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EQUIVARIANT ELLIPTIC GENERA AND LOCAL MCKAY
CORRESPONDENCES*
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Abstract. In this paper we prove an equivariant version of the McKay correspondence for the
elliptic genus on open varieties with a torus action. As a consequence, we will prove the equivariant
DMVYV formula for the Hilbert scheme of points on C2.
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1. Introduction. Let X be a smooth variety, and G a finite group acting holo-
morphically on X. Suppose that the quotient X/G possesses a crepant resolution of
singularities V. The McKay correspondence refers to the identification of topological
invariants of V' with orbifold analogues of these invariants associated to the action
of G on X. The classical example is the case in which G C SU(2) is a finite sub-
group acting on C2. Then the quotient C?/G possesses a unique crepant resolution
V', and the Euler characteristic of V' coincides with the orbifold Euler characteristic
eors(C%,G) = ﬁ > gh=hg e((C%)9"). Over the years, the McKay correspondence has
exhibited a remarkable versatility towards generalization. In [5] Batyrev investigated

a more general class of resolutions X/G — X /G, and proved the McKay correspon-
dence for the E-function in this situation. More recently, Borisov and Libgober have
proven a similar result for the elliptic genus [7].

In this paper we will prove an equivariant analogue of the McKay Correspondence
for the elliptic genus. The advantage of working in the equivariant setting is that,
by localization, we can make sense of the elliptic genus even for open varieties. This
allows us to prove a host of new formulas. One consequence of the work in this paper
is a beautiful formula for the generating function of the equivariant elliptic genus of
the Hilbert scheme of points on C? (with the standard torus action):
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The terms c(m,?, k) are the coefficients in the expansion of EllI(C?;y,q,t1,t2) in
y,q,t1, and t5. The above formula is an equivariant generalization of the DMVV
formula:
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In the above formula, S is a compact algebraic surface, and Ell(S™;y, ¢) is the elliptic
genus of the Hilbert scheme of n points on S. The non-equivariant DMVYV formula
was conjectured by string theorists Dijkgraaf, Moore, Verlinde and Verlinde [9], and
proven by Borisov and Libgober [7]. The equivariant version is a conjecture of Li,
Liu, and Zhou [15].
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1.1. Background on the Elliptic Genus. For X a smooth complex manifold,
the elliptic genus of X is defined as:

(1) El(X / I1 %0 27” 2i8(5a =27

271'1’ )
The product is taken over the Chern roots of the holomorphic tangent bundle to X.
0(-,7) is the Jacobi theta function, and z represents a formal parameter. Setting
y = e>™* and ¢ = ?™", the elliptic genus may also be interpreted as the index of the
following differential operator:

(2) y P00 RA g T* X @A_y 1o TX ® SnT*X @ Spn TX.

The modular properties of the Jacobi theta function endow the elliptic genus with a
rich amount of structure. For example, if X is Calabi-Yau, then the elliptic genus is a
weak Jacobi form as a function of (z,7) € C x H. If X is Calabi-Yau and possesses a
nontrivial torus action, Liu has shown that the modular properties of the equivariant
index of 2 actually imply its rigidity [16]. In addition to these properties, the elliptic
genus encodes a large number of classical algebraic and topological invariants of the
space. For example, letting ¢ — 0 in the expression for the elliptic genus produces
y~%/? times the Hirzebruch X—y genus, whereas letting y — 1 produces the Euler
characteristic of the space.

In [17], [6], Chin-Lung Wang, Borisov, and Libgober investigated the following
relative version of the elliptic genus for pairs (X, D), where D = " a;D; is a smooth
divisor with normal crossings and coefficients a; # 1:

Ell(X,D) H ;0 2m Z) 27(3) H 9(% —(—a; +1)2)0(z2)
) aDi) _ o :
o i 0(Fgt — 2)0((—a; + 1)2)

The modular properties of the Jacobi theta function imply that the relative elliptic
genus satisfies the following change of variables formula for blow-up morphisms: If
f X — X is the blow-up of X along a smooth base with normal crossings with
respect to the components of D, and D is the divisor on X satisfying: K¢ + D =
f*(Kx + D), then Ell(X,D) = Ell(X, D). For Z a Q-Gorenstein variety with log-
terminal singularities, and X — Z a resolution of singularities with exceptional locus
a normal crossing divisor D, Borisov and Libgober define the singular elliptic genus of
Z to be the relative elliptic genus of (X, D). The change of variable formula, together
with the Weak Factorization Theorem [1] implies that this definition is well-defined.
Moreover, when Z possesses a crepant resolution V', the singular elliptic genus of Z
is easily seen to coincide with the elliptic genus of V.

The singular elliptic genus (and its orbifold analogue) plays a crucial role in
Borisov and Libgober’s proof of the McKay correspondence for elliptic genera. Its
utility stems from the fact that it behaves well with respect to a large class of birational
modifications. The added flexibility obtained from studying the singular elliptic genus
allowed Borisov and Libgober to reduce their proof to calculations involving toroidal
embeddings. Their approach is similar in spirit to that of Batyrev in [5], who proved
the McKay correspondence for the E-function by using the change of variables formula
from motivic integration to reduce the case to calculations on toric varieties.

When X has a nontrivial torus action, we may define the equivariant elliptic
genus of X to be the equivariant index of the operator defined in 2. By the index
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theorem [4], this is the same as the integral in equation 1 obtained by replacing the
Chern roots of T'X with their equivariant analogues. Similarly, we may define an
equivariant version of the relative elliptic genus by replacing appearances of ¢;(D;)
with their equivariant extensions.

The bulk of this paper is devoted to proving the change of variables formula for the
equivariant orbifold elliptic genus (this case subsumes the non-orbifold case). Once
we establish the change of variables formula in this situation, the remaining steps in
the proof of the equivariant McKay correspondence for the elliptic genus follow closely
the steps given in [7].

1.2. Outline of the Proof. In a recent preprint [18], I proved the equivariant
change of variable formula for blow-ups along complete intersections W = Dy N ... N
Dy C X. The idea was to interpret the blow-down X — X as a toroidal morphism.
The stratification defined by the divisors D; determined the toroidal structure of X,
whereas the stratification defined by the proper transforms of these divisors, together
with the exceptional divisor, determined the toroidal structure of X. The comparison
of the relative elliptic genera of the base space and its blow-up was ultimately reduced
to a computation involving the combinatorics of the polyhedral complexes associated
to the two toroidal embeddings. This idea was inspired by Borisov and Libgober’s
use of polyhedral complexes in [7] to compute the push-forward of the orbifold elliptic
class under the global quotient map.

Later it became apparant that the proof given in [18] could be adapted to the
case in which X was a “normal cone space”, i.e., a fiber product of spaces P(F & 1),
where F' — W was a holomorphic vectorbundle. The idea was that the Chern roots
of the tautological quotient bundle @ — X should play the role of the “divisors”
in a polyhedral complex associated to X. Similarly, if f : X — X was the blow-up
of X along W with exceptional divisor F, then the Chern roots of f*Qr ® O(—FE),
and of O(F) should behave like the “divisors” of a polyhedral complex associated to
X. In this paper, we refer to such polyhedral complexes associated to the data of
Chern roots as “twisted polyhedral complexes.” The case of a general blow-up may
be reduced to cases of this nature by using an equivariant version of deformation to
the normal cone.

The breakdown of the sections in this paper are as follows: For generic special-
izations of the parameters (z,7), the integrand of the equivariant elliptic genus is a
power series in the equivariant parameters with differential form coefficients. In sec-
tion 2 we discuss convergence issues related to power series of this type and put their
corresponding cohomology theory on solid ground. In section 3 we define our prin-
ciple objects of study; namely the equivariant orbifold elliptic class and its relative
version. In sections 4 and 5 we review some facts about the equivariant cohomology
of toric varieties and discuss how it relates to computing equivariant push-forwards of
toroidal morphisms. In section 6 we use these results to compute the pushforward of
the orbifold elliptic class under a toroidal morphism which is birational to a quotient
by a finite group. This result is the equivariant analogue of Lemma 5.4 in [7]. Sec-
tions 7 to 10 are devoted to the proof of the equivariant change of variable formula.
In section 7, we prove an equivariant analogue of deformation to the normal cone,
tailored specifically to handle cohomological data like the orbifold elliptic class. As
stated above, this will allow us to reduce the proof of the change of variable formula
to the case when X is a normal cone space. In section 8 we prove for completeness a
number of technical lemmas regarding spaces of this form. In section 9 we introduce
the twisted polyhedral complex for normal cone spaces. In 10 we apply the techniques
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from the preceding sections to prove the equivariant change of variables formula. Fi-
nally, in 11 we prove the equivariant McKay correspondence for elliptic genera, and
the equivariant DMVYV formula.

Acknowledgements. I wish to thank my advisor Professor Kefeng Liu for intro-
ducing me to elliptic genera and for his constant support, as well as Professor Anatoly
Libgober for his feedback and help with technical aspects of his work.

2. Equivariant Cohomology and Power Series.

2.1. Preliminaries on Equivariant Cohomology. We begin by reviewing
some basic aspects of equivariant cohomology. For a thorough reference on the subject
see [3].

Let M be a smooth manifold and 7" a torus acting smoothly on M. Let e, ..., ey
form a basis for the Lie algebra of T" which is dual to the linear forms w1, ..., u.
Every X € t defines a vectorfield X on M by the formula X (p) = 4 |,_oexp(tX) - p.
Define Q5.(M) to be the ring of differential forms on M which are annihilated by
Lx for every X € t. If we let dy = d + Ei:l Uqgle,, then d; defines an operator
on Q5(M) @ Clus,...,us] and satisfies d? = 0. The Cartan model for equivariant
cohomology is defined to be:

ker dt

HT(M)Cartan = imd, .

Alternatively, we could define the equivariant cohomology of M via the following
approach known as the Borel model: Let ET = (S*)‘. ET is a contractible space
on which T acts freely. The diagonal action of T" on M x ET therefore gives rise to
a smooth (infinite-dimensional) quotient My = (M x ET)/T. It is easy to see that
Mr is a fiber bundle over BT = ET/T with fiber M. Define the equivariant coho-
mology group H3(M) = H*(My). As shown in [3], the Borel model for equivariant
cohomology is isomorphic to the Cartan model defined above. One advantage to the
Borel model is that it provides a convenient way to define equivariant characteristic
classes. Namely, if F is a T-vectorbundle over M of rank r, then Ep is a rank r
vectorbundle over Mp, and we may define the equivariant characteristic classes of E
to be the characteristic classes of Ep which take values in H*(My) = H3(M).

The Borel model point of view also provides a convenient way to extend the
concept of Chern roots to the equivariant category. We first recall the definition of
Chern roots. If E is a complex vectorbundle over M, the flag bundle 7 : FI(E) — M is
the fiber bundle whose fiber over a point p is the space of flags A1 C Ag... C A, = E,
with dim A;/A;—1 = 1. The pullback bundle 7*F splits into a direct some of line
bundles L;, and we define the Chern roots x; of #*E to be the first Chern classes
of these line bundles L;. The functorial nature of Chern classes implies that the
elementary symmetric functions in z; are simply the pullbacks via 7* of the Chern
classes of E. Since 7* is injective, this gives us a one to one correspondence between
formulas involving the Chern classes of F and formulas involving the Chern roots of
E which are symmetric with respect to permutations of the variables x;. Analogously,
if F is a T-vectorbundle, we may define 7 : F1(E1T) — My as before. The pullback
bundle 7* Er again splits into a sum of line bundles L;, and we define the equivariant
Chern roots to be the first Chern classes of these line bundles.

The translation of other concepts from cohomology to equivariant cohomology is
more or less routine. For example, in either the Cartan or Borel model, one easily
sees that a T-map f : M — N induces a pullback f* : H5(N) — Hy(M) as in
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ordinary cohomology. If f : M — N is a proper map of T-spaces, we also have
an equivariant analogue of the cohomological push-forward f, : Hyx(M) — Hi(N).
As in the non-equivariant setting, f, is functorial with respect to compositions of
T-maps, and satisfies the projection formula f.(f*(w) An) =w A fun. A new feature
in equivariant cohomology is that we have an explicit expression for the restriction of
f«w to a T-fixed component in N. This is given by the localization formula, which
we discuss below.

If p is a single point with trivial T-action, the equivariant map 7 : M — p induces
amap 7 : Hy(p) — Hx(M). Since Hx(p) = Clua, . . ., u¢], the map 7* makes H3(M)
into a Cluy, ..., u¢J-module. Define H}(M )ioe = H7(X) ®cpuy,...ou) Clur, ..., ug). A
fundamental result of the subject is the localization theorem:

THEOREM 1. Let {P} denote the set of T-fized components of M. Then
HE(M)or = @ p H*(P) @ Clu, . . ., ug).

