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Abstract

Let G be a Lie group, G its Lie algebra and T*G its cotangent bundle. On T*G,
we consider the Lie group structure obtained by performing a left trivialization and
endowing the resulting trivial bundle G X G* with the semi-direct product, using the
co-adjoint action of G on the dual space G* of G. We investigate the group of auto-
morphisms of the Lie algebra D := T*G of T*G. More precisely, we fully characterize
the Lie algebra of all derivations of D, exhibiting a finer decomposition into compo-
nents made of well known spaces. Further, we specialize to the cases where G has
a bi-invariant Riemannian or pseudo-Riemannian metric, with the semi-simple and
compact cases investigated as particular cases.
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1 Introduction

Throughout this work, all Lie groups and Lie algebras are over K =R or C, unless otherwise
specified. Let G be a Lie group whose Lie algebra G is identified with its tangent space 7.G
at the unit e. We always look at the cotangent bundle 7*G of G, as a Lie group obtained
by performing the semi-direct product G < G* of G and the Abelian Lie group G*, where
G acts on the dual space G* of G via the co-adjoint action. Here, using the trivialization
by left translations, the manifold underlying 7*G has been identified with the trivial bundle
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G X G*. We sometimes refer to the above Lie group structure on 7*G, as its natural Lie
group structure. The Lie algebra Lie(T*G) = G =< G* of T*G will be denoted by T*G or
simply by D.

It is our aim in this work to study the connected component of the unit of the group
Aut(D) of automorphisms of the Lie algebra 9. Such a connected component is precisely
the connected subgroup of Aut(9), spanned by the exponentials of the derivations of D.
Therefore, we will work locally, that is, with those derivations and the first cohomology
space H'(D, D), where D is seen as a D-module for the adjoint representation.

Our motivation for this work comes from several interesting mechanical, algebraic and
geometric problems. Cotangent bundles of Lie groups appear amongst key tools in various
mathematical formulations for the motion of particles (see e.g. [1], [28], [31]). In particular
they are the configuration space of some mechanical systems (see e.g. [27]). They can
also exhibit rich algebraic and geometric structures (see e.g. [4], [11], [16], [17], [24],
[27]). All such structures can be better understood when one can compare, deform or
classify them. This very often involves the invertible homomorphisms (automorphisms) of
TG, if in particular, such structures are invariant under left or right multiplications by the
elements of T*G. The derivatives at the unit of automorphisms of the Lie group 7*G are
automorphisms of the Lie algebra O. Conversely, if G is connected and simply connected,
then so is 7*G and every automorphism of the Lie algebra P integrates to an automorphism
of the Lie group 7*G. A problem involving left or right invariant structures on a Lie group
also usually transfers to one on its Lie algebra, with the Lie algebra automorphisms used as
a means to compare or classify the corresponding induced structures.

In the purely algebraic point of view, finding and understanding the derivations of a
given Lie algebra or superalgebra, is in itself an important problem ([7], [8], [9], [15], [18],
(211, [22], [25], [33], [34D).

On the other hand, as a Lie group, the cotangent bundle 7*G is a common Drinfel’d
double Lie group for all exact Poisson-Lie structures given by solutions of the Classical
Yang-Baxter Equation in G. See e.g. [10]. Double Lie algebras (resp. groups) encode
information on integrable Hamiltonian systems and Lax pairs ([2], [5], [16], [26]), Poisson
homogeneous spaces of Poisson-Lie groups and the symplectic foliation of the correspond-
ing Poisson structures ([10], [16], [26]). To that extend, the description of the group of
automorphisms of the double Lie algebra of a Poisson-Lie structure might be a contribution
towards solving some of the open problems in that field.

We find that the space of derivations of ) encompasses spaces of known and wildly
used operators, amongst which the derivations of G, the second space of the left invariant
de Rham cohomology Hiznv(G, K) of G (see Section 3.5), bi-invariant endomorphisms, in
particular operators giving rise to complex group structure in G, when they exist.

Traditionally, spectral sequences are used as a powerful tool for the study of the coho-
mology spaces of extensions of Lie groups or Lie algebras and more generally, of locally
trivial fiber bundles (see e.g. [19], [20], [23], [32] for wider discussions). However, for the
purpose of this investigation, we use a direct approach.

The paper is organized as follows. In Section 2, we explain some of the material and
terminology needed to make the paper more self contained. Sections 3 and 4 are the actual
core of the work where the main calculations and proofs of theorems are carried out. We
discuss some examples in low dimension in Section 5. We will see that some of those
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examples give rise to contact Lie algebras. See [12], [13], for wider discussions on contact
Lie algebras.

2 Preliminaries

Although not central to the purpose of the work within this paper, the following material
might be useful, at least, as regards parts of the terminology used throughout this paper.

Throughout this paper, given a Lie group G, we will always let G < G* stand for the
Lie group consisting of the Cartesian product G X G* as its underlying manifold, together
with the group structure obtained by semi-direct product using the co-adjoint action of
G on G*. Recall that the trivialization by left translations, or simply the left trivialization
of T*G is given by the following isomorphism ¢ of vector bundles, { : TG — G X G",
(0,vg) = (0,vy 0 TeLy), where L, is the left multiplication Ly : G = G, 7+ Ly (1) ;=0T
by o in G and T¢L is the derivative of L, at the unit €. In this paper, T*G will always be
endowed with the Lie group structure such that £ is an isomorphism of Lie groups. The Lie
algebra of TG is then the semi-direct product D := G=<G*. More precisely, the Lie bracket
on P reads: for any two elements (x, f) and (y, g) of D,

[(xef)a (y’g)] = ([x,)’],ad;g _ad;f) (21)

We will refer to an object which is invariant under both left and right translations in
a Lie group G, as a bi-invariant object. We discuss in this section, how TG is naturally
endowed with a bi-invariant pseudo-Riemannian metric.

A bi-invariant (Riemannian or pseudo-Riemannian) metric in a connected Lie group G,
corresponds to a symmetric bilinear non-degenerate scalar form y in its Lie algebra G, such
that the adjoint representation of G lies in the Lie algebra O(G, 1) of infinitesimal isometries
of u, or equivalently

u(lx,y1,2) +u(y, [x,2]) = 0, (2.2)

for any x,y,z in G. This means that y is invariant under the adjoint action of G. In this
case, we will simply say that u is adjoint-invariant. Lie groups with bi-invariant metrics
and their Lie algebras are called orthogonal or quadratic (see e.g. [29], [30]). Every
orthogonal Lie group is obtained by a series of so-called double extension constructions
introduced by Medina and Revoy ([29], [30]). Consider the isomorphism of vector spaces
0: G — G* defined by (6(x),y) := u(x,y), where (, ) on the left hand side is the duality pairing
(x, f) = f(x) between elements x of G and f of G*. Then, 6 is an isomorphism of G-modules
in the sense that it is equivariant with respect to the adjoint and co-adjoint actions of G on
G and G" respectively; i.e. for any x in G, 6 o ady = ad}; o 6. We also have, for all element x
of G, 07! oad: = ad,067". The converse is also true. Precisely, a Lie group (resp. algebra)
is orthogonal if and only if its adjoint and co-adjoint representations are isomorphic. See
Theorem 1.4. of [30].

Semisimple Lie groups (with their Killing form), compact Lie groups, or more gener-
ally, reductive Lie groups, are examples of orthogonal Lie groups.

The cotangent bundle of any Lie group (with its natural Lie group structure, as above)
and in general any element of the larger family of the so-called Drinfel’d doubles, are or-
thogonal Lie groups ([16]), as explained below. As above, let D := G=<G* be the Lie algebra
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of T*G with the Lie bracket given in (2.1). Let yg stand for the duality pairing ¢, ), that is,
for all (x, f), (y,8) in D,

po((x, ), (3.8)) = F ) +8(0). 2.3)

Then, uo satisfies the property (2.2) on D and hence gives rise to a bi-invariant (pseudo-
Riemannian) metric on T*G.

3 Group of automorphisms of D :=T*G

3.1 Derivationsof D :=T7"G

Consider a Lie group G of dimension n, with Lie algebra G, over K. Let us also denote
by D the vector space underlying the Lie algebra D of the cotangent bundle 7*G, regarded
as a PD-module under the adjoint action of ©. Consider the following complex with the
coboundary operator 8, 0—D— Hom(D, D)— Hom(A>D, D)—---— Hom(A*D, D)—0.
The coboundary d¢ of the element ¢ of Hom(D,D):={¢:D— D, linear} is the element
of Hom(A*D, D) defined by d¢(u,v) := ad,(¢(v))—ad,(¢(u))—p([u,v]), for any elements
u=(x,f)and v=(y,g) in D. An element ¢ of Hom(D, D) is a 1-cocycle if d¢p =0, i.e.

¢([u,v]) = ady(¢(v)) — ad\(¢(w)) = [u, p(v)] + [$(u), V], 3.1

for all elements u,v of D. In other words, 1-cocycles are the derivations of the Lie al-
gebra D. In Section 3.6, we will characterize the first cohomology space H'(D,D) :=
ker(0%)/Im(d") of the associated Chevalley-Eilenberg cohomology, where for clarity, we
have denoted by 8! and §? the restrictions of the coboundary operator 8, as follows:

d': D — Hom(D,D) and 8% : Hom(D, D)—Hom(A\*D, D).

