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INTEGRATION OF MEROMORPHIC COHOMOLOGY CLASSES
AND APPLICATIONS *

DANIEL BARLET! AND JON MAGNUSSONH?

En hommage a Yum Tong Siu pour ses soizante ans

Abstract. The main purpose of this article is to increase the efficiency of the tools introduced in
[B.Mg. 98] and [B.Mg. 99], namely integration of meromorphic cohomology classes, and to generalize
the results of [B.Mg. 99]. They describe how positivity conditions on the normal bundle of a compact
complex submanifold Y of codimension n+ 1 in a complex manifold Z can be transformed into
positivity conditions for a Cartier divisor in a space parametrizing n—cycles in Z .

As an application of our results we prove that the following problem has a positive answer in
many cases :

Let Z be a compact connected complex manifold of dimension n+p. Let Y C Z asubmanifold
of Z of dimension p—1 whose normal bundle Ny |z is (Griffiths) positive. We assume that there
exists a covering analytic family (Xs)ses of compact n—cycles in Z parametrized by a compact
normal complex space S.

Is the algebraic dimension of Z >p ?

0. Introduction. In the present paper we will develop further some of the
methods introduced in [B.Mg.98] and [B.Mg.99] concerning integration of meromor-
phic cohomology classes. We will equally generalize the results of [B.Mg.99] which
describe how positivity conditions on the normal bundle of a compact complex sub-
manifold Y of codimension n + 1 in a complex manifold Z can be transformed
into positivity conditions for a Cartier divisor in a space parametrizing n—cycles in
Z .

Applications. We shall motivate this work by an application to the following
problem:

(0.1) PROBLEM. Let Z be a compact connected complex manifold of dimension
n+p in Fujiki’s class C' and denote the algebraic dimension of Z by a(Z)?. Let
Y C Z be a closed submanifold of dimension p—1 >0 whose normal bundle Ny |z
is (Griffiths) positive®.

Does this imply that a(Z) > dim(Y)+1=p?

(0.2) REMARKS.
1) There exists a compact connected three-dimensional manifold Z of algebraic
dimension 0 containing a smooth rational curve with normal bundle O(1)®
O(1) (see for instance [C.91] ). Thus the hypothesis Z € C is not superfluous.
2) We assume p >1 (so Y is not a finite set of points) because the case p=1 is
trivially false (let Z be any torus with a(Z) = 0).
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3We learnt from this problem from a talk given by Th. Peternell in Nancy; see [O.P.01].
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3) The case codimzY =1 is well known because the line bundle associated with the
divisor Y is of maximal Kodaira-dimension and therefore Z is a Moishezon
manifold (i.e. a(Z) = dim 2).

4) We shall also discuss the following two variants of the problem (0.1):

(a) the case where Y is a locally complete intersection of codimension n + 1 in
Z. In this case the normal bundle is again well defined and the hypothesis
Ny |z > 0 still makes sense.

(b) the case when the hypothesis Ny |z > 0 is replaced by the assumption that
Ny |z is ample .

We shall also combine the variants (a) and (b) .

(0.3) A NECESSARY CONDITION. Assume that Z satisfies a(Z) > dimY+1 = p.
Then by choosing another bimeromorphic model Z of Z given by a modification
T Z > Z if necessary, we can find an equidimensional map 7 : Z —W ona
normal projective variety W such that a(W) = p. Then the fibres of 7 define,

using the direct image by 7, an analytic family of n—cycles in Z which covers Z%.

Remark that the covering family constructed in this way is not related to the sub-
manifold Y. The inequality a(Z) > p is now reflected in the fact that the normal
compact complex space parametrizing this covering family is a Moishezon space.
This leads naturally to the following problem :

(0.4) PROBLEM. Let Z be a compact connected complex manifold of dimension
n+p. Let Y C Z a submanifold of Z of dimension p —1 whose normal bundle
Nyz is (Griffiths) positive. We assume that there exists a covering analytic family
(Xs)ses of compact m—cycles in Z parametrized by a compact normal complex
space S.

Is a(Z)>p?

(0.5) A SPECIAL CASE. Let Z be a compact connected complex manifold of
dimension n+p. Let m:Z — S be a holomorphic equidimensional map onto a
normal compact complex space S of dimension p. As before we assume that there
exists a complex submanifold Y of dimension p—1 in Z whose normal bundle is
(Griffiths) positive.

Is S a Moishezon space ?

(0.6) REMARKS.

0) As the fibers of 7 give a covering analytic family of n—cycles of Z which is
parametrized by the compact normal complex space S problem (0.5) is a
special case of problem (0.4). We shall see below that in this case we have
equivalence between “S is Moishezon” and “a(Z) > p”.

1) In problem (0.4) (and (0.5)) the case p =1 is allowed, and Y may be taken
to be any point in Z. The conclusion a(Z) > 1 is then a consequence
of [K.75] because (Xs)ses 1is a covering family of divisors in Z which is
not compatible with a(Z) = 0. (In problem (0.5), dimS =1, so S is
projective!)

2) Consider the classifying map ¢ : S — C,(Z) for the analytic family (Xs)secs
(see [B.75] ); we can always replace S by the normalisation of its image

4See theorems 2 and 4 in [B.75] .
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by ¢ without changing the n—cycles which appear in the family. Thus,
without any loss of generality, we shall always assume in the sequel that the
map c¢: S — C,(Z) is the normalization of its image.

3) Now define

Si={seS||X,|nY #0). (1)

As Y is projective (because it carries a positive bundle), ¥ is a Moishezon
space thanks to [C.80]. Moreover, if

z= X,

s€X

then we obtain that a(Z) > p by a“classical” argument (see for in-
stance[C.80]).

4) Of course we shall also consider variants a) and b) or a) + b) for the problems
(0.4) and (0.5) (see remark 4 in (0.2)).

Now we shall state our main result concerning these questions °:

(0.7) THEOREM. Assuming the hypotheses of problem (0.4) with the weaker as-
sumption that Y is a locally complete intersection of codimension n+ 1 with an
ample normal bundle. We assume that for each generic point of X the corresponding
cycle meets 'Y in a finite set. We assume also that our covering family of cycles is
locally separated along Y°. Then we have a(Z) > p.

In the case of problem (0.5) we obtain a statement without referring to the previous
separation condition on the covering family:

(0.8) COROLLARY. In the situation of problem (0.5), if Y C Z is a locally
complete intersection of codimension n + 1 with a positive normal bundle, then S
is a Moishezon space.

For some comments on the non-equidimensional case see the remark (4.2) following
the proof of the corollary.

(0.9). We show moreover that, in general, the problem (0.4) can be reduced to
the case where dim S = p (which is the lowest possible dimension) and we obtain in
this case a transcendental analogue of the result using the convexity property of the
cycle space (see [B.78]), namely that there exists a divisor in Z and p algebraically
independent holomorphic functions on the complement of this divisor (but they may
have essential singularities along the divisor)”.

This shows that our filtered integration of meromorphic cohomology classes (see be-
low) may be seen as an algebraic analogue of the convexity reduction via cycle space
(see [A.N. 67], [N.S.77] , [B.78] etc...)

5See section 4 for more results and a detailed discussion.
6See the precise definition in section 4 .
"The proof of this is explained in remark (4.4) 2).
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Main tools and generalizations.

(0.10). In this paper we will consider the following setting. Let Z be a complex
manifold and let (X;)scs be an analytic family of n—cyclesin Z. Let X be the
graph of the family and let p: X — Z and 7: X — S be the canonical projections.
A locally complete intersection Y of codimension n+1 in Z will be called a pole
for the family if the (analytic) incidence set {s € S | X;NY # (0} is nowhere dense
in S. We will say that a pole Y is proper and generically finite (respectively
finite) if the mapping 7 :p~1(Y) — S is proper and generically finite (respectively
finite).

The same setting is under consideration in our papers [B.Mg.98] and [B.Mg.99] and
we will now describe how results from them are generalized in the present paper.

In the former paper we show that if the pole Y is finite then the incidence set carries
a natural structure of a Cartier divisor, called the incidence divisor and denoted by
Yy or simply by X. In the latter paper we assume the pole Y to be finite and
we also assume that, for generic ¢ in Xy, the cycle X, cuts Y in a unique
point and at that point X, is smooth and not tangent to Y. Then in the case
where Y is ample and S is compact we show that if the family of cycles satisfies
certain separation conditions along Y then the incidence divisor Xy is of
maximal Kodaira dimension. This is proved by “integrating” the cohomology classes
in H [’;]rl(Q’ZL) on the cycles and thus producing enough holomorphic functions on
S\ Xy having polar singularities along Xy

We generalize this result in two different ways. First we allow the pole Y to be
proper and generically finite; so X, NY may be of positive dimension for all ¢ in
a nowhere dense analytic subset of Xy . In this more general setting the incidence
set still carries a natural structure of a Cartier divisor thanks to [B.K.03], but the
integration of the cohomology classes needs special attention.

The second generalization is much more delicate and consists in dropping all condi-
tions on the intersection of the cycles with the pole. This means that, for generic
o in Xy, the cycle X, can cut the pole in several points (tangentially or not).
Under this weaker assumption the main problem is to get a precise bound — in fact
an optimal bound — for the pole order of the meromorphic functions obtained by inte-
grating the cohomology classes. In order to get such a bound we have to modify the
definition of pole order for the cohomology classes. This new order will be referred
to as the conormal order and it is defined by replacing the “naive” filtration on
ﬂﬁjﬁl(ﬁg) by the so called conormal filtration described in (2.13). We then prove
the following result:

Let C be an irreducible component of |Yy| and let ¢ denote its multiplicity in
Yy. There exists a rational number s, €]0,1] such that the pole order along C
of a meromorphic function, obtained by integrating a cohomology class of conormal
order v, is bounded by ¢f.2.rv. Moreover this bound is optimal.

Of course we will have s, =1 when for a generic o € C' we have only one point in
X, NY with non-tangential intersection .

(0.11) THEOREM. Let (Xs)ses be an analytic family of n—cycles in a complex
manifold Z, parametrized by a reduced complex space S andlet Y be a proper and
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generically finite pole for this family. Then there exists a quasi-filtered 8 integration
map

o H Q%) — Hi, (Os)

when we endow the sheaf ﬂﬁjﬁl(Q’Z‘) with the conormal filtration and the sheaf
ﬂ[lzy]((?s) with the ' —filtration®.

(0.12) REMARK.We want to emphasize the fact that Z is not assumed to be
compact in the previous theorem. Moreover neither the cycles X, nor the divisor
Yy (nor a fortiori the space S) are supposed to be compact. The only compactness
assumption we make is that Y is a proper and generically finite pole; meaning that
7:p L(|Y]) — S is proper and generically finite on its image |y| which has empty
interior in S.

(0.13). Our final step is to describe, for a generic point in an irreducible compo-
nent C' of |3|, how to control the poles of maximal order via a “normal quasi-cone”,
which determines the initial behaviour of the family (X;)ses in the normal direction
to Xy. This allows us to define conditions for the family (X;)ses to be locally
separated along C', which generalizes the idea used in [B.Mg. 99] for the generically
non-tangential intersection case.

The simplest case is when we get enough information on a generic cycle from its
intersection points with Y (the order 0 case). This case is enough to prove corollary
(0.8).
Two other cases are also treated. First, when the generic cycle in C' cuts Y in only
one point with multiplicity k& > 2. A sufficient condition in this case to have local
separation along Y is that the cycle X, is determined (locally up to a finite set)
by the couple (y(s),Cx, y(s)) where {y(s)} = X;NY and where Cx_ ) is the
image (assumed to be of codimension 1) of the Zariski tangent cone at y(s) of X
in NY/Z,y(s)'
The second simple situation is when, at the generic point of C, there exists at least
one point with non-tangential intersection in X,NY. In this case the “normal quasi-
cone” reduces to the collection of the contact elements given by the tangent spaces
to the cycle at intersection points. It is interesting to note that this case cannot be
deduced from our results in [B.Mg. 99]. Even in the case when the generic cycle is
smooth and not tangent to Y at all of its intersection points with Y, we cannot
reach this conclusion unless the intersection consists of a unique point.
With these tools we obtain that if there exists a component Ci,.x for which we have
() 521, = Ha = SUDG 7t
(ii) the family (Xs)ses is locally separated along Y on Ciax,
then, assuming that the normal bundle Ny,; is ample, the Cartier divisor 3y has
maximal Kodaira dimension in S1°. In fact the ampleness of the normal bundle of Y
allows us to exhibit enough global sections on S of some power of ¥y to separate
the generic points of Clyax.

8Quasi-filtered means that locally on Xy there exists mo € N such that the map respects
filtrations in degrees > mg.

9These filtrations are defined in section 3.