If P is a fixed component of M, the normal bundle to P splits as a sum over
the characters of the T-action on the fibers: Np = A\ V. Let nf\ denote the formal
Chern roots of V). If we identify the equivariant parameters ui,...,u, with linear
forms on the Lie algebra of T, then the equivariant Euler class e(P) of Np is equal
to [T, [L;(r4 + A). Since none of the characters \ are equal to zero, we see that
e(P) is always invertible. In light of this fact, we can describe the above isomorphism
more explicitly. The map H7(M)joe — @ p H*(P) @ C(uy,...,up) is given by w —
D, %, where ip : P < M is the inclusion map.

Now if f: M — N is a proper map of T-spaces, we can compute fy in H*(N )¢
using the functorial localization formula [13] [14]:

THEOREM 2. Let f : M — N be a proper map of T-spaces. Let P be a fized
component of N and let {F'} be the collection of fized components in M which f maps
into P. Let w € H3(M). Then:

e _ bl
2IEm T ey

Throughout this paper we make frequent use of the equivariant Thom class of
a vectorbundle. Recall that if E is a vectorbundle over M, the Thom class [®] €
H? (FE) is a cohomology class with degree equal to the rank of F which has compact
support in the direction of the fibers of E' and which integrates to one over each fiber.
(The notation H}, (-) means compact support in the vertical direction.) If F is a T-
vectorbundle over a T-manifold M, by averaging over T, we can always assume that
a representative of [®] is T-invariant. We can then uniquely extend the Thom class
of E to an equivariant class in the following sense:

PROPOSITION 1. Let E be a T-vectorbundle over a T-manifold M, and let ® be a
T-invariant representative of the Thom class. Then we can find a lower degree form
n € Q5 (M) @ Cluq, . .., ue] with compact support in the fiber direction so that ® +n
is dg-closed. We call ® 4+ n the equivariant extension of ®. Any two such equivariant
extensions of © differ by a d¢-ezxact form.

Proof. We assume for convenience that T = S'. The general argument is the same
but notationally more cumbersome. Thus di = d + uix, where X is the vectorfield
generated by the S' action. Let w; = ix®. Then w; is T-invariant and dw; =
dix® = 0 since ® is closed and T-invariant. Since wi has smaller degree than ® and
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compact support in the fiber direction, by the Thom isomorpism theorem, wy = dm
for some form 7; with compact support in the fiber direction. By averaging over T,
we may assume 7 is T-invariant. Note now that (d + uix)(® — unm) = —u?ixm. If
we let wo = ixmy, then dws = —ixdnm = —ix oix® = 0. Therefore, by the Thom
isomorphism theorem again, wo = dns, where 1y is a T-invariant form with compact
support in the fiber direction. Now (d + wix)(® — uny + u?n2) = uixns. In general,
then, if we define w; = ixn;—1 and n; to be a T-invariant form with compact support
in the fiber direction satisfying dn; = w;, then ® + Zj(—l)jujnj is d + uix-closed,
and is therefore an equivariant extension of ®.

Now suppose that 7 is any equivariant cohomology class with top degree < rk(E)
which has has compact support in the fiber direction and integrates to zero over each
fiber. We will show that 7 is d¢-exact. This clearly shows that any two equivariant
extensions of the Thom class differ by a di-exact form. We may write the top degree
[f} are T-invariant with compact

i1 ie
(d] _
, = 0. By

115052

i1

d part of n as nld = an[f] PAGEEE -u?, where 7

..... a

support in the fiber direction. Since dn'“ = 0, we must have dn

the Thom isomorphism theorem, n[d]

itrria = e, Where wy, . ;, is compactly
supported in the fiber direction. By averaging over 7" we may also assume that the
w’s are T-invariant. Therefore, subtract off d¢ Y w;, . 4,uf" ---w, from 7 and proceed
by induction on the top degree of . O

Note that the proof of the above proposition implies the equivariant Thom iso-

morphism theorem:

.....

THEOREM 3. Let E be a T-vectorbundle over a compact T-manifold M, and
w : B — M the projection from E to M. Then H} (M) is isomorphic to space of
equivariant cohomology classes in E with compact support. The isomorphism is given
by pulling back a class from M and multiplying by the equivariant Thom class.

Proof. Let w € H};(M), and let ® be a representative of the equivariant Thom
class of E. By the projection formula, which holds on the level of forms, m, (T*wA®) =
w, so the map 7*(-) A[®] is injective. Conversely, for « a representative of a compactly
supported equivariant cohomology class on E, let m.« denote the integral of « over the
fibers of E. Then 7.« is an equivariantly closed form on M. Moreover, a« —7* (7, ) AP
clearly integrates to zero over every fiber of E. Thus the proof of the above proposition
implies « is cohomologous to 7*(m.a) A ®. O

2.2. Power Series in Equivariant Cohomology. For simplicity, we assume
that M hasa T = S* action. Let X be the vectorfield on M induced by the action of T'.
Let C(M) denote the ring of formal power series in u with coefficients in Q*(M)T @ C.
Then dx =d — uix : C(M) — C(M). We define H*(C(M)) =kerdx /im dx.

Multiplication by u gives H*(C(M)) the structure of a C[u]-module. Given any
Clu]-module A, we define Aj;oc = A ® C(u). Here, we interpret rational polynomials
of the form m as convergent power series by expanding around u = 0.

Let g be a T-invariant metric on M, and define 6 = ¢(X,-). Let F' C M be
the T-fixed locus, and let p be a bump function identically equal to one outside a
tubular neighborhood of F', and equal to zero inside a smaller tubular neighborhood.
(Note that we allow F' to have different components of varying dimensions). Then
p(dx0)~t is a well-defined element of C(M);,.. Furthermore, it is easy to see that
for any closed form w € C(M);e, w — dx(w - 0 - p(dx0)~') has compact support in
a tubular neighborhood of F. It follows that every closed form in C(M);,. may be
represented by a form with compact support in a tubular neighborhood of F. Let
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C(vr). denote the ring of formal power series in u whose coefficients are T-invariant
forms with compact support in the normal bundle vpg.

Let my : C(WF)ejioc — C(F)ioc be the map > wnu™ — Y mw,u™, where mawy,
denotes the integral of w, over the fiber of vp. We first remark that m,ixw = 0
for any differential form w with compact support in vg. To see this, note that we
can always express w locally in the form w = f(x,t)7*¢dt;...dt,. Here = represents
the coordinates along F', t represents the coordinates along the fiber, and 7*¢ is the
pullback of a form on F' via the projection 7w : vp — F. Thus ixw = f(z,t)7*¢ -
ixdty...dty, which clearly integrates to zero along the fiber, since the degree of the
form along the fiber is necessarily smaller than the fiber dimension.

It follows that m.dx = dm,, and therefore it induces a map in cohomology 7, :
H*(C(VF)C)ZOC i H*(O(F))loc-

THEOREM 4. m, 1$ injective.

Proof. Let w = Y wpu™ € C(Vr)cioc be closed. Suppose m.w = dn. By
subtracting off 7*dn - ®, where @ is the equivariant Thom class of vr, we may reduce
to the case in which m.w = 0. For any differential form «, denote by «[i] the degree
i part. Then for some 0 < k < dim M, w = w[k] + w[k — 1] + ... + w[0], where
wli] = > wyli]u™. Since w is dx-closed, dw,[k] = 0. Since m.w[k] = > mewy [k]u™ = 0,
by the Thom isomorphism theorem, we can find compactly supported forms y, such
that dy, = wylk]. By averaging over T, we may assume that these forms are T-
invariant. Then w — dx >_ y,u™ ! has top degree < k and is annihilated by .. The
proof then follows by induction. O

Since [w] = 0 if and only if 7, [w] = 0, we see that [w] = [7*m.w - ®]. Hence
[W]|F = [mew - e(vF)], where e(vp) is the equivariant Euler class. Since the Euler
class is invertible, the restriction map [w] — [w]|F must be invertible. This proves the
localization theorem for H*(C(M));oc:

THEOREM 5. Let ' C M denote the fized locus of T. Then the restriction map
H*(C(M))ioe — H*(C(F))10c is an isomorphism.

We now introduce the ring of analytic forms: Let C**(M) C C(M) denote the
ring of forms > w,u™ with the property that the partial sums Eﬁfzo wps™ converge
in the C* sense to a form w € Q*(M)T for ||s|| sufficiently small (meaning that the
sums converge uniformly on compact sets, as well as all derivatives of these sums

with respect to coordinate differentiation). Let B“(M) = dx(C(M))NC**(M). We
define

_ kerdx : C*"(M) — C*"(M)
- Ban(M)

H*(C (M)

If F denotes the T-fixed locus of M, the above proof of the localization theorem
extends word for word to the case of analytic forms.

For s € C*, following Witten [19], let ds = d — six : Q*(M)T — Q*(M)?. Define
H:(M) = %. Again, the above proof of the localization theorem adapts easily to
the case of H:(M) Define an equivalence relation ~ on [ ], . H3 (M) as follows: For
w,w € [ e Hi (M), we say that w ~ w'" if wy = wi for [[s]| sufficiently small. By
ws, of course, we mean the s-component of w. We denote the group [], c. HI (M)/ ~
by W.

PROPOSITION 2. There is a natural evaluation map ev : H*(C"(M)) — W
given by [ wpu™] — D] wps™].
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Proof. Let w = > wpu™ € C(M) be a closed form, and let dx > n,u™ €
C*"(M). We wish to show that for ||s|| sufficiently small, [> w,s™] = D wns™ +
ds > mps™ in H¥(M). First, for ||s|| sufficiently small, both sums Y w,s™ and
> dsn,s™ converge. Therefore, it suffices to prove that > dsn,s™ is exact for these
values of s. Let F C M be the T-fixed locus. Then > dsn,|rs™ =Y dn,|rs™. If we
let A denote the Hodge Laplacian, then by Hodge theory, a form is exact if and only
if it is orthogonal to the kernel of A. Now every partial sum of 3 dn,|ps™ is exact,
and hence orthogonal to the kernel of A. This orthogonality is clearly preserved when
we take the limit as n — oo. Thus Y dn,|rs™ converges to an exact form. Hence
D= dsnns™]|F = 0, and therefore Y dsn,,s™] = 0 by localization. O

Let H(x1,...,x,) be function which is holomorphic in a neighborhood of (0, ..., 0).
Let H = Z““ ai, irx? -« x% be the corresponding power series expansion. Let
[wi]s ..oy [wr] be equivariant forms in HJ (M) such that u|degyw;. Note that this
property is independent of the choice of representatives for [w;]. Then H ([w1], ..., [wr])
is a well-defined element of H*(C"(M)). We can see this as follows:

Fix representatives wi,...,w, € C(M). Write w; = w; + fiu, where f; €
C*(M) ® C[u] and degw; > 0. Then

.....

H(wy,onwr) = Y @iy i (@1 + fre)™ - (@G + fru)'™

il ..... U
= Z dljl .. .LJTj'r' Z aih“.’iT‘ (ll) L (’L’T) (flu)i17j1 - (fru)i,,-fjr
; ; : . J1 Jr
J1yee]r UL yeenslp
= Z a(jl).'.a(jr)H(fluw"afTu)‘Jljl ""Jrjr'
J1seeesdr

Here 9F) = ak—T. The sum over jy, ..., j, > 0 is finite because the forms w; are nilpotent.
It is therefore clear that the above expression is a well-defined dx-closed form in
C*™(M). We next show that the corresponding class in H*(C*"(M)) is independent
of the choice of generators for [w;]. Let ﬁ(sl,tl, vy Sy ty) = H(s1 4+ t1, .0, 8r + L1).
Then H = H(sy,...,8,) + t1Hy + ... + t,H,. Thus, H(w, + dxny,....,wr + dx1n,) =
H(wi,dxni,...,wr, dxny) = H(wy, .o.ywy) +dx (mHy + ... +00H,), so H([wi], ..., [wr])
is well-defined independent of our choice of generators. Before proceeding further, we
point out an important property possessed by the forms of this type.

Let C(M) C C*" (M) denote the subring {closed invariant forms ® C{u}} where
C{u} denotes the ring of power series in w which converge in sufficiently small
neighborhoods of the origin. Let H(M) C H*(C(M));. denote the subspace
of forms [w] such that w|p € C(F)e for some representative w € [w]. Then if
[wi], ..., [wr] € H3 (M), and u| degy w;, then H([w1], ..., [wr]) € H(M). This is because
degyw;|r € Clu] and dw;|p = 0. Note also that functorial localization holds in this
situation, and implies that, for f: M — N, f,H(M) c H(N).

LEMMA 1. ev: H(M) — W (M) is injective.