Theorem 3.1. Let G be a Lie group, G its Lie algebra, T*G its cotangent bundle and
D = GwG" the Lie algebra of T*G. A 1-cocycle (for the adjoint representation) hence a
derivation of D, has the following form:

$(x, f) = () +Y(),B(x) +E(f)), (3.2)

for any (x, f) in D; where a : G — G is a derivation of the Lie algebra G, B: G — G* is
a l-cocycle of G with values in G* for the co-adjoint action of G on G*, ¢ : G* — G* and
Y G* — G are linear maps satisfying the following conditions:

[€,ady] = ad;(x), Vxeg, (3.3)
Yoady, = adyoy, Yxeg, (3.4)
adz(f)g = ad:;(g)f, Y f,geG". (3.5)

Proof. Aiming to get a simpler expression for the derivations, let us write ¢ in terms of
its components relative to the decomposition of D into a direct sum D = G G* of vector
spaces as follows: for all (x, f) in D,

$(x. ) = (6110 +821(f). p12(x) + 6a(f)). (3.6)
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where ¢11: G— G, d12: G — G, ¢21 : G* > G and ¢ : G* — G are all linear maps. In
(3.6) we have made the identifications: x = (x,0), f = (0, f) so that (x, f) can also be written
x+ f. Likewise, we can write ¢(x) = (¢11(x),¢12(x)) and ¢(f) = (¢21(f), p22(f)), for any x
in G and any f in G*; or simply ¢(x) = ¢11(x) + ¢d12(x) and ¢(f) = d21(f) + d22(f). In order
to find the ¢;;’s and hence all the derivations of O, we are now going to use the cocycle
condition (3.1). For x,y in G C D we have:

¢([x,y]) = r1([x.y]) + d12([x, y]) (3.7

and

[#0), ]+ [x, 6] = [$11(x0) +P12(x),¥] + [x, 611 () + 12()]
= [¢11(0).y]—adi(¢12(x) + [x, o111+ ad($12(»).  (3.8)

Comparing (3.7) and (3.8), we first get ¢11([x,y]) = [¢11(X),y] + [x,d11()], for all x,y in
G. This means that ¢;; is a derivation of the Lie algebra G. Secondly, for any x,y in G,
P12([x,y]) = ady($12(y)) — ady(¢12(x)). That is ¢ is a 1-cocycle of G with values on G* for
the co-adjoint action of G on G".

Now we are going to examine the following case: for all x in G and all f in G*,

o(lx, fD) = ¢ad.f) = pa1(ad,f) +¢r2(ad, f) (3.9

and

[p11(x) + @12(x), f1+ [x, 021 () + 22 (f)]
= ady o] +1x62(N)]+ad ($22(/)). (3.10)

Identifying (3.9) and (3.10) we get on the one hand ¢»(adyf) = [x, 921 (f)] = ad($21(f)),
for all x e G and f € G*. We write the above as ¢, o ad; = ad, o ¢, for all x in G. That
is, @21 : G* — G is equivariant (commutes) with respect to the adjoint and the co-adjoint
actions of G on G and G* respectively. On the other hand, for all x in G and f in G,
dn(adif) = adi(an(f)) + ad:;“ @ f. This can be rewritten as ¢z o ad; —adyo ¢ = ad;;“ e
That is, for any element x of G, [¢22,ad;] = ad;;

[o(x), f1+[x, ()]

Last, for any f and g in G*, we have

d11(x)°
#([f,¢1) =0, (3.11)
and
[6().gl+1f,0(@)] = [d21(f)+ (). gl +Lf,P21(8) + $22(2)],
ady,, (8~ adg, o[- (3.12)

From (3.11) and (3.12), for all elements f,g of G*, we have ad;m(f)g = ad:;z](g)f.
Noting « := ¢11, 8 := ¢12, ¥ := ¢21 and &€ := ¢,7, we get a proof of Theorem 3.1. O

Remark 3.2. (Notations ) From now on, if G is a Lie algebra, then

(1) der(G@) will stand for the space of all derivations of G ;

(2) & will stand for the space of linear maps & : G* — G* satisfying Equation (3.3), for some
derivation a of G,
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(3) Go:={¢: D - D,¢(x, f)=((x),(f) : a€der(G),§ €&,[¢, ady] = ad,, ),V x € G};

(4) we may let Q stand for the space of 1-cocycles B:G — G* as above, whereas ¥ may be
used for the space of equivariant linear ¢ : G* — G as in (3.4), which satisfy (3.5);

(5) we will denote by G|, the direct sum G| := Q&Y of the vector spaces Q and V.

Remark 3.3. The spaces der(G), Q and ¥, as in Remark 3.2, are all subsets of der(D), as
follows. A derivation « of G, an equivariant map ¢ € ¥, a 1-cocycle B € Q are respectively
seen as the elements ¢, ¢y, P of der(D) as follows : for all (x, f) in D,

ba(x, f) := (a(x),=foa); dy(x, f) := (¥(f).0) 5 dp(x. f) := (0,B(x)).

Proposition 3.4. Let G be a Lie algebra. With the same notations as above, we have:
(a) if G has an invertible derivation, then so does T*G. (b) if the Lie algebra der(D) is
unimodular, then dim(¥) = dim(Q); (c) der(D) is never nilpotent.

Proof. (a) Let @ be a linear map G — G. Then « is in der(&) if and only if ¢, is in der(D).
Moreover, ker(¢,) = ker(a) ® (Im(a))?, where (Im(a))’ is the subspace of G* consisting of
those f, with f oa = 0. Hence (a) is proved. For (b) and (c), see Section 3.3.1. O

3.2 A structure theorem for the group of automorphisms of D

Lemma 3.5. The space &, as in Remark 3.2, is a Lie algebra. Namely, if £1,&, in & satisfy
[&i,ady] = ad;(x), i=1,2, for all x in G and some «|,qa; in der(G), then their Lie bracket

[£1,&2] is in & and satisfies [[£1,&2],ady] = ad

[a1,@2](x)"

Proof. Jacobi’s identity in the Lie algebra gl(G*) of endomorphisms of the vector space G*,
gives, for any x in G

[[£1.62],ad}] [[£1,ad ), &1+ (€1, (62, ad{]] = [ad,, .62+ [€1,ad,,, )]

= —ad’ )+ad* " O

201 (0 T Wayoar) = ¥ a)(x)
Lemma 3.6. The space G, as in Remark 3.2, is a Lie subalgebra of der(D).

Proof. This is a consequence of Lemma 3.5. If ¢ := (a1,£1) and ¢, := (@2, &) are in Gy,
then [¢1,d2] = ([a1, 2], [£1,£2]). Indeed, for every (x, f) € D, we have

$1(@2(2),£2() = a1 (0, £1(f)
(@1 0@2(x) . &10&2(f)) = (@201(x) . &2041(1))
([a1, @210, [£1,61(9). o

[¢1’¢2](x’f)

Lemma 3.7. Let B€ Qand y €Y. Then [B,y] = (—yoB,B0y) belongs to Go. More precisely
Bovisin &, yopBisinder(G) and [Boy,ad,] = —adioﬁ(x), for any x in G.

Proof. First, B being a 1-cocycle is equivalent to

Boady(y) = ad, o p(y) —ady o p(x), (3.13)
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for all x,y in G. Now for every x in G and every f in G*, we have

Boyoad(f)—adiopoy(f)

= Poad,oy(f)—ad,oBoy(f), now take y = y(f)in (3.13)
= ad;ofoy(f)—ady ,B(x)—ad,oBoy(f),

= —ad;( f)ﬁ(x), take g = B(x) in (3.5)

= —ady.s [ = ady, f, where @ = —yop.

(B¢, ad 1(f)

Next, the proof that ¢ oS is in der(G), is straightforward. Indeed, we have

woBlxyl = y(adif(y)-adiB(x)) = adyow of(y) - ady oy of(x)
=[xy o]+ [¥oB(x),yl,
for all vectors x,y in G. Hence [B, /] belongs to Gy, for any 8 in Q and any ¢ in . O

Lemma 3.8. Let ¢ := (a,&) be in Go, B: G — G* and y : G* — G be respectively in Q and
Y. Then both [¢,B] and [p,y] are elements of G1. More precisely [¢,B] is in Q and [¢, /] is
in Y. Moreover, we have [Q,Q] =0 and [¥,¥] = 0.

Proof. Let ¢ =(a,&) bein Gy, B: G — G* a 1-cocycle and ¥ : G* — G an equivariant linear
map. Using ¢ and ¢, as in Remark 3.3, we obtain

[, 61(x.) = ¢(0.8(x))—pp((x),£(f)) = (0, 08(x)) ~ (0,80 a(x))

(0, €op-Boa)).

Now, let us show that B:=¢o0B—Boa:G— G" is a 1-cocycle. On the one hand, we have

¢(adiB(y) - ad;p(v))

(1€.ad;) + ady 0 £)(B() = (1€ ady] + ad; 0 £)(B(x))

ads, \BO) +ady (€ o f()) - ady, B(x) - ady(€ 0 B(x)

ad; (€ o))~ ady (€ 0 B()) + ady, BO) —ady ). (3.14)

&oB(lx.yD)

for all x,y in G. On the other hand, we also have: for any x,y in G,

Boa(lx,y) = p(lax),y])+B([x,a()])
= adz( 2B — ady (8o a(x)) +ady(Boa(y)) - adf;(y)ﬂ(x). (3.15)

Subtracting (3.15) from (3.14), we see that S[x, y] now reads
Blx.y] = ad (€ o f—Boa)y) — ad;(é o f—Bo a)(x) = adip(y) - ad ().
Hence f3 is an element of Q. In the same way, we also have: for any (x, f) in D,

P (f),0) = gy ((x),£(1))
(@oy(f),0) = (Yo &(f).0) = (@oy =y o &)(f) . 0).

(6, ¢y 1(x, f)
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The linear map i/ := @ oy —yo& : G* — G is equivariant, i.e. is an element of V. As above,
this is seen by first computing, for every elements x of G and f of G*,

aoylad,f) = a(lx,¥(N]) = [a(x),¥(NH]+[x,acy(f)] (3.16)

and

yotladif) = wo(l€.adi)+ado&)(f) = ylady, f)+W(adié(f)
= [a@).W(N]+ 5o (P), (3.17)

then subtracting (3.16) and (3.17). We have [¢g,¢p1(x, f) = ¢5(0,5'(x)) — ¢ (0,5(x)) =

0 and [¢y, by 1(x, f) = ¢y (W' (f),0) = ¢y (Y(f),0) = 0, for all (x, f) in D. In other words,
[Q,Q]=0and [¥,¥]=0. O

We summarize all the above in the

Theorem 3.9. Let G be a Lie group and G its Lie algebra. The group Aut(D) of automor-
phisms of the Lie algebra D of the cotangent bundle T*G of G, is a super symmetric Lie
group. More precisely, its Lie algebra der(D) is a Z/27Z-graded symmetric (supersymmet-
ric) Lie algebra which decomposes into a direct sum of vector spaces

der(D) := Go® G\, with [Gi.Gj| CGivj, 1,j€Z[2Z=A{0,1}, (3.18)

where Gy and G are as in Remark 3.2.