10Here S and Y are assumed to be compact.



178 D. BARLET AND J. MAGNUSSON

(0.14) THEOREM. Let Z be a complex manifold and let (Xs)ses be an analytic
family of n—cycles in Z with S compact and connected. Let' Y be a proper and
generically finite pole with respect to (Xs)scs and let ¥ denote the associated
incidence divisor. If 'Y is an ample subvariety of Z and if the family is separated
at order 0, 1, or by tangent cones along Y, then X is of maximal Kodaira
dimension.

(0.15) REMARK. Here we assume S and Y compact. But the statement is
local around [|Y| in Z and neither Z nor the cycles X, are assumed to be
compact.

(0.16) FINAL REMARK. It is important to note that, even if the main applica-
tion given here of this study is outside the context of complex (projective) algebraic
geometry, our results lead to precise information on the Chow variety of a complex
quasi-projective manifold. Even if the compact normal space S is already known to
be projective it is interesting to build explicitly from geometric data on Z a Cartier
divisor of S, and then produce from cohomology classes on Z enough global sections
of the powers of the associated line bundle to ensure that its Kodaira dimension is
maximal.

1. The hypersurface case.

(1.1). Let V be an open neighbourhood of the origin in C"*! and consider an
analytic family (X;)ses of hypersurfaces in V' parametrized by a reduced complex
space S.

Let P:SxV — C be a (holomorphic) defining function for the graph of the family;
thus X is the hypersurface defined by P(s,z) =0 in V. Denote by ¢:S5 — C
the holomorphic function on S given by o(s) := P(s,0) and let ¥ be the (Cartier)
divisor defined by o. We shall assume that |¥| is nowhere dense in S. Then ¥ is
the incidence divisor in S of the family (X;)ses and the pole Y := {0} (reduced
in V).

Of course, we have s € ¥ if and only if the origin belongs to X,;. Let @ be
the family of all closed sets F in V which are X —proper'!. Then we have an
integration map (see [B.Mg. 98])

HI(V\0,Q%) — H(S\ %,05)

which induces a filtered map (which we will also call an integration map)
A : H{Si‘rl(v,797{;) — H[lz](s, OS),

where the filtrations are given respectively by the maximal ideal M, of Oy, and
the ideal Zy = (0) in Og. This means that the map [, sends Ann(Mg) to
Ann(o”) for each v € N, where Ann(M{) and Ann(o¥) consist of those elements
that are annihilated by M{ and o” as global sections of the sheaves H ﬁﬁrl(ﬂ(})

and H [12] (Og) respectively.

11 This means that the pull-back of F on the graph X of the family (X;)secs is proper on S.
(See(2.3) and (2.4) for the general definition).
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The aim of this section is to define a finer filtration on H [12]((95) in order to get
an optimal bound for the pole order of the integral of a cohomology class of a given
order.

Now using Grothendieck’s local duality we may identify H ?O‘El (V, Q) with the strong

dual of the dual Fréchet space Q%/,o- Then the map [ v s explicitly given by

[n=o(% o)

where d|P is the S—relative differential of P (so we differentiate only with respect
to z for fixed s€ S\ X and g € O ), and where

0: HO(S\E7OS) - H|1E\(S7OS)

is the “polar part "map .

Let us consider a point sgp € ¥ such that sp is a smooth point of S and of |3
(after normalization of S, a generic point of |X| always satisfies these two conditions
because ¥ is a Cartier divisor in S). For 7 € H[%]H(V, Qf,) denote by w(n) the

order of 7 relative to the Mo—filtration and by ¢(7) the pole order of [,.(n) along

|2| near sg. Let ¢ be the multiplicity of ¥ mnear so (so that ¥ = q.|3| near sg )
and define

1 @(77)‘ +1
wi=—sup S —=|ne€H T (V,Qy),n#0
q {W(n) o (V-0)

Then the following theorem holds:

(1.2) THEOREM. In the situation described above, where |X| is a smooth hyper-
surface in a smooth S mnear sg, define k:= multy(Xs,).

Then for any integer p > 1 there exist an integer m € [u,pu + k[ and a class
ne H[’(;fl(v, Q) such that w(n) =m and ¢(n) = gm.x.

Proof of (1.2). The space S and its hypersurface |X| are both smooth near s
so we can choose a coordinate system (si,---,s,) centred at so such that |X| is
defined by s; = 0. Since we have ¥ = ¢.|3| near s, it is sufficient to prove the
theorem in the case where S is the unit discin C, sg =0 and X is defined by
51 =0.

By definition of & := multq(Xy) we can write

E
P(s,z) = P(s,0)+ Y Pj(s,2) — R(s,2)
j=1
where P; is homogeneous of degree j in z = (zp, - ,%,) and where R is of order

>k+1 in z, with the following properties:
P;(0,2)=0 for1<j<k-—1, Py(0,2)#0 and P(s,0)=s"%
For each j € [1,k] such that Pj(s,z) is not identically zero, write

Pj(s,2) = —57.Q;(s,2) where Q;(0,2) #0
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and put a; =400 when Pj(s,z) is identically zero. Observe that
a; >1, for je[l,k—1] and o4 =0.

We shall denote by Jo = {j € [1,k]/a; < co}. Remark that we have k € Jy so
Jo # 0. We then have

P(s,z) = s — Z §%.Q,(s,2) + R(s, 2)
J€Jo

and to simplify the writing we put
z) = Z $9.Q;(s,z) + R(s, 2),
Jj€Jo

so P(s,z)=s9—T(s,z) or P=s%—T for short. Put

1 ~ o
Ti= —.max{q e ’1§j§k} (2)
q J

and note that we obviously have

<7<1.

el

We shall prove the theorem by showing:
(i) For any 7 € H[%]Jrl(V QF) we have ¢(n) < g.T.w(n).
(ii) For any p > 1 there exists n € H[’S]Jrl(V Q) of order m € [u,u+ k[ such
that ¢(n) = q.7.w(n).
In particular this gives the equality 7 = 3¢ and thereby formula (2) gives an easy
way to compute .

Proof of (i). Let n € H[’(’)]H(V7 QF) and put m = w(n). Outside the zero locus
of P we have

4P 4T T™d|T
7__sqf __ZSQ7+1) (s —T).s2™

7=0

where we use the S—relative differential d).
As T™ isoforder > m in z we have

T"dT 0
(s4 —T).s9m’ K
and consequently

d m ) m )
< i ’”> 2 j.s,lw ATy =2, j.s,lqa‘ (T dn). )

j=1 j=1

Note that dn has order <m + 1. For every [ € [1,m] we have
!

T(s,2)! = Z 5%.Q;(s,2) + R(s,2)| = Z sZ5=1(@) (,Yl_ry).Q"*.R”

J€Jo [y|+v=Il
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where v €N, v= (v, ,7) € NF, |’Y|:Z§=17j7

Q"=Q7"---Q)* and (Vl’y) is the multinomial coefficient ; and consequently

(Thdny= Y s2i=1@) (L) (Q".R",dn). (4)
Iyl+v=l

By combining (3) and (4) we get

<g”> =Y X () @R ) (5)

I=1 " |y|+v=l

where e(vy,v,1) = q.l — > .c ;. @7
The order of Q7.RY in z is at least

k
Z J; +v(k+1)
j=1
so that (QV.RY,dn) =0 if
k
Zj.fyj +v(k+1) >m.
j=1

Thus to prove that the function

s (U (s

has a pole of order at most ¢.m.7 at s =0 it is sufficient to prove that for every
(v,v) € N¥ x N satisfying

k k
dyitv =1 and Y jy+vk+l) < m (6)
j=1 j=1
we have
k
q.l — Zaj.'yj < qgm.T .
j=1

But under the conditions in (6) we have

k k k
2q.0 — Zaj.'yj = Zq-% +qv— Zaj-%‘
j=1 j=1 Jj=1

k
q— 0y .
:Z - j.].fyj—kq.y
Jj=1

J

k
< q.T. Zj.wj +q.v (by definition of )
j=1

< gr.(im—-v(k+1))+qv
=qgm.1+qv.(l—71.(k+1))

1
< q.m.T because T > Z
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and this completes the proof of (i).

Proof of (ii). First we note that in the previous computation the inequality

k

q.l — Zaj'% < gm.t
j=1

is an equality if and only if the following three conditions are satisfied:
o v=0,
k: .
[ ] j’yj =m,
j=1
o v, =0 if ¢g—oa; <jaqr.

Put J:={je€[l,k]|¢—a;=jq7} and T,, =<~y €N

Yo g =mop.

Jj€J

From the decomposition in (5) we then see that the meromorphic function s —
<$,n> has a pole of order ¢.m.7 at s = 0 if and only if the holomorphic

function

3H<§:(W)%Qﬂadaw>

YE,

does not vanish at s =0, that is to say if and only if

<§j(3)iQN&a,m>¢0

YET il

We observe that > (Q l) ﬁQ'y(O, z) is the homogeneous component of degree m
Y€l
of the polynomial

> (3 Qi0.2)" ™)

Cram. Write J = {ji,...,jr } with j3 < .-+ < j.. Then in any interval in
N* of length > j, there exists an integer m such that the homogeneous component
of degree m of the polynomial in (7) is not identically 0. Moreover such an integer
m is a multiple of ged {j1, -+ ,Jr}-

Proof of the claim. Clearly if m ¢ Nj; + --- 4+ Nj,. there is no homogeneous
component of degree m for (7) , so any solution is a multiple of ged {j1,..., 4}
Let 2% € C"™! such that Q;(0,2°) #0 forall j € J, andlet m#:C — C be
defined by

()= 3 Q;(0,t2")
Jj€J
It is enough to show that for any u € N* there exists m € [, u + j-[ such that the

coefficient of t™ in

m

>

=1

[ (1))

~] =
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is not 0. The formal power series

= ()]’ (8)

is well defined because w(0) = 0 and it clearly has the same coefficient of ¢™

as the polynomial Y [ (¢)]’.  On differentiating equation (8) we find that
=1
F'(t).[1 = w(t)] = «'(¢t). Hence if we write

+oo
L—m(t)=14> bt/ and F'(t)=>Y c;t/
jeJ 0
it follows that
Cj = _(b1~cj71 + -4 bjr'cj*jr) for all ] 2 jr~
Therefore if ¢;_; =---=¢;—1 =0 for some j > j, then F’ is a polynomial.
But this is never the case because the degree of 7 is j, > 1, which thus proves the
claim.
End of the proof of (ii). Fix an integer 1 € N* and choose any m € [p, p+j.[ C
[, o + k[ such that the homogeneous component of degree m of the polynomial in

(7) is not identically zero. Let 9y denote the analytic Dirac functional at the origin
in C"*!, defined by:

(f-dzo A -+~ Ndzp,09) = f(0) .
For every o € N1 put

A\ .= lLal(ao). (9)

0 al 0z«

Pick o € N**! with |a| =m such that the coefficient of 2® in the polynomial (7)
is not zero. Let i be such that «a; #0 and put

n= (—1)i8(ga,)dzo Avedz A dag,

where o = (ag,...,a; — 1,...,ay). Clearly 7 is an element of order |a/|+1 =

la] =m in H[%?'l(v, QF) such that

g ={] 7S

Hence <7§m (Ql) ﬁ-QW(O,Z) ) dﬁ> #0

and this completes the proof of (ii) . O
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(1.3) REMARKS.
1) We actually proved a stronger result than announced in the theorem. Namely, for
any given defining function v for |X| near sg we constructed a cohomology
class n of order m satisfying g.»x.m € N and

tim 477 (s) [ (1)) 2 0.

8— S0
X

This will be used later on.
2) Formula (2) gives an explicit way to compute ¢ and from this formula it is easy
to deduce the following:
e For k=1 we always have » =1
e We have 3 = ¢.|2| near sq, in the case ¢ =1 we get w= %
e In general ( k> 2, ¢ > 2) we have the inequalities § < s < <= .
The geometric significance of s will become clear in (2.9) and its algebralc meaning
is explained in section 3.

2. The general case.

(2.1). The main results of this section are theorem (2.23) and its corollary (2.26).
They give a generalization of theorem (1.2) to the case where the cycles are of arbitrary
codimension. These results are considerably more difficult than theorem (1.2) and
require some changes of the setting. Among other things we have to change the
definition of pole order for the differential forms and cohomology classes in question.

In the sequel we will frequently make use of the fact that for a Stein open neighourhood
V of the origin in C**! with n > 1 the canonical mapping :

H (VA {0}, 9) — HIEL(V,00)
is an isomorphism. For an element 7 in H, [’érl(V, Q) we will refer to any d—closed

(n,n)—form in V '\ {0} that defines  via this isomorphism as a Martinelli repre-
sentative of 7). As before we let 0y denote the Dirac functional at the origin in
C"*! and put

o) . 1 9"(@)
O Tl 9z
for all a in N"t+1,
(2.2) LEMMA. Let z = (29, - ,2,) be the standard coordinates in C"*!. Then

for every ae € N™*+! there exists a Martinelli representative 1, of 8(()a) in C**! such
that the (0,n)—form

[t tiely,

has a continuous extension at 0, for every e > 0.