Proof. Let [w] € ﬁ(M), so that w|p = w1 f1 + ... + wifi, where w; are closed
forms on F' and f; are convergent Laurent series in « in some small disk about the
origin. If [w] # 0, then by localization, [w]|F # 0. Without loss of generality, we may
assume that wy, ..., wy, are linearly independent as cohomology classes. We can always
choose an arbitrarily small s so that fi(s),..., fx(s) are not all zero. We then have
that ev|w]s|r = f1(s)[w1] + ... + fr(s)[wk] # 0. Hence ev[w] # 0 in W(M). O
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All the above machinary was put together to make the following argument: Let
f: M — N, and let H = H([w1],...,[wy]) for [w;] € H7(M), u|degyw;. Sup-
pose 6,(s) is a sequence of ds-closed forms which converge in the C'™° sense to a
representative of (evH)s for ||s|| sufficiently small. If we factor f as an inclusion
followed by a projection, then f, makes sense on the form level and f.0,(s) con-
verge to representatives of (f.evH)s. Now suppose that [f.0,(s)] = [bn(s)] and that
bn(s) — b(s). Then f.0,(s) = bn(s) + dsnn(s), and since f.0,(s) and b, (s) converge,
we have that [b(s)] = [f«evH]s. Now if s — [b(s)] corresponds to a form evG for some
G([ea], .-, [ak])s [oi] € HE(N), then fievH = evf,H = evG, and therefore f,H = G.
Thus, we can compute push-forwards of summations by applying the push-forward
term-by-term, so long as the corresponding summation converges in the sense dis-
cussed in this section. This observation will be used implicitly throughout this paper;
for example, it will allow us in sections 5 and 9 to reduce computations involving
convergent power series to computations involving polynomials.

REMARK 1. In what follows we will be interested in the case where T is a compact
torus of arbitrary dimension. It is easy to see how to generalize the above machinary
to this situation. The difficulty lies more in the notation than in any other aspect.

3. The Orbifold Elliptic Class. Let X be a smooth projective variety with a
holomorphic T' x G action. Let D =" ; @i D; be a smooth G-normal crossing divisor
with a; < 1. The G-normal condition means that if g € stabg(x) and z € D;, then
g-D; = D,;. Let Xg*h be a connected component of the fixed locus X 9" for some
commuting pair g,h € G. Then N Xoh /X splits into character sub-bundles €, Ny,
where g (resp. h) acts on Ny as multiplication by €279 (resp. e?™A(M). Let
Ig’h C I index the set of divisors D;¥ which contain ngh. Since D is G-normal, g
(resp. h) acts on O(D;)| xgn as multiplication by e?™Ai(9) (resp. ™M) for every
i€ I9". For i & I9", we define \i(g) = Ai(h) = 0.

Following [7], we define the orbifold elliptic class associated to the pair (X2", D)
as follows: Ellorb(X,%h, D)=

(ixg’”)*{ I =55y~

TXg’h' 27
H 0(5=5 + AMg) — Mh)T — 2) 927(2) e27ri)\(h)z}><
055 + AMg) — A(h)7)0(=2)

X, N»
H 05 + Xilg) = Mi(W)7T — (—ai + 1)2)8(—2) o= 2miNi(h)aiz
O(2i 4+ N\i(g9) — Ni(h)T — 2)0(—(—a; +1)2)

2me

I

Here x; denote the equivariant Chern roots of TX,gﬁh, Zx,c denote the equivariant
Chern roots of Ny, and (abusing notation) D; denote the equivariant first Chern
classes of the corresponding divisors.

Finally we define the orbifold elliptic class of (X, D, G) as follows:

1
Elloyy(X,D,G) = @l > Ello(X9", D).
gh=hg,y
When G = 1, we will write £II(X, D) instead of Ell,(X, D, G) and refer to this
object as the equivariant elliptic class of the pair (X, D). We view all such classes as

an elements inside the ring H (X).
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Let {F'} denote the collection of fixed components of X. For each F let e(F') de-
note the equivariant Euler class of the normal bundle to F'. We define the equivariant
orbifold elliptic index

Elloy(X,D,G) = (%)dimxzé%wl
F

It is a convergent power series in the equivariant parameters which depends implicitly
upon the value of the complex parameter z and on the lattice parameter 7 used in
the definition of the Jacobi theta function. We define the equivariant elliptic index
Ell(X, D) similarly.

4. Toric Varieties and Equivariant Cohomology. For a good reference on
toric varieties, see [11]. Let X be a smooth complete toric variety of dimension n. We
denote the fan of X by X x, the lattice of X by Nx, and the big torus by T'x. Let Y
be a smooth complete toric variety which satisfies the following properties:

(1): Nx C Ny is a finite index sublattice.

(2): Xx is a refinement of Xy obtained by adding finitely-many one dimensional
rays.

There is an obvious map of fans v : ¥x — Xy which induces a smooth map
u: X — Y. We call a map induced by such a morphism of fans a toric morphism. It is
easy to verify that u : Tx — Ty is a covering map with covering group Ny /Nx. Thus,
we may regard Y as a Tx-space. Our goal in this section is to obtain a convenient
description of the equivariant pushforward p. : H5(X) — H3(Y) in terms of the
combinatorics of ¥y and Yy. Here T = Tx.

We first note that fixed points F' of X are in 1 — 1 correspondence with n-
dimensional cones C'r C Y x. Furthermore, the infinitesimal weights of the T-action
on N correspond to linear forms in Hom(Nx, Z) which are dual to the generators of
Cr in Nx. With this identification in mind, for any w € H}(X), the the collection of
polynomials {w|r} FeFix(x) defines a piecewise polynomial function on the fan X x.
Define C[Ex] to be the ring of all piecewise polynomial functions on the fan of X. It
is well-known that the map H7(X) — C[Xx]| described here is an isomorphism (see,
for example, [8]):

THEOREM 6. H (X)) = C[Xx].

Via this identification, we define v, : C[Xx] — C[Xy] to be the map which makes
the following diagram commute:

ClEx] —— C[Zy]

H H

Hi(X) —=— Hi(Y)

Here we understand C[Xy] to be the ring of piecewise polynomial functions on Xy
with respect to the lattice Nx.

We now describe v, more explicitly. First notice that for f € C[Xx], v.f is
given by viewing f|r as the zero degree part of an equivariant cohomology class
w € H}(X), pushing w forward by ., and then forming the piecewise polynomial
function defined by the zero degree part of p.w. Thus, let C' C 3y be an n-dimensional
cone. Let v~ 1C be the fan ¥¢ C £x which is the union of n-dimensional cones C;.
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Let 2§, ..., 2% be the linear forms dual to C; and z§, ...,z the linear forms in
Hom(Ny,Z) C Hom(Nx,Z) dual to C. By functorial localization:

c
- Y e
CiCXx HJ 1
Similarly, we define v* : C[Xy] — C[Xx] to be the map which makes the following
diagram commute:

ClZy] —4— C[Ex]

*

Hi(Y) ——— H7(X)

PROPOSITION 3. v*(f) = fov

Proof. Let w € H(Y') be the form such that w|p = f|p for every fixed point P.
Let F' € u=1(P). Then

H;(P) —— Hy(F)

commutes. Hence (p*w)|r = uh(w|p) = pi(fp) = fp. Thus v*(f) is the piecewise
polynomial function which is equal to fo, on every cone Cr € v~ 'Cp. This is
precisely the piecewise polynomial for. O

The map v* : C[Ey] — C[Xx] makes C[Xx] into a C[Xy]-module. As such, we
observe:

PROPOSITION 4. v, is a C[Xy]-module homomorphism.

Proof. In other words, we wish to prove the projection formula v,(fr*g) =
vi(f) - g. This follows from identifying v, with p., v* with p* and invoking the
projection formula from equivariant cohomology. O

5. Toroidal Embeddings and Toroidal Morphisms.

5.1. Definitions. Let X be a compact variety and Dx = _; DX a divisor on
X whose irreducible components are smooth normal crossing divisors. For I C Ix, let
X1.j denote the jth connected component of Ny D;X. Let X7, =X, — UreDX. The
collection of subvarieties X7 ; form a stratification of X. Associated to these data is
a polyhedral complex with 1ntegral structure defined as follows:

Corresponding to X7 ;, define Ny ; = Ze;, j + ... + Zey, ; to be the free group
on the elements e;, j,...,¢e;, ;. Here iq,...4%; are the elements of I. Define Cy ; to be
the cone in the first orthant of this lattice. Whenever I’ C I and X;,;, C Xp ;» we
have natural inclusion maps Ny j; — Ny ; and Cp jy — Cr ;. Define ¥x to be the
polyhedral complex with integral structure obtained by gluing the cones C; ; together
according to these inclusion maps.

Let C[X x] denote the ring of piecewise polynomial functions on Xx. Fix C' C Xx.
dimC ¢

Define f¢ to be the piecewise polynomial function which is equal to [] j=1 Zj on
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every cone containing C, and equal to zero everywhere else. As in the toric geometry
case, there is a natural correspondence between piecewise linear functions on ¥ x and
Cartier divisors whose irreducible components are components of Dx. We denote the
piecewise linear function corresponding to D by fP.

5.2. Toroidal Morphisms. Our primary interest in this section is the study of
toroidal morphisms. This is a map p : (X, Dx,Xx) — (Y, Dy, Xy) which satisfies
the following:

(1): p: X — Dx — Y — Dy is an unramified cover.

(2): 1 maps the closure of a stratum in X to the closure of a stratum in Y.

(3): Let U, be an analytic neighborhood of y € Y such that the components of
Dy passing through y correspond to coordinate hyperplanes. Then for x € u~*(y),
there exists an analytic neighborhood U,, of z such that the components of Dx passing
through = correspond to coordinate hyperplanes of U,. Moreover, the map U, — U,
is given by monomial functions in the coordinates.

Corresponding to 1, we can define a map v : ¥x — Xy as follows: Let Cr; C Xx
and let eq,...,ex € Ny; be the generators of Cr; which correspond to the divisors
D, ... ,DkX. We have that ©(Xr;) =Y ;. Let v1,...,v € Nj; be the generators of
C'j; which correspond to the divisors D}/, ceey D}/. For 1 <s<k,1<t</, define
ast to be the coefficient of DX of the divisor u*(D} ). Then we define v(es) = 3 asv;.
Note that if (X,Xx) — (Y, Xy) is a smooth toric morphism of toric varieties, then
v : YXx — Xy is the natural morphism of polyhedral complexes.

We have the following proposition relating v to u:

ProposITION 5. If C = Cj; C Xy, then v=1C is the union of fans ¥ C Bx
with the following properties:

(1): X4 is a refinement of C' obtained by adding finitely-many 1-dim rays.

(2): The lattice Ny of ¥, is a finite index sub-lattice of N¢.

(3): The fans ¥4 are in 1 — 1 correspondence with connected components Uy of
o I(Ny‘?’j). The map Uy — Ny‘;)’j is a fibration given by the smooth toric morphism

Ps, n, — Pc,ne along the fiber, and a do = d(X4)-cover of Yy, along the base.
For a proof, see [7].

5.3. Pushforward formula for Polyhedral Complexes. Motivated by the
description of the push-forward v, for toric morphisms, define v, : C[Xx] — C[Zy]
as follows. Let C' C ¥y be an n-dimensional cone with dual linear forms z¢', ..., z¢
Then for f € C[Xx], we define:

n-*

{EC
V* C_Zd Z f J -
Hg 1 j

« C,€84

The second sum is taken over the cones C; C X, with the same dimension as C.

Let V' be the toric variety ]_[a do - Py, n, with polyhedral fan ¥y. We have a
natural toric morphism V' — C". We can compactify V and C"™ to obtain a smooth
toric morphism V' — P". If we view f as a piece-wise polynomial function on the
fan of V, then the above formula simply corresponds to (v, f)c where v : L — Spa.
This identification allows us to apply the tools of the previous section toward the
study of v,.

We first observe that (v f)c¢ is indeed a polynomial function. This follows from
the above identification of v, with the equivariant pushforward of a toric morphism.
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Furthermore, if we define v* : C[Xy] — C[Xx] by the formula v*(f) = f o v then the
projection formula:

vi(frgle = vi(f)e - go
follows from the projection formula in equivariant cohomology.
PROPOSITION 6. v, (f) is a piece-wise polynomial function.

Proof We first show that v, (f¢) is piece-wise polynomial.

Fix f = f¢. Suppose V(C) C Cy for some Cy C Xy of dimension k£ = dim C.
Then v (f)c, = d(X¢,) Hf 1 x Suppose C is a cone containing Cy. We wish to
show (v.f)c, is an extension of (u*f)co.

