Advances in Di↵erential Equations

Volume 1, Number 4, July 1996, pp. 579 – 609

POSITIVE PERIODIC SOLUTIONS FOR
SEMILINEAR REACTION DIFFUSION SYSTEMS ON RN
Sandro Merino
Heriot-Watt University, Department of Mathematics, Riccarton, Edinburgh EH 14 4AS, UK

(Submitted by: Herbert Amann)
Abstract. The existence and nonexistence of positive time-periodic solutions of semilinear
reaction di↵usion systems of the type
(

@t u + A1 u = au
@t v + A2 v = dv

bg1 (u)u

h1 (u, v)u

f g2 (v)v + h2 (u)v

in RN ⇥ (0, 1),

is discussed. Here the coefficients a, b, d, f, and the coupling terms g1 , g2 , h1 , h2 depend on space
and time and satisfy suitable conditions. The di↵erential operators A1 and A2 are elliptic with
space- and time-dependent coefficients. In particular, the time dependence is always assumed to
be periodic with a fixed common period. A topological method, based on the Leray-Schauder
degree, is used to obtain the existence of positive time-periodic solutions. Finally, we apply our
results to various population models.

1. Introduction. This paper is devoted to the study of the following semilinear
reaction di↵usion system on RN :
⇢

@t u + A1 u = au
@t v + A2 v = dv

bg1 (u)u h1 (u, v)u
in RN ⇥ (0, 1).
f g2 (v)v + h2 (u)v

(1)

Here the coefficients a, b, d, f the nonlinearities g1 , g2 , h1 , h2 and the di↵erential operators A1 and A2 depend on space and time. In particular the time dependence is
assumed to be periodic with a fixed period T > 0 . The di↵erential operators A1 (t) and
A2 (t) are uniformly elliptic for each t 2 [0, T ]. Furthermore, the functions h1 , g1 , g2 are
nonnegative, whereas h2 may change sign.
The main point of interest will be the existence of positive T -periodic solutions,
whose components u and v are both not identically zero in RN ⇥ [0, T ]. We call such
solutions T-periodic coexistence solutions or briefly coexistence solutions. Moreover,
we will prove extinction results; i.e., we give conditions that guarantee that coexistence
solutions do not exist and that solutions of the system (1) to positive initial values will
converge to the trivial solution or to a periodic solution of the form (u, 0) or (0, v) as
time tends to 1.
For bounded domains and special nonlinearities h1 and h2 coexistence and extinction
problems were recently studied in numerous research articles (see e.g. [15], [21], [16],
Received November 1994, received for publication in revised form January 1995.
AMS Subject Classifications: 35K57, 35B10, 92D25.
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[10], [6]). The general strategy is the following: In a first step the existence of coexistence solutions is reduced to finding positive fixed points of the period map or time-T
map associated with the system. In a second step, various techniques from nonlinear
functional analysis are applied to this problem. For bounded domains a detailed description of this program is given in [15] for a competition model and a predator-prey
model from populations dynamics. Moreover, in [21] a topological method is used to
obtain a unified approach for di↵erent population models.
We will extend the results known for bounded domains and special nonlinearities to
the problem in RN and to a more general class of nonlinearities. For all the techniques
mentioned above the fact that the period map is a compact self-map of the positive
cone of an ordered Banach space is an instrumental property. For the problem in RN ,
however, this compactness is lost. Moreover, we will not impose the usual sign restrictions on @v h1 and @u h2 , which make (1) quasimonotonous and allow the application of
iteration techniques.
The loss of compactness described above, in particular impedes the adaptation of the
bifurcation method used by Brown and Hess in [6], as well as the abstract theory of
Dancer (cf. [9]), applied by López-Gómez in [21], to our problem. This forces us to look
for a di↵erent approach: In order to find coexistence solutions of (1) we will show that
the period map is a compact self-map of a certain invariant retract of the positive cone
of an ordered Banach space. This allows one to define a fixed-point index related to the
well-known Leray-Schauder degree. We then compute the local fixed-point index of the
trivial fixed point (0, 0) and of certain fixed points of the form (u, 0) or (0, v), so-called
semitrivial fixed points. This is done by constructing a homotopy between the period
map associated with (1) and the period map of a decoupled system. The index of fixed
points of the period map, which is associated with the decoupled system, can then be
computed. Finally, under certain conditions on the stability of the semitrivial solutions,
a so called “index-counting” argument will yield the existence of a coexistence solution.
The decoupling technique described turns out to be quite flexible allowing for rather
general coupling terms h1 and h2 .
To apply the decoupling technique we mentioned before, a detailed knowledge of
the decoupled system is imperative. For our class of problems the decoupled system
consists of two equations describing di↵usive logistic growth on RN . This phenomenon
is extensively studied in [18] and these results play an essential rôle in our analysis.
Our main coexistence result is Theorem 9.7 and our main extinction result is Theorem
10.1. In Section 11 we apply our main results to di↵erent population models from
mathematical biology.
Finally, we remark that our results cover the corresponding elliptic problem and that
our decoupling technique also applies to systems on bounded domains.
2. The abstract evolution problem. In this section we formulate equation (1)
as an abstract evolution problem in the Banach lattice X := C0 (RN ), the space of
continuous functions on RN that vanish at infinity. The positive cone of pointwise
nonnegative functions in X will be denoted by X + . We note that the interior of X + is
empty, and that the quasi-interior of X + is given by
qint(X + ) := {u 2 X + : u(x) > 0, x 2 RN }.
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For u, v 2 X + we write u
v if u v 2 qint(X + ), u > v if u v 2 X + \ {0} and u v
+
if u v 2 X . Furthermore, we set Ẋ + := X + \ {0} and X+ := X + ⇥ X + . Throughout
this paper we fix T > 0 and µ 2 (0, 1) and make the following assumptions:
For k = 1, 2 the operators Ak are second-order uniformly elliptic operators of
the form
N
N
X
X
(A1) Ak (x, t) =
akij (x, t)@i @j +
aki (x, t)@i ,
i,j=1

µ

i=1

µ

where akij 2 BU C 1+µ, 2 (RN ⇥ R), ai 2 BU C µ, 2 (RN ⇥ R), T -periodic in the
second variable for all i, j 2 {1, . . . , N }.
µ
(A2) a, b, d, f 2 BU C µ, 2 (RN ⇥ R), T -periodic in the second variable.
µ
(A3) For R > 0 we have h2 , gi 2 BU C µ, 2 ,2 (RN ⇥ R ⇥ [0, R]) and
µ
h1 2 BU C µ, 2 ,2,2 (RN ⇥ R ⇥ [0, R]2 ), T -periodic in the second variable.
For k = 1, 2 and each t 2 [0, T ] we denote the X-realization of Ak (t) by Ak (t). It
is shown in [27] that for each t 2 [0, T ] the operator Ak (t) generates an analytic
C0 -semigroup on X. Moreover, it is shown in [17] that also the BU C(RN )-realization
C
ABU
(t) generates an analytic C0 -semigroup on BU C(RN ). We note that in general
k
the domains of Ak (t) depend on t. As in [17] and [18] we restrict ourselves to timeindependent domains; i.e., we assume
C
(A4) For k = 1, 2 the domains D(ABU
(t)) and D(Ak (t)) are independent of t 2 R.
k
In particular assumption (A4) is satisfied whenever N = 1 or Ak (x, t) is of the form
µ
2

Ak (x, t) = ak (t)Ak (x),

k = 1, 2,

for T -periodic ak 2 BU C (R). To treat system (1), for each t 2 [0, T ] we set
✓
◆
A1 (t)
0
A(t) :=
and X := X ⇥ X ,
0
A2 (t)
with domain D(A) := D(A1 ) ⇥ D(A2 ). Of course, A(t) generates a C0 -semigroup
on X for each t 2 [0, T ]. Assumption (A4) allows us to use the classical theory of
evolution equations due to Sobolevskii and Tanabe (cf. e.g. [2] or [17]). Hence, we infer
the existence of a unique evolution operator
U : 4T ! L(X) ;

4T := {(t, s) 2 R2 : 0  s  t  T } ,

associated with the family {A(t) : t 2 [0, T ]}. Assumption (A4) also implies the existence of an evolution system in the BU C-setting. Although we will work in the
C0 -setting, it will be necessary to use the evolution system on BU C in the proof of
Proposition 7.2.
To deal with the nonlinearities in (1) we introduce the following superposition operator F : [0, T ] ⇥ X ! X :
0
@

F(t, w)(x) :=
a(x, t)u(x, t)

b(x, t)g1 (x, t, u(x, t))u(x, t)

d(x, t)u(x, t)

h1 (x, t, u(x, t), v(x, t))u(x, t)

f (x, t)g2 (x, t, v(x, t))v(x, t) + h2 (x, t, u(x, t))v(x, t)

1

A,
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where w := (u, v). It is shown (e.g. in [11], Section 15) that the superposition operator
F satisfies
µ
F 2 C 2 ,2 ([0, T ] ⇥ X, X) .
(2)
For w0 2 X we consider the following initial value problem in X:
ẇ + A(t)w = F(t, w),

w(0) = w0 , t 2 (0, T ].

(3)

By a local solution of (3) we mean a function
w 2 C([0, "), X) \ C 1 ((0, "), X) for some " > 0,
which satisfies (3) for t 2 (0, "). We state the following existence and regularity result
(see e.g. [11] Section 16).
Theorem 2.1. The following assertions hold.
a) For each w0 2 X there exists a unique maximal solution w(·, w0 ) of (3). By
J(w0 ) we denote the maximal interval of existence. J(w0 ) is either the interval
[0, T ] or [0, t+ (w0 )), where t+ (w0 ) 2 [0, T ] is called the positive escape time of
w(·, w0 ).
b) If w(·, w0 ) satisfies the a priori estimate
kw(t, w0 )kX  C , t 2 [0, t+ (w0 )),
then J(w0 ) = [0, T ]; i.e., w(·, w0 ) is a global solution of (3).
c) Each global solution of (3) is a classical solution of (1); i.e.,
µ

u, v 2 BU C(RN ⇥ [0, T ]) \ BU C 2+µ,1+ 2 (RN ⇥ (", T ))

for " 2 (0, T ).

