}
@Span{l ; |€ € d,,1=1,2, k € N}
©Span{l, ;. |w € ep1 p(v) © ay, k € Z\ {0}}

= Span{)? | X e Ker A, Ner, v (v)} @ Span{7 | € ¢(v)}
@®Span{ly ;| Z € ¢g(v), i = 1,2, k € Z )\ {0}}.

Hence we have the desired relations. O

From Lemmas 2.2 ~ 2.4, we have the following lemma.
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LEMMA 2.6. Assume that v € DY. Let v* be as in Lemma 2.2. Then the
statements (i) and (ii) hold.

(i) For each X € TM, we have 6}{1% € INDZN

(ii) For each Y € ﬁ]T @ DT (j # i), we have Vyor = 0.

Proof. Without loss of generality, we may assume that the base point of X is 0.
First we shall show the statement (i). According to (2.2), (2.3) and Lemmas 2.2 ~ 2.4,
we have only to show V%o € DN in case of X = g O Wy (w € ThMNp?). If
w € DN, then it follows from Lemma 2.3 that Vo~ € Span{@} ¢ DN. If w € DY
(j # 1), then we have a(v) = 0 because the sectional curvature of Span{v, w} is equal
to 0. Hence it follows from Lemma 2.3 that V%o% = 0. Thus the statement (i) is
shown. Next we shall show the statement (ii). From (i), we have V&oX = 0. Also,
from the definitions of 5JT and DT, we have A;Y = 0. Hence, we obtain Vy 0% = 0.
O

By using (ii) of Lemma 2.6, we prove the following lemma.

LEMMA 2.7. For each u € l\A/[/, the tangent space Tu]T/f 1s orthogonally decomposed
as TuM = (D?)u D (Dg)u ® (Dg)u

Proof. Take unit vectors v; belonging to (Efv)u (i = 1,2). According to (i) of
Lemma 2.6, we have R-(X,Y)v; € (DY), for any X,Y € T, M, where R* is the
curvature tensor of the normal connection of M. Hence, it follows from the Ricci
equation that [A,,, A,,] = 0. Therefore, we have

21 T.M= @ o (Ker(A,, — Aid) N Ker(A,, — md)) ,
AeSpec &, peSpec &,

where Spec A, (i = 1,2) is the spectrum of A,,. Set EZ ={(mod)|,. 4 (L) Le
Lt (i=1,2). TEe family £1 U £2 gives ~the family of all focal hypersu~rfaces of M
at u. Let A € Spec A, \ {0} and p € Spec 4,, \ {0}. We shall show Ker(A,, — Aid)N

Ker(A,, — pid) = {0}. Suppose that Ker(A,, — Aid) N Ker(A,, — pid) # {0}. Take
X(#0) € Ker(A,, —Xid) NKer(A,, — pid). The point v+ fv; and u+ ivg are focal
points along the normal geodesics 7,, and 7,,, respectively. Hence there exist L; € E}L
Withu—|—§vl € Ly and Lo E,Si Withu—l—%vg € Ly. Let wy := cos 9.v1+%sin9.v2
(0 <0< 7). Since Ay, X = A(sin 6 + cos )X, the point u + m
focal point along v, for each § € [0,%]. Define a curve ¢ : [0,5] — H°([0,1],g9)
by ¢(0) = u+ mwg (¢ € I), which is smooth and regular. For each
0 € [0, 3], we have ¢(f) € U (LNSpan{vy,va}). For simplicity, we set F :=
Le8lug?

U (LNSpan{vy,va}). Since F is a family of affine lines in Span{v;,vs} which
Le8lue?
are parallel to Span{vi} or Span{vs} and c is a regular curve in F, ¢ lies in the
only affine line belonging to F. It is clear that the affine lines L; N Span{vy,va}

and Lo N Span{vy,v2} are mutually distinct. These facts contradict ¢(0) € Ly and

c(3) € Ly (see Fig. 2). Therefore we have Ker(A,, —Aid)NKer(A,,—pid) = {0}. This

we is a



430 N. KOIKE

fact together with (2.1) deduces ® Ker(A,, — Aid) C Ker A,,. From the
AeSpec &,, \{0}

arbitrariness of vy, we have ® Ker(A,, — Aid) ¢ (D), ® (DT),. That
AeSpec &,, \{0}

is, the orthogonal complement ((DT), @ (DT),)* of (DT), ® (DT), is contained
in Ker A,,. From the arbitrariness of vy, we have ((DI), & (DT),)* c (DT), &
(Eg)u, which implies ((50) @ (l~)T) o (l~)T) . On the other hand, we have
((DF)u ® (DT)u) N (DT)u = {0}. Hence we have T,M = (Df)u ® (DT )u @ (DI ),
and (DT, @ (DT),)* = (DT),. After all we have T,M = (D), & (DT), & (DT,
(orthogonal direct sum). O

