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Abstract. We study the bounded and the a.p. (almost-periodic) solutions of forced second
order systems with monotone fields and a linear damping term. A special class of such
systems is the class of the second order Lagrangian systems with convex Lagrangians. We
provide results of existence and uniqueness, we study the dependence of the bounded and
a.p. solutions on the bounded and a.p. forcing terms, and finally we treat the case where an
additional small nonlinear damping term is present in the equation.

1. Introduction. The numerical space RY is endowed with its standard inner

N
product z -y := > xryk, and | - | denotes the associated Euclidean norm.
k=1
From functions F: R x RV - R¥ p:R - R, B:R — LRV, RY) ande: R —

R, we build the following forced second order ordinary differential equation:
E(t) + [b(0)] + B(t)]&(t) — F(t, =(t)) = e(t), (1)

where F(t,-) is Minty-monotone ([13, Section 11]) on RY and I is the identity oper-
ator on RY. A special class of such systems is the class of the following Lagrangian
systems:

B(t) = Va(t, x(t) = e(b), (2)

where V : R x RN — R, with V(t,-) convex differentiable for each ¢t € R; V,(¢,z)
denotes the gradient of the function V (¢, -) with respect to the standard inner prod-
uct of RV,

We successively assume that e, b, B, and F(-,z) are bounded on R, and that
e, b, and B are a.p. (Bohr almost periodic) ([12, Chapter VI]) and F is a.p. in ¢
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uniformly for z € R in the sense given in the Yoshizawa book ([21, page 6]). We
shall make precise these definitions in the next section.

Our aim is to study the bounded solutions and the a.p. solutions of the equation
(1), notably to establish existence results. Recently, Berger and Chen ([3, 4]) have
built a variational method to study the a.p. solutions of the equation

B(t) — W' (x(t) = e(t), 3)

where U’ is the gradient of a convex function ¥ : RV — R. The equation (3) is a
special case of the equations (2) and (1). In this paper we give some improvements
and generalizations to the results of Berger and Chen.

We also consider the presence of a small nonlinear damping term:

Z(t) + () + B(t)]z(t) — F(t,x(t)) + eG(t, x(t), (t)) = e(t). (4)

In Section 3, we provide existence results about bounded and a.p. solutions of the
equation (1). In Section 4, we study the question of the dependence on the a.p.
(respectively bounded) forcing term of the a.p. (respectively bounded) solutions of
the equation (1). In Section 5, we give an existence result about the bounded and
a.p. solutions of the system (4) for small values of the parameter €.

Since the equations (2) and (3) are in the framework of Lagrangian systems
with convex Lagrangians, we indicate that the question of the a.p. solutions of
autonomous convex Lagrangian systems, without forcing term, is studied in [5, 7]
(and in references therein) by using a variational approach, the so-called Calculus of
Variations in Mean. This way provides results about the structure of the set of the
a.p. solutions of such systems. A related viewpoint is used to study the structure
of the a.p. solutions of a (convex) nonlinear evolution equation in [11].

The question of the a.p. solutions of convex Lagrangian Systems, in presence
of an a.p. forcing term, is considered in [8] by using an extension of Calculus of
Variations in Mean on a Hilbert space of Besicovitch a.p. functions which looks like
a Sobolev space. The results obtained by this way are theorems of existence of weak
(in a new sense) a.p. solutions. These results about weak solutions provide density
results in terms of usual solutions. In the convex case, an improvement of this
method is the work [2], where Azé and Boutaib introduce new spaces of Besicovitch
a.p. functions which look like Orlicz spaces; they obtain also results about weak
a.p. solutions. In [9] some of the results of [5, 7] are generalized to be applied to
economic models.

2. Notations and assumptions. We denote by F a real or complex Banach
space. BCY(R, E) denotes the space of the continuous bounded functions from R
to E, and AP°(E) denotes the space of the Bohr a.p. functions from R to E. When
k is a nonnegative integer, BC*(R, E) (respectively AP*(E)) is the space of the
functions in BCO(R, E) N C*(R, E) (respectively AP°(E) N C*(R, E)) such that all
their derivatives, up to order k, are bounded (respectively a.p.) functions.
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When u € BCO(R, E), we set ||ul|oo := sup ||u(t)||z; when v € BCY(R, E), we
teR

set |lullcr == ||lulloo + ||@t]loo; and when u € BC?(R, E), we set ||ulcz = ||ulleo +
1%t]|co + ||Ei||co- We denote by P.(E) the set of the compact subsets of E.

For a mapping f : R x RN — E, we consider the three following properties:
(Uy) feCOR xRN, E).
(Ug) Vo e RN, f(., )eBCO(R,E).
(Uz) VK € P.(RY), supsup||f(t,z)||E < +o00.
) €K teR

Uy) VK € P.(E), V5>0, I=n(K,e) >0, Ve e K, Vy € K,
Iy—xlSn:iuﬂg\lf(t,y)—f(t,m)\lfsS€~
€

We define two mappings spaces, Uy(R x RY, E) and U(R x RV, E), in the following
manner:

f€Us(R x RN E) <= f satisfies (U;) and (Us).
fEUR xRN E) < f satisfies (Uy),(Us) and (Uy).