Consider the Abelian subalgebras G = Q and Q~’1 =Y of der(D) and set deg(x) =i, if
X € Gj, i=1,2. Then, the spaces Go® G\ and Go® G are subalgebras of der(D) which are
Lie superalgebras, i.e. they are Z/2Z-graded Lie algebras with the Lie bracket satisfying
[x,y] = =(= D)8 0%sWy, ] and [x,[y,z]] = [[x,y],2] + (= 1)* €Oy, [x, ]].

As a straightforward corollary, we have the following

Proposition 3.10. Let G be a Lie group, G its Lie algebra, T*G its cotangent bundle and
D = G=G" the Lie algebra of T*G. Denote by Y the space of linear maps ¥ : G* > G
satisfying yoad; =ad, oy, ¥ x € G and ad;‘/(f)g = ad:;(g)f, Y f,geG*. (a) If Y = {0}, then
der(D) is a Lie superalgebra. (b) In particular, if G is orthogonal with trivial center, e.g. if
G is semi-simple, then der(D) is a Lie superalgebra.

Proof. (a) With the same notations as in Theorem 3.9, if ¥ = {0}, then der(D) = Gy ®GI.
(b) In this case ¥ = {0}, see Proposition 4.5 and Section 4.2. O

Remark 3.11. (a) In Propositions 3.12 and 3.13, we will prove that every element ¢ of &
is the transpose &€ = (j — @)’ of the sum of an adjoint-invariant endomorphism j € J and a
derivation —a of G. (b) The Lie superalgebras Gg ®G and G GBG’I respectively correspond
to the subalgebras of all elements of der(?) which preserve the subalgebra G and the ideal
G* of D. The Lie superalgebra Gy EBQ’I can be seen as part of the more general case of
derivations of a semi-direct product Lie algebra G < N which preserve the ideal N and
which are discussed in [32], amongst other results therein.
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3.3 Maps ¢ and bi-invariant tensors of type (1,1)
3.3.1 Adjoint-invariant endomorphisms

Linear operators acting on vector fields of a Lie group G can be seen as fields of endomor-
phisms of its tangent spaces. Bi-invariant ones correspond to endomorphisms j: G — G
of the Lie algebra G of G, satisfying j[x,y] = [jx,y], for all x,y in G. We sometimes
call such j bi-invariant endomorphisms. If we denote by V the connection on G given
on left invariant vector fields by V,y := %[x, y], then using the covariant derivative, we have
Vj=0, (see e.g. [35]). As above, let J be the space of such j. Endowed with the bracket
[j,j']:=joj —j o], the space J is a Lie algebra. If the dimension of G is even and if in
addition j satisfies j>= —identity, then (G, j) is a complex Lie group. Of course, the identity
map idg of G, is an element of J. We have [¢;,¢iq] = 0, [do,Pia] = 0, [¢ia,dy] = —¢y and
[pia. pp] = ¢p, for every a € der(G), Y € ¥, € Q and j € J. Hence, the adjoint of ¢4 is diago-
nal, with matrix diag(0,1,~-1) in the decomposition der(D) = Go ®Q® Y. Thus trace(ady,,)
= dim(Q) — dim(¥). Proposition 3.4 (b) is proved. As @ contains at least coboundaries
B(x) = ady fo for some 1-form fy, hence Q # 0, therefore ady,, and thereby der(T*G) are
never nilpotent. This proves Proposition 3.4 (c¢). Note that, ¥ = [¢;4, V] and Q = [¢;4, Q] are
subsets of [der(D),der(D)], hence ady, and ady, are traceless, Yy € ¥, VB € Q.

332 Mapsé:G" -G

Proposition 3.12. Let G be a Lie algebra and « a derivation of G. A linearmap &' : G — G
satisfies [¢',ad,] = ady(x), for every element x of G, if and only if there exists a linear map
Jj: G — G satisfying

J(xyD = [0, y1 = [x, jO)], (3.19)

forall x,y in G, such that &’ = j+a.

Proof. Let « be a derivation and ¢ an endomorphism of G satisfying the hypothesis of
Proposition 3.12, that is, [¢',ad,] = ady) = [@,ad,], for any x in G. We then have,

[¢ —a,ad,] =0, (3.20)

for any x of G. So the endomorphism j := & — @ commutes with all adjoint operators. Now
a linear map j : G — G commuting with all adjoint operators, satisfies: for all elements x,y
of G, 0 =[j,ad,](y) = j([x,y]) =[x, j(y)]. We also have that for all x,y in G, 0 = [j,ady](x) =
J(y, xD) = [y, j(x)]. Hence, j([x,y]) = [j(x),y] = [x, j()], for any x,y in G. Thus, (3.20) is
equivalent to &’ = j+ a, where j satisfies (3.19). O

Proposition 3.13. Let G be a nonabelian Lie algebra and S the space of endomorphisms
&' 1 G — G such that there exists a derivation a of G and [¢',ad,] = adyx forallxe G. 1) S
is a Lie algebra containing J and der(G) as subalgebras. In the case where G has a trivial
centre, then S is the semi-direct product S = der(G) < J of I and der(G).

2) The following are equivalent: (a) The linear map & : G* — G* is an element of & with
a as the corresponding derivation of G, i.e. & satisfies (3.3) for the derivation a. (b) The
transpose & of & is of the form & = j—a, where j is in J and « in der(G). (c) & is an
element of S, with corresponding derivation —a. The transposition & v & of linear maps is
an anti-isomorphism between the Lie algebras & and S.
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Proof. 1) Using the same argument as in Lemma 3.5, if for all x in G, [£],ad,] = ady,(x)
and [&),ad,] = ado,(y), then [[£],&)],ad,] = ad|q, ay)(x)> TOr any x in G. Thus S is a Lie
algebra. From Proposition 3.12, there exist j; in J such that flf =a;+ j;, i =1,2. Obviously,
S contains J and der(G). Thus, as a vector space, S decomposes as S = der(G) +.7. Now,
the Lie bracket in S reads

[€1,85] = [a1 + ji,a + o] = [a, 2] + [ay, j2] + [j1, 2] + [ 1, j2]. (3.21)

Of course, [}, @3] is in der(G). From Section 3.3.1, we know that J is a Lie algebra, hence
[j1,/2] is in . It is easy to check that [«, j] € J, for all @ in der(&) and for all j in 7.
Indeed, the following holds

a/([.](x)ay]) - ]([a(x)ay] + [xa a(y)])
[CY © .](x)’y] + [](X),Cl(y)] - []O a(x),)’] - []()C), Cl’(y)] = [[a,j](x),)’],

[, j1([x,y])

for all x,y in G. The intersection der(G) N J is made of elements j of J whose image Im( )
is a subset of the centre Z(G) of G. Hence if Z(G) = 0, then S =der(G)®J and as a Lie
algebra, S = der(G) < 7. Using this decomposition, we can also rewrite (3.21) as

[£1,E] = [(a1, /1) , (a2, j2)] = (@, 2], [j1, j2]+ a1, 2]+ 1, @2]). (3.22)

The equivalence between (b) and (c) comes directly from Proposition 3.12. Now let £ € &,
with [£,ad] = ad(*y(x), @ € der(G), then —ady(y) = [€,ad;]) = —[¢',(ady)'] = [¢',ad,]. Hence
& e S, with ady (y) = [¢',ad,], for all x € G, where @ := —@. Thus, (a) implies (¢). From
Proposition 3.12, there exists j € J such that & = —a + j. Now it is straightforward that
if (b) ¢ = —a+ j with a in der(G) and j in 7, then ¢ satisfies [£,ad}] = adz(x), for all x
in G. Hence (c) implies (a). Of course, we also know that [£1,&] = —[£],&], for every

1,6 €8 o

Lemma 3.14. Let &' : G — G be a linear map such that there exists a : G — G linear and
[¢',ady] = adyx), for all x in G. Then & preserves every ideal A of G satisfying [A, A] = A.
In particular, if G is semi-simple and G = 1 ® 5, ®---® 5, is a decomposition of G into a
sum of simple ideals s1,...,sp, then & (s;) Cs;, fori=1,...,p.

Proof. The proof is straightforward. Indeed, every element x of an ideal A satisfying the
hypothesis of Lemma 3.14, is a finite sum of the form x = Z[x,-, v;] where x;,y; are all

i
elements of A. But as A is an ideal,

f’([xi’yi]) = 5, © adxi(.))i) = ([fl’adxi] + adxi Oé‘:,)(,))i)
= (ada(x) +ady, 0 &) i) = [a(x),yil + [x,& ()]

is again an element of ‘A. Hence we have &' (x) = Z ([a(xp),yi] + [x;, & (y)]) is in A. O
i
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3.4 Equivariant mapsy :G* — G

Lemma 3.15. Let G be a Lie algebra and ¥ an element of Y. Then,

(a) Imy is an Abelian ideal of G and we have W(ad:;(g)f) =0, for every f,gin G*;
(b) & sends closed forms on G in the centre of G;

(c) Umyr,G] C ker f, for all f in kery;

(d) the map W cannot be invertible if G is not Abelian.

Proof. (a) We have, [y/(f),x] = —(adyoY)(f) = —(¥ o ad})(f) € Imy, for every elements
fin G* and x in G. Hence Imy is an ideal of G. Now, for every f,g in G*, since ¥(f)
and ¥ (g) are elements of G, we also have ¢ o ad:‘b( n= ady(py oy and Yo adz(g) = adyg o Y.
On the one hand, (o adf;( f))(g) = (ady(p) o ¥)(g), that is, l,l/(ad:;/( f g) =[w(f),¥(g)]. On the
other hand, (¥ o ad;(g))( ) = (adyg) oy)(f) or equivalently w(ad;(g) ) =[yY(g),y(f)]. From
the latter equations, we get [Y/(f),¥(g)]= w(ad;(f)g) = w(ad:;(g) =), v(f)]. The latter
implies that [¥(f),¥(g)] :w(ad;‘/(g) f)=0, forall f,gin G*. So (a) is proved.

(b) Let f be a closed form on G, that is, f is in G* and ad;f = 0, for all x in G. The
relation (3.5) implies that ad;‘,( H8= 0, for any g in G*. Thus, for any y in G and g in G*, we
have g([¥/(f),y]) = 0,and hence [¥(f),y] = 0. Thus ¥(f) belongs to the centre of G.