Lo N Span{vy, v}

L; N Span{vy, v}
/

Span{vy, v}
Fic. 2.

Next we prepare the following lemma.

LEMMA 2.8. (i) The distributions DT @ DT (i = 1,2) are totally geodesic.
(ii) The distributions ﬁlT (i = 1,2) are totally geodesic.

Proof. For simplicity, set 15% = EZT @ 13(7; (i = 1,2). Denote by h (resp.
hio) the second fundamental form of M (resp. ElTO), by A0 the shape tensor of
DT, by V (resp. Vﬁ) the Levi-Civita connection of H([0,1],g) (resp. M) and by
V-2 the normal connection of DI. Also, denote by V the connection of the bundle
T*M @T*M ® T+ M induced from V¥ and V*. Let XY € (D)., and Z € (DY),,.
Let X (resp. Y) be a section of DY, with X,, = X _(resp. Y, = Y) and Z be a section of
DT with Z, = Z. For any vy € (D1 )u, we have (h(Y, Z), vy) = (Ay, Z,Y) = 0 because
of (DT, KeerU1 Also, for any vy € (DY )u, we have (WY, Z),v3) = (A, Y, Z) =0
because of (Dlo) C Ker A,,. Hence we have h(Y,Z) = 0. From the arbitrarinesses
of Y, Z and u, we have h(DlO,DT) = 0. Also, we can show h(DlO,DlTO) C D1 and
(DT, DY) c DY. Let X,Y,Z,Y and Z be as above. It follows from h(D%,, DI) =0
that

(Vxh)(2,Y) =V (h(Z < V) - h(v¥2ZY) -z vEY)
(2.2) = h(A¥X,Y) = h(Z, h1o(X,Y))
= —h(Z, hlo(X, Y))  (mod (DY),).
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Also, it follows from E(ﬁ%, ﬁ%) - ﬁ{v and Lemma 2.6 that

(2.3) (Vzh)(X,Y) = VL(W(X,Y)) = (V4 X,Y) — h(X,V3*Y)

' =0 (mod (D¥),).
By (2.2), (2.3) and the Codazzi equation, we have h(Z h1o(X,Y)) € (DN),. On the
other hand, it follows from h(D¥, DY) c DY that h(Z, h1o(X,Y)) € (DY),. Hence
we have h(Z, h10(X,Y)) = 0. According to the proof of Lemma 2.7, we have

(DY)u= @ & Ker(A,, — pid).
v2€(BY)u peSpeck,, \{0}

If Z € Ker(A,, — pid) (1 € SpecA,, \ {0}), then we have
(W(Z, hio(X,Y)),v2) = (Ay, Z, h1o(X, Y)) = pu(hio(X,Y), Z) = 0,

that is, (h1o(X,Y),Z) = 0. From the arbitrariness of Z € (DT),, it follows that
hlo(X Y') = 0. From the arbitrarinesses of X and Y, it follows that hig = 0, that is,
D10 is totally geodesic. Similarly, we can show that D20 is totally geodesic. By the
similar discussion, we can show the statement (ii). O

By using Lemmas 2.6~2.8, we show the following fact.
LEMMA 2.9. We have V' = Vi @ V5 (orthogonal direct sum).