Consider the toric morphism o : Pch, N(Sey) — CYm 1 induced by the map
v:Xc, — Ci. Let Dyq,..., Dy be the divisors in PECPN(ECl) which correspond to
the generators of C. Then the piece-wise polynomial function f € C[X¢,] represents
the equivariant Thom class of Dy N --- N Dy. Since (D N --- N Dy) is the affine
subspace of CH™M €1 corresponding to C, we have that o.(f) is the degree of o along
Dy N ---N Dy times the polynomial function which represents the equivariant Thom
class of this subspace. But this implies that:

k k
v, = a8 ey e T o = awe) [T

We need to explain the last equality. If Co corresponds to the strata Y7, and U —
Nyo is the fibration in Proposition 5 corresponding to the subdivision ¥¢,, then
d(ECO)[N(ECO) : N(Cp)] and d(Z¢, ) [N (Zc, ) : N(Cq)] both give the number of points
in the pre-image of a generic point in Nyo S

Next suppose that C' is mapped to a cone Cy of strictly larger dimension. Consider
the toric morphism Py, n(sc) — Peog,n(c,) induced by the map v : ¥¢, — Co-
The polynomial function f € C[X¢,] represents the Thom class of an exceptional
toric subvariety. Thus v.(f) = 0, and it is easy to verify that v.(f) = 0 on every
cone containing Cy. Thus, v, maps the elements f€ to piecewise polynomial functions.
Since these functions generate C[X x| as a C[Ey]-module, the proposition follows from
the projection formula. 0

In what follows we assume that p : X — Y is an equivariant map of projective T-
spaces. Furthermore, we assume that the irreducible components of Dx and Dy are
invariant under the T-action. Define a map px : C[Ex] — H}(X) as follows: Fix a
cone C' = Cr ; which corresponds to a connected component of the intersection locus of
the divisors Dy, ..., Dy. Define px[f€ - (fP1) ... (fP%)*] = ®x, , AD{* A...AD*.
Here ®x, , denotes the equivariant Thom class of X;; C X and, by abuse of notatlon
D; denote the equivariant Thom classes of the divisors D;. Note that the map px is
intended to be an equivariant cohomology analogue to the map p : C[Xx] — A*(X)
in [7], where A*(X) is the Chow ring of X. In that situation, Borisov and Libgober
defined p by sending f€-(fP1)ar ... (fP*)% to X;,;N(D1)® ...N(Dg)%. Tt is natural
to view the equivariant Thom classes of X7 ;, etc, as the equivariant cohomology
analogues of these Chow classes.

LEMMA 2. px is a ring homomorphism.

Proof. Fix cones C1 = Cp, ;, and Cy = Cf, ;,. It suffices to prove the theorem
for the polynomials f€1 and f¢2. Let I = I; U I. Let C;,; denote the cones which
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correspond to components of the intersection Xy, ;, N Xy, 4,. Clearly

fleCz — ZfCI,i H ij.

I, NIz

Thus px (f1f2) = 21 ®x,, [;,n1, Dj- However, by the equivariant version

of the excess intersection formula, this is precisely the formula for px (f)px (f¢2).
a

LEMMA 3. pxv* = p*py.

Proof. It suffices to check this for polynomials f€7-+. If D is a divisor on Y whose
irreducible components are components of Dy, then v*f? is the piecewise linear
function corresponding to p*D. It follows that pxv*fP = p*py fP. Since all the
maps are ring homomorphisms, this implies that pxv* Hjel fPi = u*py Hjel fPa,
Let p*D; =3 ; aijEj as Cartier divisors. As in the lemma in the Appendix, choose
equivariant Thom forms ®g; and ®p, with support in small tubular neighborhoods
of their respective divisors so that:

p®p, = Z a;;®p, + dy;
J

as forms. Here v; are equivariant forms with compact support in = Np,. Let {I, k}
index the connected components of Ny D;. If we choose Np, sufficiently small, then

[Ten. => (I®p)rn

Ik I

where (I]; ®p, )1,k is the extension by zero of the form []; ®p,|n, -
Now []; fPi =3 ¢+ and clearly (I]; ®p,)1,x is a representative of py (fC1*).
We have that

N*(H ®p, )ik = {H(Z aij(I)Ef + dd]i)}u’lNI,k
1 I g

where the subscript g~ Ny ; means the extension by zero of the form restricted to
this open set. Since the 1; forms have compact support in u~!Np,, this form is
cohomologous to

{ H Zaij@Ei}uleI,k'
I g

But this is in turn a representative of pxv* f€rx. 0
LEMMA 4. p.px = pyVs.

Proof. Since pxv* = p*py and the polynomials f¢ generate C[Ex] as a C[Zy]-
module, by the projection formula it suffices to check p.px f€ = pyvi f€.

Case 1: C; is mapped by v to a cone Cj ; of the same dimension.

From the proof of Proposition 4, v, f¢i = df®’ s where d is the degree of yu :
X1, — Yy ;. Thus, pyv, fOri = d®y, = sl fOT1

Case 2: C,; is mapped by v into a cone of strictly larger dimension.

As shown in Proposition 4, v, f€1i = 0, s0 py v, f€1 =0 = we®x,, = wapx fEE.
O
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REMARK 2. It is clear using the formalism of section 2 that the above lemmas
relating p to v extend without difficulty to the ring C[[Xx]] of piecewise convergent
power series. In this situation, px is a map from C[[Ex]] into H(X).

6. Elliptic Genera and Toroidal Morphisms. Let (X, EIX DJ) and
(X, 221, Di) be smooth projective toroidal embeddings with T-actions which leave
Dj and D; invariant. Let G be a finite group which acts toroidally on X and com-
mutes with the action of G. Suppose that p : X > Xisa T-equivariant toroidal
morphism which is birational to a global quotient by G. If a; are coefficients of the
irreducible components D;, define §; so that u*(Kx + > a;D;) = K¢ + > 3;D;
Then:

THEOREM 7.

pEllony (X, Y B;D;,G) = E(X, Y ;D

Proof. The proof of this theorem follows almost word for word the proof of
Theorem 5.1 in [7]. The only difference is that here we examine the equivariant push-
forward of equivariant cohomology classes, whereas [7] examine the push-forward of
(non-equivariant) classes in the Chow ring. We reproduce the proof here for com-
pleteness.

We refer frequently to the notation in the previous section: For commuting ele-
ments g, h € G, let )A(gvh denote the y-th fixed component of (g, k). Since the action

of G on X is toroidal, X;‘{’h may be identified with X, ; for some indexing set
I9h C Iy
Consider the following class in H(X):

b, 4 b,
=L Y et ] 505 — (=5 + 1)2)0'(0).

= X_; h D
“ gh=hg;X3" 1o—ron O(G5)0(=(=5; +1)2)

H 9(27” t+eil9) — &M = (=5 + 1)2) 2§rz) e2mi(=B+1)e;(h)z
9" 9(2,” +¢€j(9) — €;(M)T)0(—(=5; +1)z)

Here <I>Tg » is the equivariant Thom class of the subvariety X 9h and €;(g), etc., are

defined as in the definition of the orbifold elliptic genus.
Our first goal is to prove

27rz 711 a1+1) )9 (0)
®) g S ey

271'1

To prove the above equality, we express both sides as the image under p; and px
of piece-wise convergent power series, and apply the push-forward formula from the
previous section. To that end, let ' be the piece-wise convergent power series defined
as follows: Let C’gvh be the cone which corresponds to X}Y’*h. For each cone C' = Cjy

containing C9", let F9"|o =
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C

Ly 3t 500) = (07 = 0+ D0) ey 0

7 055 +ei(g) — €(M)T)O(— (=B +1)z)

For cones C' not containing C;‘Yl’h, we define F,-g’h|c = 0. In the above expression,

xjc are the piece-wise linear functions dual to the generators of C'. If D are the divisors

which correspond to the generators of C, then €;(g), etc., are the mﬁmtesunal weights
attached to the divisors, and 3; are the coefficients of D It is easy to see that F- h
is a well-defined piece-wise convergent power series, and that p X(Ffj’ ) is the Xg’ —th
summand in the expression for £. We therefore define /' =3, _, Fg’h, so that
px(F)=E.

Similarly, define H € C[[Xx]] to be the piece-wise convergent power series:

dim C xc z ‘ ( Oéz+1) )9 (0)

H|C— H 27rz 71'1

(2,”)9(—(—% +1)z)

Clearly px (H) is equal to the right-hand side of 3. We are therefore reduced to
proving that v, F' = H.

Let C' C Xx be a cone, and let ¥, be the subdivisions of C' lying in ¥ ¢ which
get mapped to C' under v. Let N, denote the lattices of ¥, and N¢ the lattice of
Y¢. Referring to the notation of section 5.3, the formula for v, tells us that:

dimC ¢

[[im i

WFlo =Y d Y Flo ittt
« CijC3a Hz 1 L

For each C; C X, with the same dimension as C, note that Fg’h|cj # 0 if and
only if C;‘j’h C Cj, i.e., if and only if g and h are elements of the group Go = N¢/N,.
We may therefore write the push-forward of F' as:

dim C

I sz >

g,heGq

9( 27r1 +€l( )_El(h) ( ﬁz + 1) ) 27(1'1) Qﬂi(*ﬁiJrl)z.
CiCZa 9(2,” +€i(g) — €i(h)7)0(— (=i +1)2)

By lemma 8.1 in [7], this is equal to ), dal‘gl“‘H|c. But since ) do|Gq| de-
scribes the number of points in the pre-image of a generic point in a tubular neigh-
borhood of the closed stratum corresponding to C, the coefficient in front of H|¢ in
the above expression is 1. This completes the proof of 3. To complete the proof, we
apply the projection formula together with the following lemma relating the Chern

classes of X to those of X:
LEMMA 5.

i)T)

crX)y I (A+eaD
Di)r)

wre(TX)r  [I;, (1+al
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m H;“(X)loc

For details, see [7]. The above lemma may be proved using an argument analogous
to the proof of lemma 5 in [18]. O

7. Deformation to the Normal Cone. If @ is a holomorphic function of one
variable in a neighborhood of the origin, then () determines a map ¢g : Kr(-) — H(-)
by the rule E — [], Q(e;), where e; represent the equivariant Chern roots of E. If,
in addition, @Q(0) = 1, then g is multiplicative in the sense that pg(E1 @ E2) =
©Q(E1)eq(E2).

More generally, let H be a finite abelian group with characters {A}. Let {fi}
be a collection of a holomorphic functions of one variable in a neighborhood of the
origin for each character A\. Let E be a T' x H vectorbundle over a manifold X, and
suppose that the action of H on X is trivial. Then F decomposes into a direct sum
of character subbundles E = @, Ex. The collection {fy} therefore defines a map
P E =@, Ex — [[,1L fr(ex:), where ey ; denote the T-equivariant Chern roots
of the T-vectorbundle Ey. Let us fix a multiplicative map ¢ = ¢g and a (possibly
not multiplicative) map 9 = tby¢,;.

Let X be a compact T' x H-variety and let Z be a smooth T' x H-invariant
subvariety. Let V be a connected component of X¥. In the proof of the lemma
below, the only difficult case to examine is when Z NV = W is a proper subset of
V. We therefore assume this throughout. Let 7 : X — X be the blow-up of X along
Z and let V' be the proper transform of V. Clearly Ny /% has the same H-character

decomposition as Ny, x. We may therefore make sense of 1)(Ny; / 5)- The goal of this

section is to prove the following crucial technical lemma relating go(TIN/)w(N;/ /%) to
e(TV)(Ny)x)-

LEMMA 6.
T p(TV)(Ny ) — o(TV)(Nyx) = (iw)«O.

Here iy is the inclusion map and © € ﬁ(W) is a universal class which depends only
on the data of W, Ny v, i3y Nz x, ¢, and 9.

The argument given below is an adaptation of the argument in [17] which was
given for the non-equivariant case with ¢ = 1.

Proof. Let I : Mx — X x P! be the blow-up along Z x {oc}. We give Mx
the obvious T x H action. Let My be the proper transform of V x P'. Clearly
My — V x P! is the blow-up along W x {co}. It is easy to see that Ny, /ary €
Kr(My)® R(H) has the same H-character decomposition as Ny x.

Define Ny to be the sub-bundle of ij;, Nz,x on which H-acts trivially. Let Ny
iy Nz/x /No. Then ij, T X decomposes as TW @ Nyy/z ® No® Ny. Clearly TW & Ny
i3 TV, and therefore Ny /1 = Ny is a sub-bundle of ij, Nz, x with quotient N;.

Let g : Mx — P! be the composition Mx — X x P! — PL. Then div(g) =
X — X —P(Ny/x ®1). Furthermore, div(g|ar, ) = V —V —P(Nyy v @ 1). Let iy, i,
and ip(n,, Jv®1) denote the respective inclusion maps of these divisors in My .

Let p : P(Nw,v © 1) — W be the obvious fibration, and let .S denote the tauto-
logical bundle over P(Ny /v @ 1).



268 R. WAELDER

CLAIM.
(4) iT/NMV/MX = NV/X
(5) ip Ny v = Ny
(6) BNy v o) Ny vy = P Nwyz @ p"N1 @ §*

(1) is obvious. To prove (2), note first that T'Mx | decomposes as TV ® Ny 5@
N /niy |y and also as TV & Ny ary ® Nty vy |- Then simply notice that in both
decompositions, Ny /% and i;l/N My /My are the nontrivial H-eigenspaces.