(c) If f € kery, then ad;(g) f= ad;‘/( HE= 0, for any g in G*, or equivalently, for any x in
G and g in G*, f([y(g),x]) =0. Then [Imy,G] C ker f, for every f of kery.

(d) From (a), the map  satisfies '/’(ad;(g) f) =0, for any f,g in G*. There are two
possibilities here: (i) either there exist f,g in G* such that aa’:;(g) f # 0, in which case
ad;/(g) f belongs to kerys # 0 and thus ¢ is not invertible; (ii) or else, suppose ad;(g) f=0,
for all f,g in G*. This implies that ¥(g) belongs to the centre of G for every g in G*. In
other words, the centre of G contains I/my. But since G is not Abelian, the centre of G is
different from G, hence ¥ is not invertible. O

Lemma 3.16. The space of equivariant maps  : G* — G bijectively corresponds to that of
G-invariant bilinear forms on the G-module G* for the co-adjoint representation.

Proof. Indeed, each such ¢ defines a unique co-adjoint-invariant bilinear form (), on
G" as follows (f,g)y := (Y(f),g), for all f,g in G*, where the right hand side is the du-
ality pairing (f,x) = f(x), x in G, f in G*, as above. The co-adjoint-invariance reads
(ad;f,g)y +(f,ad,g)y =0, forall xin G and all f,gin G*; and is due to the simple equalities
(adf,gy = (Wladif),g) = (ad(f), g)= ~W(f)adig) = —(f.ad’g),. Conversely, every
G-invariant bilinear form (,); on G* gives rise to a unique linear map ¢ : G* — G which is
equivariant with respect to the adjoint and co-adjoint representations of G, by the formula

W(f).g) ={f.&n. O

If y is symmetric or skew-symmetric with right to the duality pairing, then so is , ),
and vice versa. Otherwise, {, ), can be decomposed into a symmetric and a skew-symmetric
parts (, )y s and , ), o respectively, defined by the following formulas:

1 1
Fo8us 1= 5[ (S 80 + 48 u]s (f8dwa = 5[<F.800 = (8. ], (323)

The symmetric and skew-symmetric parts (,); ¢ and (,)1, of a G-invariant bilinear form
(,)1, are also G-invariant. The radical Rad(,); :={f € G*,(f,g)1 = 0,Vg € G*} of the form
{(,)1, contains the co-adjoint orbits of all its points (see a remark in [30, p. 2297]).
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3.5 Cocycles:G — G*

The 1-cocycles for the co-adjoint representation of a Lie algebra G over K are linear maps
B:G — G satisfying the condition B([x,y]) = ad\B(y) — ad;p(x), for every elements x,y of
G. To any given 1-cocycle g, corresponds a bilinear form Qg on G, by the formula

Qp(x,y) := (B(x),y), (3.24)

for all x,y in G, where (, ) is again the duality pairing between elements of G and G*.

The bilinear form €g is skew-symmetric (resp. symmetric, non-degenerate) if and only
if B8 is skew-symmetric (resp. symmetric, invertible). Skew-symmetric such cocycles 8 are
in bijective correspondence with closed 2-forms in G, via the formula (3.24). In this sense,
the cohomology space H' (D, D) contains the second cohomology space H>(G,K) of G with
coefficients in K for the trivial action of G on K. Hence, H' (D, D) somehow contains the
second space anv(G, K) of left invariant de Rham cohomology H;, (G,K) of any Lie group
G with Lie algebra G. Invertible skew-symmetric ones, when they exist, are those giving
rise to symplectic forms or equivalently to invertible solutions of the Classical Yang-Baxter
Equation. The study and classification of the solutions of the Classical Yang-Baxter Equa-
tion is a still open problem in Geometry, Theory of integrable systems. In Geometry, they
give rise to very interesting structures in the framework of Symplectic Geometry, Affine
Geometry, Theory of Homogeneous Kihler domains, (see e.g. [11] and references therein).

If G is semi-simple, then every cocycle § is a coboundary, that is, there exists fz in G*
such that 5(x) = —ad f3, for any x in G.

3.6 Cohomology space H'(D, D)

In Theorem 3.17 below, we show that the first cohomology space H'!(D, D) of the Chevalley-
Eilenberg cohomology associated with the adjoint action of D on itself, is isomorphic to
H' (G.G) e J oH (G,.G") @Y, where H(G,G) and H'(G,G") are the first cohomology
spaces associated with the adjoint and co-adjoint actions of G, respectively; and J' :=
{J',j € I} (space of transposes of elements of ).

Theorem 3.17. The isomorphism
©: der(G)® T ®QY — der(D); (@, [, B) > b+, + s+ by, (3.25)

between the vector spaces der(G)® J' ® Q@Y and der(D), induces an isomorphism ® in
cohomology, between the spaces H(G,G)® J' @ H(G,G") @Y and H'(D, D). (a) IfG is
semi-simple, then ¥ = {0} and thus H (D, D) = J*. Moreover if K = C, we have J = CP,
where p is the number of simple ideals s; of G such that G = 51 ®---®s,. Hence, of course,
HY(D,D)=CP. (b) If G is a compact Lie algebra, with centre Z(G) of dimension k, we
get H(G.G) = End(Z(G)), H'(G.G") = L(Z(G).Z(G)"), ¥ = LIZ(G)*, Z(G)). Hence, we get
HY(D,D) = (End(K")3 @ J". Here, if E,F are vector spaces, L(E, F) is the space of linear
maps E — F and L(E,E) := End(E). If K = C, then J = C? ®End(Z(G)), and H'(D, D) =
(End(C*)* @ CP, where p is the number of the simple components (ideals) of the derived
ideal |G,G] of G.
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Proof. Following Remarks 3.2 and 3.3, we can embed der(G) as a subalgebra der(G), of
der(®D), using the linear map @ = ¢, With @, (x, ) = (@(x),—f o @). In the same way, we
have constructed Q and ¥ as subspaces of der(D). Likewise, J' :={j’,j € J} is seen as
a subspace of der(9D), via the linear map j' — ¢;, with ¢;(x, f) = (0, f o j). Now an exact
derivation of D, i.e. a 1-coboundary for the Chevalley-Eilenberg cohomology associated
with the adjoint action of D on itself, is of the form ¢¢ = dvy = ad,, for some element
vo = (X0, fo) of the D-module D. That is, ¢do(x, ) = (@o(x),Bo(x) + &0(f)), where ag(x) =
[x0, x], Bo(x) = —ad fo, §o(f) = ady f. As we can see ¢g = do, + P, = P(0,0,80,0) and
the linear map @ in (3.25) induces an isomorphism @ in cohomology, between the spaces
HY(G.6)eJ ®H (G,.G)®Y and H (D, D). The isomorphism in cohomology simply
reads @(class(a), j', class(B),¢) = class(pq + G+ dg+dy).

The proof of the rest of Theorem 3.17 is given by different lemmas and propositions
discussed in Section 4. O

Let us remark that ®(der(G)® J") = der(§); ®J" = Go and QYY) = G.

4 Case of orthogonal Lie algebras

In this section, we prove that if a Lie algebra G is orthogonal, then der(G) and J completely
characterize the Lie algebra der(9), and hence the group of automorphisms of the cotangent
bundle of any connected Lie group with Lie algebra G. We also show that . is isomorphic
to the space of adjoint-invariant bilinear forms on G.

4.1 General orthogonal Lie algebras

Let (G,u) be an orthogonal Lie algebra and consider the isomorphism 6 : G — G* of G-
modules, given by (6(x),y) := u(x,y), as in Section 2. Of course, #~! is an equivariant map.
But if G is not Abelian, invertible equivariant linear maps do not contribute to the space of
derivations of D, as discussed in Lemma 3.15. We pull co-adjoint-invariant bilinear forms
B’ on G* back to adjoint-invariant bilinear forms on G, as follows B(x,y) := B'(6(x),0()).
Indeed, we have, for all x,y,zin G,

B([x,y1,2) = B'(6([x, y]),0(z)) = B'(ad0(y),0(z))= —B'(8(y), ad,0(z)) = —=B(y, [x,z]).

Proposition 4.1. If (G,u) is an orthogonal Lie algebra, then there is an isomorphism be-
tween any two of the following vector spaces: (a) the space J of linear maps j: G — G
satisfying jlx,y] = [jx,y], for every x,y in G; (b) the space of linear maps ¥ : G* — G which
are equivariant with respect to the co-adjoint and the adjoint representations of G; (c) the
space of bilinear forms B on G which are adjoint-invariant, i.e. B([x,y],z)+ B(,[x,z]) =0,
forall x,y,zin G; (d) the space of bilinear forms B’ on G* which are co-adjoint-invariant,

i.e. B(adif,g)+B'(f,adg) =0, forallxin@G, f,gin G".

Proof. e The linear map ¥ +— ¥ o @ is an isomorphism between the space of equivariant
linear maps ¢ : G* — G and the space . Indeed, if ¢ is equivariant, we have, for all x,y in
G, Yyob([x,y]) = —w(ad;H(x)) = —ad,y(6(x)) = [y 00(x),y]. Hence, yofisin J. Conversely,
if jisin 7, then jo#~! is equivariant, as it satisfies jo8~' oad’ = joad, o6~ =ad, o jof~'.
This correspondence is obviously linear and invertible. Hence, we get the isomorphism
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between (a) and (b).

e The isomorphism between the space J and adjoint-invariant bilinear forms is given as
follows: j€ 9 + Bj, where Bj(x,y) := u(j(x),y). for any x,y in G. For any x,y,z in G
Bj([x,y],2) := p(j([x, 1), 2) = u(lx, j()], 2) = —u(j(y), [x,2]) = =Bj(y, [x,z]). Conversely, if B
is an adjoint-invariant bilinear form on G, then the endomorphism j, defined by u(j(x),y) :=
B(x,y), belongs to [, as it satisfies u(j([x,y]),2) := B([x,y],2) = B(x, [y, z]) = u(j(x), [y,z]) =
u([j(x),y],z), for all elements x,y,z of G.

e From Lemma 3.16, the space of equivariant linear maps ¢ bijectively corresponds to that
of co-adjoint-invariant bilinear forms on G*, via ¢y = (, )y. O

Now, suppose i is skew-symmetric with respect to the duality pairing. Let w, denote
the corresponding skew-symmetric bilinear form on G, i.e. wy(x,y) := u(y o 6(x),y), for
all x,y in G. Then, wy is adjoint-invariant. If we denote by 0 the Chevalley-Eilenberg
coboundary operator, that is, —(0wy)(x,y,2) = wy([x,y],2) + wy([y,z],x) + wy([z, x],y), the
following formula holds true (dwy)(x,y,z) = —wy([x,y],2), for all x,y,zin G.