Proof. Clearly we have Vi =V + V. ‘We have only to show Vi L V5. Take
arbitrary uy,uy € M and arbitrary v; € (DY), ((i,5) = (1,2),(2,1)). Define a
T T T
subset U(uy1) of H°([0,1],9) by U(u;) :== U Lfm, where Lfl“’ (resp. sz“) is the
UELy

leaf of DT, (resp. DZ) through uy (resp. u). Since M is complete, DT, is totally

geodesic by Lemma 2.8 and D is the orthogonal complementary dlstrlbutlon of D1o

by Lemma 2.7, DI is an Ehresmann connection for the foliation consisting of integral

manifolds of D}, (see [BH]). Note that the discussions in [BH] are valid in the infinite

dimensional case. From the infinite dimensional version of the discussion in [BH], it

—_— T T T T

follows that U(uy) = M. Therefore we have Lfll" N L%O # (). Take uz € Lfllo N L%"

T

and curves «; : [0,1] — ijo (i = 1,2) with ;(0) = u; and a;(1) = uz. According

to (ii) of Lemma 2.6, we have POZ (vj) € (DY )uy (i = 1,2), where PZ, is the parallel

translation along «; with respect to V. Hence we obtain (v1,vs) = 0. Therefore, it
follows from the arbitrarinesses of v1 and vy that Vi L V5. O

Fix 9 € M. According to Lemma 2.15 and Proposition 2.16 of [E2], the focal
set of (M, xp) consists of finitely many totally geodesic hypersurfaces in the section
s, through zy. Let £, be the family of all the focal hypersurfaces. The focal
hypersurfaces divide 3, into some open cells. Denote by A the component containing
0e T‘é) M of the inverse image by eXpIL0 of the open cell containing zy. Define a map
f:Mx A — G/K by f(x,v) = expr(v:) ((x,v) € M x /), where v is the parallel
normal vector field of M with v,, = v. Let U := f(M x A), which is an open dense
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subset of G/K consisting of non-focal points of M. For each v € A, denote by M,
the parallel submanifold ne(M) of M, where 7 is the end-point map for v, that is,
ne(z) = f(z,v) (v € M). Let EN (i = 1,2) be the distribution on U such that
EN|y = DY, EN|s, is a parallel distribution on 3, for each x € M and that EX |y,
is a normal parallel subbundle of T+ M,, for each v € A. Denote by (DI)? (i =0,1,2)
the distributions on M, corresponding to the distributions D (i = 0,1,2) on M. It
is shown that (DI)" = (ne)«(D}). For each i € {0,1,2}, the distributions (D})"’s
(v € A) give a distribution on U. Denote by EI (i = 0,1,2) this distribution on U.
Set E; ;= ET @ EN and Eyy := ET @ EN @ ET (i = 1,2). Let U := (w0 ¢)"*(U),
which is an open dense subset of H°([0,1],g). For each v € A, denote by M, the
submanifold nec (]T/f ), where 7g. is the end-point map for the horizontal lift 7% of ©.
Note that ner (M ) is not a parallel submanifold of M because % is not parallel with
respect to the normal connection of M. Let EN (z = 1,2) be the horizontal lift of EY
to U. Denote by (DT) the distributions on M, corresponding to the distributions
DT (1=10,1,2) on M. For each i € {0,1,2}, the distributions (DT)”’ (v e A) give
a distribution on U. Denote by ET (¢ = 0,1,2) this distribution. Set E = ET &) EN
and By = ElT &) ElN &) Eg (1 = 1,2). By using Lemmas 2.5 and 2.8, we show the
following lemma.

LEMMA 2.10. (i) The distributions Ei (i = 1,2) are totally geodesic.
(ii) The distributions E; (i = 1,2) are totally geodesic.

Proof. For each X € T(TM), we define X € T'(TU) by Xf(z0) = (Ne)sa(Xz)
((z,v) € M x A), where ne is as above. Also, for each w € A, we define w € T'(TU)
by Wiy = P,i (Wz) ((z,v) € M x A), where @ is the parallel normal vector
field of M with w,, = w and Pit is the parallel translation along the geodesic
Ye, : [0,1] — ¥ with vg (0) = v, with respect to the Levi-Civita connection of
Y- Note that PEI coincides with the parallel translation along e, with respect to
the Levi-Civita connectlon of G/K because X, is totally geode51c Without loss of
generality, we may assume o = eK. We suffice to show that EzO (i=1,2) and E
(i = 1,2) have 0 as a geodesic point. Easily we can show that if X € I‘(Df) (resp.
wE Aﬂ(DéV)eK), then X € ['(EL) (resp. w € F(EJN))7 wherei =0,1,2 and j = 1, 2.