To prove (3), note that TMth(NW/V@l) decomposes in the following two ways:

TMx|p(Ny,va1) =
T]P)(NW/V EB 1) @ O(_l)P(Nw/VGBl) EB ’L.I?:(NW/V@DNMV/MX =
TP(Nw/v & 1) ® NNy, 01)/B(Nz/x01) D BNy, v o1) O (1N, xo1)

Observing iﬁg(Nw/V@l)O(—l)p(Nz/X@l) = O(—l)p(NW/V@l) it follows that

*

i]P’(NW/VéBl)NMV/MX = Np(ny,vo1)/P(Ny xe1)- It is easy to verify that this
bundle in turn is equal to p* Ny, z & p* N1 @ S*.

Since div(g|ar, ) = V—YN/—IE”(NW/V@D, as equivariant classes V = XN/—HP’(NW/VGB
1). Let u be the equivariant Thom class of V (that is, the Thom class of its normal
bundle), and let v be the equivariant Thom class of P(Ny/y @ 1). Then u + v is the

equivariant Thom class of V. Since V is disjoint from V and P(Nw/v @ 1), we have
the relations u(u+v) = v(u+wv) = 0. Note also that uwv is the equivariant Thom class
of P(Nyy,v), which is the exceptional divisor of V-V,

Let f be the holomorphic function in a neighborhood of the origin which satisfies

the relation Q(z) = f(zz). Then by the above claim:

O(T My ) (N jaay ) f(u+v) = (iv)«o(TV))(Nyx)
P(TMy ) (Nagy jarx ) f (1) = (i) wp(TV (N )
P(TMy)f(v) = (ip(Ny,ya1)«P(TP(Nwyv @ D)Y(Ne(Ny )y @1) /BN, x 1))

Note that since u and v are equivariant Thom classes, their degree zero part is an
element of C*°(My) ® t* which vanishes at the origin of t. Hence f(u), etc., are
well-defined elements of H(My).

Since f(z) = z + ..., we can define g = f~! in a possibly smaller neighborhood
of the origin. Consider the two-variable holomorphic function h(z1,z2) = f(z1 + 22).
Clearly h(z1,2) = h(g(f(:1)), 9((22))). Define F(y1,y2) = h(g(y1),g(y)). Then
F is holomorphic in a neighborhood of the origin and F(f(z1), f(22)) = f(z1 + 22).
From [12] we have the formula:

Flyn,y2)d (n)g' () = > o(Hi)yivd.
(1.)2(0,0)

Here ¢(H;;) is the non-equivariant genus induced by f of the degree (1,1) hy-
persurface H;; C P* x P/, If we plug in f(u) and f(v) for y; and y2, we get
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F(f(w), F(0))g' (F(u)g' (F(0)) = F(u-+0)g/(f())g/(f(0))- By the relations u(u+v) =
v(u+wv) = 0, this last term is cohomologous to f(u+wv). It is instructive to go over this
last point in detail. Write f(z+y) =Y an(x+y)™ and ¢'(f(x))g' (f(y)) = wax vl
Note that bpo = 1. Let hnry = >, oyan(z + y)" Zl<”<]bz]xy Then
hniy — flx +v)gd' (f(2)g' (f(y)) in the C* topology. Abusing notation, let u and
v denote fixed representatives for their respective cohomology classes. We have that
hnrr(u,v) = >0, oy an(u+v)" + dynry. Evaluating at a sufficiently small s gives:
hnrr(u,v)(s) = 3, «nan(u(s) + v(s))™ + dynrs(s). Taking the limit in the in-
dices N, 1, J, we get h(u,v)(s) = f(u(s) + v(s)) + dn(s). We therefore have that
ev(h) = ev(f(u+v)), and therefore h = f(u + v) in H(MV)
At the same time, f(u+v) =3 ;) 20.0) (Hij) f(w)’ 'f(v)7. Thus

O(TMvy )Y (Nary jnay ) f(u+v) = @(TMy )Y (Nagy, yary ) f (w)+
(T My )b(Nagy jary ) F () + @(TMy)e(Nary jary) Y, o(Hig) f(u)' f(v)?

i+j>2
From the relations u? = —uv and v? = —uw, we have that f(u)*! = f(u)f(—v)".
Therefore,
D e @) f) = Y e(Hi) fw)f (o) f(0) + ) e(Hoy)f
i+j>2 i+5>2,i>1 i>2

We therefore have Zi:‘:—jZQ O(Hij) f(u)' f(v)? :pv@G(v) +vJ(v) for some universal
convergent power series G and J. Let v = ZI?’(NW/VeBl)U' Clearly v = ¢1(S). Let
w = V|1P’(NW/v)' Finally, for ease of notation, write N = p*Ny/z @ p* Ny @ S™.

O(TMvy )Y (Nary vy ) f (u+v) =
O(T My ) (Nigy yaay ) f(w) + (T My )Y (Nagy, jary ) f (0)+

AT M )Nty 1ty v L G0) + (T Y0 (Naty a0y 0T 0)

It follows that

(1) p(TV)p(Ny/x) =

(i)« (TV (NG 5) + (ip (v on) o (TP(Nwyy @ 1) (N)+
(ip (N )« (TP (N ) @ Slp(ay o)W (N (N 1) ) Glw) +
(ip(Nyw va1))« (TP (Nwyv © 1) & S)P(N)J(v)

Now apply the push-forward II. to the above equation. Note that II o4y is the
inclusion v — (v,0) in V x PL. Tl o iy is the composition of the blow-down V' — V'
with the inclusion of V at infinity in V' x P'. From the blow-up diagram:

Zl]P’(NV[//VéBl)
-

P(Nw,v ©1) My

nl ln

W x {oo} —  VxP!
iw
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we have that Ilo IP(Ny 1) = tw oIl Finally, ITo IP(Nyy,v) 1S clearly the composition
of the blow-down map 7 : P(Nyyy) — W with the inclusion iy. Therefore, applying
the pushforward IT, gives the equation:

@(TVWJ(NV/X) =

TP (TV (N ) + (i) {TLp (TP (N ® 1) (N)+
T p(TP(Nwyv) @ Sle(vy, v ) V(N p(Ny 1)) G (W) +

ML p(TP(Nywyv & 1) @ S)p(N)J () }.

Since the term in the curly braces depends only on the data of ijy, Nz/x, Nw v,
and W, this proves the lemma. O

VPN ()
REMARK 3. Of course in the above proof, if Q(z) = %ngﬂ and f) =
2miNMTzg( 2 —A(h)T—2)LQ . - o
o ze(jxl((;i(fzh)ig?(_z)) 2= then p(T'V)Y(Ny,x) is the equivariant elliptic class
27 <

associated to the pair (g, h) and the (g, h)-fixed component V.

8. The Normal Cone Space. Let W C X be a connected T-invariant sub-
variety of a projective T-space X. Suppose the normal bundle Ny, x splits into a
composition Ly & ... @& Lg of T-vectorbundles. Define p : X* — W to be the fiber
bundle with fiber p~1(w) = P(L; © 1)y X ... x P(Ly, @ 1),,. It is easy to see that
X contains a copy of W with the same normal bundle Ny, x. In our proof of the
blow-up formula, we will ultimately reduce all computations on X to computations on
the more manageable space X*. We therefore devote this section to gathering some
important facts about the topology of X™*.

If we give the trivial vectorbundle 1 the trivial action, then the action of T on W
lifts naturally to X*. Give L; a metric so that T acts on L; by isometries, and give
P(L; ® 1) the induced metric.

Define vectorbundles Q; — X* as follows: For w € W and ({1,...,¢) lines in
(L1 ® V), (L ® 1), define (Qi)(w,ey,....00) = ¢ C (Li ® 1)w. These bundles
inherit natural T-actions. Observe furthermore that ¢}, (Q;) is naturally isomorphic
to Li.

Define V; C X* to be the subvariety {(w,f1,...,0) : £; = [0 : 1]}. For 4
1,...,k, V; are connected T-subvarieties, with connected intersection locus, and W =
Vin...NVs. N

Finally, let f : X* — X™ denote the blow-up of X* along Z =V, N...NV; with
exceptional divisor E. We have the following intersection-theoretic result:

THEOREM 8. ciop(f*Q1® ... f*Q; ® O(—E))r =0.

Proof. We will show that Hom(L, f*Q1 @ ... ® f*Q,) has an equivariant global
nowhere zero section, where L is a line bundle with the same equivariant first Chern
class as O(E).

We first give an explicit construction of the line bundle L. Let 0 < #q,...,t;.
Define Sy, .., C X* to be the subset {(w,[v; : Uy vy o 1501 0 oen 2 0], 0)
[lvil| = t;}. Here £ represents a point in P(Lj11 & 1)y X ... x P(Ly & 1),,. We will
refer to points in X* which are not contained in any Sy, ,...t; as points at infinity. Let

p:[0,00) — R be a bump function equal to zero in the region [0, 1/3) and equal to one
in the region [2/3,00). For 0 <¢; <1 and v = (w,[v1 : 1],...,[v; : 1], [v1 : ... 2 0], 0)
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a point in Sy, .4, let Ly C (L1 ® 1)y @ ... ® (Lj ® 1), be the span of the vector
0= ((1—p(t1))v1, p(t1), ..., (1 — p(t;))vj, p(t;)). Outside this set, we define L, to be
the span of the vector 0 1@ ... ®0® 1. This clearly defines a smooth line bundle
on X* with the same equivariant first Chern class as O(F).

We now prove that Hom(L, f*Q1 & ... ® f*Q;) has a global equivariant nowhere
zero section. For v; € L;, define:

For v = (w,[v1 : 1],...,[v; : 1), [v1 : ... : vj],€) € Siy,..1,, we define L, —
(Q1D...©Q))¢w) by U+ (h1(v1),...,h;(v;)). This section extends in a natural way
to the points at infinity, giving us a continuous nowhere zero equivariant section sg
of Hom(L, f*Q1 @ ... ® f*Q;). The section is only continuous because the function:

2?2 |z <1
h(@_{# 2l =1

is not smooth. However, we may remedy this by approximating our continuous section
so by a smooth section and then averaging over the group 7. Since sy was nowhere
zero and fixed by the T-averaging process, the new smooth section will remain nowhere
zero after averaging over 7T'. 00

REMARK 4. The intuition behind the preceding theorem is that if Z = D1 N...N
D; is the complete intersection of a collection of normal crossing divisors, then the
proper transforms 51 of D; are disjoint when we blow up along Z. We therefore have
that ciop(O(D1) @ ... 8 O(D;))r = 0. While the above theorem is known, the proof
given here will be useful later.

One easily observes that i, Q; = Ny, x-. We might expect, therefore, that
Ctop(Q:)T was the equivariant Thom class of V;. This is in fact the case, as the
following lemma proves:

LEMMA 7. ¢iop(Qi)r =iv; 1

Proof. By the naturality properties of the equivariant Chern classes, it is enough
to prove the above lemma for X* = P(L @ 1), where L is a T-vectorbundle over W,
and @ is the universal quotient bundle over P(L @ 1). Here, W itself plays the role of
V; in the statement of the lemma. As above, we endow the trivial bundle 1 with the
trivial T-action.

Let us first prove that c;p(Qi) = iw,l in the non-equivariant category. Let
p:P(L&1) — W denote the obvious projection map. Let r = rk(Q). From the exact
sequence:

0—-S—p'(Ldl)—-Q—0
we have that ¢,.(Q) = (%)T, where (-), denotes the degree r part. Let p, :
P(L @& 1), — w denote the restriction of p to the fiber over w. Then c,.(Q)|p(La1)
c1(S*)"Ip(L@1),,» Which clearly integrates to 1 over the fiber.

We next observe that () has a global no-where zero section away from W. We
define this section as follows: s: (w,[v: z]) — (w,[v : 2], GIER —1) We therefore have

w



272 R. WAELDER

that ¢,.(Q) is exact away from W. Hence, by subtracting off an exact form, we may
represent ¢,.(Q) by a form which has compact support in a tubular neighborhood of
W, and which integrates to one along every fiber of the tubular neighborhood. It
follows that ¢.(Q) = iw,1 at least in the non-equivariant sense.

In general, ¢, (Q)r is at least an equivariant extension of the Thom class of W.
Moreover, ¢,.(Q)r is equivariantly exact outside W. We prove this as follows: Ob-
serve first that the non-zero section we defined on the complement of W was in fact
equivariant. This section therefore induces a splitting Q = Q' ® C outside of . Since
we endowed 1 with the trivial T-action, one may easily verify that the C in the above
splitting inherits a trivial action as well. It follows that ¢, (Q)r is equivariantly exact
outside of W.

By subtracting off an exact form, we get that ¢.(Q)r may be represented by an
equivariant form which has compact support in a tubular neighborhood of W, and
which integrates to one along every fiber of the tubular neighborhood. It follows that
¢r(Q)r is the equivariant Thom class of W. O

We next prove a formula relating the equivariant Chern class of the blow-up of X*
along Z to that of X™*. Note first that 7"X™ splits holomorphically and equivariantly
into a direct sum of sub-bundles F' & M, with i3 F = TZ and i M = Nz/x-. We
may therefore apply the following lemma to compare the equivariant Chern classes of
X* and Blz X*.