Corollary 4.2. The following are equivalent: (a) wy is closed; (b)yo6([x,y]) =0, for all
x,yinG; (c) Imy is in the centre of G.
In particular, if dim[G,G| > dimG — 1, then wy, is closed if and only if = 0.

Proof. The above equality also reads: for all x,y,zin G,

Oy (x,y,2) = —wy([x,y],2) = —uW 0 6([x,y]), 2), 4.1

and gives the proof that (a) and (b) are equivalent. In particular, if G = [G,G] then, obvi-
ously dwy = 0 if and only if ¢ = 0, as 6 is invertible. Now suppose dim[G,G] = dimG — 1
and set G = Rxo @ [G,G], for some xg in G. If wy is closed, we already know that o 6
vanishes on [G,G]. Below, we show that, it also does on Rxy. Indeed, the formula 0 =
—wy([x,¥], X0) = wy(x0, [x,y])= u( 0 6(x0), [x,y]), for all x,y in G, obtained by taking z = xo
in (4.1), coupled with the obvious equality 0 = wy (X0, X0) = u(¥ 0 8(xp), xo), are equivalent
to ¥ 0 O(xp) satisfying u(iy o 8(xp),x) = 0 for all x in G. As u is non-degenerate, this means
that s 0 8(xg) = 0. Hence ¢ = 0. Now, as every f in G* is of the form f = 6(y), for some y
in G, the formula ¥ o 6([x,y]) = Y o ad;8(y) = ad oy 0 O8(y) =[x, 0 (y)], for all x,y in G,
shows that ¢ o 8([x,y]) = 0, for all x,y of G if and only if Imy is a subset of the centre of G.
Thus, (b) is equivalent to (c). O

Now we pull any & of & back to an endomorphism & of G by the formula & := 6! o£08.

Proposition 4.3. Let (G,u) be an orthogonal Lie algebra and G* its dual space. Define
0:G— G by (0(x),y) = u(x,y), and let & and S stand for the same Lie algebras as above.
The linear map U : & & =071 o0& 00 is an isomorphism of Lie algebras between & and

S.

Proof. Let £ be in &, with [£,ad] = ad), ,, for every x in G. The image U(¢§) =: & of &,

(x)°



34 A. Diatta and B. Manga

satisfies, for any x in G,

[&,ady] = &oadi—adyo& =0 ofoboad,—ad,o0 ' o&ol
= 0_10§:oad;09—0_10ad;0500
= 0_10(§oad;—ad;05)09:0 oadz()oe, since[f,ad]—ada(x),

= 6000 adg(x)s since 6 is equivariant ;

= adw(x).
Now we have [U(&1), U(&)] = U([€1,&>]) for all £1,&, in &, as seen below.

[UED,UE)] = UEDUE)-UEIUE
0 ogi 0000 0gr00-010&0000  0& 00

= 0'o[¢,6]00=U([¢1,6]). o

Proposition 4.4. The linear map P : B+ Dg:= 0~' 0B, is an isomorphism between the
space of cocycles B: G — G* and the space der(G) of derivations of G.

Proof. The proof is straightforward. If 8: G — G" is a cocycle, then the linear map Dg :
G — G, x+— 67'(B(x)) is a derivation of G, as we have Dglx,y] = 6~ (adB(y) - ad WB(x)) =
[x,0- 1 (B(y)] - [y,67 1 (B(x))]. Conversely, if D is a derivation of G, then the linear map

Bp =P Y(D)=600D:G— G*,is I-cocycle. Indeed, for every x,y in G, we have

Bplx,y] = 6([Dx,y] + [x, Dy]) = —ady (6 o D(x)) + ad (6 o D(y)). o

It is now easy to see the following straightforward corollary.

Proposition 4.5. If G is an orthogonal Lie algebra, any derivation of D := T*G has the
following form: for any element (x, f) in T*G,

(x, ) = (@1 (x) + j20 07 (f) , Boa2(x) + (1 — 1) (f)), (4.2)

where ay,as € der(G), ji1,j2 € J and Im(j3) is a subset of the center Z(G) of G.
In particular, the map {j € J, such that Im(j) € Z(G)} = ¥, j— jo8~ ! is an isomorphism.

Proof. Equality (4.2) is already proved above. The condition ad* (8 ad} o6-1(g )f for
all f,g in G* required for elements j; 067!, j, 067! of P, is equlvalent to O([j2(x),y]) =

adjz(xﬁ(y):ad;(y)@(m = —=0([x, o)) = —0([j2(x),y]), for all x,y € G. Hence 6([ j2(x),y]) =
0, that is, [j2(x),y] =0, for all x,y € G. Proposition 4.1 completes the proof. O

4.2 Case of semi-simple Lie algebras

If G is a semi-simple Lie algebra and G = s &--- @5, a decomposition of G into a direct
sum of simple ideals, let us denote by s, the dual vector space to each simple component
s;, i=1,...,p. We view each sf as the subspace of G* made of all those linear forms on
G whose kernel contains all the s;, j # i, except possibly s;. This induces a decomposition
of G* into the following direct sum G* = s} @---@s,,. Since G is semi-simple, then every
derivation is inner. Thus in particular, the derivation ¢;; obtained in Subsection 3.1 is of the
form ¢11 = ad,,, for some xp in G. The semi-simplicity of G also implies that the 1-cocycle
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¢12 obtained in Subsection 3.1 is a coboundary. That is, there exists an element fy of G*
such that ¢12(x) = —ad fy, for all x in G. Here is a direct corollary of Lemma 3.15.

Proposition 4.6. If G is a semi-simple Lie algebra, then every linear map  : G* — G which
is equivariant with respect to the adjoint and co-adjoint actions of G and satisfies (3.5), is
necessarily identically equal to zero.

Proof. A Lie algebra is semi-simple if and only if it contains no non-zero proper Abelian
ideal. But from Lemma 3.15, Imy must be an Abelian ideal of G. So Imy = {0}. O

Remark 4.7. From Theorem 3.17 and Proposition 4.6, the cohomology space H'(D, D) is
determined by the space J, or equivalently, by the space of adjoint-invariant bilinear forms

ongG.

Corollary 4.8. If G is a semi-simple Lie group with Lie algebra G, then the space of bi-
invariant bilinear forms on G is of dimension dim H' (D, D).

Proposition 4.9. Suppose G is a simple Lie algebra over K = C. Then,
(a) every linearmap j: G — G in g is of the form j(x) = Ax, for some A in C;
(D) every element & of & is of the form & = ady + didg-, for some xo in G and A in C.

Proof. Part (a) is obtained from relation (3.20) and Schur’s lemma. From Propositions 3.12
and 3.13, for every £ in &, there exist « in der(G) and jin J such that & = —a+ j. As G is
simple and from part (a), there exist xo in G and A in C such that ¢’ = —ad,, + Aidg. O

Proposition 4.10. Let G be a simple Lie group with Lie algebra G over K =C. Let D :=
G~ G" be the Lie algebra of the cotangent bundle T*G of G. Then, the first cohomology
space of D with coefficients in D is H' (D, D) = C.

Proof. Indeed, a derivation ¢ : D — D can be written, for every element (x, f) of D, as
¢(x, ) = ([x0,x], ady [ — ady fo + Af), where xo and fy are fixed elements in G and G*
respectively. The inner derivations are those with A = 0. It follows that the first cohomology
space of D with values in D is given by HY(D,D)={¢p:D - D:d(x,f)=(0,1f),A1 € C}
={A(0,idg+),A € C} = Cidg:. m]

As a direct consequence, we get the

Corollary 4.11. If G is a semi-simple Lie algebra over C, then dimH' (D, D) = p, where p
is the number of simple components of G.

Consider a semi-simple Lie algebra G over C and set G = 51 @---®s),, p € N*, where
si, i=1,...,p, are simple Lie algebras. From Lemma 3.14, £ preserves each s;. Thus from
Proposition 4.9, the restriction & of &’ to each s; equals £ = ady,, + A;ids;, for some xo, in
s; and some A; € C. Hence, ¢’ = ad,, eele Aiids,, where xo = xo, +- -+ + X0, €51®--- DS and
@/, Aiids, acts on an element (x; +---+x,) of 51 ®---®s, as follows: (@] Ajids)(x1 +---+
Xp) = A1x1 + -+ A,xp. In particular, we have proved
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Corollary 4.12. Consider the decomposition of a semi-simple Lie algebra G over C into a
sum G =51 ®---®s,, of simple Lie algebras s;, i =1,...,p € N*. If a linear map j: G —
G satisfies jlx,y] = [jx,yl, then there exist Ai,...,A, in C such that j = @ip:lxliidgi. More
precisely j(xi+---+xp) = A1 X1+ +Apxp, if xjisins;, i=1,...,p.

Now, we already know from Proposition 4.6, that ¢ vanishes identically. So, a 1-cocycle
¢ of D is given by: for every xin G and every f:=fi+---+ fpins|®---@s, =G",

p
$(x, f) = (Lxo, x).ady, f —adifo+ " Aifo), (4.3)
i=1

where xp isin G, foisin G* and 4;,i = 1,..., p, are in C. We then have,

Proposition 4.13. Let G be a semi-simple Lie algebra G over C and D := T*G as above.
Then, the first cohomology space of D with respect to the adjoint action, is given by
H' (D, D) = CP, where p is the number of the simple components of G.

Let G be a semi-simple Lie group with Lie algebra G = 51 ®---®5,, where s; are simple
subalgebras (ideals, in fact) over C. Now, make the Abelian Lie algebra C? naturally act on
G" by means of linear maps p(A) as follows. If A =(4y,...,4,)isinCP and f = fi +---+ f,
belongs to G*, where f; € 57, we set p(A)f := A1 f1 +--- + A, fp. This lifts up to an action
p of C? on T*G by p()(x, f) := (0,p(A) f), for all 1 € C?P and (x, f) € T*G. Now the latter
integrates to an action £ of the Abelian Lie group (C?,+) on T*G by, if A = (4y,...,4,) € CP
and (o, f) € T*G as above, then L(A)(0, f) := (o, e" fi + -+ + &' f,). We will simply write
A- f for et fy +---+eﬂﬁfp.