We shall show that EIO has 0 as a geodesic point. From Lemma 2.5, we have

(E10)o = Span{X | X € (Dfy)exc} @ Span{7j|n € ¢;((D3)ex)}
(2.4) @Span{ly ;. | Z € ¢g((D3 )ex), i =1,2, k € Z\ {0}}
@Span{w |w € (DN)ex}.

Denote by ~f~l1o the second fundamental form of Em- First _we show
hio((DY)s, (D)) = 0. Let wy,ws € (DY)ck. Denote by V, V* and V the Levi-
Civita connection of G/K,G and H([0,1],g). Denote by (-)% (resp. (-)*) the hori-
zontal lift of (-) to H°([0,1],g) (resp. G). According to Lemmas 2.2 and 2.3 in [Koi2],
we have

- 1
Vi, Wy = (Vi W55 — tlw, wa] + =

2[w1,wg]§ = (Va, W2)§ — t[ws, wo),

where t[w1,ws] is the H-path in g assigning t[wy, ws] to each t € [0, 1]. Since EN
totally geodesic, we have V., Wy € (D).x and hence (lewg) (Elo) by (2.4).
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Also, we have [w1, wg} € cf((Dév)eK) and hence t[wy, we] € (Elo) by (2.4). Therefore,
we have V,blwz (Elo)o, that is, hyo(@y, @) = 0. Thus we have

(2.5) h1o((DY)g, (DYY)g) = 0.

Set ET, := ET & ET. Next we show that ﬁlo((ElT())o, (E%)()) =0. Let X, Y e I'(ET).
For each w € (DY).x, we have

(h(X5,Yp), @) = (ApXg,YVg) =0

from the definition of EZ,. Hence we have E(f(ﬁ, }76) € (B{V) (Elo) Also, since
51T0 is totally geodesic by Lemma 2.8, we have Vg? € (5?0) (Elo) Therefore,
0

we have Ew(fo, }76) = 0. Thus we have
(2.6) hao((Efp)g, (Ey)g) = 0.

Next we show Elo((E%)(), (5{\7)0) 0. Let w € (D¥)cx. According to (2.4),
we suffices to show that hio(X, @) (X € (D%)ex), h1o(7, @) (1 € (D )erc)) and
th(le; W) (Z € ¢g((DY)ek), i = 1,2, k € Z\ {0}) vanish. According to Lemmas
2.2 and 2.3 in [Koi2], we have 6X,E (wa) — X, w], waL = —t[n,w] and
Vlz EL fo 1 (t)dt, w]. Also, we can show Vxw = —A, X € (D]y)er, [X,w] €
Cf((Dév)eK) [, w) € ¢g((DF)erc) N ((DTo)ere @ (DY)erc) and [[ 1 1 (£)dt, w] €
cg((DY)erc)N ((D{O)CK ® (DN)GK) for each fixed ¢ € [0,1]. Hence it follows from (2.4)
that §J@w wa and Vl@ w belong to (Elo)b. That is, we have hyo(X, @) =

ElO(ﬁv W) = h10(lZ W) =0. Thus we have
(2.7) h1o((Efy)g. (DY)g) = 0.

Similarly, we can show hlo((DN)O, (E%) ) = 0, which together with (2.5) ~ (2.7) and
(E10)0 = (Elo) (DN) implies that (h10)0 =0, that is, 0 is a geodesic point of Eq.

This completes the proof of the totally geodesicness of ElO Similarly, we can show
that Fy and E; (i = 1,2) are totally geodesic. O

Let M;(u) := M N (u+V;) and (F})y := Ty M;(u) (u € M, i =1,2).

LEMMA 2.11. The correspondence F; : u +— (F;), (u € M) gives a totally
geodesic distribution on M having M;(u)’s (v € M) as integral manifolds, where
i=1,2.

Proof. Fix uy € M. From (ii) of Lemma 2.6, it follows that V; =

~ T ~
Span| U_ (DM)., |, where Lfg is the leaf of DI through ug. On the other hand, it
uELUﬁ,(}
=N Br . . Br =N
follows from Lemma 2.10 that (D;"),’s (u € Ly ) are contained in T, Lug @ (D} )ug-
T ~ — T
Hence we have V; C TuOLi" @ (D)., and hence M;(uy) C Lfo'i . It is clear that

0
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— T T
M;(ug) is totally geodesic in Lfg’ . Also, according to Lemma 2.8, Li’i is totally
geodesic in M. Hence M;(ug) is totally geodesic in M. This completes the proof. O

By using this lemma, we can show the following fact.