LEMMA 8. Let Y be a complex T-space, and Z C Y a T-invariant complex
submanifold. Suppose that TY splits holomorphically and equivariantly into a direct

sum of sub-bundles F'® M such that iy ' =TZ and izM = Nz/y. Let f:Y =Y
be the blow-up of Y along Z with exceptional divisor E. Then:

(7) ATY)r = e(f*F)re(f*M © O(~E))rc(O(E))r

in the ring H3(Y)ioc-

_Proof. By localization, it suffices to prove the equality at every fixed component
inY. Let P C Y be a fixed component which is the proper transform of a fixed
component P C Y. If P is disjoint from Z, then the equality of (4) at P = P
is trivial. Otherwise, P is equal to the blow-up of P at PN Z. Note that iLF
decomposes as Fy @ Fi, where T acts trivially on Fy and nontrivially on Fj. Similarly,
ipM = My @ M. Clearly TP = Fy @ My and Np/y = F1 & M;.

Applying i} to (4), we have:

i*ﬁ(LHS> = C(Tﬁ)C(Nﬁ/?)T
ix(RHS) = c(f"Fo)e(f*Mo ® O(=E))c(i5O(E))
(f*F)re(f* M © O(=E))r

Since P is the blow-up of P along PN Z and ipn, Mo = Npnz/p, the relation
«(TP) = c(f*Fo)e(f*My ® O(=FE))c(i50(E)) is well-known (see [10]). It suffices
therefore to prove that c(Nﬁ/f,)T = i5(c(f*F)re(f*My ® O(—E))r). To this end
we prove the following claim:

CLAIM. Np 5 = iS(f*FL @ f*My ® O(=E)) as T-vectorbundles.
To prove this, consider f as a map f : P — P. For simplicity of notation,

write £ for E N P. View Np 5 as a sheaf, ie., ng/f,(U) = I‘(U,ng/f,). The
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derivative Df : ng/f, — f*Npyy = f*F1 & f*M; is a sheaf map, and maps onto
the subsheaf f*Fy & f*My(—FE). Here f*M;(—F) represents the subsheaf of f*M;
corresponding to sections of f*M; which vanish along E. Let sg denote the global
section of O(E) induced by the defining equations of E. Then ®s; ' : f*M;(—FE) —
f*M, ® O(—E) is a sheaf isomorphism. Define 8 = (id © ®s, ') o Df. By computing
in local coordinates, one verifies easily that 3 : Np v — f*F1 & f*M; ® O(-E)
is a sheaf isomorphism. Furthermore, for s a local section of Np /v s(p) = 0 if
and only if (3s)(p) = 0. Therefore, beta induces an isomorphism of the corresponding
vectorbundles. Moreover, since [ is clearly equivariant, the vectorbundle isomorphism
is equivariant. _

This completes the proof if PNE < P. Next, suppose that P C E. For this case,
it suffices to prove the following fact:

CLAIM. i5,(TY & C) = i, (f*F & f*M @ O(—E) & O(E)).

We prove this as follows: Let 7 : P(Nz/y) — Z be the natural projection, and
let S denote the tautological bundle over P(Nz,y ). Then Z*ET}N/ =TP(Ngz/y) @ S.

Since i f* = w*i}, we have that i f*F = 7%, F = 7#*TZ and ipf*M =
W*Nz/y. Thus,

iB(fF@® f*M @ O(-E)® O(E)) =r"TZ & 1" Ny ® §* @ S.

From the exact sequence 0 — S — 7*Nz/y — @ — 0, we have that 7*Nz/y ®
S*=ChQ®S*, where @ is the tautological quotient bundle. The claim then follows
from the observation that TP(N/y) = 7*T'Z ® Q ® S*. This completes the proof of
the lemma. O

REMARK 5. Note that if ¥ is equivariantly formal, the above proof implies that
(4) holds in the unlocalized ring H7(Y').

We may rewrite the left-hand side of (4) as c(f*TY)re(f*M)p e(f*M ®

O(—=E))rc(O(E))r. Viewed as an element of H(Y), it is easy to verify that this
expression remains the same if we replace M by any bundle M’ with i, M’ = N,y
We therefore obtain the following corollary pertaining to X*:

COROLLARY 1. Let f: X* — X* be the blow-up of X* along Z =ViNn...NV;
for j < k with exceptional divisor E. Then the following formula holds in fI(X*)
= (fTXY)r o
(%) = <X T (59, O(~ E))relO(E)):
i=1 C(f Qi)T i=1

We end this section with a technical lemma which is the blow-up analogue of
lemma 7.

LEMMA 9. For1 < i <k, let 171 be the proper transform of V; under the above
blow-up: f: X* — X*. Then ciop(f*Q: @ O(—E))r is the equivariant Thom class of
v for1 <i<j, and ciop(f*Qs)r is the equivariant Thom class 0f17i forj+1<i<k.
Moreover i% ¢(f*Q; ® O(—E))r = c(Nz/ﬁ)T for1 < i < j and i%c(f*Qi)T =

v 1%
c(N‘Z_/;{*)T for j+1<i<k.

Proof. Let 1 < i < j. Recall the equivariant continuous nowhere vanishing
section sg of Hom(L, f*Q1 & ... ® f*Qy) constructed in the proof of theorem 8. Let
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m; denote the projection from f*Q1 ® ... & f*Q onto the i-th factor. Then 7; o sq is
an equivariant section of f*Q; ® L*. From the construction of sg, it is clear that sg
vanishes precisely along V;. Hence, the equivariant top Chern class of f*Q; @ L™ is
the equivariant Thom class of V;. Since L has the same equivariant first Chern class
as O(E), this proves cop(f*Qi @ O(=E))r =iy 1.

To prove the second part of the lemma for 1 < i < j, apply z% to both sides
of the equation in corollary 1. The LHS becomes C(T‘Z‘)TC(N‘Z_/)“(; )7 while the RHS
becomes:

c(f* Ny, x- ® O(=ENV;))re(f*TV;)r y
[Tz c(f*Ny,yxo)r

[ c(f* Nv,yx- ® O(=E N Vi) re(OE N V).
044

Here we have used the fact that 7, Q¢ = Ny, x~. By corollary 1, the factor multiplying
i%c(f*@i ®@O(=E))r = c(f*Ny,/x- @ O(=EN Vi))z in the above expression is equal
to ¢(TV;)r. We therefore have that i%c(f*Qi ® O(—E))r = c(N‘Z/)}:)T.

Next, let j +1 < ¢ < k. From the proof of lemma 7 we know that @; has an
equivariant nowhere zero section in the complement of V;. Pulling back this section
by f gives an equivariant nowhere zero section in the complement of f W=V It
follows that ctop(f*Q;) must be localized in a neighborhood of V;. By the equivariant
Thom isomorphism, ¢iop(f*Q:)r must be a complex number multiple of the equivari-
ant Thom class of XZ But since ficiop(f*Q;)r is the Thom class of V;, this complex
number multiple must be equal to one.

The proof of the second part of the lemma for j + 1 < ¢ < k is analogous to the
proof given above for 1 <i < j. 0

9. Twisted Polyhedral Complex. Throughout, we assume the following;:

(a) X is a smooth projective variety with a holomorphic T x H action, where T'
is a torus and H is a finite abelian group.

(b) Z C X is a T-invariant smooth subvariety.

(c) V. X* is a connected component.

(d) W =V N Z is connected. (see remark at the end of this section)

As noted above, iy, Nz, x splits as No @ N1, where Ny denotes the sub-bundle of
i3y Nz x on which H acts trivially. Furthermore, N1 decomposes as a sum of sub-
bundles &N, corresponding to the characters of the H-action on Ni. Finally, Ny,
also splits into character sub-bundles & N..

Let E1,...,Ey, Dq,..., Dy be smooth normal crossing divisors on X intersecting
Z normally and non-trivially. We label these divisors so that i}, Lp, — Ny and
Z*WEE] — Ny. Write ZT/VEDZ = A; and Z*WEEJ = fj. Write Ng = Fy @ @Al and
Ni=DFPod.

Define a new space X* as follows: p : X* — W is the fiber bundle with fiber
pH(w) =

[IP(Ne @ 1)u x P(Fy @ 1) x
[TPAi & 1) x [TP(Fr @ 1w x [TPE © D
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Clearly X* contains a copy of W with normal bundle Ny, x. Moreover, as in the
previous section, each of the bundles V., Fy, F, A;, and &; are the restrictions to W
of global equivariant bundles Qn., QF,, @F,, @a, and Q¢,. Recall also that the top
Chern classes of these bundles are Poincaré dual to varieties Viy_, Vg, Vr,, Va,, and
Ve;. The analogue of Z in X* is the intersection locus of the varieties Vi, , Vi, Va,,
and Vg,. We will continue to call this intersection locus Z.

We associate a polyhedral complex with integral structure (X, Nx) to X* as fol-
lows: Let s. = rk(N.), r = rk(Fp), and let 7y = rk(Fy). Let w®% xb y™¢ d', and
e’ be an integral basis for Ny, = Z2esetrt2amthtl for g =1,...,s.,b=1,...,r,
c=1,...,rn,i=1,...,k,and j = 1,... /. Define ¥ to be the cone in the first orthant
of the vectorspace Ny, ®R. Let we q, p, Ya,c, di, and e; be the linear forms on this vec-
torspace which are dual to above basis vectors. Then C[X] = Clwz q, Tp, Ya,c, di, €.
Let G = [][.Ss. x Sr x I[, Sr,, where S,, denotes the symmetric group in n let-
ters. Then G acts on C[X] by permuting the linear forms w4, p, Ya,c in the obvious
manner. Consider the following correspondence:

We,q < T-Chern roots of Qn.
xp «— T-Chern roots of Qp,

Yx,c «— T-Chern roots of Qp,
di «— c1(Qa;)T

ej « c1(Qg;)r

Such a correspondence defines a natural map p : C[2]¢ — Hi(X*).

Let ¢ : X* — X* denote the blow-up of X* along Z with exceptional divisor E.
Define ¥ to be the polyhedral complex obtained from ¥ by adding the ray through
the vector Y xp+ Y yrc+ . di+ > e;. As before, let we 4, T, Y ¢, di, and e; denote
the linear forms on C[Y] which are dual to vectors w™®, zb,y*¢ di, and /. Let ¢ be
the linear form dual to D" xp + > yrc+ > di + > e;. Then:

C[i]%C[t,ws,a,xb,y)\_,c,di,ej]/ H TpYx,cdie;.
b,c,\, 4,7

G acts on C[X] in the obvious manner. Consider the correspondence:

We,q +— T-Chern roots of ¢*Qn.
xp «— T-Chern roots of ¢*Qr, ® O(—F)
Ya,c < T-Chern roots of ¢*"Qr, ® O(—F)
di — c1(¢"Qa, ® O(—E))r
ej < c1(¢*Q¢, ® O(—E))r
By theorem 8, this correspondence induces a well-defined homomorphism p : (C[f]]G —
HZ(X™*). B B
It is easy to see that v* : C[X]¢ — C[X] and similarly v, : C[X]¢ — C[X]¢. We
have the following important lemmas:

LEMMA 10.

(8) pv*t =¢*p
(9) Dxp =PV
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Proof. For notational convenience, let e q,Zs,... denote the T-Chern roots
corresponding to we q,Tp,.... With this notation, p(f)(we.q,s,...) is equal to
f(@We.q,Tp, - ..). We first prove 8: We have:

Qb*p(f) = f(¢*ws,av (b*jba .- )
= f(wi,avjb + {7 c ) = f(p(waa),p(xb + t)’ . )
= (P Werar pV Ty ) = 1 f

8 allows us to reduce the proof of 9 to the case where f = t". Let N = codim Z.
Forn < N — 1, v,t™ = 0 = ¢.p(t)", so the claim is true in this case. Otherwise,
for n = (€= 1+ ), deplal) = (—1)7~iz)us;(Nzyx-)r = (—1)1 i)y, (M) =
(=1)771s;(M)rciop(M)r. Here s;(M)r denotes the j-th equivariant Segre class of
the bundle M = Qr, ® @, Qr, ® D Qa, ® D, Q¢;. The last equality follows from
lemma 7. Clearly this last expression is equal to p(P) for some universal polynomial
P in the Chern roots of M. We are therefore reduced to proving that v, (f) = P. Let

s = rank(Ny,z) and let p : Cs+N — C*™ denote the blow-up of C*™ along C* x 0,

where we give both spaces the structure of toric varieties, with big torus L. (C[i] and
C[X] both correspond to the rings of piece-wise polynomial functions on the fans of

Cs+N and C*V, which are in turn isomorphic to the L-equivariant cohomology rings
of the above spaces. We may view v, as the polyhedral version of the equivariant

pushforward p. : Hj (C5tN) — H;(C*tN). Then v, f = P follows from the fact that

ps(c1(E)p)N =1 = P, where here we evaluate P at the equivariant Chern classes of
the coordinate hyperplanes. 00

REMARK 6. As in section 5.3, the above theorems hold for piece-wise convergent
power series.