We conclude this section by introducing the shift map or period map, which will be
of crucial importance.
Definition 2.2. On the subset of X: D(S) := {x 2 X : t+ (x) = T } we define the
period map, or time-T-map associated with (3) by
S : D(S) ! X,

S(x) := w(T, x).

Of course, there is a one-to-one correspondence between fixed points of S and T -periodic
solutions of (3).
3. The stability of T -periodic solutions. In this section we introduce the
stability concepts for T -periodic solutions of (3) that we will use in the subsequent
sections. Moreover, we recall the principle of linearized stability. The resolvent set and
the spectrum of a linear bounded operator T on a Banach space will be denoted by ⇢(T )
and (T ), respectively. Furthermore, we write r(T ) and ress (T ) for the spectral radius
and the radius of the essential spectrum (see [25]).
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Definition 3.1. Let v 2 C 1 (R, X) be a T -periodic solution of (3) and set v0 := v(0).
Let M be a subset of X. We introduce the following stability concepts:
a) v is (Lyapunov-) stable with respect to M if to every " > 0 there exists a
> 0 such that t+ (w0 ) = 1 and kw(t; w0 ) v(t)kX < " for t > 0, whenever
w0 2 BX (v0 , ) \ M.
b) v is asymptotically stable with respect to M if v is stable and there exists a > 0
such that kw(t; w0 ) v(t)kX ! 0 as t ! 1, whenever w0 2 BX (v0 , ) \ M. If
kw(t; w0 ) v(t)kX ! 0 as t ! 1 for w0 2 M, then v is globally asymptotically
stable with respect to M.
c) v is exponentially asymptotically stable with respect to M if v is stable and there
exist constants > 0, M > 0 and ! > 0, such that kw(t; w0 ) v(t)kX  M e !t
for t > 0, whenever w0 2 BX (v0 , ) \ M.
d) Finally, v is unstable with respect to M if v is not stable with respect to M.
By (2) the superposition operator F is di↵erentiable with respect to the second variable.
Thus D2 F (t0 , v0 ) 2 L(X) for (t0 , v0 ) 2 [0, T ] ⇥ X and we may consider the linearization
of (3) at a T -periodic solution v:
ẇ + A(t)w = D2 F(t, v(t))w,

t > 0.

(4)

With (4) is associated an evolution operator W(t, s) with its period map K := W(T, 0).
The following proposition follows easily from the di↵erentiable dependence of the solution of (3) on the initial value. A complete proof can be found in [11], Proposition
22.1.
Definition 3.2. Let v be a T -periodic solution of (3). Then v(0) is a fixed point of the
period map S of (3) and the derivative of S at v(0) is given by K; i.e., DS(v(0)) = K .
Definition 3.3. A T -periodic solution v of (3) is called linearly stable if r(K) < 1,
neutrally stable if r(K) = 1, and linearly unstable if r(K) > 1.
The proof of the next theorem can be found in [11, Theorems 22.2 and 22.3].
Theorem 3.4 (Principle of linearized stability).
a) Assume that (K) lies within the open complex unit disk. Then the T -periodic
solution v of (3) is exponentially stable with respect to X.
b) Assume that (K) \ {µ 2 C : |µ| > 1} is a nonempty spectral set of K. Then
the T -periodic solution v of (3) is unstable with respect to X.
Remark 3.5. If K is compact, then the instability of a T -periodic solution of (1) may
thus be established by finding an eigenvalue of K with modulus strictly greater than 1,
whereas in the noncompact case one has to make sure that such an eigenvalue is isolated
in order to obtain a spectral set that will allow a spectral decomposition by means of
the Dunford spectral calculus.
4. The periodic parabolic eigenvalue problem. Periodic parabolic eigenvalues
play an important rôle in the stability analysis of periodic solutions of periodic parabolic equations. The notion of periodic parabolic eigenvalues was introduced by Lazer
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in [20] and then extensively studied by Beltramo and Hess in [4], [5] and [15]. The
corresponding notions and results for the problem on RN were studied in [12], [13] and
[17]. In this section we introduce the notation and the results that will be relevant for
us in the sequel. We study the following problem:
8
N
>
< @t ' + A(x, t)' m(x, t)' = µ' in R ⇥ R,
'(·, t) 2 X +
for t 2 R,
(5)
>
:
' is T -periodic in t.

Here A and m satisfy the conditions specified in (A1), (A4) and (A2), respectively. A
real number µ is said to be an eigenvalue of (5) if there exists a nontrivial classical
solution ' of (5). Eigenvalues admitting positive eigenfunctions are called principal
eigenvalues. Problem (5) is closely related to the stability properties of the zero solution
of the following linear equation:
@t u + A(x, t)u = m(x, t)u

in RN ⇥ (0, 1).

(6)

As in Section 2 we can reformulate (6) as an abstract evolution equation in X:
u̇ + A(t)u = M (t)u

for t > 0.

(7)

Here for each t 2 [0, T ] we write A(t) for the X-realization of A(t) and M (t) 2 L(X)
for the multiplication operator induced by m(·, t) 2 BU C(RN ).
Let Um : 4T ! L(X) denote the evolution operator associated with (7). Then we
set
Sm := Um (T, 0) 2 L(X);
i.e., Sm is the period map associated with (7).
For any real-valued function f we denote by f + and f its positive and negative part.
Following Arendt and Batty
R ([3]; see also [13]) we define the class E consisting of all
f 2 BU C(RN ) for which G f (x) dx = 1 for any subset G ⇢ RN containing arbitrarily
large balls. For the rest of this section we make the following additional assumption on
m:
Z T
+
(A5)
[t 7! m (t, ·)] 2 C(R, X) and
m (t, ·) dt 2 E.
0

For later reference we list some properties of the periodic parabolic eigenvalue problem
in the next proposition. For proofs in the case that A(t) = 4 we refer to [13, Section
6]. By the results in [17] it is straightforward to see that the assertions remain true in
the present generality.
Proposition 4.1. a) There is a one-to-one correspondence between the positive real
eigenvalues of Sm and the real eigenvalues of (5), given by [ 7! T1 log ]. Moreover,
if > 0 is an eigenvalue of Sm with eigenfunction '0 2 X, then '(t) := eµt U (t, 0)'0 is
an eigenfunction of (5) corresponding to the eigenvalue µ = T1 log .
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b) It is shown in [13, Corollary 6.6] and [17, Theorem 5.1] that assumption (A5)
forces
ress (Pm ) < 1.
(8)
We note that this is the only instance where we need C 1+µ -regularity in x 2 RN for the
top-order coefficients of A, stated in (A1), rather than C µ -regularity. This additional
regularity permits one to write A in divergence form, as required for the application of
Theorem 5.1 in [17]. As a consequence of (8), the spectral theory of positive irreducible
operators implies that r(Sm ) is an algebraically simple eigenvalue provided r(Sm ) 1.
Hence r(Sm ) 1 implies that r(Sm ) is the only principal eigenvalue of Sm .
c) If r(Sm ) < 1, then the zero solution of (7) is exponentially stable. If r(Sm ) = 1,
then it is stable but not exponentially stable. Finally, if r(Sm ) > 1, then it is unstable.
d) Let (mn ) be a sequence in BU C(RN ⇥ [0, T ]), such that each element satisfies
(A2). For each n 2 N let Smn 2 L(X) be the period map associated with the linear
equation
@t u + A(t)u = mn (x, t)u in RN ⇥ (0, 1).
Then

mn ! m

implies

in BU C(RN ⇥ [0, T ]) for n ! 1,

r(Smn ) ! r(Sm )

N

as n ! 1.

e) Let m1 , m2 2 BU C(R ⇥ [0, T ]) satisfy (A2) and (A5). Then if
m1 (x, t)  m2 (x, t)

for (x, t) 2 RN ⇥ [0, T ],

then r(Sm1 )  r(Sm2 ). If r(Sm1 ) and r(Sm2 ) are eigenvalues of Sm1 and Sm2 , respectively, and if m1 (x0 , t0 ) < m2 (x0 , t0 ) for some (x0 , t0 ) 2 RN ⇥ [0, T ], then r(Sm1 ) <
r(Sm2 ).
f) Let w 2 BU C(RN ⇥[0, T ]) satisfy (A2) and (A5). Then if ' is a positive T -periodic
function in BU C 2,1 (RN ⇥ [0, T ]) satisfying
then r(Sw ) = 1.

@t ' + A(t)' = w(x, t)'

in RN ⇥ [0, T ],

5. Di↵usive logistic growth. In [18] the T -periodic di↵usive logistic equation
⇢
@t u + A(x, t)u = m(x, t)u p(x, t)g(x, t, u)u in RN ⇥ [0, T ],
(9)
u(·, 0) = u0
in RN ,

is studied. Following [18] we assume that g satisfies
µ

(A6)

For R > 0 we have g 2 BU C µ, 2 ,2 (RN ⇥ R ⇥ [0, R]), T -periodic in the
second variable. Moreover, g is nonnegative and satisfies g(·, ·, 0) ⌘ 0.
Finally, @3 g > 0 on RN ⇥ R ⇥ R+ and lim⇠!1 g(x, t, ⇠) = 1 uniformly
in (x, t) 2 RN ⇥ R.