LEMMA 2.12. The submanifold M(u) s (u € M) are integral manifolds of BZT
(i=1,2).

Proof. Let M'(u) := M N (u+ V') (u € M). Since V' = Vi & V; (orthogonal
direct sum) by Lemma 2.9, we have T, M’ (u) = (F}), @ (F). (orthogonal direct sum)
for each u € M. Also, it follows from Lemma 2.7 that TUM/(U) = (ﬁlT)u &) (132T)u
(orthogonal direct sum) for each u € M. On the other hand, it follows from the proof
of Lemma 2.11 that (F;), C (5?)u (u € M,i= 1,2). These facts imply F; = ﬁZT
(i =1,2). Hence the statement of this lemma follows. O

ut+ Vo V; (5 €{1,2}\{i})

Fic. 3.

By using Lemma 2.11, we can show the following fact.

LEMMA 2.13. For any two points uy and us of ]T/f’, Ml(ul) intersects with
MQ(’LLQ).

Proof. Denote by §; the foliation on M’ consisting of the integral manifolds
of Fi|g. Since §; is totally geodesic by Lemma 2.11 and the induced metric on
each leaf of §; is complete, Fy| # is an Ehresmann connection for §; in the sense of
Blumenthal-Hebda and hence the statement of this lemma follows (see [BH]). O

By using this lemma and imitating the proof of Corollary 3.11 of [HL], we can
show the following fact.

LEMMA 2.14. For any ug € ]\Z(: ]\Z(())), the translation map fu, : V' — V’
defined by fu,(u) :==u+uo (u € V') maps M;(= M;(0)) isometrically onto M;(uy),
where (i,7) = (1,2) or (2,1).
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By using this lemma and imitating the proof of Corollary 3.12 of [HL], we can
show the following fact.

PROPOSITION 2.15. We have M’ = ]T/ﬂ X 1\72 CVix Vo=V

Define ideals g’ and g; (i = 1,2) by

g :=Span U {go-v(a") g5, [v € T M, go € G},
g=Span U {g0.0(a) 00 |0 € (D)oo )i 0 € G,

Also, set go := g © ¢, which is also an ideal of g. Let G’ and G; (i = 0,1,2) be the
connected Lie subgroups of G whose Lie algebras are g’ and g; (: = 0,1,2), respec-
tively. Since G/K is simply connected, we may assume that G is simply connected.
So we have G = G’ x Gy and G’ = G1 X G5. By imitating the proof of Lemma 5.1 of
[Koi4], we can show the following fact.

LEMMA 2.16. We have V' C H°([0,1],¢') and V; C H°([0,1],9;) (i = 1,2).

Also, by using Lemma 2.9 and imitating the proof of Lemma 3.7 of [E1], we can
show the following fact.

LEMMA 2.17. We have g1 L g2 and hence H°([0,1],¢') = H°([0,1],91)
®H([0,1],g2) (orthogonal direct sum).

Let Vj := H°([0,1],¢') © V' and V; o := H°([0,1],g;) ©V; (i = 1,2). Clearly we
have V§ = V0@ Vao. Set M}, := M N H°([0,1], ') and M; go := M N H°([0,1], ;)
(1 =1,2). Tt follows from Proposition 2.1 that ]\A/[/}JO = M’ x Vy and ]\A/[/ino = M; x Vio
(i = 1,2). Furthermore, it follows from Proposition 2.15 that M= /]\/v[l,Ho X MZHO X
H°([0,1],90). Tt is clear that the parallel transport map ¢ for G is decomposed as
¢ = ¢1 X ¢2 X ¢o, where ¢; (i = 0,1,2) is the parallel transport map for G;. Set
Mo = ¢i(1\Z,H0) (¢ = 1,2). Clearly we have M* = M ;0 X M; ;0 X Gy C
Gi x Go x Go = G. Let (g,0) be the orthogonal symmetric Lie algebra of G/K. By
imitating the discussion in Section 4 of [E1], we can show the following fact.

LEMMA 2.18. We have 0(g;) = g; (i =0,1,2).