Proof. First we observe that the standard Martinelli representative of Jy

o = |l=|7FD Y (1) 255 Aipy di
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has the required property, more precisely the (0,n)-form ||z||>" T+ has a contin-
uous extension at 0, for every e > 0.

1 glel
Obviously the (0,n)-form v, = — Yo
al 0z¢
for all o € N**'. We claim that the (0,n)-form ||z||?*T!++lely,  has a contin-
uous extension at 0, for every e > 0. To prove this we only have to note that

a|a‘ _(2nt2)y ) zo
87(Hz|| ) is a constant multiple of el - O

is a Martinelli representative of 8(§a)

(2.3) DEFINITION. Let Z be a complex manifold and let (X;)ses be an analytic
family of mn—cycles in Z. Let X denote the graph of the family and fix a point
sp € S.

e We say that a closed set F'in Z is X-proper near s, if there exists a fixed
compact set K C Z such that for all s near sy we have

Fn|X,| CK.

A closed set in Z is said to be X-proper if it is X- proper near every point
in S.

e We say that a O—closed (n,n) C®—form ¢ on an open subset U of Z
is X-proper near s, (respectively X-proper) if its support is X-proper
near sg (respectively X-proper).

(2.4) REMARK. Let p: X - Z and 7: X — S be the canonical projections
of the graph of the family (X;)scs and let F' be a closed subset of Z. Then F is
X —proper near sq (respectively X —proper) if and only if the subset p~1(F) of X
is m—proper in a neighbourhood of sy (respectively m—proper).

(2.5). In the sequel we will frequently refer to the following situation:

Let Z be a Stein open neighbourhood of the origin in C**? with p > 1 and let
(Xs)ses be an analytic family of n—cycles in Z with graph X. Let fo,..., fs
be a regular sequence of holomorphic functions in Z vanishing at 0 and let W be
the image of Z by the associated mapping into C"*'. Denote by f:Z — W the
corresponding flat surjective map and put Y := f~1(0). Suppose that

e the map f is finite on |X,| for every s € S,

e Y is a finite pole for the family (Xg)ses.
Let ¥ denote the incidence divisor of Y and (Xg)ses. Then (fiXs)ses is a well
defined analytic family of hypersurfaces in W, and the (reduced) point 0 is a (finite)
pole for this family. By the direct image invariance proved in [B.Mg. 98] we know
that ¥ is equally the incidence divisor of (f.Xs)ses and {0}.

(2.6) LEMMA. Assume the hypothesis in (2.5). Then for every 7 € H?ggl(QEnH)

there exists an open neighbourhood Z; of 0 in Z and a Martinelli representative
¥ of m on f(Z1)\{0} such that (f|z,)*y is X|z —proper .

Proof. We split the proof into three steps :

e (Step 1) Let S be areduced complex space, U and B be open polydiscs in
C™ and CP respectively and let f:S x U — Symk((Cp) be a holomorphic
map defining an analytic family of n—cycles (Xs)ses in U x B. Then for
any compact set K C U the closed set K x B is obviously X —proper.
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e (Step 2) Let ¢ : Z — Z' be a proper finite surjective holomorphic map
between two complex manifolds. Let (X;)ses be an analytic family of
n—cycles in Z and denote by (g.Xs)scs the direct image family in Z’.
Then a closed set F C Z'is ¢q.(X)—proper if and only if the closed set
q Y(F)C Zis X—proper.

e (Step 3) Up to a change of the functions fo,..., f, by generic linear com-

binations, we may assume that {f; = --- = f, = 0} N X5, = {0} near
0 in Z. Choose holomorphic functions gi,...,gp—1 near 0 such that
fo=-=fun=01-=gp—1 =0 define the origin (set theoretically) near

0. Then, shrinking Z around the origin, we may assume that the map

q = (va"'7fnagla"'7gp—1) 1 Z — Z/ = q(Z) - (Cner

is proper, finite and surjective. Now define a scale U x B adapted to the
cycle @¢.(Xs,) near the origin in Z’ using coordinates corresponding to
fis-oosfn for U and gi,...,9p—1,f0 for B, and shrink S around sg
in order to have an analytic family of cycles in U x B. By step 1, for any
compact set K C U theset K xB is ¢.(X)—proper. Now consider the map
1y X fo: U x B— U x D. The direct image of the family (g.(X;))ses in
U x B by this map is simply the direct image by the map f = (f1,..., fn, fo)
of our initial family (Xg)scs. By step 1 it is then clear that for any compact
set K CU, KxD is f.(X)—proper. Thus from steps 1 and 2 we conclude
that f~1(K x D) is X—proper. Choosing a Martinelli representative 1) on
Ux D\ {0} for n such that Supp(¢)) C K x D , where K is a compact
neighbourhood of 0 in U'2, concludes the proof. 0

(2.7) LEMMA. Consider the situation in (2.5) and let sg be a point in X. Let 1,

be a Martinelli representative of 8(()a) in W\{0} such that f*¢, is X —proper near
so and put p(X) := dist(0,|f«Xs|). Then for every e > 0, for every holomorphic
n—form w on W and for every holomorphic function ¢ on Z , the function

5 p(X,) ot /X 9. (o Aw)

is bounded on 5"\ S’ N .

Proof. Let Sy be a neighbourhood of sy such that Suppf*i,N|X;| is contained
in a compact set L of Z forall s in Sy. Let D and U be relatively compact
open polydiscs centred at the origin in C and C™ respectively and let S’ be a
relatively compact neighbourhood of sy in Sy such that

_ 1

DxUcCW, \f*Xs|ﬂ(D><U)C§D><U,
and such that f,X, induces a k—branched covering of U for all s in S’, where
%D denotes the set D contracted by the factor =

Now let ¢ >0, g€ O(Z) and w e Q"(W). Let 7€ C°(D x U) be identically 1
in a neighbourhood of 3D x {0}. Then the function

SH/XSf*(waAw)/XSf*(T%Aw)/Xsf*((lT)waAw)

12This is possible by lemma 1 p.74 of [B.Mg. 99)].



INTEGRATION OF MEROMORPHIC COHOMOLOGY CLASSES 187

is continuous on S and thus bounded on S’ since S’ is compact. So it is enough
to prove the lemma for 7.1, instead of .

Denote by 2z = (20,...,2,) the coordinates in C"*1.  From lemma (2.2) we
know that the representative 1, can be chosen such that the (n,n)—form
||z| |21 Hlel+e/204h, A w  extends to a continuous form ¢ on W. By the “multi-
projection trick” (see [B. 79]) one can write ¢ as a finite sum of forms of the type
r(t,z).dt A dt where (z,t) = (2,t1,...,t,) is a coordinate system for C x C",
dt Ndt = dty A---ANdt, Adt; A---Adt, and r is a continuous function with compact
support in D x K where K is a compact subset of U. This is done by mappings
of the type

(Zath-'-atn) - (tl — 1.2, 5 ln *an-z)'

One should note that the condition |f,X,|N (D x U) C $D x U ensures that there
exists 0 > 0 such that for any a = (a1,...,a,) with |la|]| < d the corresponding
perturbed projection makes f,Xs a k—branched covering in a neighbourhood of
%D x K. Moreover, by shrinking S’ if necessary, ¢ can be chosen uniformly with
respect to s.

On the set |f.(Xs)| we have

p(Xs) ) I4|al+e e
e Temli=zEs

Hence it is enough to show that, for a continuous function r with compact support
on D x U, the function

. H/ o <( ))||>1+|a+5' |(Z;§Z|’Qi)_s/2 . dt/\dt)

is bounded on S\ S’ NX.

Put
[ [ p(Xg) T (s
h’“f<wa0 =)

Obviously we have Supp(h) C Supp(f*9¥,) so Supp(h) N|Xs| € L for all s in
S’. Since p(Xy) < ||(z,t)]| for (z,t) € |fu(Xs)|,Vs € '\ S'NXE, and g.f*r is
continuous on L, there exists a constant C such that |[|h|[x, < C for all s in
S\ S’ NX. From this we deduce that

. 1 k.C
moex. (1 () )| < s

for all s in 5"\ S’ N3; here the trace is taken with respect to the (finite) map
(fi, -, fn): Xs = C™.

The support of the trace in the above formula is clearly contained in K so we finally

dt A dt § 1 )
‘/ <|| (z,t)]|2n— 6/2)‘ = ‘/ tracey, <hf <W>> dt/\dt’

kc‘/ ”dt/\dt

t||2n €/2

p@gHM“m%Aw—<

IA
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Since the last integral is convergent, this completes the proof. 0

(2.8) REMARK. The following proposition relates the rational number s to the
geometric behaviour of the family of cycles near the pole.

(2.9) PROPOSITION. Let D be an open polydisc centred at the origin in C! with
coordinates s = (s1,...,8;). Let (X;)sep be an analytic family of hypersurfaces in
an open neighbourhood of the origin in C"*! such that the incidence divisor of the
family with the origin is given by s{ =0. Let s be the rational number associated
with the family at s = 0. Then, after shrinking D if necessary, there exists a
constant C' > 0 such that

dist(0, | Xs]) > C.lsi|?* forall seD .

Proof. The statement is local along Y. Let U and A be polydiscs centred
at the origin in C* and C respectively, such that U x A is an adapted scale for
Xo of degree k = multg(Xy). If P(s,t,z) =0 is an equation of the graph of the
family (X5)sep in DxU XA we know that the initial form at (0,0) of P(0,¢,2) is
homogeneous of degree k, and so we may write (compare with the proof of theorem
(1.2)), shrinking D around s =0 if necessary,

k—1
P(s,t,z) = P(s,0,0) + Z 577Q (s, t,2) + Ry(s,t, 2)
j=1
with P(s,0,0) = s{, with @; homogeneous of degree j in (¢,z) such that either
Q;=0 or Qj(0,s2,...,5,t,2) Z03, a; eN* for je[l,k—1] and

Ri(s,t,z) = Y (t,2)’Gp(s,t,2)
|B|=Fk

where (t,2)% = 7" .45 .. 4P 2% for 5 € N't1 and where the functions Gy are
holomorphic in D x U x A.
Recall that Jy = {j € [1,k]/Qj # 0}, a5 = +oo for j & Jy, and that oy =0. Then

we have
1 (q—aj>
¥ = - . max . .
q jE[1,k] J

Now fix U’ cCc U and A’ cC A relatively compact polydiscs centered at the origin
in C* and C respectively. Let R > 0 be such that for any j € [1,k —1] we have

R > 1Qjlly pxtrxar

R> > |Gsllypxorxar
181=k

Assuming now that the radius of D for the first variable is at most 1, we shall prove
that 0 < p <inf {45, 4} implies

1,10 ({1l < plsil*= x {12] < plsi]*>}) =0,

Bin (t,z) for (0,s2,---,s) genericin || .
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for all SE%D\E . For any given p >0 and any (s,t,2) € 1D x U’ x A’\ ¥

define 7€ C™* and £ € C as follows

1
2

t=p.ls1]|9".1
z=p.|sp|T7E

If now we have P(s,t,2) =0 for (s,t,2) € 3D x U’ x A’\ ¥ then we obtain

1

2

st + Z 517.Q;(s,t,2) + Ri(s,t,2) = 0.
Jj€Jo

So , using the definition of 7 and ¢ , homogeneity and the choice of R , we get

|5({| S Z |Sl‘aJp]R‘31|J%q _’_pk.R.lSl'k.u.q
Jj€Jo

and so

1 < R Y Jsafosia, i
Jj€Jo

But, by definition of s, we have for any j € [1, k]
aj +j.q.2 > q,

so for s1 # 0 we obtain

N

1 <R jz:fpj < fr
< ~j:1 =1-, =
which is absurd ! Thus we conclude that for any s € 3D\ ¥ we have
(XN {(t,2) €T x A | [|(t,2)]] < p|sa|* } = 0.
This implies that there exists a constant C > 0 such that in U’ x A’
dist(0, | Xs|) > C.|s1]9*
for any s € %D. O
(2.10) COROLLARY. Assume the hypothesis of (2.5) and let sg be a point in 3

where both |X| and S are smooth. Denote by q the multiplicity of the divisor ¥
near so and denote by 3 the rational number associated with the analytic family
of hypersurfaces (f«Xs)ses at so. Let 1, be a Martinelli representative of 6(()a)
in W\ {0} such that f*, is X—proper near so. Then for every holomorphic
n—form w on W and for every holomorphic function g on Z the meromorphic
function

5’_’/ng~f*(wa/\w)

has a pole of order < q.»(1+ |a|) along |X| near sg. In other words the pole
order of the meromorphic function is bounded by q.s.(order of ¥, Aw).
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Proof. This is a direct consequence of lemma (2.7) and proposition (2.9).