Theorem 4.14. Let G be a semi-simple Lie group and G its Lie algebra over C. Then the
group Aut(T*G) of automorphisms of the Lie algebra T*G is, at least locally, isomorphic to
the semi-direct product CP =g T*G, where p is the number of simple component of G and

L) (o, f)=(o,4-f), forall A€ CP and (o, f) e T*G.

Proof. The Lie bracket on CP =; T*G reads: if 1 = (4y,...,4,), t=(t1,...,t,) are in C” and
(x, ), (v,g) belong to T*G as above, then

p p
[(A;x, 1), (5,81 =| 0;[x, ], adrg —ady f + Z Aigi— Z W Jic|- (4.4)
i=1 k=1

Now consider the linear map I' : CP =< T*G — der(T™G), (4; xo0, fo) = P x,,f,» Where @y 1
is defined by (4.3). Let (4;xo0, fo) and (#; x{, f;) be two elements of C?x; T*G such that
['(4; x0, fo) = T'(#; x;, fy).- Then, for any element (x, ) of TG, we have @, 4, 5 (x, f) =
(D’%’ A (x, ). The latter implies that, for every element (x, /) of T*G, ([xo, x], ady, f—ad, fo+
Y Aif) = ([x(’),x],adiéf— ad;f3+ 37, tif;). We then have, on one hand, [xo,x] = [x{,x],
for any x in G. Since the centre of G is trivial, then x6 = x9. On the other hand, taking
account the fact that xp = x{;, we have, —ad fo + Zle Aifi = —ad, f + Zle tifi,forallxe G
and all f € G*. If, in particular we take f = 0 in the latter equality, we obtain ad fo = ad f;,
for all x € G. Again the triviality of the centre of G implies that fp = f;. It is now easy to
see that 4; = 1;, for all i = 1,..., p. We have then prove that (4; xo, fo) = (; x;,, f;) and hence,
I" is injective. Suppose, for the surjectivity, that @ is a derivation of T*G, then ® is given by
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(4.3), for some xp in G, fp in G* and A = (4,...,4,) € CP. Hence, I'(1; xo, fo) = @. So, I is
an isomorphism between the vector spaces CP »<; T*G and der(T*G).

Let us now show that I" is compatible with the brackets of the two Lie algebras. Consider
two elements (4; xo, fo) and (t; x1, f1) of CP <5 T*G. We have, on one hand:

I([(A; x0; f0), (£ x15 f1)])= F[O [x0,x1],ad, fl—adx]fo+2/l fll_ztkfok} Do [x9.11.F>

k=1

where for simplicity we have set F = ad fi —ad; fo+ X!, Aifii— X}, i fox- Now, given
an element (x, f) of T*G, we have

p p
Doy, x,1,F (X, f) [[[xo,xl],X],CldeO’xl]f_adi(adiofl —ad;fo+z /lifli—z lkak)]

i=1 k=1
([[xo,xl] x] ad[XO xl]f ady oady fi +ad, o ady, fo

- Z Aad’ fiy+ Z ead’ for) 4.5)

On the other hand, [I'(1; xo, f0),1'(#; x1, f)] =[P x. /> Pr.xy. 1 1. Forall (x, ) in T*G,
p
(D0 iy i 106 ) = Do ([0, ), ady, £~ adifi + > i)

p
_q)t,xl,fl ([XO,X],ad;Of - ad;fo + Z /lﬁ

([xo,[xl,x]],ad* (ad* d, fi +thfz ady;, 1fo

<

+ % Alady, f ad*f1+Ztlf,)
k=1

L1 £ —adi o+ 3 ) o

i=1

Zp: te(ads, f - ad*f0+z/lf, )

= ([[xo,xl] x] ad[x()x ]f—ad* oad;0f+ad; oady, fo

Akadxk fi+ Z nad: (4.6)

k=

From (4.5) and (4.6), we get that I'([4; xo, fol. [#; x1, f1]) = [['(4; x0, fo),T'(#; x1, f1)]. That is
I" is actually an isomorphism between the Lie algebras C? <; T*G and der(T*G). We have
then prove that Aut(7*@G) is locally isomorphic to C? =<, T*G. O

4.3 Case of compact Lie algebras

It is known that a compact Lie algebra G decomposes as the direct sum G = [G, G| D Z(G)
of its derived ideal [G,&] and its centre Z(G), with [G,G] semi-simple and compact. This
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yields a decomposition G* = [G,G]* ® Z(G)* of G* into a direct sum of the dual spaces
[G.G]", Z(G)" of |G,GF] and Z(G) respectively. On the other hand, [G, G] also decomposes
into a direct sum [G,G] = 51 ®--- @5, of simple ideals s;. From Theorem 3.1, a derivation
¢ of D :=T"G has the form ¢(x, f) = (a(x) + ¥(f),B(x) + £(f)). with conditions listed in
Theorem 3.1. From Lemma 3.15, Imy is an Abelian ideal of G; thus Imy C Z(G). As a
consequence, we have y(ad}, f) = [x,y(f)] =0, for any x of G and f of G".

Lemma 4.15. Let (G, W) be an orthogonal Lie algebra satisfying G =[G, G]. Then, every g
in G* is a finite sum of elements of the form g; = ad; gi, for some %; in G, g; in G*.

Proof. Indeed, consider an isomorphism 6 : G — G* of G-modules. For every g in G*, there
exists xg in G such that g = 6(x,). But as G =[G, G], we have xXg = [x1,y1]1+ -+ [x4,y,] for
some x;,y; in G. Thus g = 0([x1,y1]) + -+ + 0([x5,y5]) = ady, (1) + - + ady 0(ys) = ad; &1
+oee +ad;sgs where X; = x; and g; = 6(y;). O

A semi-simple Lie algebra being orthogonal (with, e.g. its Killing form as u), then each
Y in ¥ vanishes on [G, G]". This is due to Lemma 4.15 and the equality ¥/(ad} f) = 0, for all
xin G, fin G".

Of course, the converse is true. Every linear map ¥ : G* — G with Imy C Z(G) and
v([G,G]") =0, is in ¥. Hence we can make the following identification.

Lemma 4.16. Let G be a compact Lie algebra, with centre Z(G). Then Y is isomorphic to
the space L(Z(G)*,Z(3)) of linear maps Z(G)* — Z(G).

The restriction of the cocycle g to the semi-simple ideal [G, G] is a coboundary, that is,
there exits an element fj in G* such that for any x; in [G,G], B(x1) = —adjl fo. Now for x;
in Z(G), one has 0 = B[x,y] = —ad;‘ﬁ(xz), for all y of G. In other words, B(x2)([y,z]) =0,
for all y,z in G. That is, B(x») vanishes on [G,G] for every x» € Z(G). Hence, we write
B(x) = —ady, fo+n(x2), for all x := x; +x; in [G,G]DZ(G), where 11 : Z(G) — Z(G)" is a
linear map. This simply means the following well known result.

Lemma 4.17. Let G be a compact Lie algebra, with centre Z(G). Then the first space
HY(G,G") of the cohomology associated with the co-adjoint action of G, is isomorphic to

the space L(Z(G),Z(G)").

It is known that if G is a compact Lie algebra with centre Z(G), then H(G,G)=
End(Z(G)). We have also already seen that £ is such that & = —a + j, where « is a derivation
of G and j is an endomorphism of G satisfying j([x,y]) = [j(x),y] = [x, j(y)]. Both @ and j
preserve each of [G,G] and Z(G). Thus we can write « = ad,,,, ® ¢, for some x¢; € [G,G],
where ¢ is in End(Z(G)). Here « acts on an element x = x; + xp, where x; is in [G,G], x»
belongs to Z(G), as follows: a(x) = (ady,, ® p)(x1 + x2) := ady,, x1 +¢(x2).

Now suppose, for the rest of this section, that G is a compact Lie algebra over C. We
write j = GB‘f:l/liid[g,g]i @ p, where p is in End(Z(G)), 4; € C and j acts on x := x| + x; as
follows: if x| := xj1 +x;2+--- + X1, 18 in [G,G], x2 is in Z(G) and xy; belongs to s;, then
](x) = (EB?:[ /l,‘id[g’g]i EBp)(xU tXp2t X+ x2) = Zle Aix1; +p(X2). Hence, we have
the

Lemma 4.18. Suppose G is a compact Lie algebra over C with centre Z(G).
Then J = C? ®End(Z(G)), where p is the number of simple components of |G, G).
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The expression of the linear map & now reads £ = [ady,, +(®_ Aiidig g:)|®6, where &' (x2) =
p(x2) + ¢o(x3), for all xy in Z(G), xo; is in [G,G] and the A;’s are in C. By identifying
End(Z(®)), L(Z(@)*,Z(@)) and L(Z(G),Z(G)*) to End(CF), where k = dim(Z(3)), we get
H'(D,D) = (End(C*)*@CP. Now, if G =51 @---@5,0Z(G) and G* = 5} ®--- @5, BZ(G)",
then according to what is said above, a derivation ¢ of D = T*G is given as follows: if
x=x1+xi8in G=[G.Gl®Z(G) and f = fi+ L= fu+fut+fiptfaisinG =
[G.G]"®Z(G)", then

p
o(x, f) = (Ixo1, 11+ 9(02) +¥(f2) adyy, fi —ads, fo+ D Aifii+n(x2) +6(f2)), (4.7
i=1

where xo; and fy are some elements of [G,G] and G* respectively, ¢ and the transpose &'
of ¢ are in End(Z(G)), vy : Z(G)" — Z(G) and n : Z(G) — Z(G)" are linear maps, 4; € C for
alli=1,...,p. Now set dimZ(G) = k and let the Lie algebra C? x (al(Ck)* act on T*G as
follows:

P
PAA)x, ) = [ ¢(x2) +y(f2), Z Aifi+n(x2)+6(f2) |, (4.8)
i=1
for any (x, f) in T*G, where A = (4i,...,4,) € C?, A = (¢,7,1,6) € (gl(C*))*. The action
(4.8) of CP x (gI(CK)* on T*G integrates to an action £ of the Lie group C? X (GL(CK))* on
T*G. The Lie bracket of the Lie algebra [C? x (al(CHHH =5 T*G reads

(45, 1), (15 By, )] = (03[A, Bl; [x,y] +¢(2) = ¢ (x2) +¥(g2) =¥ (fo), adg — ad; f
)4

p
+ D igii= ) tifun(n) = (0) +6(g) =6 (£).  (4.9)
i=1

i=1

Hence, if (1;A; xp, fo) belongs to [CP X (al(CkHH =<5 T*G and (x, f) is in T*G, we have:
[(A: A3 X0, f0), (0 05.x, )] = (050; [x0, X1+ @(x2) +¥(f2). ads, f — ad fo

p
+ " ifiin2) +6(f)) (4.10)
i=1

We have the following result.