Let f; := Fix(f|g,) and K; := expg, (f;), where ¢ = 0,1,2. Since G/K is simply
connected, we have G/K = G1/K; x G3/K3 x Go/Ky. Denote by m; the natural
projection of G; onto G;/K; (i =0,1,2). Let M; go := m;(M o) (i = 1,2). Now we
prove Theorem A.

Proof of Theorem A. Assume that the holonomy group of the section ¥ is re-
ducible. Then, under the above notations, we have M = M; o X My go x Go/Kq C
G1/K1 x Go/Ka x Go/Ko = G/K. Let t := T5 M and t; (i = 1,2) be the normal
space of M; go in G;/K;. Since M is equifocal, t is a Lie triple system. Hence it
follows that t; (i = 1,2) are Lie triple systems. This fact implies that M; go (i =1,2)
have Lie triple systematic normal bundle. On the other hand, it is clear that M; o
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(¢ = 1,2) satisfy the conditions (PF-i) and (PF-ii). Thus M; go (i = 1,2) is equifocal.
The converse is trivial. O

3. Proof of Theorems B and C. In this section, we shall prove Theorems B
and C in terms of Theorem A. For its purpose, we first show the following fact.

Proof of Theorem B. Let ¥ be the section of M through xy = goK (€ M) and
T $ — ¥ be the universal covering of ¥.. Since G/K is irreducible, it follows from
Theorem A that the holonomy group of ¥ is irreducible, that is,Ai is irreducible.
Since X is totally geodesic in G/ K, it is a symmetric space. Hence X is an irreducible
simply connected symmetric space. On the other hand, according to Lemma 1A.4 of
[PoThl], ¥ and hence ¥ admit a totally geodesic hypersurface. Hence, it follows from
the result in [CN] that ¥ is isometric to a sphere, that is, ¥ is isometric to a sphere
or a real projective space (of constant curvature). O

We prepare the following lemma to prove Theorem C.

LEMMA 3.1. Let 3 be a totally geodesic submanifold of positive constant curvature
in a symmetric space G/K of compact type. Take a unit tangent vector v of ¥ at gK

and let ToxkG/K = a, + Y, p% be the root space decomposition with respect to
aEAY

a mazimal abelian subspace a, (equipped with a lexicographical ordering) containing
g 'v. Then we can express as Ty X = Span{g.wa } +Tyx XN g.pY, for some a € AY,
where w,, s the vector of a, defined by a(-) = (wq, ).

Proof. Let t := g;'Tyx¥. Since the tangent bundle of ¥ is Lie triple sys-
tematic and hence root decomposable in the sense of [Koil], we can express as
t = Span{g;'v} + Y (tNpYy) for some (AY) C AY, where tNp, # {0}

ag(AY)
(o € (AY)'). Denote by « the positive constant curvature of . We have a(g; 'v)? = &
for any a € (AY). Fix a € (AY)". Since t is a Lie triple system, we have
[[g7 v, t N pll,tNpY] C t. On the other hand, we have [[g7'v,t N pY],t N pY] C
[[av, p2], p%] C pb, + Span{w,}. Since (2a(gy'v))? # k, we have 2a ¢ (AY)’. Hence
we have [[g; v, tNp2],tNp2] C tN Span{w, }, which implies together with g w, €
[[gx tv, tNp2], tNpY] and tNa, = Span{g, v} that g, v = £ eyy- Since this relation
holds for every o € (AY)’, we see that (A )’ is a one-point set. Let (AY)" = {ao}.
I']Fhen we have t = Span{wq, } +tNpy, , that is, Tyx X = Span{g.wa, } +Tgx XN gepy, -

Now we shall prove Theorem C in terms of Theorem B and this lemma.

Proof of Theorem C. Let M be an equifocal submanifold with non-flat section in
an irreducible simply connected symmetric space G/K of compact type other than
spheres. Let ¥ be the section of M through = gK (¢ M). According to Theorem B,
the section X is isometric to a sphere or a real projective space. Take an arbitrary unit
normal vector v of M at z, let a be a maximal abelian subspace of p := T,xG/K (C

g := Lie G) containing g; 'v and let p = a,+ Y. pY be the root space decomposition
aEAY

with respect to a, (equipped with a lexicographical ordering). Since ¥ is totally
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geodesic and of positive constant curvature, it follows from Lemma 3.1 that v =

iﬁ*w”(l’l and T,% = Span{g.waq, } + 1% N g.pg,, for some ap € AY. Therefore we
@0

have codim M < mg,k + 1. Assume that the root system of G//K is reduced. Let
L be the focal submanifold of M through some focal point p(= GK) of (M, x). Take
arbitrary X and Y € TJ-L Since the slice action of L at p (which is the action on