(2.11). The natural question to ask now, is whether we get the same kind of
bound as in corollary (2.10), if we replace ¢.f*w by any holomorphic n—form on
Z; in other words, does the meromorphic function

SH/XSf*(%)Aw

have a pole of order < g.»(1+ |a|) for all holomorphic n—forms ¢ on Z ?
The following example shows that the answer to this question is no !

(2.12) EXAMPLE. We consider C3 with coordinates (21,22,2) and let (Xg)sec
be the analytic family of 1—cycles defined by

X,o={zn=a"—s}n{z=(21+5)x}

where k > 2 is a integer. We shall denote by X the graph of this family.

Let Y = {2z = 22 =0} and let pr:C3 — C? be the projection pr(z1,z2,7) =
(21,22). For any s the direct image pr.(Xs) is a well-defined 1—cycle in C? and
it is easy to see that it is the hypersurface given by

Py(z1,292) = z§ — (21 + s)’”‘1 =0.

Thus the incidence divisor of Y is given by o(s) = —s*¥*1 =0 as a Cartier divisor
in C. So with the terminology introduced above we have ¢ =k+1 and k=Fk is
the multiplicity of the origin in the cycle pr.(Xo). The integers «; are given by
aj=k+1—j for je[l,k—1] and o = 0. Consequently

1 q—j‘. } 1
» = —sups — |j€ Lk, = —.
q {J 1,4 k

Let @k be a X—proper Martinelli representative of 8é(o’k)) in the open set

C?\{(0,0)}. The d—closed (1,1)—form w := pr*tg ) Adz has order k+1 along
Y and we shall show that the pole order of the meromorphic function F(s) = [, w
at s =0 is k43, which is strictly bigger than ¢.»c.(k4+1) = w =k+2+ % 14,
On X, we have the identity z.(z1 +$) = 2o from which we deduce s.x = 2o — .21
and thus

s2x=5.(20—2.21) = 5.20 — (22 — T.21).21 = 8.29 — 21.20 + .23

From this and Stokes’ formula we deduce

s2.F(s) 252./ prio g Adr = 32./

.prdi o)
Xs X,

:s./ 22.d¢(07k) —/ Zl.zz.dw(o,k) +/ $.pr*(2%.dw(0,k)) .
pryXs pri Xs X

s

14 Note that for the new order defined by the conormal filtration (see (2.13) ) the order of w is
k+2 and we have g.e(k+2) = BFDERD > 44 3 yp e N
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Since the image of zf.dw(07k) in H[zo} (C2,Q}C2) is zero, the function 5
Jx w.pr*(z3.dior) is holomorphic near s = 0. The polar part of s*.F(s) at
s =0 is thus equal to the polar part of

dP; dP,
s°.F(s) = s. < ,ZQ.daé(O’k))> - <P’ 21.22.daé(0”“))>

P, s

=s. <d]f S k.@é(o’k)).dz2> - <d§s 7 —38(0’k1))~d21>

1 gkl k+1 okt
= S. L Ps 070 - T L Ps 070 N

’ [(kl)!azlazé( o) 0.0 = T gpag e )]
1 ok

ma (LogP )(0,0)
_ (kD) (kD) k1
TS Tk T ke shtl gkt

We conclude that F(s) has a pole of order k+3 at s=0.

(2.13). Theorem (1.2) gives us the best possible bound for the pole order along
the incidence divisor of a meromorphic function, obtained by integrating a meromor-
phic cohomology class on an analytic family of hypersurfaces. To get a similar kind
of bound in the case of an analytic family of cycles of codimension greater than one,
we will have to modify the definition of order for the meromorphic classes. Before we
do that let us recall the usual definition:

Let Y be a locally complete intersection of codimension n + 1 in a complex manifold
Z defined by the Ogz—ideal Zy. The usual order, which we shall from now on call
the naive order, is derived from the filtration

FiCFoC-o- C HIY(Q),

where £}, := Ann(Z}) is the Oz —submodule of H ﬁ;ﬁ 1(Q%) consisting of all elements

which are annihilated by Z%.

An element ¢ in H[’;L,"]’l(Z, 7)) is said to have naive order k if k is the smallest

integer such that £ defines a global section of the Oz—submodule Fr.

The new order that we are going to introduce now will be defined in the same way as
the naive order but with respect to a different filtration.
We begin with the canonical identification of Oz—modules

Hi$ N (0z) ®0, QF ~ Hi (%) (10)
and with the naive filtration on H ﬁjﬁ 1(Oy) formed by the submodules
Fi = Amn(Zy) C HiE (Oz), k> 1. (11)

Let dZy be the image of Zy by the exterior differentiation map d : Oz — QF, and let
Ogz.dTy be the Oz—submodule of le generated by dZy. Then let G, denote
the image of A" *(0z.dIy)® Q% in QF.

Let us give a description of Gy in terms of local generators:
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Let zp be a point in Y and let (21,...,2,4p) be a system of local coordinates for Z
centred at zo. If fo,...,fn generate Zy mnear zo then the elements df; and fidx;
with ¢ € [0,n] and j € [1,n + p| form a set of generators for Oz.dZy near z.
Consequently the set of all elements of the form f®dx; A df;, where |J| < n — k,
|[I| =n—1|J| and |a| = |I| -k, is a generating set for the Oz—module G near z.
From this we get

n

Go=> Y TRy ady

m=k |J|=n—m

and in particular

Go = Z Iy vz Ndfs
m=0 |J|=n—m
in a neighbourhood of the point z.
Then we define a (increasing) filtration (®,,)men on ﬂﬁ;ﬁl(ﬂ’é) as the image of
the tensor-product filtration (Fe ®0, Gs) on ﬂﬁ;ﬁl((’)z) ®o, % by the previous
identification (10); in other words, for all m > 0 we put

b, = Z Fr @0y Gm—k-
k=0

(2.14) DEFINITION. The filtration (®,,)men is called the conormal filtration
on ﬂﬁj}l((}%) . An element ¢ in HE;,J]“I(Z, Q%) is said to have conormal order m
if m is the smallest integer such that £ defines a global section of the Oz—submodule

D,,.

(2.15) LEMMA. Assume the hypotheses of (2.5). Then the Oz—module
ﬂ’f;ﬁl(oz)o is generated by f*(H[’S]Jrl(OCnH)). Moreover f*(Ann(MP¥)) generates
Ann(Z§) for every k € N, where M denotes the maximal ideal of Ogn+1 .

Proof. To simpify the writing we put O := Ocnt1. We recall that
Ann(MP*) and Ann(ZE) can be naturally identified with Ext" ™! (0g/MF*, Op) and

Ext”+1((9270/1'1’370,(9370) respectively. The ring Oz isa Op—module via the mor-
phism f and since the morphism f is flat we get for each k£ > 0 an isomorphism

Ext" ™ (O0p/ MF*,04) @0, Oz,0 ~ Ext" ' (02,0/Ty, Oz.,0).

This means that f*(Ann(M?*)) generates Ann(Z%) for every k € N, so to conclude
the proof we only have to use the facts that

Hir (0) = lim Ext™ ! (O /M*, Op) and
k

(HEE (02))0 = im Ext™ ™ (05,0/T4,0, Oz0) -
—

k
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(2.16). Let Z be an open neighbourhood of the origin in C"*? and let
T1,...,Tnip be coordinates (Oz0)" . Let T be the ideal generated by fo,..., fn
and endow it with the canonical topology of a finitely generated Ozo—module. We
shall define elementary transformations 77, from Z®"*! into Z%"*! as follows :
Fix €¢>0, i € [l,n+p] and (j,k) €[0,n]?>. For g= (go,.-.,9n) € Z®"F! define

the elementary transform 7T, (g)'° by the rule

o g it £
Tj,k,z(g)l = {gj +exigr if =7

For a fixed & we shall only consider elements g that can be obtained from f by a
finite number of elementary transforms. When an element ¢ can be obtained from
f Dby at most r elementary transforms we shall write (g) <r.

Let r be a fixed integer. Since the mapping Ry — %! defined by € — T7; ,.(f) is
continuous, lemma A.1 in the Appendix implies that for all sufficiently small ¢ > 0,
every g in Z9"t1 with (g) <r generates Z.

We shall always assume that r < 100.n and that ¢ > 0 is small enough to ensure
that every ¢ with (g) <r generates the ideal Z.

For any g such that (g) <r, we define the Ozo—submodule &, of Q7. by

&y = Z Oz?o.dgo/\~~d/g\j~-~/\dgn
j€[0,n]

(2.17) PROPOSITION. Let V be an open neighbourhood of f in Z®"*! endowed
with its canonical topology. Then for small enough ¢ > 0 we have
e if g issuch that (g) <n, then g€V,
e > & = 0o,

(g)sn
where G is the image of the n —th exterior product of Oz¢.dZ in QF,

Proof. We can choose & > 0 small enough to ensure that (g) <n implies g € V
(see the above). Let such a number € > 0 be fixed for the rest of the proof.

To prove the second assertion note first that from the description of Gy in (2.13) we
clearly get the inclusion . &, C Go.

To prove the reverse incil?s?gn we begin with an easy formula. Fix j € [0,n] and
i €[1,n+p]. Then
e.gj.de; = d((1 +e.z;).95) — (1 +e.2;).dg;.
Let J C[0,n] with |J| <n. Forje€J and any ! € [0,n] this formula implies
e.gj.dx; Ndgy = d(gi +€.x;.95) Ndgy — dgi ANdg,.
If we put ¢’ :=1T;;,(g), then this equation can be written, when [ ¢ J, as
e.gj.dx; Ndgy = £(dgy; — dgsu)- (12)

15We shall omit the subscript & when there is no ambiguity.
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For j ¢ J we see in the same way that the formula implies, with ¢’ =Tj ;.(g) :

€.gj.d.13i ANdgy = :l:(dg./]uj — (1 + E.dl‘i).ngUj). (13)

16

Let us now show, by induction on mq € [0,n], that for any integer r '® we have

Yoo D IOy Adgsc Y & (14)

(g)<r m<mg |J|=n—m (g)<mo+r

Once this has been proved we finish the proof of the proposition by taking » =0 and
mo = n.

The statement is obvious for mg = 0. Assume that it is true for mg € [0,n — 1] and
consider g with (g) <7, a=(ag,...,a,) € N*"1 with |a|=mo+1, J C[0,n]
with |J| =n—(mp+1) and I C [I,n+p] with |I| = mg+ 1. Then we shall
produce [ € [0,n]\J and ¢ such that (¢’) <r+1 having the following property

g%dar Adgy € T™ .QF% Adg g +T™0.Q5% Adg .- (15)

Consider first the case where for some j € J we have o; > 0. Pick any i € I, put
I' :=T\i and write

g%dxr Ndgy = +¢°.dzp A g;.dx; Ndgy

with 84 1; = a, where 1; is the element in N7t which has 1 in the j—th place
and 0 in all the others. Now choose any [ € [0,n]\ J and put ¢’ =T;;:(g). Then
formula (12) gives (15).

If a; =0, forall j€J, then pick any [ € [0,n] with oy >0 and any i € I, put
I' :=T\i and write

gdxy Ndgy = :I:gﬁ.dxp A gr.dx; Adgy

where §+1; = @. Then by putting ¢ =Tj,;,:(g) we get (15) from (13).

Since (g) < r implies (¢’) < r+1 our induction hypothesis combined with (15)
then gives (14) for mg+1 .

Thus (14) is true for every mg € [0,n] and every r and the proof is completed.
0

(2.18). Assume the hypotheses of (2.5) and let sy be a point in ¥ where both
|¥| and S are smooth. Suppose further that the cycle X, only intersects Y at
the origin.

Put Ky := multyf, Xo and let s, denote the positive rational number associated
with the family (f.X)ses at s [see theorem (1.2) |. In section 3 we shall see that
»; is independent of f so from now on we will simply denote it by .

Evidently, the number k; only depends on the germ of f at the origin.

Put k:=min k¢, where the minimum is taken over all generating regular sequences

that define the germ of Y at the origin. This minimum is attained on an open dense

set of regular sequences at the origin'”

16 » < 99.n ; in fact we are doing an induction on mg + 7 < 100.n .
17See A.4 in the Appendix.
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(2.19) LEMMA. Consider the situation described above and let (zg,...,2,) be
the standard coordinates in C"*!. Then every germ in H FQ] L(Q%)o can be written

as a finite Oz g—linear combination of elements of the form
g e Ndzo Ao dzi- - Ndzn) = (97¢) Adgo A -+ dgi -~ N dgn

where ¢ is in H[’(Z)]Jrl(OCnH) and ¢ is a flat morphism defined by a generating
regular sequence for Zy- at 0, with k, = k.