Moreover, A satisfies (A1), (A4) and m satisfies (A2) and (A5). Finally, we assume
that p is nonnegative and satisfies (A2). The following theorem will be the basis for our
analysis of system (1) in the subsequent sections; it is a direct consequence of Theorem
4.3 and Proposition 5.2 in [18].
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Theorem 5.1. Assume that the support of m+ is contained in the support of p. Then
the following assertions hold.
a) Assume that the trivial solution of (9) is linearly or neutrally stable. Then it is
globally asymptotically stable with respect to initial data in X + .
b) Assume that the trivial solution of (9) is linearly unstable. Then there exists
a unique positive T -periodic solution u⇤ of (9). Furthermore u⇤ is everywhere
positive and is globally asymptotically stable with respect to initial data in X + \
{0}.
Note that the linearization of (9) at the trivial solution is given by (6). Hence the
linear stability and the linear instability of the trivial solution of (9) is characterized by
r(Sm ) < 1 and r(Sm ) > 1, respectively.
The following technical result is the analogue of Lemma 39.1 in [15] for the logistic
equation on RN . The proof follows the approach to problems on RN presented in [19].
Proposition 5.2. Let (mn ) be a sequence in BU C(RN ⇥ [0, T ]) such that each element
mn satisfies (A2) and (A5). Furthermore, assume that
⌘

mn ! m in C ⌘, 2 (RN ⇥ R, R), for some ⌘ 2 (0, 1), as n ! 1 .
We define the sequence (un ) 2 C([0, T ], X + ) by
8
>
<0
un := u⇤ (mn ) := unique positive T -periodic solution of (9)
>
:
with the coefficient m replaced by mn
Then

if r(Smn )  1,
if r(Smn ) > 1.

⌘

un ! u⇤ (m) in C ⌘, 2 (RN ⇥ [0, T ]) as n ! 1.

Note that in case r(Smn ) > 1, the existence and uniqueness of the T -periodic solution
u⇤ (mn ) is guaranteed by Theorem 5.1.
Proof. We set
Hn (u) := mn u
and

pg(u)u,

and H(u) := mu

pg(u)u

⌘

E⌘ := C ⌘, 2 (RN ⇥ [0, T ]).
⌘

Endowed with the topology of uniform C ⌘, 2 -convergence on compact subsets of RN ⇥
[0, T ], the space E⌘ is a Fréchet space.
By Lemma 2.5 in [19] it follows that H, Hn : E⌘ ! E⌘ are Lipschitz continuous,
uniformly on bounded subsets of E⌘ . We proceed in three steps:
i) We show that (un ) is a bounded sequence in BU C 2⌘,⌘ (RN ⇥ [0, T ]) for some
⌘ 2 (0, 1). In the following we make use of the interpolation spaces Z↵ , ↵ 2 (0, 1),
obtained by continuous interpolation between
Z0 := BU C(RN ) and Z1 := D(ABU C (t)).
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Here Z1 is independent of t, by (A4), and is equipped with the graph norm. For
↵ 2 (0, 1) \ { 12 } the Banach spaces Z↵ can be characterized. In fact, it is shown in e.g.
[17] and [24] that up to equivalent norms Z↵ is the little Hölder space buc2↵ (RN ). It
is easily seen by the parabolic maximum principle that (un ) is a bounded sequence in
BU C(RN ⇥ [0, T ]). Thus the sequence (un (0) := un (·, 0)) is bounded in BU C(RN ). By
making use of interpolation theory (cf. [19], Propositions 1.5 and 1.3 or [11], Lemma
16.7), we also obtain the boundedness of the sequence (un (0)) in any space Z↵ , ↵ 2 (0, 1).
The sequence (hn ), defined by
hn := Hn (un ),

hn : [0, T ] ! Z0 ,

is bounded in L1 ([0, T ], Z0 ).
Each element of the sequence (un ) can be represented by the variation-of-constants
formula
Z t
un (t) = V (t, 0)un (0) +
V (t, ⌧ )Hn (un (⌧ )) d⌧, t 2 [0, T ].
(9)
0

Here V (t, s) denotes the evolution system on Z0 generated by the family {A(t) : t 2
[0, T ]}. Since for any 0  ↵ <  1, the space Z is continuously embedded in Z↵ and
since
V (t, s) 2 L(Z0 , Z1 ) for (t, s) 2 4T with t > s,
(cf. [11, Section 2]), we obtain
V (t, s) 2 L(Z↵ , Z ) for each ↵,

2 [0, 1] and (t, s) 2 4T with t > s.

So we have denoted by the same symbol V (t, s) the various operators obtained by
restricting the domain of definition and the range of V (t, s).
It is shown in [11, Corollary 5.6] that for 0  ↵  < 1
K 2 L(Z ⇥ L1 ([0, T ], Z0 ), C

↵

([0, T ], Z↵ )) ,

where K is defined by
K(u0 , g)(t) := V (t, 0)u0 +

Z

t

V (t, ⌧ )g(⌧ ) d⌧ .

0

Since by (10)
un (t) = K(un (0), hn )(t),

t 2 [0, T ],

and since we know that (un (0)) is bounded in any space Z , 2 (0, 1), we obtain the
boundedness of (un ) in C ↵ ([0, T ], Z↵ ), 0  ↵ 
< 1. But since for 0 < ⌘ <
min{↵,
↵} the space C ↵ ([0, T ], Z↵ ) is continuously embedded in BU C 2⌘,⌘ (RN ⇥
[0, T ]) we are done.
Now we discuss the two possible cases (ii): r(Sm ) > 1 and (iii): r(Sm )  1.
ii) Proposition 4.1 d) implies that there exists a n0 2 N such that r(Smn ) > 1 for
n n0 . Consequently by Theorem 5.1
un (x, t) > 0

for (x, t) 2 RN ⇥ [0, T ] and n

n0 .

588

SANDRO MERINO

¯ ⇥ [0, T ]) is compactly
Since un (·, t) 2 C0 (RN ) for t 2 [0, T ], and because C 2⌘,⌘ (⌦
⌘, ⌘2 ¯
N
embedded in C (⌦ ⇥ [0, T ]) for any bounded ⌦ ⇢ R , we find a subsequence of (un ),
that we still denote by (un ), such that
un ! ũ in E⌘ for n ! 1.
By continuity we obtain
Hn (un ) ! H(ũ) in E⌘ as n ! 1 .
As shown in [19], Lemma 2.5,
L : D(L) ⇢ E⌘ ! E⌘ ,

Lu := @t u + A(x, t)u,

is a closed operator on E⌘ . Since L(un ) = Hn (un ) for n 2 N, and by the closedness of
L, it follows that ũ 2 D(L) and Lũ = H(ũ). But, by Theorem 5.1, this is only possible
if either ũ = 0 or ũ = u⇤ (m). Suppose that ũ = 0. Since Lun = (mn pg(un ))un , we
obtain
r(Smn pg(un ) ) = 1 for n n0 ,
by Proposition 4.1 f). Moreover, since un ! 0 for n ! 1, Proposition 4.1 d) implies
r(Smn

pg(un ) )

! r(Sm ) for n ! 1 .

Thus r(Sm ) = 1 and we have a contradiction to our assumption. So we obtain ũ =
u⇤ (m).
iii) Now we assume that r(Sm )  1. From Theorem 5.1 we immediately obtain that
u⇤ (m) = 0. As in part (ii) we may consider a convergent subsequence (un ) such that
un ! ũ in E⌘ for n ! 1. Again we conclude that Lũ = H(ũ). If ũ is not zero, then by
Theorem 5.1 we obtain r(Sm ) > 1, a contradiction. Thus ũ = 0 = u⇤ (m) and the proof
is completed.
6. Global existence of positive solutions. In this section we will establish the
existence of global classical solutions of (1) for initial values in the positive cone X+ .
Throughout the following sections we make the following assumptions.
(A7)

b and f are nonnegative and a and d satisfy (A5). Moreover, the
support of a+ is contained in the support of b and the support of d+ is
contained in the support of f .

(A8)

g1 and g2 satisfy (A6).

(A9)

h1 (x, t, ⇠, ⌘)
0 for (x, t, ⇠, ⌘) 2 RN ⇥ [0, T ] ⇥ R+ ⇥ R+ . For each
N
(x, t) 2 R ⇥ [0, T ], the positive part h+
2 of h2 is monotone increasing
in ⇠. Moreover, @u h1 (x, t, ⇠, 0)
0 for (x, t, ⇠) 2 RN ⇥ [0, T ] ⇥ R+ .
Finally, h1 (·, ·, ·, 0) = h2 (·, ·, 0) ⌘ 0.

By Theorem 2.1 the question of global existence for solutions of (1) is reduced to the
problem of finding a priori bounds in X, i.e., L1 -bounds. We will obtain such bounds
using the parabolic maximum principle.
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Theorem 6.1. To each initial value w0 2 X+ the system (1) possesses a unique global
classical solution w(t, w0 ). Moreover, it is positive; i.e., w(t, w0 ) 2 X+ for t 2 [0, T ].
Finally, if w0 2 Ẋ + ⇥ Ẋ + , then w(t, w0 ) 2 qint (X+ ) for t > 0.
Proof. By Theorem 2.1 we obtain the existence of a unique maximal classical solution
w(t, w0 ) = (u(t, u0 , v0 ), v(t, u0 , v0 ))

for t 2 [0, t+ (w0 )) .

To show the positivity of the maximal solution, we note that the first component u
satisfies
⇢
@t u + A1 (t)u a0 u = 0 in RN ⇥ (0, t+ ),
u(·, 0) = u0 0
in RN ,
where a0 := a bg1 (u) h1 (u, v). Applying the parabolic maximum principle we see that
u(t, u0 , v0 ) 2 X + for t 2 [0, t+ ). It is clear that for the second component v(t, u0 , v0 )
we can proceed analogously.
To find a priori bounds observe that, by the nonnegativity of h1 , the first component
u satisfies
@t u + A1 (t)u = au

bg1 (u)u

h1 (u, v)u  au

bg1 (u)u in RN ⇥ (0, t+ ).

Therefore, if we denote the solution of the initial value problem
⇢

@t w + A1 (t)w = aw
w(·, 0) = u0

bg1 (w)w

in RN ⇥ (0, T ),
in RN ,

(11)

by ũ, then the parabolic maximum principle implies u(x, t)  ũ(x, t) in RN ⇥ (0, t+ ).
Since ũ exists globally by Theorem 5.1, we conclude that there exists a constant c1
such that u(x, t)  c1 in RN ⇥ (0, t+ ). Thus we have found an L1 -bound for the first
component. We will now use this bound to estimate the second component.
The monotonicity of h+
2 implies
+
h2 (x, t, u(x, t))  h+
2 (x, t, u(x, t))  h2 (x, t, c1 )

in RN ⇥ (0, t+ ),

thus
@t v + A2 (t)v = dv

f g2 (v)v + h2 (u)v  (d + h+
2 (c1 ))v

g2 (v)v

in RN ⇥ (0, t+ ).