Theorem 4.19. Let G be a compact Lie group, whose Lie algebra G (over C) has a k-
dimensional centre and |G, G| decomposes as a direct sum of p simple ideals. Then the Lie
group Aut(T*G) of automorphisms of T*G is, at least locally, isomorphic to the semi-direct
product [CP x (GL(CH)*] =z T*G.

Proof. As we need a local isomorphism, we will simply show that the two Lie groups
[CP x (GL(Ck))*] = 7 T"G and Aut(T*G) have isomorphic Lie algebras. But the Lie algebra
of Aut(T*G) is der(T*G) while, by construction, the one of [C? X (GL(CK))*] 7T°G is
[CP X (g1(Ck))*]=; T*G. Now consider the linear map A : [CP x (gI(CX))*] < T*G — der(T*G)
given by A(4;A; x0, fo) := @4 fi» Where, if A = (¢,7,7,0) € (gI(CK))*, xo = x01 + x02 € G,
fo € G", Ppacx,f, 1s defined by (4.7). It is easy to see that A is actually an isomorphism
between the Lie algebras [CP x (ol(C*)* < T*G and der(T*G) and hence the Lie groups
Au(T*G) and [CP X (GL(CX))*] =  T*G are locally isomorphic. O
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S Some examples

Here, we apply the above results to produce some examples in low dimensions. In the
following, if (ey,...,ey,) is a basis of some vector space E, then (e},...,e;,) will denote its
dual basis. We will let e;; stand for the linear map of E defined as e;j(ex) = 0 jxe; where 6 jx
is the Kronecker delta ¢;; = 1 and ¢ 4 = 0 if j # k. Hence we can express the Lie bracket of
endomorphisms of E as linear combinations of [e;},ex] = 6 ke — diexj. We may write the
relations (3.2) in a matrix form as ¢(x, f) = (a v

B ¢

for maps and their matrices in a basis of T*G, the matrix of a derivation ¢ of T*G will be of
a Y
B ¢

contact structure.

by . .
)( f)’ so that, keeping the same notations

the form ¢ = ) We note that for some of the examples we treat here, der(9) admits a

5.1 The affine Lie algebra of the real line

The 2-dimensional affine Lie algebra G = aff(R) is solvable nonnilpotent with Lie bracket
[e1,e2] = €2 in some basis (e1,e;). The Lie algebra D = T*G of the cotangent bundle of
any Lie group with Lie algebra G, has a basis (e, e2,e3,e4) with Lie bracket [eq,ez] = e,
le1,es] = —es, [e2,e4] = €3, Where e3 := €] and e4 := e;. This is the semi-direct product
Req < H3 of the Heisenberg Lie algebra H3 = span(es,e3,e4) and the line Req, where e;
acts on H;3 by the restriction of the derivation ad,,. According to [14], any derivation of
aff(R™), n > 1, is an inner derivation. Thus der(&) = span(ad,,,ad,,). Hence, a derivation «
of G, is of the form a(x) = (ax' +bx?)es, for each x = x'e; + x%e; of G, where a,b, x', x* are
in R. Whereas, an element ¢ of &, related to the above a by (3.3), has the following form
E) = [+ D —af*les + Aftes, for f = f3e3+ fres, where A is in R. Now the space
Y of equivariant linear maps ¢ is reduced to {0} while a cocycle 8: G — G" is given by
B(x) = (cx! + dx?®)es — dx'es, where ¢,d are in R. Altogether, a derivation ¢ of D =T*G,
is of the form ¢(x, f) = (a(x),B(x) + &(f)) and in the basis (e, es,e3,¢e4), it has the matrix

0O 0 O 0
a b 0 0
P=| . 4 bid —q|= €21 —es)+blenrt+ess)+cess +dlesr —ear) +Aless +eqs).
-d 0 0 A
The Lie algebra der(D) has a basis (¢1,d2,P3, P4, ds) where @1 1= er; —e3q, ¢y := e +
€33, ¢3 1= e31, Pa := —eq) + €32, @5 = e33 + e44, SO that the Lie brackets are [¢o,d1] = @1,

(92, D3] = B3, [@s, P3] = 3, [Ps, Pa]l = p4. As a vector space, der(D) decomposes as der(D) =
Go®G1, where Gy := span(d1,¢2,¢s) and Gy := span(¢z,¢s). We see that [Go,G1] = G1,
[Go,Gol = Rop1 € Go and [G1,G1] = {0} € Go. Hence, der(D) is a supersymmetric Lie
algebra. In fact, here, as ¥ = {0}, then der(9) is a Lie superalgebra (Proposition 3.10).
We can also rewrite der(D) as the semi-direct product R? <R3 of the abelian Lie algebras
R3 = spang (@1, ¢3, ¢4) and R? = spang (¢2, ¢s) so that it is easily identified with the Lie alge-
bra number 18, for p = g = 1, in Section 5.2 of [12]. Hence der(P) has a contact structure.
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5.2 The Lie algebra of the group SO(3) of rotations

Consider the Lie algebra G := so(3) = span(ey, 2, e3) with [e1,e2] = —e3, [e1,e3] = e2, [e2,€3] =
—e1. Thus D = span(ey,es,e3,eq,e5,¢6) has the Lie bracket [e},es5] = —eg, [e1,e6] = e5,
le2,e4] = e, [€2,€6] = —e4, [e3,e4] = —es, [e3,e5] = e4, Where e3,; = €7, i =1,2,3. Since
s0(3) is simple, we apply the results of Section 4.2. So ¥ = {0}. As any derivation « is inner,
that is of the form « = ad,,, for some xj € s0(3), thus, a and an element & = adjo + Aidsp 3y
of & corresponding to « are given by a(e) = —aes —bes, a(ey) = ae) —ces, a(e3) = bey +cer
and &(eq) = deq —aes —beg, E(es) = aeq + des — ceg, £(eg) = bey +ces + deg, for some a, b, c, A
in R. Moreover, as a cocycle 8 in Q is a coboundary, it is given by S(x) = —ad fo, for some
Jfoin so(3)* and any x in s0(3). Hence, B(e1) = —des —eeq, S(er) = des —ieg, B(e3) = eeq +ies,
for some d,e,i in R. Hence, in the basis (ey, e, e3,e4, €5, e5), the matrix of a derivation ¢ of
0O a b 0 0 O

-a 0 ¢ 0 0 O

-b —c 0 0 0 O .
T*s0(3) has the form 0 d e 1 a b =ad|+bdy+co3+dds+eds+ Apg +ip7,

-d 0 i —a A1 c¢

—e -1 0 b - A

where a,b,c,d,e,A,i are in R. Hence, we have der(D) = span(@y,d2,d3,d4, ds,ds, 7),
where @1 1= —ex1 +e12 —esq +eqs, P 1= —e31 +e13 — s + €46, P3 1= —e3n + €23 — €65 + €56,
Q4 1= —es51 +eq2, 5 := —ep1 + €43, Pg := eqq + €55 + €66, P7 1= —egn + €53, so that the Lie alge-
bra structure of der(D) is given by the following Lie brackets [¢1,$2] = —¢3, [d1, 3] = @2,
(61,851 = —¢7, [$1,67] = @5, [h2.$3] = =1, [P2,04] = @7, [¢2,$7] = —Pa, [$3,04] = —¢bs,
(¢3.05] = ¢a, [P4.06] = P4, [¢5.06] = =5, [¢d6,¢7] = ¢7. As ¥ = {0}, then der(D) is a
super Lie algebra. We can also see that, it is the Lie algebra der(D) = s0(3) < Gy, where
so(3) = span(¢1,$2,¢3) and G4 is the semi-direct product Gig = Repg > R3 of the abelian Lie
algebras R3 = span(¢4, ¢s, ¢7) and R obtained by letting ¢ act as the identity map on R>.
Thus der(P) is also a contact Lie algebra, as it is the Lie algebra number 4 of Section 5.3
in [12]. As ¥ =0, Proposition 3.10 insures that der(9) is also a Lie superalgebra.

5.3 The Lie algebra of the group SL(2) of special linear group

The Lie algebra G := sl(2) of SL(2) has a basis (ej,ep,e3) in which its Lie bracket reads
le1,e2] = —2ez, [e1,e3] = 2e3, [e2,e3] = —e1. Sete] =t ey4, €; =: e, €] =: g, the Lie bracket of
P :=T*G in the basis (e1,en,e3,¢e4,€5,¢¢) is given by [e1,e2] = —2e3, [e1,e3] = 2e3, [e2,e3] =
—eyl, [e1,es5] =2es, [e1,e6] = —2eg, [€2,e4] = €6, [€2,€5] = —2e4, [e3,e4] = —e5, [e3,€6] = 2e4.
Since sl(2) is simple, the results of Section 4.2 also apply. In particular, ¥ = {0}. A derivation
a = ad,y, of sl(2), for some xy € sI(2), and an element & = ad)*co + Aid)+ of & corresponding
to a, are given by a(e)) = —2de; +2ces3, a(ey) = —ce| —aey, ales) = dey +aes and &(eq) =
Aeg + ces —deg, E(e5) = 2dey + (A + a)es, E(eg) = —2ceq + (A — a)eg, for some a,4,c¢,d in R.
Moreover, a cocycle 8 € Q is given by S(x) = —ad; fy, for some fy in sl(2)* and any x in
sl(2). We have B(e1) = —hes — geg, B(es) = hes + eeg and B(e3) = geq — ees, for some e, g, h
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in R. Hence, the matrix of a derivation ¢ of T*sl(2) in the basis (e, ez, e3,e4, €5,€¢), 1S

0O —¢c d O 0 0
2d -a 0 0 O 0
_ 2c 0 a O 0 0
9= 0O h g A1 2d -2
-h 0 —e ¢ a+d O
-g e 0 -d 0 A-a
=ad) + APy + cP3 + dpy + edps + hde + g7, where a, A, c,d, e, h, g are real numbers and ¢; :=
—ex +e33 + 55— €p, P2 1= eaq + 55+ ep, P3 := —e12 +2e31 — 2e46 + €54, P4 i= €13 —2ep1 +
2e45 — €64, 5 1= —e53 + €6, P = eq2 —es51, P7 := e43 — es1. Hence the Lie algebra der(D)

is 7-dimensional. In the basis (41,...,¢7), its Lie bracket reads [@1,d3] = @3, [d1,P4] =
— ¢4, (93,041 =201, [$1.P6] = 6, [P1.07] = =7, [¢2,¢5] = @5, [$2, 6] = d6, [P2,P7] = ¢7,
[$3, 051 = =206, [¢3, 7] = =5, [Pa,P5] = —2¢7, [P4, 6] = —¢5. One realizes that this is the
Lie algebra der(D)) = sl(2,R) < Gy, where sl(2,R) = span(¢, @3, $4) and as above, G; is the
semi-direct product Giy = R¢p, <R3 of the abelian Lie algebras R> = span(¢s, ¢, ¢7) and Rep»
obtained by letting ¢, act as the identity map on R>. Again, der(9D) is a Lie superalgebra
and also a contact Lie algebra, with e.g. i := s¢] + 1 as a contact form, s,z € R —{0}.