TLL) is variationally complete there exists a sequence {21,~ ik} of the sections
of the action such that X € 31, Y € ¥y and dim(E; N Siq) > 1 (i =1,--- ,k — 1)
(see [BS]). Let %; := expp(Ei) (¢=1,---,k), which are sections of M. Take vl(;é 0) €

Tp(3XiNYi11). According to Lemma 3.1, we have T),%; C Span{v;}+g.py, TpXit1 C
Span{vl} + g«p, and Span{g.wa,} = Span{g.wg, } = Span{v;} (gK = p), where o;
and [; are roots of the positive root system A With respect to a maximal abelian
subspace a,, containing g; 'v;, wa,, ws,, Po and Py 5, are as in Lemma 3.1. Since A" is
reduced by the assumption, it follows from Span{ G+Wq, } = Span{g.wg, } that a; = 5.
Set t; := Span{wq, } + py., which is a Lie triple system. Set T := expp(g* ;). Since
T2 UTpYi11 C goty by oy = B4, we have ¥; UX;4q C T; and hence T = =Ty 1,
that is,t; = --- = t;_1. Hence we have X, Y € g.t;. It follows from the arbitrarinesses
of X and Y that TplL C g«t;. Therefore we have dim¥ < dimTplL < dimt <
mg/k + 1, that is, codim M < mg, k. This completes the proof of the statement (i).
Next we shall show the statement (ii). Assume that M is curvature-adapted. Let
{\i|i € I} be the spectrum of A,. Since M is curvature-adapted, we have

i€la,n PBEAY
aeAy U{0}

where AL = {3 € AL U{0}|B(g:'v) = algi'v)} , Taw = lell( g, 9pp)

NKer(A4, — A; - id) # {0}.Note that p§ = a,. Then the set of all focal radii along
vy is given by

a(g;'v)

t
(arctan iy

U _— +jm)|i € lyw, J EZL
1) (st e sen)

@] U {—l|iel,,
(aEAg{Ai |Z < ’ })

(see Theorem 3.3 of [Koi2]), where arctan (g)\vlv) implies § when A; = 0. On
the other hand, ¥ is isometric to a sphere or a real prOJectlve space of con-
stant curvature ag(g;'v)? and the focal set of (M,x) consists of finitely many
totally geodesic hypersurfaces in ¥ by Lemma 1A.4 of [PoThl]. By using these

facts, we shall show that a(g;'v) € {%’:lv)ﬂc € Z\ {0}} for each a €
A4\ (A U {ao}). Suppose that B(g;'v) ¢ {%ﬁlv) |k € Z\ {0}} for some

—1
B €AY\ (AU {ag}). Fixig € I,. Set p; == exp™ (ﬂ(ll) arctan@ ~v>

g« U %,
and py := exp® <ﬂ(gi_1v)(arctanﬂ(it:1}) +7r)v). From ((g;tv) & {O‘“ \k €

Z \ {0}}, these focal points p; and py belong to mutually distinct focal totally geo-
desic hypersurfaces S; and Ss, respectively. Take a unit normal vector w of M at
x which is orthogonal to v. Let vy := (cos 8)v + (sin §)w and {\? |i € I?} be the
spectrum of A,,. Also, let ¢; (i = 1,2) be the (C*-)curve in S; such that ¢;(0) = p;
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and that, for each 6, ¢;(#) is an intersection point of S; with the geodesic v, satisfying
Ay (0) = vg. For each 6, we can express as

—1
c1(0) = expL(m arctan w -vg) (€ 51)
and
-1
co(0) = epr‘(m(arctan W + m)vg) (€ S2)

in terms of some positive root By with respect to a maximal abelian subspace ay
containing g 'vg and some iy € Ige, where Igg is defined in similar to Ig.