Denoting the solution of the initial value problem
⇢

@t w + A2 (t)w = (d + h+
2 (c1 ))w
w(·, 0) = v0

f g2 (w)w

in RN ⇥ (0, T ),
in RN ,

.

by ṽ, we obtain v(x, t)  ṽ(x, t) in RN ⇥ (0, t+ ). Again the global existence of ṽ implies
the existence of a constant c2 such that v(x, t)  c2 in RN ⇥ (0, t+ ). Hence we are done
by Theorem 2.1. ⇤
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By the previous theorem, the period map S associated with system (1) now satisfies
D(S) X+ and S(X+ ) ⇢ X+ . In the following we will consider S as a positive mapping
S : X+ ! X+ . Furthermore, as discussed in Section 3, the period map is di↵erentiable
and the principle of linearized stability can thus be applied. It will be useful to represent
the period map S componentwise as
S(u, v) = (p(u, v) , q(u, v)),
+

(12)

+

where p and q are mappings from X to X . For later reference we list some evident
properties of p and q.
Remark 6.2. a) Since (0, 0) is a fixed point of S, we conclude that p(0, 0) = 0 and
q(0, 0) = 0.
b) For each w 2 X + it holds that p(0, w) = 0 and q(w, 0) = 0. This means that S
leaves X + ⇥ {0} and {0} ⇥ X + invariant.
c) p(·, 0) is the period map associated with the logistic equation
@t w + A1 (t)w = aw

bg1 (w)w

@t w + A1 (t)w = dw

f g2 (w)w

in RN ⇥ (0, 1).

(13)

in RN ⇥ (0, 1).

(14)

Analogously q(0, ·) is the period map associated with the logistic equation
7. Coexistence solutions. We start with a definition. a) By a coexistence solution
of (1) we mean a classical T -periodic solution w(x, t) = (u(x, t), v(x, t)) of (1) with
w(·, t) 2 X+ , t 2 [0, T ], and such that neither u nor v is identically zero.
b) By a semitrivial solution of (1) we mean a nonnegative classical T -periodic solution
of (1) of the form (u(x, t), 0) or (0, v(x, t)), where neither u nor v is identically zero.
µ
c) We also introduce the following notation. For w 2 BU C µ, 2 (RN ⇥ R), T -periodic
(i)
in the second variable and i = 1, 2, we denote by Sw 2 L(X) the period map associated
with the linear equation
@t ' + Ai (x, t, @)' = w(x, t)'

in RN ⇥ (0, T ].

We remark that, according to the above definition, the period maps of the linearizations of the logistic equations (13) and (14) at the trivial solution are given by
Sa(1)

and

(2)

Sd .

(15)

To find coexistence solutions it will be useful to study the existence of semitrivial solutions of (1). It is clear that in order to find semitrivial solutions we have to study the
existence of positive T -periodic solutions of the logistic equations (13) and (14) obtained
from our system (1) by setting u = 0 and v = 0, respectively.
Now, by Theorem 5.1, we know that the existence of positive T -periodic solutions for
the logistic equation depends only on the stability of its trivial solution. We also know
that, if a positive periodic solution exists, then it is unique, stable and attracts initial
data in X + \{0}. Therefore, besides the trivial solution, the system (1) can only have
two, one, or no semitrivial solutions at all. Moreover, we have a complete qualitative
description of the long-time behaviour of orbits (Sn (w0 )) of the discrete dynamical
system (S, X+ ) starting in the invariant set (X + ⇥ {0}) [ ({0} ⇥ X + ).
The next proposition motivates, a posteriori, the choice of the space X.
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Proposition 7.2. Any nonnegative classical T -periodic solution w of (1) satisfies w(t)
2 X for t 2 R.
Proof. Let w := (u, v) be a nonnegative classical T -periodic solution of (1). Then u
satisfies
@t u + A1 (x, t, @)u = m1 (x, t)u in RN ⇥ [0, T ],
where, by (A7), (A8) and (A9), the function m1 := a bg1 (u) h1 (u, v) satisfies
assumption (A5). It is shown in [18, Lemma 3.1] that this is sufficient for u(t) 2 X for
t 2 [0, T ]. For the second component v we proceed similarly. We consider the function
m2 := d f g2 (v) + h2 (u). It remains to show that m2 satisfies (A5). First note that by
(2)
(A9) we have h2 (·, t, u(·, t)) 2 X for t 2 [0, T ]. Moreover, we know that ress (Sd ) < 1.
We infer by Proposition 6.5 in [13] that
(2)

(2)

ress (Sd ) = ress (Sd+h2 (u) ).
By Corollary 6.6 in [13] we obtain that d + h2 (u) satisfies (A5) and finally, by the
nonnegativity of f g2 (v), we conclude that m2 satisfies (A5).
8. The stability of semitrivial solutions. To obtain the existence of coexistence
solutions it will be necessary to make assumptions on the stability of semitrivial solutions. Consider a semitrivial solution of (1) of the form (u⇤ , 0) and the corresponding
fixed point (u⇤0 , 0) of the period map S. Linearizing system (1) at (u⇤ , 0) we obtain
⇢

@t ' + A1 (t)' = c11 (x, t)' + c12 (x, t)
@t + A2 (t) = c22 (x, t)

in RN ⇥ [0,T],

(16)

where
c11 := a
c12 :=

b@u g1 (u⇤ )u⇤
@v h1 (u⇤ , 0)u⇤ ,

bg1 (u⇤ )

@u h1 (u⇤ , 0)u⇤ ,

c22 := d + h2 (u⇤ ) .

By the componentwise representation (12), the period map DS(u⇤0 , 0) associated with
(16) may be written as
DS(u⇤0 , 0) =

✓

D1 p(u⇤0 , 0) D2 p(u⇤0 , 0)
0
D2 q(u⇤0 , 0)

◆

.

Moreover, using the notation introduced in Definition 7.1, we see that
D1 p(u⇤0 , 0) = Sc(1)
and D2 q(u⇤0 , 0) = Sc(2)
.
11
22
We state a simple stability criterion for semitrivial solutions of (1).
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Theorem 8.1. The following assertions hold.
(2)

a) A semitrivial solution (u⇤ , 0) of (1) is exponentially stable if r(Sd+h2 (u⇤ ) ) < 1
(2)

and it is unstable if r(Sd+h2 (u⇤ ) ) > 1.

(1)
h1 (0,v ⇤ ) )

b) A semitrivial solution (0, v ⇤ ) of (1) is exponentially stable if r(Sa
and it is unstable if

(1)
r(Sa h1 (0,v⇤ ) )

<1

> 1.

Proof. We only consider a semitrivial solution of the form (u⇤ , 0). The other case is
analogous. In order to discuss the spectrum of DS(u⇤0 , 0), we first have a closer look at
(1)
the spectrum of Sc11 . Since u⇤ is a positive T -periodic solution of the logistic equation
(13), it satisfies
@t u⇤ + A1 (t)u⇤ = (a

bg1 (u⇤ ))u⇤

in RN ⇥ [0, T ].

(1)

It follows by Proposition 4.1 f) that r(Sa bg1 (u⇤ ) ) = 1. Our assumptions (A8) and (A9)
imply
c11  a bg1 (u⇤ ) in RN ⇥ [0, T ] .
(1)

Thus the monotonicity of the spectral radius (Proposition 4.1 e)) implies r(Sc11 )  1.
(1)
(1)
Assume that r(Sc11 ) = 1. Then 1 is an eigenvalue of Sc11 . Since c11 < a bg1 (u⇤ ), by
(1)
(1)
Proposition 4.1 e) we obtain r(Sc11 ) < r(Sa bg1 (u⇤ ) ) = 1. This contradiction shows that
(1)

in fact r(Sc11 ) < 1. Hence the set {µ 2 C : |µ|
1} is contained in the resolvent set
(1)
⇢(Sc11 ).
Of course, 2 {µ 2 C : |µ|
1} is in the spectrum of DS(u⇤0 , 0) if and only if
(2)
(2)
is in the spectrum of Sd+h2 (u⇤ ) . Therefore, if r(Sd+h2 (u⇤ ) ) < 1, then the spectrum of
DS(u⇤0 , 0) is contained in the open unit disc. By the principle of linearized stability 3.4
we obtain the exponential stability of (u⇤ , 0).
(2)
If on the other hand r(Sd+h2 (u⇤ ) ) > 1, we infer from Proposition 4.1 b) that the set
(2)

{µ 2 C : |µ| > 1} \ (Sd+h2 (u⇤ ) )
consists of isolated points and therefore it is a spectral set. Hence
{µ 2 C : |µ| > 1} \ (DS(u⇤0 , 0))
is a nonempty spectral set. Therefore the instability of (u⇤ , 0) follows from the principle
of linearized stability.
9. Coexistence results. In this section we prove our main result: We show
the existence of coexistence solutions of the system (1) for three di↵erent situations.
We consider the following three di↵erent cases, characterized by assumptions on the
existence of semitrivial solutions and their stability properties.
Case I :
(A10) r(Sa(1) ) > 1,

(2)

r(Sd ) > 1,

(1)
h1 (0,v ⇤ ) )

r(Sa

> 1,

(2)

r(Sd+

h2 (u⇤ ) )

> 1,

2 [0, 1].

POSITIVE PERIODIC SOLUTIONS

593

These assumptions imply the existence and the instability of the two semitrivial solutions
(u⇤ , 0) and (0, v ⇤ ).
Case II :
(A11)

r(Sa(1) ) > 1,

(2)

r(Sd ) > 1,

(1)
h1 (0,v ⇤ ) )

r(Sa

< 1,

(2)

r(Sd+h2 (u⇤ ) ) < 1.