Moreover the conormal order of each element in the linear combination is less than
or equal to the conormal order of the original element .

Proof. Let (x1,--+,%n4p) be the standard coordinates of C"*P. Then every
element in H FY+] 1(92)0 is a finite Oz ¢—linear combination of elements of the type

Y Adrr with |I|=n and ¢ € ﬂﬁﬁl(oz)o . Let f be a flat morphism defined by
a generating regular sequence for Zy at 0 , with ky = k. Then by lemma (2.15)
each ¢ is a finite Oz —linear combination of elements of the form f*(n) where

neH {(L)i‘rl(OCrH»l) and such that the orders of these elements are less than or equal to

the order of . Since any element of order m in H, [18]_‘—1(0@71+1) is a finite C—linear

combination of the family (a§“>)0§|a‘§m, it is sufficient to prove that (f*a(()a)) ANdxg
can be written in the desired way.
From the identity 8(ga) = zg.aéﬁ) where 8= (ag+n,a1,--- ,a,) we deduce that

(fa5) nday = f(=5.0) = £2(0) A fyday.

Choose an open neighourhood V of f in I%g“ such that k, = k for every

g € V'® and take ¢ > 0 such that the two conditions in proposition (2.17) are
satisfied. Then every element of the form fJ'dz; with |I| = n is afinite Oz —linear

—~

combination of elements of type dgg A ---dg; -+ A dg, where g is a flat morphism
defined by a regular sequence generating Iy, with k; = k. Thus every element in
H ﬁjﬁ 1(Q’Z‘)0 can be written as a finite Oz —linear combination of elements of type

f*(@éﬁ)) ANg*(dzog A --- dzi - A dzp,) with g in V.
Now consider a certain element of the form f*(@éﬁ)) ANg*(dzoN---dz - Ndz,) with

g fixed. Then by lemma (2.15), we can write f*(aéﬁ)) as a finite Oz o—linear
combination of elements of the form ¢*(¢) where ¢ is an element of order < |f] in
H" ™ (Ognt1). This completes the proof. O

[0]
(2.20) REMARK. In the terminology of (2.13) (see also definition (2.14)) the
above lemma implies in particular the identity ®,, = F,, ® Gy, for all m.

(2.21) DEFINITION. Let S be a (reduced) complex space, let ¥ be a divisor
in S, let sp € ¥ and let f be a continuous function on S\ X. We say that
f has an analytic singularity along X near sy if there exists an open set
V C S containing sg, a continuous function g in V and a holomorphic function
he O(V\VNY) such that on V\V NX we have

f=g+h.

18See A.4 in the Appendix.
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If moreover h can be choosen to be meromorphic along ¥ we say that f is almost
meromorphic along 3 near sg.

(2.22) REMARK. Let f be an almost meromorphic function and let f =g+ h
and f = g1 + h1 be two decompositions of f on V\V NX as in the above
definition. Then h; —h is a continuous extension of the holomorphic function g— gy
to the set V. In the case where S is a normal space this means that g —¢; has
a holomorphic extension to the set V. Consequently f has a well-defined polar
part in H}, s (V,0Og). In particular f has a well-defined pole order along each
component of |3|.

(2.23) THEOREM. Let Z be a Stein open neighbourhood of the origin in C"P
(where p>1 ) andlet (Xs)ses be an analytic family of n—cycles in Z  with graph
X. Let Y be a finite pole for the family and let 3 be the associated incidence
divisor. Let so be a point in ¥ where both S and || are smooth and such that
X, only intersects Y at the origin. Let q denote the multiplicity of ¥ near sg
and let k and s be defined as in (2.18). Then for every O—closed (n,n)—form ¢
on Z\Y of finite order along Y and for every p € C*(Z) such that p=1 in a
neighbourhood of the origin the function s w— sz p-p is almost meromorphic along
Y near Sg.

Moreover, if m is the (conormal) order of ¢ then the order of this almost mero-
morphic function is < q.>x.m along |X| near sp.

Proof. Let ¢ be a d—closed (n,n)—form on Z\Y of (conormal) order m
along Y. First we note that the assertion is independant of the choice of p. For if
p1 is another such function, then (p — p1).p is a C* form with compact support
which does not intersect |X4|N]Y| for all s close enough to sg. Thus the function
5 sz (p — p1).¢ is continuous in a neighbourhood of s .

By lemma (2.19) we know that the image of ¢ in ﬂﬁjﬁl(ﬁg)o can be written as

v=N
D b (f)
v=1

where h, € Oz, 1, is an element of order less than or equal to m in H[%]'H(Qfénﬂ)
and f, is a germ of a flat morphism (C"*? 0) — (C"*! 0). Shrinking Z around
the origin, we may assume that for each v the germs h, and f, have representatives
in Z, which will also be denoted by h, and f,.

By lemma (2.6) there exists, for each v, an open neighbourhood U, of the origin in
Z and Martinelli representatives 1, for n, on f,(U,)\{0} such that (f,|uv,)*®,
is X|y, —proper. So in a Stein open neighbourhood Z’ of the origin in U;N---NUyx
we obtain

v=N
o= hfulv,) vy + 0w
v=1

where w isa C®—formon Z'\Z'NY of type (n,n—1). For a function p € C(Z’),
with p =1 near the origin we thus get

/XS o= i_]:: /X plu (folo,) v + /X p.dw.

s
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Write

Lfmmwmméammmwmm+/hwmmww

s s

/ p.éw:/ 5(p.w)—/ Op Aw
X, X, X,

and choose an open neighbourhood S’ of sg in S such that
X,nNY c{p=1}

forall s € S". Then the functions s — [y (1=p).hy.(fo|v,) ¥, and s [ dpAw

are continuous in S’ because the forms (1 — p).h,.(f,|v, )", and dp Aw have
X —proper supports such that, for all s € S", they do not intersect |[Xs[N[Y]. The
function s — [, O(p.w) is identically zero on S'\ S’NY and by corollary (2.10)

the function s — sz hy(f,)*1, is holomorphic on S’\ S’NY having a pole of order
< k.>xom along |X| near so. This completes the proof.

(2.24) REMARK. If ¢ isa O—closed (n,n)—form on Z\Y of (conormal)
order m and with an X —proper support near sg, then the function s— fXQ p is
holomorphic on Z\'Y and the preceding theorem implies that it has a pole of order
< g.»e.m along |X| near sg.

(2.25). Assume the hypothesis of the theorem and let 7 be an element of
(conormal) order m in (ﬂﬁ;ﬁl(Q}))o Then there exists an open neighbourhood
Z' of the origin in Z and a d—closed (n,n)—form ¢ on Z \YNZ of (conormal)

order m which represents 7. Let p € CSO(Z/) such that p =1 in a neighbourhood
of the origin.Then it is clear from the proof of theorem (2.23) that the polar part in

(E%E}(OSDSO defined by the function s +— sz p.¢ is independent of the choice of
. Hence we get a well defined integration map

/X : (ﬂf;ﬁl(ﬂg))o — (ﬂﬂz](Os))

So

(2.26) COROLLARY. Assume the hypotheses of theorem (2.23) . Let ~ be the
defining function for |%| near sy and let fx be the integration map defined above.
Then for every integer pu > 1 there exists an integer m in [u, p+k[ and an element

& of (conormal) order m in (ﬂﬁ;ﬁ%Q%))O such that g.>x.m s an integer and such
that

lim 7" (s) [ (€) (5) #0.

s—8g
In particular [,.(n) is of order q.sem in (ﬂ[lz] ((95))
S0

Proof. Let u be a positive integer and let f be a flat morphism defined by a
generating regular sequence for 7y at the origin with %y = k . Then by theorem
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(1.2) and remark (1.3) 1) there exist an integer m and an element 7 of order m

in H[’(‘)rl(ﬁgnﬂ) such that ¢.»>c.m is an integer and

im 77 (s) [ () (5) £0.

s— S0

But ff (M = [(f*n) so the element & := f*n has the desired properties.

3. Global results. We want to deduce a more general and more precise state-
ment for the filtered integration of meromorphic cohomology classes on an analytic
family of cycles, including the case of a proper and generically finite pole.

(3.1) THE MULTIPLICITY OF THE LOCAL INCIDENCE DIVISOR. Let (X;)ses be an
analytic family of n-cycles in a complex manifold Z, let Y be a proper, generically
finite pole for (X)ses and let ¥ be the corresponding incidence divisor.

Here we shall only assume that Y is a cycle of codimension n+1 in Z without
any given subspace structure. Let X C S x Z be the graph (as an analytic subset) of
the family (X;)ses andlet p: X — Z and 7 : X — S be the canonical projections.
Then by definition p~1(]Y|) is proper and generically finite via 7 on its image |[Xy|
in S, which is the support of the Cartier incidence divisor ¥y by [B.K.03] .

Let U be the dense Zariski open subset of |¥y| consisting of all points ¢ where |Yy|
is smooth and such that #=!(o)Np~1(Y) is finite. Then for (o,y) € 7= 1(U)Np~1(Y)
we define ¢(o,y) as the multiplicity of |X| in the incidence divisor defined by Y
for the family (X;NV,)ses where V, is an open neighbourhood of y in Z such
that

Y[N[Xe|NVy ={y}.
Note that, by additivity of the relative trace, if we have

7T71(C7) ﬂp—l(y) = {(07 yl)a e 3(0—7 yl)}

1
then Xy = <Z q(a,yj)> Xy | near o.
j=1

We define a locally constant function ¢ : U — N* by

l

¢ (0)=> qlo,y) -

j=1
Hence, if (Cy)aca are the irreducible components of |[Xy| , then
Yy = Z q,.Co with ¢, =d|vnc,-
a€cA
We shall also use the notation ¢ to denote the value of the constant function

qI‘UmC .

(3.2) THE »—FUNCTION. From now on we shall assume that Y is given by a
coherent ideal Zy in Oyz. In general we shall also assume that Y is a locally
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complete intersection in Z, but we do not need this additional hypothesis for the
definition of the function »r .

We begin with the following general setting:

Let V' be a reduced complex space and let s and x be holomorphic functions
on V. Denote by (x) the ideal generated by the function z and suppose that
s€/(z). Let W={veV|z(v)=0} and assume that W is nowhere dense in
V' and that the function s is not identically 0 in a neighbourhood of any point of
W. We then define a function

w: W — QL
in the following way
sx(w) :=sup{x € Q) | W (w),3C >0 |[s(v)] <C.lz(v)]* VveU(w)}

where U(w) is an open neighbourhood of w in V .
Note that our hypothesis implies that there exists, locally around each point w in
W, a positive integer ¢(w) such that s4™) € (z),,.

1

Hence »(w) > 7w > 0.

(3.3) LEMMA. In the setting described above let
AMw) = sup{b/a € Q7 | s* € Intg(z"),}

where Intg(x®) denotes the integral closure of the ideal (). Then we have :
1) Mw) e Qf and ANw) = g implies s € Intg(z?),, .
2) AMw) = s»(w) .
3) The function 3 : W — Q7 is constructible on W*.

Proof. Consider the normalization map v : V — V. Outside of an analytic subset
of codimension > 2 the space V is smooth and there exists locally a holomorphic
function z such that dz # 0 and such that v*(x) =27 and v*(s) = h.z? with h
invertible . The conclusion follows easily. O

Now we may extend our setting :

(3.4) PROPOSITION. Let V' be a reduced complex space and Z, J be two
coherent ideals in Oy such that Z C v/J. Put W := Supp(Oy/Z) and assume
that T is nowhere dense in V' and that Supp(Z) =V. For every w € W we put

»x(w) :=sup{b/a € Q} | Iy C Intg(jll;)}

Then the function s takes its values in Q% and is constructible on W. For any
weW with »(w) = g we have T2 C Intg(JS) .

Proof. By blowing up Z and J in V we can reduce the proposition to the
previous lemma; we just have to use the inequalities to go down thanks to the following
standard equivalence on integral dependence :

19This means that for any 3¢ € R the set {w € W | s¢(w) > 3} is a closed analytic subset of
w.
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The germ s € Oy, belongs to the integral closure of the ideal in Oy, generated
by ¢1,---,gp if and only if there exits an open neighbourhood U(w) of w in V
and a constant C' > 0 such that

|s(v)] < GZ lg; ()| Vv e U(w).

O
This s—function associated to a pair of ideals Z and J in Oy satisfying the
condition Z C /7 has the following nice functorial property.