10. Blow-up Formula for Orbifold Elliptic Genus. Let X be a smooth
projective variety with a holomorphic G x T" action, D = ), a;D; a G x T-invariant
G-normal crossing divisor with coefficients a; < 1, g,h € G a pair of commuting
elements, and X,%h a component of the common fixed point locus of g and h. Recall
the definition given in section 3 for the orbifold elliptic class of the pair (Xg*h, D).
The goal in this section is to prove the following theorem:

THEOREM 9. Let f : X — X be the blow-up along a smooth G x T-invariant
subvariety Z which has normal crossings with respect to the components of D. Fix
a commuting pair g,h € G and a component X;‘j’h of the fized point locus X9". Let

Y 9.k Y 9.h : Jh .
{Xﬁ } denote the components of X 9™ which get mapped to X&" under f. Then:

fo > Ellony(X4", D) = Ellory (X", D)
n

Here D is the divisor satisfying J*(Kx+D)=Kg+ D.

Proof. By the projection formula, it suffices to assume that every component of D
intersects Z with multiplicity 1. Furthermore, by applying deformation to the normal
cone (lemma 6) we may assume that X is the normal cone space X* described in
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section 9. Using the notation from section 9, we have the following correspondences:
H—(g,h)
ZN XS — W
(D} e — (Ve }
{Di}sgrgn — (V)

" () Va. mOVFA mﬂvgj
e J

Z — Ve, 0 \Ve, N[ Va, N[ Ve,-
A i J

Given these identifications, 5llorb(X;‘{’h, D) =

H 22;;10 271'1 )9/(0) H 9(2210)0(12;; +)\( ) A(h)T_Z)eQTrik(h)zX
rx- AEm)f(=2) G 06 — 2)0(5 + Ag) — Ah)7)

H e(mZETr;1 )H(I;ﬂ'j + E( ) E(h)T — Z) e27ri€(h)z
0(525 — 2)0(55 +e(g) —e(h)7)

2me

X

2me

(520055 +20(9) = M ()T = (=0 + D2IC2) i 00,
(5 — 2)0(22 + A\j(9) — A (R)T)B(—(—aj +1)2)
0( (—ai +1)2)0(—2)

IIWA%—aw—vaf+n>'

Here ¢, %c4,&, and A; denote the equivariant Chern roots of the bundles,
QFy,QnN.,Q¢;, and Qa,, respectively. The above equality follows from lemma 7.

Let f : X* — X* be the blow-up along Z with exceptional divisor E. Before
proceeding further, it will be convenient to set up some new notation. Consider the
collection I = {N,, Fy, F,§;,Ai, E}. Let Qn. = f*Qn,.. For Ae I, A# N, E, let
Qa=["Qa®O(- E). For ease of notation later on, we also define Qp = O(E). For
A e I—{FE}, welet VA denote the proper transform of V4, and we let VE simply
equal FE.

For A € I—{E} we define, for convenience of notation, A4 € R((g,h)) and ag € Q
as follows: For A = N,, F),§;, and A;, we let Ag = €, A, A;, and )\;, respectively.
Otherwise, we set Ay = 0. Next, for A = §; or A;, we let oy = o or ;. Otherwise,
we set aq = 0.

Let )A(/*g’h be a connected component of )A(/*g’h which gets mapped to X h under

f. This space is the complete intersection of subvarieties VA for A in some indexing set
I,ClI ForAel, QA| T = =Na, ®)\A ,u for some (g, h) character )\A . and some

(g, h)-trivial bundle N4 ,. More precisely, we may canomcally define )\E = A, for
some unique character A \AY depending only on u, and then set Py Ap = A4 — Y Eu- We
extend the definition of )\A . by letting /\A nw=0for AZI,.

Finally, we define indices 34 as follows: For A = &;,A;, or E, we let 84 be the
coefficient of 17,4 as a divisor in D. Otherwise, we let 84 = 0.

Applying corollary 1, lemma 9, and the above definitions, we obtain the following

~gh ~
convenient expression for Ell,,(X *i ,D):
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* 51 0(52; — 2)0'(0) 0(52)0(—=)
f { 1] 0(2-)0(—2) G (G }X

2me

m,Qa, A€l 2
ag

H ?6‘(27” hi )\A H(g) _NXA’M(h)T — (_BA + 1)2)9/(0) 627ri(—5A+1)XA,uZ.
6,Qa,A€l 0(5% + Mu(9) = Aau(W)T)O(—(—Ba +1)2)

Notice by our definition of XA,H that > (=04 + 1)XA,H(h) =3 (—aa+ D)Aa(h).
By this observation and the projection formula, we are therefore reduced to proving
the following formula:

&_759(2% +Aau(9) = Aau(W)T = (=4 +1)2)0'(0)
w2 1l 75 + Aau(9) = Aau(W)T)0(—(=Ba + 1))

s (82 | \4(g) — Aa(h)7 — (—as + 1)2)0'(0)
(D II e e amicras D

m,Qa,ACI—FE

Naturally, a¢ = a¢(A) denote the equivariant Chern roots of @ A and a,, = am(A)
denote the equivariant Chern roots of @ 4.

Referring to the notation from section 9 for A = N, Fo, F)\, Ay, & and § =
1,...,rank(A), let us define x4 ; € C[E] = we i, Ti, Ynr,i, di, €5, respectively. For A € T
and i = 1,...,rank(A) we define Z4,; € C[%] similarly. Define F' € C[|$[] to be the
power series:

po [ BECE M0 Coa s 10O
Q(IA-I +Aa(g) = Aa(h)7T)0(—(—aa +1)2)

2me

i,AcI—E

Define F,, € C[|3|] =

11 Ta00(284 4 X0 u(9) — Mau(W)T — (—Ba + 1)2)0(0)
cher 0+ Xau(9) — Mau()r)8(—(=fa +1)z)

Clearly F' is p applied to expression 10 and F), is p applied to the y-th summand
in expression 11. By lemma 10, we are reduced to proving v, Eu F,, = F. To do this,

think of (X, Nx,) as the polyhedral complex associated to the toric variety C where
M = dim X. Let CM be the toric blow-up of CM which corresponds to the polyhedral
subdivision ¥ — ¥ described in section 9. We may view g and h as elements of
the big torus of CM | i.e., as elements of a finite index sup-lattice of Nx;. Under this
identification, z4,(9) = Aa(g).

The (g, h)-fixed components of CM are in one-one correspondence with the fixed

components )A(/*i’h and in one-one correspondence with subcones C,, C . These are
the cones of maximal dimension which correspond to affine open sets Ug, of the form
C® x (C*)b, where the characters of the (g, h)-representation C® are all non-trivial.
For C' D Cy, let I(C) index the collection of piece-wise linear functions Z 4 ; which are
dual to C'. Since g and h € Ny, lie inside C,,, it makes sense to evaluate T4 ;|c at g and
h. One sees easily in fact that 4 ;|c(g) = Aa,.(g) and similarly for # 4 ;|c(h). When



EQUIVARIANT ELLIPTIC GENUS MCKAY CORRESPONDENCES 279

distinguishing between different cones, it will be convenient to denote the collection
{Zailc}re) by {xc,]}”(c)l. With this notation, if Zc; = Za|lc, we also define
B; = Ba. We define z¢; and o similarly when C' C X.

From this it follows that for C' D C,;:

- dim C i;mj 9(523‘”1 +Zc;(9) — Tc,j(h)T — (=6 + 1)2)8'(0)
Fule= 1] 7 '
j=1 (%5 T Tc,j(9) — Tco,j(R)T)0(— (=65 + 1)2)

Otherwise, if C), is not contained in C, it is easy to see that F),|c = 0.
Now let C, C ¥ be the cone which corresponds to (X *)f’y’h. Fix a cone K C ¥

containing C,. Let f]K denote the subdivision of K inside 3. Each cone C C ¥ K
with the same dimension as K contains a unique cone C}, for some p. Moreover, every

cone (), is contained in one such cone C' C ¥ k. We therefore have that

dimK dc, 9( L+ 3c(g9) — o ()T — (=B +1)2)0'(0)
FM — 2mi 27rz s '
2. file ng 0(% + 3 (g) — iy (h)T)O(—(—B; + 1)z)

To complete the proof, it remains to show that (v, > F,)|x = F|x. By the
push-forward formula for v, this is equivalent to proving the identity:

dlmK

Z H 271'1 -+ xc;] (g) B ‘%CJ(h)T — (_ﬁj + 1)2)9/(0) _

ccsy J=1 xzfm] +Zc;(9) — Zc,; (R)T)0(—(—5; + 1)z)

d‘ﬁK 9(?;: +21c(9) — 21y (W7 — (—a; +1)2)0'(0)
0(55 + wxj(g9) — k., (R)T)0(—(—a; +1)z)

j=1

Here the functions Z¢ ; are regarded as linear combinations of the functions z g ;.
The above formula follows from theorem 7 of the preprint [18] or by lemma 8.1 of [7].
This completes the proof. O

REMARK 7. Note that setting 7' = 1 in the above series of arguments gives us
Borisov and Libgober’s push-forward formula for the orbifold elliptic genus in [7]. It
is interesting to compare their use of deformation to the normal cone to prove the
non-equivariant push-forward formula to the use given here. In [7], deformation to the
normal cone allows the authors to assume that normal bundle to the blow-up locus is
the restriction of a globally defined holomorphic vectorbundle Q. In this situation, one
has an explicit formula (see [11]) relating the Chern classes of TX,TX, @, and O(E).
Using this formula, Borisov and Libgober are able to compare the pushforward of the
blown-up orbifold elliptic genus to the original orbifold elliptic genus and show that
they are the same by using a residue theorem argument. Here, our use of deformation
to the normal cone is a bit stronger in the sense that we work entirely on the normal
cone space X *, making direct use of its topological data. On the normal cone space we
are able to explicitly compute the push-forward of the orbifold elliptic genus by using
an analogue of functorial localization, together with a useful theta-function identity.

Now, let Z be a projective Q-Gorenstein variety with log terminal singularities,
and a regular G x T action. Let f : X — Z and g : Y — Z be two equivariant
resolutions of singularities. We assume that the exceptional locus of both resolutions
is a G-normal divisor with simple normal crossings. Define Dx so that Kx + Dx =
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f*Kz; define Dy similarly. Then the equivariant orbifold elliptic genera of (X, Dx)
and (Y, Dy) coincide. Indeed, by the equivariant version of the weak factorization
theorem [1], we may connect X to Y by a sequence of equivariant blow-ups and blow-
downs in such a way that the blow-ups at each intermediate pair (X;, Dx,) occur
along a smooth base with normal crossings with respect to the components of Dy, .
Moreover, the procedure described in [7] theorem 3.7 to make the intermediate pairs
(X;,Dx,) G-normal extends to the T-equivariant case. Hence, by the equivariant
change of variables formula, Ell,4(X, Dx,G) = Ellym(Y, Dy, G).

We will, however, require a slightly stronger version of the above result for the
purposes of this paper:

THEOREM 10. Let f : (X, Dx) — (Y, Dy) be a G x T-equivariant birational mor-
phism between smooth, equivariant, G-normal log terminal pairs (X, Dx) and (Y, Dy).
Assume furthermore that f*(Ky + Dy) = Kx + Dx. Then f.€llowp(X,Dx,G) =
Ellory(Y, Dy, G).

Proof. The weak factorization theorem allows us to factor f into a sequence of
equivariant blow-ups and blow-downs

X=Xp--+X1--»- - X, =Y

such that for some intermediate index iy the maps X; — X are morphisms for i < ig
and the maps X; — Y are morphisms for ¢ > 5. Moreover, by [7] theorem 3.7,
we may still guarantee that all the intermediate varieties are G-normal with respect
to the appropriate divisors. Note that since f is itself a smooth morphism, we may
conclude that the maps X; — Y are smooth morphisms for all 4.

We now apply induction on k. For k = 1, the theorem is obvious. Otherwise,
consider the intermediate variety X;. By assumption, X; # X,Y. Either X --+ X,
is a blow-up or blow-down. Suppose first that X « X; is a blow-down. Call this
morphism g. Define D; so that Kx, + D1 = ¢*(Kx + Dx). Note that if h: X1 — Y
is the morphism f o g, then Kx, + D1 = h*(Ky + Dy). By the change of variables
formula, Ellyp(X,Dx,G) = g«€llorpy(X1, D1, G). Therefore f.Ellop(X,Dx,G) =
h&llorp(X1, D1, G). But this is equal to Elly4(Y, Dy, G) by the induction hypothesis.

The case in which X — X; is a blow-down is proved similarly. O

11. The Equivariant McKay Correspondence. Here we use the results from
the preceding sections to prove an equivariant analogue of the McKay Correspondence
for the elliptic genus. As a corollary, we will arrive at an equivariant version of the
DMVYV formula.