These assumptions imply the existence and the stability of the two semitrivial solutions
(u⇤ , 0) and (0, v ⇤ ).
Case III :
(A12)

r(Sa(1) ) > 1,

(2)

r(Sd )  1,

(2)

r(Sd+h2 (u⇤ ) ) > 1.

These assumptions imply the existence of an unstable semitrivial solution (u⇤ , 0).
In the following we denote the fixed points corresponding to the semitrivial solutions
(u⇤ , 0) and (0, v ⇤ ) by (u⇤0 , 0) and (0, v0⇤ ), respectively. The following pictures describe
the phase plane of the discrete dynamical system (S, X+ ) for the three di↵erent cases.
(2)
Since each of the assumptions (A10), (A11) and (A12) implies that r(Sd+h+ (u⇤ ) ) > 1,
2
by Theorem 5.1 the logistic equation
⇤
@t w + A2 (t)w = (d + h+
2 (u ))w

f g2 (w)w

in RN ⇥ (0, T ],

possesses a unique positive T -periodic solution that we denote by v̂. In the next proposition we use this solution v̂ to construct an invariant and attractive subset of the positive
cone X+ .

Proposition 9.1. The following assertions hold in each of the cases I, II and III.
a) S maps the set R := {(u, v) 2 X+ : u  u⇤0 and v  v̂0 } into itself and the restriction of S to R is a compact mapping.
b) Assume that there exist positive constants c0 and R0 such that
d(x, t) 

c0

for |x|

R0 and t 2 [0, T ] ;

then R attracts X+ ; i.e., for each w 2 X+ , Sn (w) ! R in X as n ! 1 .
Therefore R contains all fixed points of S.
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Proof. a) To show the invariance of R let (u, v) be the solution of system (1) to an
initial value (u0 , v0 ) in R. Since h1 is nonnegative, the first component u satisfies
⇢
@t u + A1 (t)u  au bg1 (u)u
in RN ⇥ (0, 1),
⇤
u(0)  u0
in RN .
The parabolic maximum principle then implies u(x, t)  u⇤ (x, t) in RN ⇥ (0, 1). By the
monotonicity of h+
2 (x, t, ·) we obtain the following inequalities for v:
⇢
⇤
@t v + A2 (t)v  (d + h+
f g2 (v)v
in RN ⇥ (0, 1),
2 (u ))v
in RN .

v(0)  v̂(0)

This implies v(x, t)  v̂(x, t) in RN ⇥ (0, 1). Thus the invariance of R is proved.
Finally, the compactness of the restriction of the period map S to the order interval
R follows by Lemma 2.2 in [19].
b) Let now (u0 , v0 ) 2 X+ (without loss of generality u0 6= 0) and denote by (u, v)
the solution of system (1) to the initial value (u0 , v0 ). If w1 is the solution of the initial
value problem
⇢
@t w + A1 (t)w = aw bg1 (w)w
in RN ⇥ (0, 1),
w(0) = u0
in RN ,
then the nonnegativity of h1 and the parabolic maximum principle imply u(x, t) 
w1 (x, t) in RN ⇥ (0, 1). By Theorem 5.1 w1 (t) u⇤ (t) ! 0 in X as t ! 1. Hence, by
the monotonicity of h+
2 , to any " > 0 we find a t(") such that
⇤
h2 (x, t, u(x, t))  h+
2 (x, t, u (x, t) + ")

in RN ⇥ (t("), 1).

For v this implies
⇤
@t v + A2 (t)v  (d + h+
2 (u + "))v

f g2 (v)v

in RN ⇥ (t("), 1).

⇤
Note that, by our assumption on d, the function d + h+
2 (u + ") satisfies the assumption
(A5) if " is small enough. Hence the results of Section 5 can be applied to the logistic
equation
⇤
@t w + A2 (t)w = (d + h+
2 (u + "))w

f g2 (w)w

Let w2" be the solution of the initial value problem
⇢
⇤
@t w + A2 (t)w = (d + h+
f g2 (w)w
2 (u + "))w
w(t(")) = v(t("))

in RN ⇥ [0, T ].
in RN ⇥ (t("), 1),
in RN .

Then, by the maximum principle, we obtain v(x, t)  w2" (x, t) in RN ⇥ (t("), 1). Since
(2)
(2)
r(Sd+h+ (u⇤ ) ) > 1 and therefore r(Sd+h+ (u⇤ +") ) > 1, by Theorem 5.1, there exists a
2
2
unique positive T -periodic solution v̂" of the logistic equation
⇤
@t w + A2 (t)4w = (d + h+
2 (u + "))w

f g2 (w)w

in RN ⇥ [0, T ],
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and by Proposition 5.2 and the monotone dependence of v̂" on "
v̂" ! v̂

in C([0, T ], X)

as " ! 0.

Moreover, Theorem 5.1 implies that for each " > 0
w2" (t)

v̂" (t) ! 0

in X for t ! 1.

The two last assertions imply that for any
|v̂" (x, t)
and we find a t0

v̂(x, t)| <

> 0 there exists an " > 0 such that
2

in RN ⇥ [0, T ],

t(") such that
w2" (x, t)  v̂" (x, t) +

2

in RN ⇥ (t0 , 1).

Finally,
v(x, t)  w2" (x, t)  v̂(x, t) +
Since this can be done for any
n ! 1.

in RN ⇥ (t0 , 1).

> 0 we conclude that Sn (u0 , v0 ) converges to R as

A decoupling technique. Since the invariant set R is a closed and convex subset
of X, by a theorem of Dugundji (cf. [14]), it is a retract of X. Therefore, a fixed-point
index for the period map S can be defined. This fixed-point index is intimately related
to the well-known Leray-Schauder degree. For a discussion of the properties of the
fixed-point index we refer to [1].
In the following we will compute the local fixed-point indices of the trivial and
semitrivial fixed points of S appearing in the di↵erent cases I, II and III. By “indexcounting,” i.e., by using the additivity and the solution property of the fixed-point index,
the existence of coexistence solutions will then immediately follow. To compute the local indices we construct a compact homotopy between the period map S and the period
maps of certain decoupled systems. Then, by the homotopy invariance of the index, we
will only have to study the period maps of these decoupled systems. We consider the
two-parameter dependent systems
⇢
@t u + A1 u = au bg1 (u)u
h1 (u, v)u
in RN ⇥ [0,T],
(17)
@t v + A2 v = dv f g2 (v)v + h2 (u)v
and

⇢

@t u + A1 u = au
@t v + A2 v = dv

bg1 (u)u
h1 (u, v)u
f g2 (v)v + h2 (u)v

in RN ⇥ [0,T],

(18)

with parameters and in [0, 1].
Definition 9.2. a) For each and in [0, 1] we denote by Q and T the period maps
associated with (17) and (18), respectively.
b) For x 2 X+ and r > 0 we set BR (x, r) := BX (x, r) \ R.
In the next proposition we show that certain semitrivial fixed points exist for all values
of the parameters and . Moreover, we show that those fixed points are isolated.
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Proposition 9.3. a) In case I, for each 2 [0, 1] the map T possesses the three fixed
points (0, 0), (u⇤0 , 0) and (0, v0⇤ ). Moreover, these fixed points are isolated uniformly with
respect to 2 [0, 1]. More precisely, if (u0 , v0 ) is one of the three fixed points, then we
find an r0 > 0, such that for each 2 [0, 1] it holds that (u0 , v0 ) is the only fixed point
of T in BR ((u0 , v0 ), r0 ).
b) In cases II and III, for each 2 [0, 1] the map Q possesses the two fixed points
(0, 0) and (u⇤0 , 0). Moreover, the two fixed points are isolated uniformly with respect to
2 [0, 1].
Proof. a) We first consider the fixed point (0, 0). Assume on the contrary that there
exist sequences ( n ), n 2 [0, 1], and (u0n , vn0 ) in R such that
T n (u0n , vn0 ) = (u0n , vn0 )
(u0n , vn0 ) ! (0, 0)

for n 2 N,

in X for n ! 1.

Since there are no semitrivial solutions arbitrarily close to (0, 0), we can assume that
the fixed points (u0n , vn0 ) are coexistence fixed points. We denote the T -periodic solution
corresponding to the fixed point (u0n , vn0 ) by (un , vn ). Then, for n 2 N,
@t un + A1 (t)un = (a

bg1 (un )

n h1 (x, t, un , vn ))un

in RN ⇥ [0, T ].

By Proposition 4.1 f) and the positivity of un it follows that
(1)
bg1 (un )

r Sa

n h1 (un ,vn )

=1

for n 2 N.

Moreover, since
a

bg1 (un )

n h1 (un , vn )

!a

in BU C(RN ⇥ [0, T ]) for n ! 1,
(1)

we conclude by Proposition 4.1 d) that r(Sa ) = 1. This is a contradiction to the
assumptions of case I.
Next we consider the fixed point (u⇤0 , 0). Assume that (u0n , vn0 ) ! (u⇤0 , 0) in X for
n ! 1. Then, as above, we conclude that
@t vn + A2 (t)vn = (d

f g2 (vn ) +

n h2 (un ))vn

in RN ⇥ [0, T ].

(2)

Hence r(Sd f g2 (vn )+ n h2 (un ) ) = 1 for n 2 N. By possibly passing to a subsequence we
may assume that n ! 0 2 [0, 1] for n ! 1. This implies
d

f g2 (vn ) +
(2)

n h2 (un )

!d+

⇤
0 h2 (u )

in BU C(RN ⇥ [0, T ]) as n ! 1.