(3.5) LEMMA. In the situation of the previous proposition, assume that we have
a holomorphic map f : V' — V and consider the pull-backs f*(Z) and f*(J) .
Define W’ = Supp(Oy,/f*(Z)) and assume that W’ is nowhere dense in V' and
that Supp(f*(Z)) = V’. Then for any w’ € W’ we have the inequality

(w') < s(f(w)).

Moreover this inequality is an equality as soon as the map f is open in a neighbour-
hood of w'.

Proof. This is an easy exercise using the defining inequality for s. O

(3.6). Now let us come back to the original situation in (3.1) and put
Vi=XCSxZ and W:=p }(|Y|). Fix (o,y) € 7 1(U) andlet V, be an open
neighbourhood of y in Z such that

X NY NV, ={y}.

Let Z be the (locally) principal ideal in Oy which is obtained by pulling back the
defining ideal of the (Cartier) incidence divisor associated with the pole Y and the
analytic family of n—cycles (X, NV, )ses to its graph. Put J := p*(Zy)|r-1 () and
define s(o,y) with respect to the ideals Z and J as in the previous proposition®’.
Now this function s is well defined on 7=1(U) , takes its values in Q% and is
locally constructible?!.

Let Uy C U be a dense Zariski open set in |¥| such that the map = restricted
to p*(]Y]) induces an unramified finite covering on Uy. Then 3¢ is globally
constructible on 7r_1(U0) and so there exists a dense Zariski open set U; C Uy such
that s is locally constant on 7= !(Uy) .

Now on 77 1(U;) the functions ¢ and 3 are locally constant .

(3.7) DEFINITION. Assume the hypotheses in (3.6) and suppose also that S is
compact??. Put

P (Y )max i= {(a, y') € YUY | q(o,y).2(0,y) is maximal in p~ (Y) ﬂﬂ_l(a)}

Then p1(Y)max is a union of irreducible components of p~!(]Y]) and
P07 (Y )max) =: Yimax 18 a compact analytic subset of Y .

20Note that on the graph X the relation Z C /J is satisfied .
21From the previous proposition we only obtain the constructibility on Vy .
22This is to ensure that |Z| has only a finite number of irreducible components.
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Of course when Y is a proper and generically finite pole, the restriction
T p Y )max — |2

is proper, generically finite and surjective.

(3.8) THE »'—FILTRATION ON ﬂ[lzy]((’)s). For any irreducible component C of
|X| define the rational number s €]0,1] as follows : let o € C' be a generic point
(in the open set U; N C), and let |X,|N|Y| = {y1, -,y } . Using the functions ¢

and 3 defined above on p~}(|Y|)N7~1(U;) we define

! sup {q(d,yj)-%(o,yﬂ}-

M =
“q(0) jen

Of course this has a meaning because the functions ¢(o,y) and x(o,y) are locally
constant on p~ (|Y|) N7~ (Uy) .

l
Recall that ¢'(0) =3 ,_; q(0,y;) = ¢
Now define the »’—filtration on the sheaf H [IEY](OS) as follows :
Let v:S — S be the normalization map .
We shall say that a section 7 € ﬂ[lzy](os) has order < m for the 3/—filtration if
and only if the pole order of v*(7) is bounded by g .2¢.m along the generic point
of v*(C) for any irreducible component C of |Xy| which meets the open set where
7 is defined .
It will be clear from our local theorem (2.23) above (see the first claim in the proof
of the theorem below ) that for a finite pole we have a filtered integration map near
the generic points of |y |

rp" HY (@) — Hl, (Os)

relative to the conormal filtration defined on H ﬁjil(Q%) (see (2.14)) and the
»'—filtration of ﬁ[lzyl (Os)

Let us restate and prove theorem (0.11) of our introduction :

(3.9) THEOREM. Let (Xs)secs be an analytic family of n—cycles in a complex
manifold Z, parametrized by a reduced complex space S and let Y be a proper and
generically finite pole for this family.

Then there exists a quasi-filtered 23 integration map :

rp” HI (@) — Hls, (Os)

when we endow the sheaf ﬂﬁjﬁl(QTZ‘) with the conormal filtration and the sheaf

ﬂ[lgy](OS) with the > —filtration .
Proof. We begin by proving the following claim.
CrLAIM. The integration map is filtered at the generic points of X.

23Quasi-filtered means that locally on Xy there exits mg € N such that the map respects
filtrations in degrees > mg .
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Proof of the claim. Let C be an irreducible component of |X|. Let oy € C
be generic and put E,, = |Y| N |X,,|. Foreach y in E,, we choose an open
neighbourhood U, of y and a d—closed (n,n)—form ¢, on U, \Y NU, which
represents £. For each y we also take p, € C°(U,) such that p =1 ina
neighbourhood of % in U,. Then the order of [,.(£) along [X| near ¢ is equal
to the order of the almost meromorphic function

S Z /X Py-Py

YEEs,

along |¥| near oy and from theorem (2.23) we know that this order is < gf.3¢5.m.
Hence the claim is proved because of our definition of s —filtration.

Proof of theorem continued. Now let us take into account the non generic points
in |X]
Let T C |Xy| be the closed analytic subset corresponding to positive dimensional

fibers of the map (1). Then we have codimg(7) > 2 by assumption®.

CramM. The sheaf ﬂ%(ﬂ[lz](os)) = ﬁ[lT]((’)s) is coherent.

_ Proof of the claim. Let v : S — S be the normalization map for S and put
T := v*(T).Then we have

Hir(0s) ~ H}(1.05/O5)

because ﬂ%(v*Og) and ﬁ%(V*Og) vanish. Since »,0g is Og—coherent this
completes the proof of the claim.

Proof of theorem continued. Now from [B.K.03] we have an integration map

T HiH Q) — His,|(Os) (2)

defined by cup-product with the relative fundamental class C)Z( /s and S-—relative
trace. This is compatible with the local integration map defined in [B.Mg.98] in the
case of a finite pole. So on |Xy|\ T we may apply the theorem (2.23) . But the
coherency of H [IT}(OS) allows us to find, locally on |Xy|, an integer [ such that
iy, |-Hiry(0s) =0 .

This gives the fact that (2) induces a quasi-filtered map for the required filtrations.
a

(3.10) REMARK. We shall use this precise “quasi-filtered” integration theorem
in order to produce global sections of powers of the line bundle associated with the
(Cartier) incidence divisor Xy assuming both S and Y compact. But there
is no reason for the s —filtration used in the previous theorem to correspond to a
Q—Cartier divisor (with support in |2y |). Consequently we shall have to ignore the
components of |YXy| where ' is not maximal, and we shall only produce (with
suitable hypothesis) global sections of powers of the line bundle associated to the
Cartier incidence divisor 3y which separate points around generic points of the
»' —maximal components !

241n fact we know from [B.Ka.03] that |%| is the support of a Cartier divisor in S .
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(3.11) REMARK. We have s = 1 if and only if the generic cycle in C' meets Y
in a single point and at that point the cycle is smooth and not tangent to Y.

(3.12) LEMMA. Let (X )scs be an analytic family of n—cycles in a complex
manifold Z. Let Y be a proper, generically finite pole for this family and denote
by ¥ the corresponding incidence divisor. Let ¢ € ¥ be such that both S and
|¥| are smooth near o. Let C be the irreducible component of |¥| containing
o and let v be a defining function for |X| near o. Put E:=|X,|NY and let
M(o) be the defining ideal for E in Z. Then there exists an integer v such that

for all ¢ in T(E, H,'(Q3)) for all g in T(E,M¥(0)) we have

lim ’yj(s)/ (9.£) =0 if j > qp.3p.(conormal order of &).

S—0O
s

Proof. We note first that in the limit above we have chosen representatives for
the germs g, ¢ and [,.(g¢) , but the assertion is clearly independent of the choices.
Let p: X - Z and 7: X — S be the canonical projections and let m(c) denote
the defining ideal of ¢ in S. Then we have

Supp(7*m(c)) + p*Zy) = Supp(r*m(c)) N Supp(p*Zy)
=t (o) N [ (V)| = {0} x E.

Hence every element of M(c), considered as a function on X, is identically zero
on {o} x E. Tt then follows from the Nullstellensatz that there exists an integer v
such that M(o)” C (7*m(o) + p*Zy). This implies that every g in M(o)” can
be written g(z) = f(s,z) + h(z) with f(o,2) =0 and h in Zy. Let £ be an
element of (conormal) order m in T'(E, ﬂﬁfll(ﬁ’zl)) Then h.§ is of (conormal)
order <m — 1 and consequently

tim +7(s) [ (he)(s) =0
S§—0 X
because j > gp.2¢.(m — 1) . We also see that

lim 7 (s) /X (he)(s) =0

S—0

because f(c,z) =0 . This completes the proof of the lemma. O

(3.13) REMARK. In the situation of the previous lemma, a class £ of conormal
order m such that j := gp.2¢;,.m € N defines by the principal polar part of its
integral on the cycles a section of the j—th power of the line bundle associated to X
near o . The value at ¢ of this section is zero if and only if

lim +/(s). [ (©=0.

(3.14) DEFINITION. Let Z be a compact complex manifold and let Y be a
compact locally complete intersection in Z. We say that Y is an ample subvariety
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of Z if its normal bundle is ample, or equivalently if the zero section of its conormal
bundle is an exceptional analytic subset.

(3.15) THEOREM. Let Z be a complex manifold and let (Xs)scs be an analytic
family of n—cycles in Z . Let Y be an ample locally complete intersection in
Z which is a proper and generically finite pole for the family and let X be the
corresponding incidence divisor. Then for every irreducible component C of |X|
there exist an arbitrarily big integer m and an element & in H[’;Fl(Z, Q%) of
(conormal) order m such that j == q¢.2¢.m is an integer and such that for generic
o i C we have sh_r,I}, 'yj(s).fXQ (&) #0, where v is a defining function for |%|
near o.

Proof. We observe first that the generic point ¢ in C satisfies the conditions
in lemma (3.12). Let o be such a point in C and let E, M(c), v and v be
defined as in lemma (3.12). Put O, (sg) := Oz/M"(sg) and consider the conormal
filtration

P CDyC---C g?;]l(szg).
Let ¢ be an element of (conormal) order m in HM(Z,Q%). Then lemma (3.12)

H y)
implies that for all j > g¢.2¢,.m  the limit Sh_r)r(lf 7 (s) [4(€)(s) #0 only depends on

the image of £ in (@m/@m,1> ® O0,(0).

Let f Dbe a flat morphism defined by a generating regular sequence for Iy in a
neighbourhood V' of E and consider the image family of hypersurfaces (f.Xs)ses
in f(V), which is defined for all s near o. Then from lemma (3.5) we know that the
rational number associated with the image family (with the origin as a pole) is equal to

%’025, and by theorem (1.2) we know that in every interval of length k in N there is an

integer m and an element 7 of order m in H[%]H(Z, Of.+1) such that j := gg.o00.m

is an integer and such that lim 47(s) [, ,(n)(s) # 0. Since [, (1) = [, (f*n) we
see that the element f*n belongs to I'(E ®,,) and lim ~7(s) [, (f*n)(s) # 0.

Thus to finish the prove of the theorem it is sufficient to show that the canonical
morphism

P(Z, @) = T(Eay, (/B 1) @ O(50))

is surjective for m >> 0.

From the local description of Gy in (2.13) and the fact that Zy F,, = F,,—1 for
all m > 1 we deduce that Zy®,, = ®,,_1; and consequently that ®,,/P,,—1 is
isomorphic to Fpn/Fm—1®Go/Iy Gy for all m > 1. From lemme 6 in [B.Mg. 99] we
know that F,,/Fn—1 is isomorphic to S’”_l(/\/'y|z) ®M%‘;1(Oy, Oz) where Ny|z
is the locally free normal bundle sheaf of Y in Z. From the facts that the sheaf
Go/Zy Gp is coherent on Y and that the sheaf Ny‘ 7 isampleon Y we then deduce
(by the same argument as in lemme 6 in [B.Mg. 99]) that the canonical morphism

D(Z, ) = D(Eagy (@ /Pra1) © O (50))

25We use the map induced by ids x f between the graphs of (Xs)ses and of (f«Xs)ses -

Then we let Z be the ideal of definition of ¥ and J be the ideal of definition for the origin in
cntl,
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is surjective for m >> 0. a

(3.16) REMARKS.

1) To obtain a representative §in H "(Z\Y,Q%) for the cohomology class £ in
the previous theorem (for an arbitrarily big m ), it would be enough to have

dim (H"H(Z, Q’ZL)) < 4o00. This is of course the case (see [A-G]) when Z

is a m—convex manifold (a fortiori when Z is compact!). In this case we
obtain a holomorphic function on S\ ¥ with a well controlled pole order
along the irreducible component C' without assuming S compact.