We note that (Ug) implies (Uz), and that (Usz) and (Uy) imply (Us). Consequently
the next sentence is valid: U(R x RV, E) C Up(R x RN, E).

Following [21, page 6], f € C°(R x RV E) is so-called a.p. in ¢ uniformly for
r € RY when:

VK € P.(RY), Ve >0, I =((K,e) >0, Ya €R,
Ir =7(a, K,¢) € [a,a+ L), sup sup ||f(t+7,2)— f(t,z)|r <e. ()
teR zeK

When e € AP°(E) and f € C°(R x RV E) are a.p. in ¢ uniformly for x € R", we
denote respectively by Mod(e) and Mod(f) the module of frequencies of e and f
([14, Chapter 4], [21, Chapter I, Section 2]).
Now we give the list of the assumptions what we use in the present work:
(M) Fe, € (0,4+00), VtER, Vo,y € RV,
(F(t,y) = F(t,z) = ;BB (t)(y — 2)) - (y — ) = ey — 2.
Here B*(t) denotes the transpose matrix of B(t). For linear two-point boundary
value problems a similar condition was introduced by Picard in the scalar case and
by Hartman and Wintner in the vector case (see [16], Ch. XII, Th. 3.3).
(By) e € BCO(R,RN).
(By) F € Up(R x RN, RN),
(B3) F cUR x RV RN).
(By) For every (t,z) € R x RY | the partial differential F,(t,z) exists and F, €
UR x RN RN).
(Bs) b € BC°(R,R).
(Bg) B € BC(R, L(RN,RY)).
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(A1) e € APY(RY).

(Ag) F is a.p. in t uniformly for x € RV,

(A3) For every (t,z) € R x RV the partial differential F,(t,x) exists and F is

a.p. in ¢ uniformly for z € R,

(A4) be AP°(R).

(A5) B e APY(L(RN,RY)).
Comments. We note that (A1) = (B1), (A2) = (B3) = (B2), (A3) = (B4),
(A4) = (Bs), and (As) = (Bg). The implication (A2) = (Bs) will be proven
in Section 4, Lemma 5 (i).

3. Existence results. Let E be a Banach space with norm | - ||g, J C R
an interval with length greater than or equal to two. For y € BCY(J, E), write

Iyl = sup [ly(®)] -
teJ

Lemma 1. If y € C?(J,E) N BC°(J,E) and jj € BC°(J, E), then we have 3 €

BC°(J,E) and
91l < 2v/1lyllo vl

This lemma of Landau is established in [14, Lemma 5.5] and in [15] for scalar
functions, but it is easy to extend its proof to vector valued functions, using the
Taylor formula with integral term. We shall need the following slight extension of
Lemma 1.

Lemma 2. Let A€ C°(R,L(E,E)) and y € C*(R, E) be such that
[Ylloe < @, i+ Ao < B, [|A]lco <.
Then ||9|loo < 8, where & is the largest root (§ is nonnegative) of the equation

z? — daryr — 4aff = 0.

Proof. Let J C R be an interval of length greater than or equal to two. By Lemma
1 and assumptions, we have

191l < 2va/Nlijlls < 2ve/B+ 19l

and the result follows easily, as the largest root of the algebraic equation does not
depend upon J.

Lemma 3. Let a >0, 8 € R and v € BC°(R,R). If r € BC?*(R,R) satisfies the
differential inequality
;

—~

t) = ar(t) +y(@)r(t) — p
for allt € R, then supr(t) < ﬁ
teR «Q
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Proof. We have supr(t) = max(supr(t),supr(t)) < +oo. We can assume that
teR >0 <0
we have supr(t) = supr(t), else we consider ¢(t) := r(—t). We denote by S the
teR >0
real-valued function defined on (0, +00) by the following formula:

S(T) := OiltlETr(t). (6)

The function S is monotonically nondecreasing on (0, 4+00), therefore we have

lim S(T) = sup S(T) =supr(t) =supr(t). (7)
T—+oco T>0 t>0 teR

Since r is continuous on the compact set [0, 7], we have

Jtr € [0,T] such that r(tr) = sup r(t).
0<t<T

Case 1: there exists Ty > 0 such that, for every T' > Ty, we have tp = T.
For every T' > Ty, we have S(T') = r(T'), and therefore, by using (7) we have

lim 7(t) =supr(t) < +oo. (8)
t—+oo teR
We also have
dim (1) = 0; (9)

if not, we can find g9 > 0 and a real sequence (t,), such that

lim ¢, = 400,
n—-+o0o

and for every n € N, we have
|7(tn)| = €o- (10)