Therefore r(Sd+ 0 h2 (u⇤ ) ) = 1, which is a contradiction to the assumptions of case I. For
the fixed point (0, v0⇤ ) one can proceed analogously.
b) The arguments are analogous to a). ⇤
For the fixed points discussed in the above proposition a (local) fixed-point index
is now well defined. In the next lemma we show that its value is independent of the
parameter value.
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Lemma 9.4. a) In case I the fixed-point index iR (T , w0 ) is independent of
for each fixed point w0 in {(0, 0), (u⇤0 , 0), (0, v0⇤ )}.
b) In the cases II and III the fixed-point index iR (Q , w0 ) is independent of
for each fixed point w0 in {(0, 0), (u⇤0 , 0)}.
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2 [0, 1],
2 [0, 1],

Proof. a) We consider the homotopy h : [0, 1] ⇥ R ! R, h( , x) := T (x). To show
that h is compact it suffices to show that h( , ·) = T (·) is compact for each 2 [0, 1],
which is clear by Proposition 9.1, and that h is continuous in uniformly with respect
to x 2 R. The last assertion follows by the results on parameter-dependent parabolic
equations, as contained in [11, Chapter 18]. Thus h is a compact homotopy. By Lemma
9.3 to each fixed point in {(0, 0), (u⇤0 , 0), (0, v0⇤ )} we find an open neighborhood U in
R of the fixed point such that h( , x) 6= x for ( , x) 2 [0, 1] ⇥ @U . The assertion now
follows from the homotopy invariance of the fixed-point index.
b) Here we consider the homotopy h : [0, 1]⇥R ! R, h( , x) := Q (x). The assertion
now follows as in a). ⇤
In the next lemma we determine all the fixed points of the period maps T0 and Q0 .
Lemma 9.5. a) In case I, the period map T0 possesses precisely the four fixed points
{(0, 0), (u⇤0 , 0), (0, v0⇤ ), (u⇤0 , v0⇤ )}.
b) In case II, the period map Q0 possesses precisely the three fixed points
{(0, 0), (u⇤0 , 0), (0, v0⇤ )}.
c) In case III, the period map Q0 possesses precisely the three fixed points
{(0, 0), (u⇤0 , 0), (u⇤0 , ṽ0 )}. Here ṽ denotes the unique positive T -periodic solution of the
logistic equation
@t w + A2 (t)w = (d + h2 (u⇤ ))w
Proof. a) For
given by

f g2 (w)w

in RN ⇥ (0, 1).

= 0 the system (18) is decoupled. Therefore the period map T0 is
T0 (u, v) = (p(u), q(v)),

where p and q are the period maps to the logistic equations (13) and (14), respectively.
In case I, the fixed points of p are precisely 0 and u⇤0 , while q has exactly the fixed points
v0⇤ and 0.
b) Q0 is of the form
Q0 (u, v) = (p(u), q(u, v)).
As in a) the period map p has precisely the two fixed points 0 and u⇤0 . Therefore, to
find the fixed points of Q0 , we just need to find the fixed points of q(0, ·) and q(u⇤0 , ·).
Note that q(0, ·) is the period map associated with the logistic equation (14). Thus the
fixed points of q(0, ·) are precisely 0 and v0⇤ . On the other hand, q(u⇤0 , ·) is the period
map associated with the logistic equation
@t v + A2 (t)v = (d + h2 (u⇤ ))v
(2)

f g2 (v)v

in RN ⇥ [0, T ].

By our assumption that r(Sd+h2 (u⇤ ) ) < 1, Theorem 5.1 implies that 0 is the only fixed
point of q(u⇤0 , ·). This completes the proof of b).
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c) In this case Q0 is of the same form as in b). The di↵erence is that in case III we
(2)
assume r(Sd+h2 (u⇤ ) ) > 1. Therefore, q(u⇤0 , ·) possesses precisely the two fixed points 0
(2)

and ṽ0 . Furthermore, since we assume that r(Sd )  1, the only fixed point of q(0, ·) is
0. ⇤
After these preparations we pass to the computation of the fixed-point index of the
trivial and semitrivial fixed points appearing in the cases I, II and III.
Concerning the proof of case b) of the following proposition, we note that we do not
give a direct argument to show that the index of the semitrivial fixed points have index
1. But due to the fact that we know all fixed points of the relevant decoupled systems
appearing, we obtain the result by using a suitable homotopy and the additivity of the
index for each semitrivial fixed point separately. In that sense the proof of case b) is
more subtle than the proofs of the cases a) and c).
Proposition 9.6. The fixed-point index of the trivial and semitrivial fixed points of S
has the following values:
a) case I :
iR (S, (0, 0)) = 0, iR (S, (u⇤0 , 0)) = 0, iR (S, (0, v0⇤ )) = 0.
b) case II :
iR (S, (0, 0)) = 0, iR (S, (u⇤0 , 0)) = 1, iR (S, (0, v0⇤ )) = 1.
c) case III : iR (S, (0, 0)) = 0, iR (S, (u⇤0 , 0)) = 0.
Proof. By Lemma 9.4, in case I it suffices to consider the period map T0 , while in
the cases II and III it is sufficient to consider the map Q0 . We treat the three cases
separately.
a) We first consider the fixed point (0, 0). We have to show that iR (T0 , (0, 0)) = 0.
We define a compact homotopy h between T0 and the constant map (u⇤0 , 0) by
h : [0, 1] ⇥ R ! R ,

h(t, x) = tT0 (x) + (1

t)(u⇤0 , 0).

As mentioned in the proof of Lemma 9.5 a), the componentwise representation of T0
is of the form T0 (u, v) = (p(u), q(v)). We show that the homotopy h is admissible, i.e.,
we show that there exists an r0 > 0 such that
h(t, x) 6= x

for (t, x) 2 [0, 1] ⇥ @BR ((0, 0), r0 ).

Suppose that there exists (t0 , (u, v)) 2 [0, 1] ⇥ R such that h(t0 , (u, v)) = (u, v). This
means that
u = t0 p(u) + (1 t0 )u⇤0 , v = t0 q(v).
Since (u, v) is in R it holds that u  u⇤0 in X + . Moreover, since p is the period map to
the logistic equation (13), p is order preserving and we obtain p(u)  p(u⇤0 ) = u⇤0 . This
implies
u t0 p(u) + (1 t0 )p(u) = p(u) in X + .
Iterating this relation we obtain u pn (u), n 2 N. Next we distinguish the two cases:
i) u = 0 : From the fact that p(0) = 0 and since u⇤0 > 0 in X + it follows that
t0 = 1. This means that v satisfies v = q(v). Thus v is a fixed point of the period map q
associated with the logistic equation (14). Therefore, by our assumptions, v is either 0
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or v0⇤ . Hence in this case (u, v) is either (0, 0) or (0, v0⇤ ). This implies that the positive
number r0 can be found.
ii) u 6= 0 : Then, by Theorem 5.1,
pn (u) ! u⇤0

in X for n ! 1.

This implies u
u⇤0 in X + and, therefore, u = u⇤0 . Thus in this case (u, v) is of
⇤
the form (u0 , v) and therefore has a positive distance from (0, 0), so that the required
number r0 exists. Now the homotopy invariance of the fixed-point index implies that
i(h(t, ·), BR ((0, 0), r0 ), R) is independent of t 2 [0, 1]. Thus, by the definition of the
local index,
iR (T0 , (0, 0)) = i((u⇤0 , 0), BR ((0, 0), r0 ), R).
But since the constant map (u⇤0 , 0) has no fixed point in BR ((0, 0), r0 ), by the solution
property of the index we conclude that
i((u⇤0 , 0), BR ((0, 0), r0 ), R) = 0.
Hence iR (T0 , (0, 0)) = 0.
Next we consider the fixed point (u⇤0 , 0): Let h be the compact homotopy between
T0 and the constant map (u⇤0 , v0⇤ ) given by
h : [0, 1] ⇥ R ! R,

h(t, x) = tT0 (x) + (1

t)(u⇤0 , v0⇤ ).

Again we show that we can find an r0 > 0 such that
h(t, x) 6= x

for (t, x) 2 [0, 1] ⇥ @BR ((u⇤0 , 0), r0 ).

Suppose that there exists (t0 , (u, v)) 2 [0, 1] ⇥ R such that h(t0 , (u, v)) = (u, v), or in
components,
u = t0 p(u) + (1 t0 )u⇤0 , v = t0 q(v) + (1 t0 )v0⇤ .
We distinguish the two possible cases:
i) u = 0 : As above this implies q(v) = v. Therefore v is either 0 or v0⇤ . Thus in this
case (u, v) is either (0, 0) or (0, v0⇤ ). This implies that the number r0 can be found.
ii) u 6= 0 : Then, since u⇤0 = p(u⇤0 ) p(u), it follows that
u = t0 p(u) + (1
Since p is order preserving we obtain u
pn (u) ! u⇤0
Therefore u
satisfies

t0 )u⇤0

p(u).

pn (u), n 2 N. Moreover, by Theorem 5.1,
in X for n ! 1.

u⇤0 , which implies that u = u⇤0 . Thus in this case (u, v) = (u⇤0 , v), and v
v = t0 q(v) + (1

t0 )v0⇤ .
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By considering the cases v = 0 and v 6= 0, as for u, we conclude that v either equals
0 or v0⇤ . Therefore (u, v) is either (u⇤0 , 0) or (u⇤0 , v0⇤ ) and, of course, in both cases the
required r0 > 0 exists.
By the homotopy invariance of the fixed-point index, i(h(t, ·), BR ((u⇤0 , 0), r0 ), R) is
independent of t 2 [0, 1]. Thus, by the definition of the local index,
iR (T0 , (u⇤ , 0)) = i((u⇤0 , v0⇤ ), BR ((u⇤0 , 0), r0 ), R).
But since the constant map (u⇤0 , v0⇤ ) has no fixed point in BR ((u⇤0 , 0), r0 ), by the solution
property of the index, we conclude that
i((u⇤0 , v0⇤ ), BR ((u⇤0 , 0), r0 ), R) = 0.
Hence iR (T0 , (u⇤0 , 0)) = 0.
For the fixed point (0, v0⇤ ) we can proceed exactly in the same way.
b) To compute the local index of the fixed point (0, 0) we use the arguments of a) to
find
iR (Q0 , (0, 0)) = 0.
We pass to the fixed point (u⇤0 , 0): We have to show that iR (Q0 , (u⇤0 , 0)) = 1. In
Lemma 9.5 b) we proved that Q0 possesses precisely the three fixed points (0, 0), (u⇤0 , 0)
and (0, v0⇤ ). We have just shown that iR (Q0 , (0, 0)) = 0. Now we will prove that
iR (Q0 , (0, v0⇤ )) = 0. Then since i(Q0 , R, R) = 1, the assertion follows by the additivity
of the fixed-point index.
To compute the local index iR (Q0 , (0, v0⇤ )), we can proceed exactly in the same way
as for the trivial fixed point (0, 0); i.e., we consider again the compact homotopy h
between Q0 and the constant map (u⇤0 , 0). Then we find an r0 > 0 such that
h(t, x) 6= x

for (t, x) 2 [0, 1] ⇥ @BR ((0, v0⇤ ), r0 ).