2) If dimY < n then there exists an arbitrarily small n—complete neighbourhood
V of Y in Z (see [B. 80]) and consequently the class £ can be represented
by a class £ in H™(V\Y, Q%) in this case. Of course this gives meromorphic
functions defined in a neighbourhood of Yy with controlled pole order along
Yy.

(3.17). Let mpm : P71 (Y)max — |X| be induced by the canonical mapping .
Clearly it is proper, surjective and generically finite (see 3.7 ). For each irreducible
component C of |X| we denote by o the degree of 7, over C. Then there exist an
open dense subset ¢’ of C and a holomorphic multisection @% O — SymlC(Ymax)
that associates to each point in C’ the points in its m,,-fiber.

For a generic point in C' the divisor ¥ has a well defined multiplicity which we
shall denote by ¢c. Then for a generic point ¢ in C' we have (see 3.8)

o=, dqloy)

(oy)en—1(o)

(3.18) DEFINITION. We say that the analytic family (X;)ses is separated at
order 0 along Y if there exists an irreducible component C' of ¥ with s, = »/
such that the mapping ¢ is finite.

(3.19) REMARK. If the cycles of the family (X;)scs are the fibres of an (equidi-
mensional) morphism 7 :Z — S then it is separating of order 0 along Y 26.

(3.20). Let C be an irreducible component of || and let I, C’ and @2 be
defined as before. Let o € C’ and let y be a point in | X,|N|Y| such that y is a
smooth point of X, where X, is not tangent to Y. Then the image of Tx_ , in
Ny|zy isa hyperplane?” and, as such, defines an element in P(Ny|zy) = P(Ny|z)y-
Suppose that we have a dense open subset of C, which we shall also denote by C’,
such that for every o in C’ every y in |X;s| N Ynax the cycle X, is smooth at
y and not tangent to Y at y. Then we obtain a well defined holomorphic mapping

¢t C' — Sym'® (P(Nyz)

Yinax)
over Symlc (Yinax) -

26 Assuming, of course, that Y is a proper, generically finite pole for the family !
27This is precisely the definition of ”non tangent”.
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(3.21) DEFINITION. We say that the analytic family (X;)scs is separated at
order 1 along Y if there exists an irreducible component C' of |X| with s, = 5/
where the mapping

gp}; 0 — Symlc(P(NY\Z”Ymax)

is well defined and generically finite.

(3.22). Let C be an irreducible component of |X| with lc =1 andlet o € C

such that {y} = |X,|NYmax. Let Cx,, denote the Zariski tangent cone of X, at
y*®. If the restriction of the canonical mapping 7, — Ny|zy to |Cx, | isinjective
then Cx, , has a well defined image in Ny |z, and hence defines a hypersurface of
degree k, in P(Ny|z,).
Let us denote by ke = k the generic value of k, for o € C . Now let
Hy.(P(Ny|2)|¥ma.) be the bundle space over Yi,a.x whose fibre over a point y is
the set of hypersurfaces of degree k in P(Nyz,), and let p5(0) be the element
defined by Cx, , in Hp(P(Ny|z)|vy..) for a generic o€ C' .

(3.23) DEFINITION. We say that the analytic family (X;)ses is separated by
tangent cones along Y if there exists an irreducible component C' of |¥| with
sy =3 and lc =1 such that C' contains an open dense subset C’ having the
following properties :

e ged(gp ko) =1
e the mapping ¢ : ¢’ — Hip(P(Ny|z)|vm.,) is well defined and has finite
fibres.

(3.24) THEOREM. Let Z be a complex manifold and let (Xs)ses be an analytic
family of n—cycles in Z with S compact and connected. Let Y be a compact and
generically finite pole with respect to (Xs)ses and let ¥ denote the associated
incidence divisor. If Y is an ample subvariety >°of Z and if the family is separated
at order 0, 1 or by tangent cones along Y then X s big.

Proof. Let L be the line bundle on S defined by the Cartier divisor . We
observe first that in each of the three cases it is sufficient to prove the following :

For any two points o9 and o7 belonging to different fibres of the mapping in
question ( %, & or Lpg) there exist an arbitrarily big integer j and a global
section 7 of L’ such that 7(og) #0 and 7(o1) = 0.

This is sufficient because in each case it implies the existence of an integer j such that
the Kodaira mapping of L7 has fibres with isolated points. Hence it is generically
finite and consequently L is big.

From now on X will denote the graph of the family (Xy)ses.-

CrAaiM. Let o0¢p and o1 be two points belonging to the same irreducible
component C' of |X| with s = ' such that both C' and |X| are smooth near
{00,01} and such that the corresponding cycles have only finitely many points of
intersection with Y. Put E := (| X4,| U | X4, |)NY and let v be a (reduced) defining

28 Cx,,y isa n—cyclein Tyz,.
29Recall that this implies that Y is al.c.i. in Z such that its normal bundle is ample on Y .
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function for |X| in a neighbourhood of {og,01} . If there exist an arbitrarily big

integer m and an element £ of conormal order m in F(E,ﬂﬁ;ql(ﬂrzl)) such that

v = qp.>'.m is an integer and such that

lim ¥ (s). /X (€)(s)£0 and  lim 7*(s). /X ()(s) =0,

s—0o0 s§—01

then there exist an arbitrarily big integer j and a global section 7 of L/ such that
T(009) #0 and 7(01) = 0.

Proof of the claim. Let M(E) denote the defining ideal of the set E in Z
and put O;(E) := Oz/MYE) for every positive integer [. By lemma (3.12)
there exists an integer [ such that for every element ¢ of (conormal) order m in
F(E,ﬂﬁ}ql(Q%)) the limit bll)n; 79 (s) [,(€)(s) only depends on the image of ¢ in
D,/ Pp1 ® O(E), forall j>qp.dm and i =0, 1.

Then by the same argument as in lemme 6 in [B.Mg. 99] ( already used in the proof
of theorem (3.15) ) we show that the canonical morphism

DY, @ /Bra1) = (Y, (@ /B 1) @ OUE) ) (16)

is surjective for all m >> 0. Let By C By C ... denote the |X|—filtration on
H [IY](OS) and choose an integer mg such that both the canonical morphism above
and the canonical mapping

Hglg(s\zaos) - H[IE}(Sa OS)/B[q'C.%’Am]—l (17)

are surjective for all m > mg 39, where [] denotes the integral part of a real number.
Let m >mg and let £ be an element of (conormal) order m in F(E,ﬁgjﬁl(Q%))
such that ¢p.»'.m € N and such that

lim e (5). /X (€)(s) £0 and  lim A% ™ (5). /X ©(s)=0,  (18)

s—op s—01

Since (16) is surjective there exists an element 7 in I'(Y, ®,,, /®,,_1) having the same
image as & in I‘(Y, (P /Prp—1) ® OZ(E)), and since (17) is surjective there exists a
holomorphic function g on S\ ¥ having a pole of order gg»'.m along |X| near
{00,01} such that g and 7 have the same image in H[lz](S, Os)/Bigs, 3¢ m]—1-
Let + be a defining function for |¥| in a neighbourhood of {og,01}. Then
lim 477 (). g(s) = lim 1% (s). [ (€)(s) #0
X

Ss—0o( S§—00

and

lim %" (5)g(s) = Jim "), [ (€)(s) =0

s—0o1 s—01
Let j be an integer such that s<.m.j € N*. Then we obtain

lim (7% (s))* ™7 .g7(s) #0 and  lim (y%¢(s))* ™7 .¢7 (s) = 0. (19)

s—op s—o1

30Hglg(S \ £,0g) is the inverse image of H[lz](S, Og) by the morphism HO(S \ £,0g) —

HL(S,0g).
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Since fyqlC is a defining function for ¥ in a neighbourhood of {og, 01} we conclude
that ¢’ is a holomorphic function on S\ ¥ having a pole of order »’.m.;j along
Y. Let 7 be the global section of L™ induced by ¢’. Then (19) implies that
7(09) 20 and 7(o1) =0. Thus the claim is proved.

Proof of the theorem continued. In each case we will denote by C’ the open
dense subset of C' where the relevant mapping ( 2, @& or ¢f) is defined.
Let 0¢p and o; be two points belonging to different fibres of the mapping in question
and define E as in the above claim. We want to show that there exist an arbitrarily
big integer m and an element ¢ in I‘(E,ﬂﬁf]l(fl’z‘)) such that ¢;.».m € N and

such that [,.(§) satisfies (18). We will treat the three cases separately.

(i) If ¢2%(00) # ©%(o1) then there exists a point y in |Xyy| N Yiax such that
y ¢ |Xo,| N Ymax. Then g(oo,y).2¢(00,y) = q¢.2 and by corollary (2.26) there
exist an arbitrarily big integer m and an element £(y) of (conormal) order m in

(ﬁ?ﬁl(Q})) such that [, (£(y)) is of |X|—order gi.5.m near og. Let & be the
v

element in F(E,ﬂﬁjil((l%)) defined by §;, =0 if z#y and & =&(y). Then &

has the desired properties.

(ii) If @& (00) # p&(o1) then we have either | Xoo| N Yinax # | X0, | N Yinax  in which
case we get the the result directly from (i) or there exists a point y in FE such
that Tx, 4 # Tx,,,y- In the latter case we choose a flat morphism f defined by
a generating sequence of 7y in a neighbourhood V of y in Z and consider the
image family (f.(Xs|v)s) in f(V) defined for s near {og,01}. Let

P(s,z) = P(s,0) + Pi(s,2) + Pa(s,z) + - -
be a defining function for the image family, where P;(s,z) is homogeneous of degree

j in z. Then by hypothesis P;(0g,2) and P;(01,2) are linearly independant. Now,
using the remark (1.3) 2) , we see that in this case we have

#(00,2) = x#((01,2) =1

and thus ¢(og,2) = q(01,2) = g . Let v be a defining function for |¥| near
{00,01}. Then by theorem (1.2) and remark (1.3) 1) we know that for any element
n of order m in H['(L)]Jrl(QEnH) we have

lim 'yqlc'”/m(s)./ (f*n)(s) =0 if and only if (Py(oy,2)™,dn) =0,
s—0; X

for ¢ = 0,1 . Since the polynomials P;(0g,z) and Pj(o1,z) are linearly independent
P"(09,z) and P{"(o1,z) are also linearly independent for all m > 1. It follows
that for every integer m > 1 there exists an element 7 of order m in H [76]+1(an+1)
such that

(Pi(00,2)™,dn) 20 and (Pi(o1,2)™,dn) =0. (20)
Then for any integer m > 1 we pick an element 1 which satisfies (20) and define &
in F(E,g?;]l(ag)) by & = f*n and & =0 for z#y.
(iii) Let y be the only point in E. We proceed in the same manner as in case (ii)

and consider a defining function for the image family

P(s,z) = P(s,0) + Pi(s,2) + Pa(s,2) + - -
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1
We observe that s = z and ~(s) = P(s,0) is a defining function for ¥ near

{00,01}. By theorem (1.2) and remark (1.3) 1) it follows that for any integer m > 1
and any element n of order m.k in H[%]Jrl(ﬂgnﬂ) we have

s—0;

lim ™ (s). /X(f*n)(s) =0 if and only if (Py(os,2)™,dn) =0,

for 4 =0,1 . By hypothesis the cycles f,X,, and f.X,, have different Zariski tan-
gent cones at the origin and these cones are given by Py (09,z) =0 and Py(o1,2) = 0.
Consequently the homogeneous polynomials Py(0g,2) and Py(o1,2) are linearly in-
dependent. Hence for any integer of the form m.k we can pick an element 1 of order
m.k in H[%]H(QEHH) that satisfies the conditions

(Pi(00,2)",dn) #0 and (Py(o1,2)™,dn) =0

and then & := f*n is an element of (conormal) order m.k in
(ER @) =T} HyS'(93)
having the desired properties. a

(3.25) REMARKS.
1) What is actually proved in the theorem is that the fibres of the mappings ¢,
& and @l can be separated by global sections of some powers of L. Hence
without assuming finite fibres we get the following inequality:

Kodaira dimension of L > dim S — (fibre dimension of ¢ )

for i=0,1 or Z3.

2) Let Z be a complex manifold and let 7 : Z — S be an n—equidimensional
morphism where S is a normal complex space. Let Y be a subvariety of Z
whose dimension is equal to dim S — 1. If the restriction of the morphism =
to Y is proper and generically finite onto its image ||, then Y is a proper,
generically finite pole for the analytic family of cycles given by the fibres of
7 (see [B.75] ) and this family is obviously separated of order 0 along Y.

4. Applications.

(4.1). In this last section we shall prove the results announced in the introduction.
The theorem (0.7) is an immediate consequence of theorem (3.24). But this is not as
simple in the case of corollary (0.8).