5.4 An example of a solvable Lie algebra in dimension 3

Consider G := span(ey, ez, e3) with [e],e3] = —ae| —ea, [e2,e3] = e; —ae,. If as above, we
set eq := €], e5 := €5, €c := €5, then in the basis (e}, e2,e3, €4, €5,¢c) the Lie bracket of D :=
TG, reads [e1,e3] = —ae1 —ea, [e1,e4] = aes, [e1,e5] = €6, [e2,e3] = €1 —aea, [e2,e4] = —eg,
[ea,es5] = aeg, [e3,e4] = —ae4 + e5, [e3,e5] = —e4 — aes. Elements « € der(G) are of the form
ale)) = ajje] —aper, aler) = ape; +ajjer, ales) = ajze; + arzer, while a bi-invariant
endomorphisms of G are those j, such that j(x) = A x, for every x € G, where a1, a2,
ay3, a3, A are scalars. Cocycles B € Q are of the form B(e;) = —B12e5 — B13es, Bler) =
Bi2ea—Bazes, Ble3) = Praes +Brses +Bazes, if a = 0 and when a # 0 we have B(e) = —B13¢e6,
Blez) = —Baeq, Bles) = Bi3eq + Brzes + B3zeq. On the other hand, when a = 0, the elements
Y of W take the form y(e1) = —¥nes, Y(ey) = ¥1req, and Y(e3) = 0, whereas ¥ = {0} when
a#0.

(1) Case a = 0: a derivation of D have a matrix of the form

@ ap ap 0 Yiz 0

—ap2  an a3 Y2 0 0

1 o o o o0 0 0
*=l o B2 P13 Ad—ann a0
B2 0 Pz —ap A-apn O

—B13 Pz Pz —aiz  —axn A

= 1191 + a12¢2 + 1303 + @23¢4 + A5 + Y12P6 + Br2¢7 + B13¢s + Baadg + B33di0, With ¢y 1=
er1 +ex —eqq —ess, Po 1= €12 —ex) +eq5 —es4, P3 1= €13 — €64, P4 1= €23 — €65, P5 1= eqq +
ess5 +e66, P6 1= €15 — €24, P7 1= eqr — €51, Pg 1= €43 — €61, P9 = €53 — €62, P10 := €63. SO that,
dimder(D) = 10 and der(D) has Lie bracket: [@1,d3] = @3, [d1,04] = P4, [d1,P6] = 2¢6,
[2,03] = —Pa, [¢2,P4] = ¢3, [P2,¢8] = —o, [d2,P9] = @3, [P3,07] = do, [Pa,P7] = —¢s,
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[¢5.06] = =6, [95.97] = ¢7. [¢5.¢8] = P8, [P5.h0] = ¢o. [¢5.¢10] = ¢10. [¢6.97] = —¢1,
(b6, Ps] = —¢a, [P6, P9l = ¢3. Moreover, Go@G1 := span(¢1, 2, ¢3, P4, s, Pe) and Go© G| =

span(¢1, 2, $3, ba, s, $7, s, 9, P10) are Lie superalgebras.
(2) Case a # 0: the derivations of D are

a2 @3 0 0
-2 a1 @23 0 0
0 0 0 0 0

¢= 0 0 PBiz d-an an
0 0 Bz —ap Ad-ap
B3 —P P33 —ai3z  —ax3

~ O O O OO

= a11¢1 + @122 + 1303 + @23P4 + Ads + B13Ps + a3 + B3zdio, so dimder(D) = 8. The Lie
bracket of der(D) is: [¢1,¢3] = ¢3, [$1,Pa] = —[$2,43] = a, [92,04] = ¢3. [$2,¢8] = —¢o,
[$2,09] = [¢5, 98] = @3, [P5,P9] = P9, [Ps,P10] = p10. From Proposition 3.10, der(D) is a
Lie superalgebra.

5.5 The 4-dimensional oscillator algebra

The 4-dimensional oscillator Lie algebra is the space G = span{ej, ez, e3,e4} with bracket:
le1,e3] = ey, [e1,ea] = —e3, [e3,e4] = €2. Set es := e}, e := €5, e7 := ¢}, eg := €. The
Lie bracket of the Lie algebra D = T*G reads [e},e3] = e4, [e1,e4] = —e3, [e3,e4] = €2,
[e1,e7] = es, [e1,eg] = —e7, [e3,e6] = —es, [es,e7] = —e5, [e3,e8] = es, [e4,e6] = e7. We define
an orthogonal structure p on G by u(x,y) = x1y2 +xy1 + X3y3 + X4y, for all x = xje1 + xpep +
x3e3+xqeq and y = yje) +yrey +y3e3 +yseq, see [6]. The isomorphism 6 : G — G* defined by
(B(x),y) = u(x,y), for all x,yin G, also reads 8(e;) = eg, 6(ez) = s, 8(e3) = e7, (esq) = eg. Any
derivation ¢ of T*G is of the form ¢(x, f) = (al(x) +j2007N(f), Boar(x)+ (ji —a/l)’(f)), for
every (x, f) in T*G, where a1, a; are in der(G) and ji, j» are in J. Derivations a; and a; of
G are given by a1 (e1) = ax1e2 —arxze3 —axey, ai(ez) = 2azzer, ai(e3) = axzer +aszez —azsey,
a1(eq4) = axger +azses +azzeq and az(ey) = bajey —byzez —boses, an(er) = 2b3zer, az(e3) =
b23€2 + b33€3 - b34€4, 61/2(64) = byuer + b34€3 + b33€4, where a,-j,bij € R. Now bi-invariant
tensors ji, j» : G — G are given by ji(e1) = de; +aey, ja(e1) = A'ey +bey, ji(e) = de and
Ja(e) = Ae, if e € {e,e3,e4}, where A, A, a and b are real numbers. The condition Im(j;) C
Z(G) = Res gives ja(er) = b'ez, jo(er) = joles) = joles) = 0. We get jr 067 (e6) = be, and
j2007 (es) = 2007 (e7) = 2007 (eg) = 0. Last, we have foa(e1) = bares —bazer — boaes,
Ooas(er) =2bszes, Ooar(e3) = bazes +bize; —bages, 0o aa(€3) = bages +biger +bizes. Thus,
derivations ¢ € der(9) are of the form

0 0 0 0 O 0 0 0
ar; 2az3 ayy axy O b 0 0
—an3 0 ass asy4 0 0 0 0
| —as 0 -—azs azxz O 0 0 0
= by 2b33 by by A a-ay axn ax
0 0 0 0 0 A-2as3 0 0
=by; 0 bz b3y 0 —a3 A-azx  axu
=byy 0 —b3yy b3z 0 —axy —azs A-—as;
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= APy +azzpa+ a3+ ax3da+ards +azape +bdr+brids +b33do +ba3dio+baadi +bzadrn +
ag3, where @1 = ess +ege +e77+ess, 2 = 2e2 +e33 +eqq —2e66 — €77 — esg, $3 = €21 — €56,
¢4 = ex3 —e31 —e76 + €57, s = x4 — eq] — €36 + €58, P = €34 — €43 — e€g7 + €78, P71 = €26,
¢ = es1, pg = 2esy +e73 + esq, P10 = €53 —e71, P11 = es4 —eg1, P12 = €74 — eg3, P13 = es6.
So der(9) has dimension 13 , with Lie bracket [¢1,d7] = —¢7, [d1,P8] = P3, [d1,d9] =
$9, [P1,P10] = P10, [B1.P11] = S11, [D1,012] = D12, [h2, 03] = 203, [¢2,Pa] = P4, [¢2,¢5] =
b5, [h2,07]1 = 47, [92,P0] = =209, [$2,d10] = —d10, [$2.P11] = =11, [P2,P12] = —2¢12,
(92,0131 = 2013, [P3,P0] = =2¢3, [Pa,P6] = Ps, [Pa, 9] = =10, [P, P12] = P11, [P5,¢6] =
—¢a, [¢5,P9] = —d11, [P35, P12] = =10, [¢6, P10] = — P11, [P6, D111 = P10, [P7, 9] = —2¢13. Let

Go := span(¢1, 2,3, 04, ¢5,d6, $13), Q := span(¢g, do, d10,P11,¢12), ¥ = Rp7. Then Go©Q
and Go @Y are Lie superalgebras.

6 Conclusion

Given two left or right invariant structures of the same ‘nature’ (e.g. physical, affine, sym-
plectic, complex, Riemannian,...) on 7*G, one wonders whether they are equivalent, i.e.
if there exists an automorphism of 7*G mapping one to the other. By taking the values
of those structures at the unit of 7*G, the problem translates to finding an automorphism
of Lie algebra mapping two structures of 9. The work within this paper may also be seen
as a useful tool for the study of such structures. For more discussions on structures and
problems on T*G, see e.g. [1], [4], [11], [16], [17], [24], [27], [28], [31].
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