Thus iR (Q0 , (0, v0⇤ )) = 0, by the homotopy invariance and the solution property of the
index.
Finally, to compute the index iR (S, (0, v0⇤ )), we interchange the rôles of u and v. More
precisely, instead of considering the parameter-dependent system (17) we consider the
parameter-dependent system
⇢

@t u + A1 u = au
@t v + A2 v = dv

bg1 (u)u h1 (u, v)u
f g2 (v)v + h2 (u)v

in RN ⇥ [0,T],

where 2 [0, 1], together with the corresponding period maps P . Then we can proceed
as for the fixed point (u⇤0 , 0).
c) The local index of the fixed point (0, 0) can again be computed as in part a). For
the fixed point (u⇤0 , 0) we consider the compact homotopy
h : [0, 1] ⇥ R ! R,

h(t, x) = tQ0 (x) + (1

t)(u⇤0 , v̂0 ).
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Note that v̂0 was introduced to define the invariant set R. We show that this homotopy
is admissible; i.e., we show that there exists a r0 > 0, such that
h(t, x) 6= x

for (t, x) 2 [0, 1] ⇥ @BR ((u⇤0 , 0), r0 ).

Suppose that there exists (t0 , (u, v)) 2 [0, 1] ⇥ R such that h(t0 , (u, v)) = (u, v). Since
Q0 is of the form Q0 (u, v) = (p(u), q(u, v)), the first component u satisfies
u = t0 p(u) + (1

t0 )u⇤0 .

We distinguish the two possible cases :
i) u 6= 0 : Then as in the proof of a) it follows that u = u⇤0 .
ii) u = 0 : In this case (u, v) is of the form (0, v) and therefore has a positive distance
to (u⇤0 , 0).
Thus we can assume that u = u⇤0 . The equation for v now reads
v = t0 q(u⇤0 , v) + (1

t0 )v̂0 .

(19)

Note that q(u⇤0 , ·) is the period map associated with the logistic equation
@t w + A2 (t)w = (d + h2 (u⇤ ))w

f g2 (w)w

in RN ⇥ (0, 1).

(20)

(2)

Moreover, by our assumption r(Sd+h2 (u⇤ ) ) > 1, this logistic equation possesses the
unique positive T -periodic solution ṽ. Since (u, v) 2 R we have that v  v̂0 , and the
monotonicity of q(u⇤0 , ·) implies
q(u⇤0 , v)  q(u⇤0 , v̂0 )

in X + .

(21)

Let w1 be the solution of the logistic equation (20) to the initial value v̂0 . Then we
obtain
⇢
⇤
@t w1 + A2 (t)w1  (d + h+
f g2 (w1 )w1 in RN ⇥ (0, 1),
2 (u ))w1
w1 (0) = v̂0

in RN .

The parabolic maximum principle now implies w1 (T )  v̂(T ) in X + . Since, by definition,
w1 (T ) = q(u⇤0 , v̂0 ) and since v̂(T ) = v̂0 , we obtain q(u⇤0 , v̂0 )  v̂0 in X + . Applying this
inequality together with (21) to equality (19), we obtain v q(u⇤0 , v) in X + . Thus, by
the monotonicity of q(u⇤0 , ·), v
q n (u⇤0 , v), n 2 N. It remains to distinguish the two
possible cases
i) v = 0 : In this case (u, v) = (u⇤0 , 0) and therefore the homotopy h is admissible.
ii) v 6= 0 : In this case we know by Theorem 5.1 that q n (u⇤0 , v) ! ṽ0 in x for n ! 1.
Thus v ṽ0 in x+ . Since points of the form (u⇤0 , v) with v ṽ0 are bounded away from
(u⇤0 , 0), the homotopy h is admissible in this case, too.
The homotopy invariance of the index now implies
iR (Q0 , (u⇤0 , 0)) = i((u⇤0 , v̂0 ), BR ((u⇤0 , 0), r0 ), R) = 0,
since the constant map (u⇤0 , v̂0 ) has no fixed point in BR ((u⇤0 , 0), r0 ). ⇤
Our main result now follows immediately by the additivity of the fixed-point index.
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Theorem 9.7. In the cases I, II and III there exists a coexistence solution of the system
(1).
Proof. Since i(S, R, R) = 1, Proposition 9.6 and the additivity of the fixed-point index
imply that, besides the trivial and the semitrivial fixed points, there exists a further
fixed point of S in R. Since, by Theorem 5.1, there cannot exist other semitrivial fixed
points, it is indeed a coexistence fixed point. ⇤
In the next remark we show how further monotonicity assumptions on the nonlinearities h1 and h2 , which guarantee that system (1) is not quasimonotonous and hence
does not have a preserved order structure on X+ , reflect themselves in the structure of
the set of coexistence solutions.
Remark 9.8. If we additionally assume that h1 does not depend on u and that h1 (x, t, ·)
and h2 (x, t, ·) are monotone increasing for each (x, t) in RN ⇥ [0, T ], then coexistence
solutions of the system (1) cannot be ordered. More precisely, if (u1 , v1 ) and (u2 , v2 )
are two coexistence solutions with u1  u2 or v1  v2 in RN ⇥ [0, T ], then they coincide.
Proof. Let (u1 , v1 ) and (u2 , v2 ) be two coexistence solutions of the system (1) and
suppose that v1  v2 in RN ⇥ [0, T ]. We first show that this implies u2  u1 in
RN ⇥ [0, T ]. By the monotonicity of h1 (x, t, ·), the component u1 satisfies
@t u1 + A1 (t)u1

au1

bg1 (u1 )u1

in RN ⇥ [0, T ].

h1 (v2 )u1

Thus u1 is a supersolution for the logistic equation
@t w + A1 (t)w = (a

h1 (v2 ))w

bg1 (w)w

in RN ⇥ [0, T ] .

(22)

Therefore, if we denote the solution of (22) with the initial value u1 (0) by w, then the
maximum principle implies w  u1 in RN ⇥ [0, 1). But since u2 is the unique positive
T -periodic solution of (22), it follows by Theorem 5.1 that
w(t)

u2 (t) ! 0 in X for t ! 1.

Therefore, by the periodicity of u1 , we conclude that u2  u1 . Similarly one shows that
u2  u1 implies v2  v1 .
10. Convergence to trivial or semitrivial solutions. In this section we will
give conditions guaranteeing that coexistence solutions for the system (1) do not exist.
In the cases we will consider, the solutions of (1) to positive initial values will converge
either to the trivial solution or to a semitrivial solution. Results of this type are often
called “extinction results.”
Theorem 10.1. Assume that there exist positive constants c0 and R0 such that
d(x, t) 

c0

for |x|

then the following assertions hold.
a) Assume that
r(Sa(1) )  1

and

R0 and t 2 [0, T ] ;

(2)

r(Sd )  1.

(23)
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Then extinction to the trivial solution (0, 0) occurs; i.e., for each w 2 X+ ,
Sn (w) ! (0, 0) in X as n ! 1 .
b) Assume that
r(Sa(1) ) > 1

(2)

and

r(Sd+h+ (u⇤ ) )  1.
2

Then convergence to the semitrivial solution (u⇤ , 0) occurs. More precisely, for
each w in Ẋ + ⇥ Ẋ + ,
Sn (w) ! (u⇤0 , 0) in X as n ! 1 .
Proof. a) Let (u0 , v0 ) be in X+ and let (u, v) be the solution of the system (1) with
the initial value (u0 , v0 ). Then the positivity of h1 implies
⇢

@t u + A1 (t)u  au
u(·, 0) = u0

in RN ⇥ (0, 1),
in RN .

bg1 (u)u

Denote by w1 the solution of the logistic equation (13) with the initial value u0 . By the
maximum principle we obtain u(x, t)  w1 (x, t) in RN ⇥ (0, 1). Since, by Theorem 5.1,
w1 (t) ! 0 in X for t ! 1, the same is true for u. Therefore, by our assumptions on
h2 , to every positive " we find a t(") such that h2 (x, t, u(x, t))  " in RN ⇥ (t("), 1).
Hence for v we obtain
@t v + A2 (t)v  dv

f g2 (v)v + "v

in RN ⇥ (t("), 1).

Note that, by our assumption on d, the function d + " satisfies (A5) for " sufficiently
small. Let ṽ" be the solution of the initial value problem
⇢

@t w + A2 (t)w = (d + ")w
w(t(")) = v(t("))

f g2 (w)w

in RN ⇥ (t("), 1),
in RN .

Then, by the maximum principle,
v  ṽ"

in RN ⇥ (t("), 1).

Moreover, by Theorem 5.1,
ṽ" (t)

v"⇤ (t) ! 0

in X for t ! 1,

where v"⇤ is the unique positive T -periodic solution of the logistic equation
@t w + A2 (t)w = (d + ")w

f g2 (w)w

in RN ⇥ [0, T ]

604

SANDRO MERINO
(2)

if r(Sd+" ) > 1, and v"⇤ := 0 otherwise. Now, by Proposition 5.2 and our assumption
(2)
r(Sd )

 1, it follows that
v"⇤ ! 0

⌘

in C ⌘, 2 (RN ⇥ [0, T ]) as " ! 0,

for any ⌘ 2 (0, 1). By the monotone dependence of v"⇤ on " and since v"⇤ (·, t) 2 X for
t 2 [0, T ], we actually have the desired stronger assertion v"⇤ ! 0 in C([0, T ], X) as
" ! 0. This implies that v(t) ! 0 in X as t ! 1.
b) Let now (u0 , v0 ) be in Ẋ+ ⇥ Ẋ + and define w1 as in a). Then, by the maximum
principle, u  w1 in RN ⇥ (0, 1), and by Theorem 5.1
w1 (t)

u⇤ (t) ! 0

in X for t ! 1.