Proof of corollary (0.8). We begin by producing a covering analytic family of
n—cycles in Z. As the map 7 is n—equidimensional and S is normal, there exists
an analytic map (see [B.75] )

f:8—=Cn2)

31The mappings @% <plc gog are holomorphic on some connected open and dense set in C' and
consequently have a well defined fibre dimension.
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such that for s generic in S we have f(s) = |t~ !(s)]. The map f defines a
covering analytic family (X;)ses of n—cyclesin Z such that for the generic s we
have X = |[r71(s)].

The next step is to prove that Y is a proper and generically finite pole for this
covering family. So we have to prove that the map

T Y] = w([Y]) = [Zy|

is generically finite on its image. As dim(|Y]) =p—1 and dim(S) = p, it is enough
to prove that each irreducible component of |Zy| is of pure codimension 1 in S.
We shall use the n—convexity of Z\ |Y| to prove this. As Y is a locally complete
intersection of codimension n + 1 with a (Griffiths) positive normal bundle, the
n—convexity of Z\ Y| is a consequence of [F. 76] . Now we may deduce from [B.78§]
that S\ X is holomorphically convex : There is no Kéhler metricon Z\Y to allow
us to follow the technique of loc.cit. but we know that for any hemitian C° metric
on Z the corresponding volume function S — Ry is bounded (by continuity and
compacity of S!)

Then we conclude that each irreducible component of ¥ has codimension 1 in § .
Hence Y is a proper, generically finite pole for the covering family (X;)ses. Now
it is easy to use theorem (3.24) because generically the cycles are locally separated
along Y (at order 0 ) for any irreducible component of |Xy| by remark (3.19).
O

(4.2) REMARK. When the surjective map = is not assumed to be equidimen-
sional, there exist a compact normal complex space S , a modification 7 : 5 — S
along the analytic set T where the fibre dimension of 7 jumps and a covering
analytic family of compact n—cycles (Xz);.g in Z such that for generic 5 we have
Xz = |~ Y7 (35)*2.

Now to conclude that S is Moishezon it is enough to show that Y is a proper,
generically finite pole for this family and that the local separation condition holds
along ¥ :={5€S5/X;NY # 0} holds.

This is clear as soon as it is shown that no irreducible component of Y is
contained in 7 !(7T):

the same proof shows that S\ ¥ is holomorphically convex , so X is of pure
codimension 1 in S. Then our assumption implies that the image by 7 of any
irreducible component C of S is an irreducible component of (]Y|) that has
codimension 1 in S. It follows that we have the equalities of dimensions dim C =
dim 7(C) = p—1=dim Y; thus Y is a generically finite pole.

The separation (at order 0 ) is again obvious from remark (3.19) because for any C
the generic point of C' is mapped by 7 outside of T.

We show now, using results on holomorphic convexity of cycle spaces, that problem
(0.4) can reduced to a rather special parameter space S and give for these cases a
transcendental analogue of what is expected .

(4.3) THEOREM. Let Z a compact connected complex manifold of dimension
n+pandlet Y CZ be a compact locally complete intersection of dimension p—1.

32Take for S the normalization of the graph of the meromorphic map S — —— — Cn(Z) given
by the generic fibres of 7« .
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We assume that

1) Nyyz is positive

2) there exists a compact normal complex space S parametrizing a covering analytic
family of compact n—cycles (Xs)ses n Z such that the corresponding
classifying map ¢ : S — C,(Z) is the normalization of its image, and
such that the generic cycle of this family is irreducible and without multiple
components 33.

Then, either a(Z) >p or dimS =p, S does not contain a compact covering family

of algebraic cycles of positive dimension *, ¥ is of pure codimension 1 in S and

S\ X is a proper modification of a Stein space.

Proof. Denote by d the dimension of S, and assume a(S) < p ; of course d > p
because the graph of the covering family has dimension d+mn > n+ p . Assume now
d > p+ 1. Then the strong n—convexity of Z\Y , which is a consequence of the
positivity of Ny |z thanks to [F. 76] , implies the holomorphic convexity of S\ ¥ by
the same argument as in the proof of corollary (0.8)3%. Since S\ ¥ is not compact36
we conclude that ¥ is of pure codimension 1 in S and that S\ X is a proper
modification of its Remmert’s reduction, which is a Stein space of dimension d>".
Now consider the graph S < Z of our analytic family of cycles and its projections
p and w onto Z and S respectively. The generic fibre of p has dimension
d+n—(n+p)=d—p>1 by our assumption, so for generic z € Z its fibre p~1(2)
is a compact analytic subset of S of dimension > 1. If, for a generic z € Z we
have S Nw(p~1(2)) # 0 this means that for such a z there exists s(z) € ¥ with
z € Xg(z) - Thus we have Z = J .5, Xs which gives a(Z) > p thanks to remark
(0.6) 3) in the introduction .

Thus we may assume that YN m(p~t(z)) = 0 for generic z € Z. This means that
I'(z) := Ux_.5.X; is a compact analytic set of dimension >n in Z\Y. But care
is required because this set could have some irreducible component of dimension n.
For a generic z there exists s € m(p~1(z)) such that X, is irreducible . This
implies that at least one irreducible component of I'(z) containing z has dimension
> n (because the classifying map c¢ is finite and generically injective ). Fix a smooth
exhaustion function on Z\'Y which is strongly n—convex outside a compact set K.
Then for a generic z € Z\Y \ K we have a compact irreducible complex subset of
dimension >mn of Z\Y not contained in K and this gives a contradiction .

So we conclude that d > p+ 1 implies a(Z) > p.

Now the only case we are left to consider is the case where d = p.

Assume that S has a covering family (Cy)ier of compact algebraic cycles of
dimension k > 1 parametrized by a compact normal complex space T . As before,
without loss of generality, we may assume that for ¢ generic the cycle C isirreducible
and has multiplicity 1 and that the corresponding classifying map T — Ci(S) is
finite and generically injective. We define I't = Ugec, X5 for each ¢t € T.

33We can modify the family in order to satisfy these properties when we begin with any covering
family.

34 Algebraic means that each component of the cycle is a (reduced) Moishezon complex space.

35 Actually the volume of the cycles in our family is uniformly bounded (for any continuous her-
mitian metric on Z) and the method of [B.78] applies here as well.

36The case S =X is excluded because it implies a(Z) > p as explained in remark 3 of (0.6) in
the introduction.

37We can separate generic cycles near ¥ by global holomorphic functions on S\ ¥ coming from
integration of (n,n) cohomology classes using our assumption that the generic cycle in the family
is irreducible.
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As we assume that T is normal , the family (I';)tc7 is an analytic family of compact
(n+k)—cycles in Z 3® such that the generic cycle is irreducible and with multiplicity
1.If C;nX #@forall ¢t in T ,then T is a Moishezon space because we know
that ¥ is a Moishezon space using [C.80]. But 7 xS has algebraic fibers over S
( C; is algebraic by assumption) and there exists an “algebraic section” T 1 ¥ of
this fibration (because T and ¥ are Moishezon !) so , thanks again to [C.80] we
conclude that S is Moishezon .

Thus we may assume C;NY. = () for generic ¢ . Then Ty C Z\Y for generic
t . As the family (I'})ier covers Z | for a generic ¢, Iy ¢ K . This gives a
contradiction , because a compact irreducible analytic subset of dimension > n of
Z\Y is contained in K . O

(4.4) REMARKS.

1) When dimS =p and a(S) =p—1 we can cover S with a compact analytic
family of compact complex curves (using the algebraic reduction of S). So
the proposition applies and for a(S)=p—1 we have a(Z)>p.

2) Let D := p(r~ (X)) and assume that dimS =p and a(Z) < p. Then the
projection of the graph p : S > Z — Z is generically finite because it is
surjective and dim(S > Z) =n+p=dimZ . The composed map

SxZ\7m %) - S\X =R

where the second map is the Remmert’s reduction, can be used to construct p
holomorphic functions on S <1 Z\7~1(2) that are algebraically independent.
Using traces of powers of these, it is easy to obtain p holomorphic functions
on Z\ D that are also algebraically independent. So we have codimz(D) =1
and Y C D.

This is a transcendental analogue of what we are looking for here
(ie. a(Z) > p).

(4.5) COROLLARY. Assume that in problem (0.4) we have at least one cycle in
the covering family (Xs)ses that intersects Y in a finite non-empty set. Then
a(S) > 1 and consequently a(Z) > 1.

(4.6) REMARK. For p =2 (in which case Y isacurve) and n =1 the problem
(0.4) is solved by the previous corollary subject to a very weak condition involving
the covering family and Y . Compare with remark (4.4) 1) above.

The proof of the corollary is an immediate consequence of remark (3.16) 1) .

Appendix. Let Y be a locally complete intersection of codimension n + 1 in
a complex manifold Z .

(A.1) LEMMA. Let y be a point in Y. Then the set of all (n + 1)-tuples
(90,---,9n) In I;‘?ZH such that go,..., g, generate Zy, is an open dense subset of
I@n+1

Yy -
38This means that we can choose multiplicities , generically equal to 1 , to have an analytic
family of cycles ; see [B.75] th.1 .
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Proof. Let m be the defining ideal of y in Z. Since the minimal length of a
generating sequence for Zy,, is n + 1, Nakayama’s lemma tells us that the C vector
space V := Ty, /mZy, is of dimension n+ 1. By the same lemma we know that n+1
elements go, ..., g, in Zy, generate Ty, if and only if their images go,...,gn in V
form a basis for V. It is clear that the set of all bases (vg,...,v,) of V is a Zariski
open dense subset of V"% 5o to finish the proof we only have to note that Zy, and
mIy, ®V are isomorphic as topological vector spaces. a

(A.2) REMARK. It is clear from the proof of the preceeding lemma that the
generating (n + 1)-tuples in a finite-dimensional affine subspace A of I??}Z“ form a
Zariski open subset of A. In particular it is connected.

We shall assume from now on that Y is a finite pole for an analytic family (X;)ses
of n—cyclesin Z , and we shall denote by X the incidence divisor of Y in §'.

(A.3). For each s in ¥ we put F; := |Xg| N|Y]. We will say that a finite
sequence of elements in I'(E;, Zy ) is a generating sequence for T'(Ey, Zy ) if it generates
Iy, for every y in Eg; in other words if it generates I'(E;,Zy) as a I'(E,, Oy)-
module. Let go,...,g, be a generating sequence for I'(E,Zy). Then gq,..., gy is
a regular sequence and thus defines a flat morphism g = (go, ..., gn) from an open
neighbourhood U of E, onto an open neighbourhood of the origin in C"*!. Let
ky(s) denote the multiplicity of the image cycle g.(X;|U) at the origin in C"T!,
ie. kgy(s) =multy g.(Xs|U). Then we put

k(s) :== m;n kq(s),

where the minimum is taken over all generating sequences of length n + 1 in
T'(Es,Zy).

(A.4) LEMMA. Let s € S. The set of all g = (go, ..., gn) in ['(Es, Iy )"t such
that go, ..., gn generate I'(E, Ty ) and such that k,(s) = k(s) is an open dense subset
of D(E,, Ty )"+,

Proof. Let U be the set of all g = (go, . - ., gn) in T'(Es, Zy )" such that go, ..., gn
generate I'(Es, Zy) and put

U :={g €Ul ky(s) = k(s)}.

From lemma (3.3) we know that U is a dense open subset of T'(Es,Zy )" so it is
enough to show that U’ is a dense open subset of Y. Let f € U and let V be an open
neighbourhood of f in U such that (g.Xs)gey is an analytic family of (germs of)
hypersurfaces at the origin in C"*!. Let

P:Vx(C"0)—C
be a defining function for the graph of this family and write
P(g,l’) = Po(g,fﬂ) +P1(g,$) +P2(g,:r) +oee

where Pj(g,z) is homogeneous of degree j in x. Then by the definition of k(s) we
have Pj(g,-) = 0 for all g if j < k(s) and the set of all g in V with ky(s) > k(s) is
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given by the analytic equation Py (,)(g,-) = 0; in other words

This shows in particular that I’ is an open subset of . Now, suppose that f belongs
to the boundary of U’ in U and suppose that the neighbourhood V is convex. We will
show that V is contained in the closure of U’ in U and thereby prove that U’ is dense
in Y. Fix an element g1 in YV NU" and let g5 be any other element in V. Let £ be
the affine line through g; and gy in T'(E,,Zy)"T!. Then VN £ is an open connected
subset of £ that contains g; and gs. Since

LOW\YNU')={geVNL|Pyslg,) =0}

is an analytic subset of LNV that does not contain g;, it is a discrete subset of LNV

and consequently it is contained in the closure of U’. O
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