The length Iy of the arc ¢; @E(Q) is equal to . We may assume that /y is not

Bo(gx 'vo)

constant by retaking w if necessary. Since ly variates continuously with respect to 6,
-1

we have % € R\Q for some . Then it is shown that the set of all focal points
0\gx

along vy, is dense in the closed geodesic 7., ([0

JT
> ap(gs ')
a real projective space and j = 2 when X is a sphere. This contradicts the fact that the

focal set of (M, x) consists of finitely many totally geodesic hypersurfaces. Therefore,

we have a(g;1v) € {%1”) |k € Z\{0}} for each v € AY \ (A§ U {ap}). Thus we
have a(g; 'v)? < ao(g, 'v)?, that is, [(o, @)| < (a0, ap) for any a € AY.. Hence we
have 2a9 ¢ AY. By using this fact and imitating the above argument, we can show
T L C Span{g.wa, } + g«p3: (gK = p), where v, wo, and p¥. are as above. Since
both exp, (Span{g.wa, } + g«p%:) and exp, (Span{g.wa,} + g«pY,) include ¥ and
dim ¥ > 2, they have the same constant curvature. Hence it follows from Lemma 3.2
that they coincide with each other. Hence we have dim¥ < dim T;-L <dimpg, +1,

that is, codim M < dimpy, < m’G/K. Thus we obtain the statement (ii). O

]) in 3, where j = 1 when X is

Appendix. Polar actions on rank one symmetric spaces other than spheres and
real projective spaces are classified by F. Podesta and G. Thorbergsson ([PoThl]).
For example, polar actions on the m-dimensional complex projective space CP™ are
classified as follows.
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THEOREM 4.1 ([PoTH1]). Any (non-hyperpolar) polar action on CP™ (m > 2)
is orbit equivalent to the action on CP™ induced by the Hopf fibration 7 : S+l —
CP™ from the linear isotropy action (which arises the action on a (2m + 1)-
dimensional sphere) of a 2(m + 1)-dimensional Hermitian symmetric space of rank
greater than two.

REMARK 4.1. In this theorem, if the Hermitian symmetric space is of rank r, then
the corresponding polar action on the complex projective space is of cohomogeneity
r—1.

According to (ii) of Theorem C, the principal orbits of the above polar actions
on CP™ should not be curvature-adapted because mgpm = 1. We shall check this
fact. Let G/K be a 2(m + 1)-dimensional Hermitian symmetric space of rank r (> 3)

and p := T.xG/K. Let p = a+ XA: P be the root space decomposition with
acy

respect to a maximal abelian subspace a (equipped with a lexicographical order-
ing) of p (C g). Let M be the principal orbit of the linear isotropy action of G/K
through a W-regular point a € a, where W is the Weyl group of G/K. The princi-
pal orbit M is contained in the hypersphere S?"*1(||al|) of radius ||a|| centered at
the origin of p. Let m : S?™*1(||a||) — CP™ be the Hopf fibration, where CP™
is of holomorphic sectional curvature ﬁ. Set M := w(M), which is a principal
orbit of the induced K-action on CP™. We have 7= '(M) = M. Denote by A
(resp. A) the shape tensor of M (C S?™*1(||a||)) (resp. M (C CP™)). Denote by
J (resp. J) the complex structure of G/K (resp. CP™). Let fo be the central-
izer of a in §(= LieK) and f, = {X € flad(H)?X = —a(H)?X for all H € a}
(@ € Ay). Let A = {ay, -+, 0.} (C Ay) be the set of the strongly orthogo-
nal roots. There uniquely exists a central element Z of § with ad(Z) = Jex. It is
shown that Z € fo + fa, + - + fa, and that the f,,-component of Z (i = 1,---,7)

.
does not vanish (see Proposition 3.10 of [KW] and the proof). Let Z = > Z;
i=0

(Zo € fo, Z;i € fa,). Take a unit normal vector v of M (C S?™*1(|[a]|)) at a. We
have A,|p, = —%idpa (o € AL) (see Proposition 5 of [TaTa]), where we note

T,M = 3 pa. Since AyJv = — 3 207 4] and (A, Jv)y is equal to the hori-
i=1

aEN oi(a)

. . . . T
zontal lift of A, ,Jm.v to a, we have A, ,Jmw =—> 322; 7«[Zi,v]. On the other
=1 "
— T J— —
hand, we have Jm,v = Y m.[Z;,v]. From these relations, it follows that A, ,Jm.v
i=1
and Jm,v are linearly independent for almost all unit normal vectors v of M at a.

This implies that M is not curvature-adapted.
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