Let X be a smooth projective variety with a G xT action, where G is a finite group
and T is a compact torus. Let ¢ : X — X/G be the quotient morphism. Assume
that X/G has an equivariant crepant resolution V' and that ¢*(Kx,q) = Kx. Let
F C X be a fixed component of the G x T-action, and let { P} C V denote the fixed
components in V' which get mapped to ¢ (F). Then:

gllorb(X, G) - gll(V)
/F o(F) ‘§/p oP)

Proof. Let Z — V be a sequence of equivariant blow-ups of V' so that the
exceptional locus of the resolution 7 : Z — X/G is a divisor with simple normal

THEOREM 11.
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crossings. Let Dz be the divisor on Z such that Kz + Dz = T Kx/q- Define ZO
to be the normalization of Z in the function field of X. By Abhyankar’s Lemma,
the induced map pug : Zy — Z is a toroidal morphism of toroidal embeddings. Let
Z be a projective toroidal resolution of singularities of Zo, and define D, so that
Ky, + Dy, = p*(Kz + Dz), where p : Z — Z is the obvious map. We may further
assume that Z has a G action, and that the pair (Z, D) is G-normal. (see [2]). We
obtain the following commutative diagram:

7z -t z

‘| |
x Y x/G

Here, the vertical arrows are resolutions of singularities, and the horizontal arrows
are birational to a quotient by G. It is clear that all the constructions involved
(normalization, blow-up along a T-invariant ideal sheaf) are T-equivariant, and that
consequently the above morphisms are T-equivariant. Since ¢*(Kx) = K, + D,
we have that EI17,,(X,G) = ¢+ElUoy(Z,D4,G). Let {L} C Z denote the fixed

components of Z wh1ch map to F. By functorial localization:

/ guorb X Q) Z / Ellgrs(Z, D4, G)
i —.

Now, by theorem 7, 1. Ellor(Z, D4, G) = EI(Z, Dyz). Let {K} C Z denote the fixed
components which get mapped to ¢ (F') under the resolution Z — X/G. Clearly {L} =
¢F = ¢ (F) = pin(F) = p{K}. Thus, by functorial localization
applied to p., we have:

Elloy(Z,Dy,G) Ell(Z,Dyz)
Z / e(L) a XK: /K e(K)

Finally, since {K} denotes the fixed components of Z which get mapped to {P},
functorial localization applied to Z — V completes the proof. O

REMARK 8. In case X/G possesses no crepant resolution, the above proof shows

that [, M =>p/p g”e(ZPDZ , where in this formula {P} denotes the fixed

components of Z which get mapped to ¥(F).

We now discuss some corollaries of the above result. We begin with a proof of

the equivariant DMVV conjecture. Let ]P’é") = (P3)"/S, denote the nth symmetric
product of the projective plane. The natural group action of T = S! x S! on Py
extends to (P2)™ in the obvious manner, and commutes with the action of S,,. The

action of T' on Py also extends to P[Qn], the Hilbert scheme of n points on Ps, and the

Hilbert-Chow morphism ]P’[Qn] — ]P’é") is an equivariant crepant resolution.
Sitting inside ]P’é") is the open variety (C2)("). It has a single T-fixed point p, which
is the image under the quotient morphism of the S,, x T fixed point (0,0) x ... x (0,0) €
(C?)". The pre-image of (C2)(™ under the Hilbert-Chow morphism is just (C2)M.

Hence, the pre-image of p under the Hilbert-Chow morphism is simply the collection
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of T-fixed points of (C?)["). If (uy,us) denote the equivariant parameters of the T-
action, let t; = ™. Then the above theorem implies that:

Ellory((C?)", Sy, 1, ta) = EU(C?)M 14, 15).

Note that the LHS involves equivariant data associated to the single fixed point p,
whereas the RHS involves a sum of equivariant data associated to partitions of n.

For z the complex parameter appearing in the definition of the elliptic class and 7
the lattice parameter used in the definition of the Jacobi theta function, let y = 7%
and ¢ = e?™7. Viewing the equivariant elliptic indices as formal power series in
the variables ¢, y, t1, and t2, and applying theorem 3.1 of [15], we have the following
equivariant analogue of the DMVV formula:

THEOREM 12. Fxpand

2 1 1700 “1n .
EU(C? by, t2) =y [ -yt T, (1 =yt g™ (1 =y~ "tig™)
o o - trt Tz (=t 1) (1 — tig™)

as Zm>o,e,k c(m, £, k)qmy’ft’flt’;? Then

1
(1 _ pnqmyftllcl t§2)c(nm,€,k) ’

3P EU((C), b, 1) =

n>0 m>0,n>0,4,k

We next discuss the equivariant elliptic genus analogue of the classical McKay
correspondence, which was originally proved in [18]. Let G C SU(2) be a finite
subgroup. G acts on C2? in the obvious fashion, and commutes with the diagonal
action of T = S*. Let V — C2?/G be the crepant resolution of singularities. The
action of T lifts to V', and the fixed components of this action are compact.

THEOREM 13. Elly(C?,G,t) = El(V,t).

Proof. View C? as an open subset of P2, with the action of G and T extending to
P2 in the obvious manner. The space P?/G still has only an isolated singularity at the
image of the origin [0 : 0 : 1]. Hence P?/G has an equivariant crepant resolution which
is a compactification of V. The above theorem then follows by letting F' = (0,0) in
theorem 11. O

12. Appendix.

LEmMMA 11. Let f : X — Y be a T-map of smooth compact simply connected
complex manifolds. Let D C'Y be a T-invariant divisor and let E; be T-invariant
normal crossing divisors on X such that f*D =" a;E; as Cartier divisors. Then for
any e-regular neighborhood U, of D there exist generators GEI_ for cF(E;) and ©F for
cF' (D) with the following properties:

(1) ©F has compact support in U. and @gi have compact support in f=1(U.).

(2) f*O] = > ai®F, +dr(n) on the level of forms, where 1 is a T-invariant form
with compact support in Us.

(3) @g and @g represent the extension by zero of the equivariant Thom classes
of the varieties D and E;

The only real issue above is to ensure that n has compact support in the desired
neighborhood.
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Proof. We first solve this problem in the non-equivariant category. For V any
Cartier divisor, denote by Ly the line bundle it induces. Let U, be a T-invariant
tubular neighborhood of D of radius £. Outside Us, the constant function 1 is a
section of Lp. Define a metric h g, in this region by h e = [I1]|> = 1. Let hpeqar be a
metric inside U.. Piece the two metrics into a global metric h on Lp using a partition
of unity. The first chern class of Lp is then represented by the form O p = %58 log h.
This form clearly has compact support in Us.

Let U, be tubular neighborhoods of E;. Choose ¢; small enough so that each
of these neighborhoods is contained in f~'U.. Define metrics h; on F; in a manner
analogous to the above construction of h. Clearly the forms Op, = %58 log h; have
compact support in U, and represent the first chern classes of Lg,.

We have two natural choices for a metric on f*Lp, namely f*h and h{*---hi*.
Choose a smooth nonzero function ¢ so that f*h = @hi*---hi*. Notice that ¢ =1
outside f~1U.. We have:

90log f*h = 0dlogp + > a;001og hi.

But this implies that f*Op = 3, a;0p, + 5=00logp. If we let d° = /=(9 — 9), we
may write this last equation as:

f*0p = a;0p, — dd°log.

The form n = —d°log ¢ clearly has compact support in f~!U.. It remains to
argue that ©p and Of, represent the Thom classes of D and F;. It is a standard
fact that these classes are Poincaré duals to their respective divisors. If a divisor
is homologously non-trivial, then clearly its Thom classes coincides with its Poincaré
dual. If a divisor is homologously trivial, then it must follow that the extension by zero
of its Thom class is trivial. Either way this implies that the above classes represent
the extension by zero of the Thom classes of their respective divisors. This completes
the non-equivariant portion of the proof.

By averaging over the group 7', we may assume that all the forms above are
T-invariant. For notational simplicity, let us assume that T = S'. Let V be the
vectorfield on X induced by the T-action. Let g; be the functions compactly supported
in f~'U. which satisfy the moment map equation iy O, = dg;. Similarly, let W be
the vectorfield on Y defined by the T-action and define g so that it satisfies iy O p = dg
and has support inside U.. Note that since f is T-equivariant, iy f*Op = f*iwOp =
f*dg. We then have d(go f) = >, aidg; + ivdn =Y, a;dg; — diyn. Hence go f =
>, aigi — tyn. But this implies that:

F*©p+9) =Y ai(Op +g:)+ (d—iv)n.

i
But this is precisely the relation we wish to in the equivariant cohomology. O

LEMMA 12. (Excess Intersection Formula) Let X be a smooth compact va-
riety with irreducible normal crossing divisors D1, ..., Dy. For I C {1,...,k} denote
by Xr1,; the jth connected component of Ny D; and by ®r ; its Thom class. Fiz irre-
ducible subvarieties X, j, and Xy, j,. For Iy = Iy U Iy, let Xp, ; be the irreducible
components of Xr, j, N Xy, j,. Then:
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q)117j1 A(I)I27j2 = E (I)IOJ H ;.
Io,j NIz

Proof. Let Np; be tubular neighborhoods of X7 ; which are disjoint for each
indexing set I and which satisfy Ny ; C Ny j for X7 ; C Xp j. If we choose ®; to
have compact support in a sufficiently small tubular neighborhood of D;, then [, ®;
will have compact support in [ [; Ny, ;. Moreover, the extension by zero of ([[; ®:)[n, ;
will represent the Thom class of X7 ;. We may also ensure that ®7, ;, A @y, ;, has
compact support in ]_[j Ny,,;. Thus:

Cr g AP =Y ([T @i [T ®) N, =D (112 T ®)lvsg, =

Io,j I 12 Io,j Io NIl
E :(H(I)i)mfo,j H D
Io,j  Io NIz

This yields the desired formula. O
REMARK 9. Note that the above proof clearly extends to the equivariant category.

REFERENCES

(1] D. ABraMovicH, K. KaAru, K. MATSUKI, J. WLODARCZYK, Torification and factorization of
birational maps, J. Amer. Math. Soc., 15 (2002), pp. 531-572.

[2] D. ABRAMOVICH, J. WANG, Equivariant resolution of singularities in characteristic OMath.
Res. Lett., 4 (1997), pp. 427-433.

[3] M.F. Ativan, R. BoTrT, The moment map and equivariant cohomology, Topology, 23 (1984),

pp. 1-28.
[4] M. ATivAH, I. SINGER, The index of elliptic operators I1I, Ann. of Math., (2) 87 (1968), pp. 546—
604.

[6] V.V. BATYREV, Non-Archimedian integrals and stringy Euler numbers of log-terminal pairs,
J. Eur. Math. Soc. (JEMS), 1 (1999), pp. 5-33.

(6] L. Borisov, A. LIBGOBER, Elliptic genera of singular varieties, Duke Math. J., 116 (2003),
pp. 319-351.

[7] L. Borisov, A. LIBGOBER, McKay correspondence for elliptic genera, Ann. of Math, 161 (2005),
pp. 1521-1569.

[8] M. BRION, M. VERGNE, An equivariant Riemann-Roch theorem for complete, simplicial toric
varieties, J. Reine Angew. Math., 482 (1997), pp. 67-92.

9] R. DUKGRAAF, G. MOORE, E. VERLINDE, H. VERLINDE, Elliptic genera of symmetric products
and second quantized strings, Comm. Math. Phys., 185 (1997), pp. 197-209.

[10] W. FULTON, Intersection theory, second edition, Springer Verlag, Berlin 1998.

[11] W. FuLTOoN, Introduction to toric varieties, Ann. of Math Studies 131, Princeton University
Press, Princeton, N.J., 1993.

[12] F. HIRZEBRUCH, T. BERGER, R. JUNG, Manifolds and modular forms, with appendices by Nils-
Peter Skoruppa and Paul Baum, Aspects of Mathematics, E20. Friedr. Vieweg & Sohn,
Braunschweig, 1992.

[13] B. Lian, K. Liu, S.T. YAu, Mirror principle I, Surveys in differential geometry: differential
geometry inspired by string theory, 5, pp. 405-454, Int. Press, Boston, MA, 1999.

(14] B. Lian, K. Liu, S.T. YAu, Mirror principle II, Surveys in differential geometry: differential
geometry inspired by string theory, 5, pp. 455-509, Int. Press, Boston, MA, 1999.

(15] J. L1, K. Liu, J. ZHou, Topological string partition functions as equivariant indices, Asian J.
Math., 10 (2006), pp. 81-114.

(16] K. Liu, On elliptic genera and theta-functions, Topology, 35 (1996), pp. 617-640.

[17] C.-L. WANG, K-equivalence in birational geometry and characterizations of complex elliptic
genera, J. Algebraic Geom., 12 (2003), pp. 285-306.

(18] R. WAELDER, Equivariant elliptic genera, preprint, math.AG/0603521.

[19] E. WITTEN, Supersymmetry and Morse theory, J. Differential Geom., 17 (1982), pp. 661-692.