Thus, by the periodicity of u⇤ , it follows that for every positive " there exists a t(") such
that
u  u⇤ + " in RN ⇥ (t("), 1).
(24)
By the monotonicity of h+
2 (x, t, ·), this implies
⇤
@t v + A2 (t)v  (d + h+
2 (u + "))v

f g2 (v)v

in RN ⇥ (t("), 1).

⇤
Again we point out that, by our assumption on d, the function d + h+
2 (u + ") satisfies
(A5). Let ṽ" be the solution of the initial value problem
⇢
⇤
@t w + A2 (t)w = (d + h+
f g2 (w)w
in RN ⇥ (t("), 1),
2 (u + "))w

in RN .

w(t(")) = v(t("))

By the maximum principle v  ṽ" in RN ⇥ (t("), 1). Moreover, by Theorem 5.1,
v"⇤ ! 0

ṽ" (t)

in X for t ! 1,

where v"⇤ is the unique positive T -periodic solution of the logistic equation
⇤
@t w + A2 (t)w = (d + h+
2 (u + "))w

f g2 (w)w

in RN ⇥ [0, T ]

(2)

if r(Sd+e(u⇤ +") ) > 1, and zero otherwise. Therefore, for any positive
such that v  v"⇤ +

we find a t1 ( )
(2)

in RN ⇥ (t1 ( ), 1). But since we assume that r(Sd+h+ (u⇤ ) )  1,
2

Proposition 5.2 and the argument given in a) imply v"⇤ ! 0 in C([0, T ], X) as " ! 0.
Hence we obtain v(t) ! 0 in X for t ! 1. Thus, by our assumptions on h1 , to every
positive " we find a t2 (") such that
h1 (x, t, u(x, t), v(x, t))  "

in RN ⇥ (t2 ("), 1).

For u this implies
@t u + A1 (t)u

au

bg1 (u)u

"u in RN ⇥ (t2 ("), 1).
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Denote by ũ" the solution of the initial value problem
⇢

@t w + A1 (t)w = (a
w(t2 (")) = u(t2 ("))

")w

ũ" in RN ⇥ (t2 ("), 1). Theorem 5.1 implies

By the maximum principle we obtain u
u⇤" (t) ! 0

ũ" (t)

in RN ⇥ (t2 ("), 1),
in RN .

bg1 (w)w

in X for t ! 1,

where u⇤" is the unique positive T -periodic solution of the logistic equation
@t w + A1 (t)w = (a
(1)
")

if r(Sa

")w

bg1 (w)w

in RN ⇥ [0, T ]

> 1, and zero otherwise. Proposition 5.2 then implies
u⇤" ! u⇤

in C([0, T ], X) as " ! 0.

This together with (24) implies
u(t)

u⇤ (t) ! 0

in X as t ! 1.

11. Applications. We show how our results can be applied to di↵erent population
models from mathematical biology. In the following u and v can be interpreted as
the population densities of two interacting species. We will consider di↵erent types of
interaction of the species.
µ
In the following c and e are nonnegative functions in BU C µ, 2 (RN ⇥ [0, T ]), which
are T -periodic in time.
A Competition Model. We consider the following system:
⇢

@t u + A1 (x, t)u = a(x, t)u
@t v + A2 (x, t)v = d(x, t)v

b(x, t)u2
f (x, t)v 2

c(x, t)uv
e(x, t)uv

in RN ⇥ [0, T ].

This is a model for the evolution of the population densities of two species whose interaction is competitive. This is system (1) in the special case
h1 (x, t, u, v) = c(x, t)v

and h2 (x, t, u) =

e(x, t)u .

For this special system the assumptions (A10) of case I read
r(Sa(1) ) > 1,

(2)

r(Sd ) > 1,

(1)
cv ⇤ )

> 1,

r(Sd

(1)
cv ⇤ )

< 1,

r(Sd

r(Sa

(2)
eu⇤ )

> 1.

(2)
eu⇤ )

< 1.

The assumptions (A11) of case II are
r(Sa(1) ) > 1,

(2)

r(Sd ) > 1,

r(Sa
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Under the above two sets of assumptions we can apply Theorem 9.7 to obtain the
existence of a coexistence solution for the competition system. We point out that
the assumptions of case III cannot be satisfied for the competition system, since the
(2)
positivity of e, the assumption r(Sd )  1 and the monotonicity of the spectral radius
(2)
imply r(Sd eu⇤ )  1. In fact, if we assume that (23) holds, then by Theorem 10.1 the
existence of the two semitrivial solutions (u⇤ , 0) and (0, v ⇤ ) is a necessary condition for
the existence of coexistence solutions of the competition system.
A predator-prey model. We consider the system
⇢
@t u + A1 (x, t)u = a(x, t)u b(x, t)u2 c(x, t)uv
@t v + A2 (x, t)v = d(x, t)v f (x, t)v 2 + e(x, t)uv

in RN ⇥ [0, T ].

This system models the interaction of a predator population v with its prey u. This is
system (1) in the special case
h1 (x, t, u, v) = c(x, t)v

and h2 (x, t, u) = e(x, t)u .

The assumptions of case I are
r(Sa(1) ) > 1,

(2)

r(Sa

(2)

r(Sd+eu⇤ ) > 1.

r(Sd ) > 1,

(1)
cv ⇤ )

> 1.

The assumptions of case III are
r(Sa(1) ) > 1,

r(Sd )  1,

(2)

(2)

Here we point out that, by the nonnegativity of e, the assumption r(Sd+eu⇤ ) < 1 of
case II cannot be satisfied for the predator-prey system. We also remark that in case
(2)
I the assumption r(Sd+↵eu⇤ ) > 1, ↵ 2 [0, 1], is always satisfied, since we assume that
(2)

r(Sd ) > 1 and since e is nonnegative.
The next theorem shows that for the predator-prey system case I and case III are
the only situations where coexistence solutions occur.

Theorem 11.1. The predator-prey system possesses a T -periodic coexistence solution
if and only if the assumptions of case I or the assumptions of case III are satisfied.
Moreover, coexistence solutions cannot be ordered. More precisely, if (u1 , v1 ) and (u2 , v2 )
are two coexistence solutions with u1  u2 or v1  v2 in RN ⇥ [0, T ], then they coincide.
Proof. In the cases I and III the existence of a coexistence solution follows by Theorem
9.7. So let (u, v) be a coexistence solution of the predator-prey system. Then Proposition
4.1 f) implies
(1)
(2)
r(Sa bu cv ) = 1 and r(Sd+eu f v ) = 1.
(1)

From this, by Proposition 4.1 e), we conclude that r(Sa ) > 1. Since u  u⇤ in RN ⇥
(2)
(2)
[0, T ], it follows, again by Proposition 4.1 e), that r(Sd+eu⇤ ) > 1. Now if r(Sd )  1,
the conditions of case III are satisfied.
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(2)

So assume that r(Sd ) > 1. This implies the existence of the semitrivial solution
(0, v ⇤ ), and by the maximum principle we obtain v ⇤  v in RN ⇥ [0, T ]. Thus, by
Proposition 4.1 e),
(1)
(1)
r(Sa cv⇤ ) > r(Sa bu cv ) = 1,
so that the conditions of case I are satisfied. The assertion that coexistence solutions
cannot be ordered follows by Remark 9.8.
A predator-prey model with Holling-Tanner interaction. We consider the
system
(
uv
@t u + A1 (x, t)u = a(x, t)u b(x, t)u2 c(x, t) +u
in RN ⇥ [0, T ].
uv
@t v + A2 (x, t)v = d(x, t)v f (x, t)v 2 + e(x, t) +u
Here  is a positive constant. This type of interaction models the saturation of the
predator v in the presence of a high prey population u. This is system (1) in the special
case
v
u
h1 (x, t, u, v) = c(x, t)
and h2 (x, t, u) = e(x, t)
.
+u
+u
(1)

(2)

(1)
⇤
c v

For this special case the assumptions of case I are r(Sa ) > 1, r(Sd ) > 1, r(Sa
1. The assumptions of case III read

(1)
r(Sa )

> 1,

(2)
r(Sd )

 1,

(2)
r(Sd+e u⇤
+u⇤

)>

) > 1. Again the

assumptions of case II cannot be satisfied for this system. By Theorem 9.7 we obtain
the existence of a coexistence solution for the cases I and III. Moreover, we have the
following result.
(2)

Theorem 11.2. Assume that r(Sd )  1 holds. Then the Holling-Tanner system
admits a coexistence solution if and only if
r(Sa(1) ) > 1

and

(2)

r(Sd+e

u⇤
+u⇤

)>1

is satisfied.
Proof. The existence of a coexistence solution follows by Theorem 9.7. So let (u, v)
be a coexistence solution of the Holling-Tanner system. Then, by Proposition 4.1 f),
(1)
(1)
r(Sa bu cv ) = 1. Hence r(Sa ) > 1. Since u  u⇤ in RN ⇥ [0, T ] we also have that
+u

u
+u



u⇤
+u⇤

. Therefore, by Proposition 4.1 e) and f), we obtain
(2)

r(Sd+e

u⇤
+u⇤

)

(2)

r(Sd+e

u
+u

(2)
u )
f v+e +u

) > r(Sd

=1.

Concluding remarks. To obtain explicit criteria for the estimation of the spectral
radius we refer to Proposition 5.1 in [18] and to Section 17 in [15]. Together with
estimates on ku⇤ k1 and kv ⇤ k1 , which could be derived using the parabolic maximum
principle, it is indeed possible to obtain explicit conditions on the coefficients of the
above systems in order to satisfy the estimates on the corresponding spectral radii.
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Similar estimates are given in [15, Sections 33–40] for problems on bounded domains.
Hence we refrain from giving the details.
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