Since r € BC?(R,R), 7 is a Lipschitzian function; i.e., there exists A > 0, such
that, for every 7, » € R, we have

[P (72) = #(m1)| < A |r2 — 71,
therefore it follows that

[ (72)| = [F(11)[ = A |72 — 7. (11)
We set s, :=t,, + 26—2‘; then there exists ¢, such that ¢, < ¢, < s,, and

r(s) = 7(tn)] = li(ea) |55 (12)
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By using the relation (11) with 7, = t,, and 75 = ¢,,, we obtain

. . . . €0
[7(en)| 2 7 (tn)| — Alen = to] 2 [F(tn)] — Alsn — ta| = |7(t)| — 95
and by using (10) we obtain
. €0
> =
el 2 2,
and the relation (12) implies
i
r(5n) — r(t)] > 22 >0
which provides a contradiction with both the relations: (8) and
li = 1l = .
i on = Tt = 400
Therefore the relation (9) is verified.
Now we want to prove the following relation:
liminf #(¢) < 0. (13)

t——+oo

If this relation is false, we have

lIminf#(t) =¢g¢ > 0,

t——+o0

therefore there exists Ty > 0 such that, for every ¢ > T, we have #(t) > %, and
consequently, for every ¢ > T7, we have

r(t) = (T0) + #(T0) (¢~ T1) + Z#()(t —T1)’
with 77 < ¢ < t. From this last relation we deduce the following inequality:
r(t) = r(T4) +F(T1)(E = T1) + (¢ = Th)™
From the equality
Jim r(Ty) +7(T) (= T1) + %O(t —T)2 = +o,

we obtain . ligl r(t) = 4oo; that contradicts the boundedness of r on R, which
——+o00

justifies the relation (13).
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By using the relations (8), (9), (13), the boundedness of v on R, and the following
inequality:
P(t) = ar(t) + () (1) - 5,
we obtain

a supr(t) — <0,
teR
which implies: supr(t) < —.
teR
Case 2: For every T > 0, there exists T' > Ty such that t7 # T

And so there exists a sequence (T},),, such that

e

lim T, =+oc0 and 0 <tp, <T,,

n—-+oo

and consequently, by using the definition of tr: r(t7) = sup r(t) with0 <tp <T,

0<t<T
we have
lim r(tg,)= lim sup r(t) =supr(t) =supr(t). (14)
n—+00 n—+00 0<t<T, t>0 teR

If there exists ng € N such that, for every n > ng, 0 < t1,, < T, then

i(tr,) =0 (15)
P(tr,) < 0. (16)

By using the relations (14), (15), (16) and the following inequality:

i(tr,) > ar(tr,) +(tr, )7 (tr,) — B,

we obtain
a supr(t) — 6 <0,
teR
L o'
that implies: supr(t) < —.
teR g
If there exists an infinite set of n € N such that t7;, = 0, we can exhibit a

subsequence of (tr,),, denote by (7, )n, such that, for every n € N, we have
t7, = 0. By using the relation (14), we obtain r(0) = supr(t), therefore
teR
#(0) =0 and #(0) < 0.
By using the following inequality
7#(0) = ar(0) +7(0)7(0) — 8

we obtain supr(t) < §.
teR
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Proposition 1. We assume the conditions (M), (B1), (B2), (Bs) and (Bg) fulfilled.
Then, for each T > 0, there exists ur € C?(R,RY) such that:
i) ug is a solution of the equation (1) on [-T,T].
ii) wrp is 4 T-periodic.
iii) V¢t € R, Jur(t)| < eyt sup,ep |F(t,0) + e(t)).
iv) e € (0,400),¥T > 0,Vt € R, |ur(t)| < c1.
Proof. We fix T > 0. We define X : R x RY — R as follows:

F(t,z) + e(t) if t € [~T,T)

X(t, ) := { FT —t,x) +e(2T —t) if t € [T, 3T

and X (t + 4kT,x) = X(t,x) for every (t,z) € [-T,3T] x RY and k € Z. Since
([~T+kT, T+kT) xRN ).ez is a locally finite closed covering of R xR, and since X
is continuous on each subset of this covering, we can assert that X € CO(RxRY RY)
([20, pages 19-20]). Also we see that, for every z € R, X(-,x) is 4T-periodic. We
define C : R — L(RY,RY) as follows:

[ bt + B(t) if t € [T, T)]
)= { b(2T —t)I + B(2T —t) if t € [T, 37T

and C(t 4+ 4kT) = C(t) for all t € [-T,3T] and all k € Z. So C is continuous and
4T-periodic.

Now we want to use a Leray-Schauder approach to study the 47-periodic solu-
tions of the following second-order differential equation:

B(t) + C(0)a(t) = X(t, (1)), (X)
We embed (X) into the family of differential equations
2(t) + C)(t) = (1 — Nex(t) + AX (¢, z(t)), A€][0,1], (Xy)

where ¢ > 0 is sufficiently large so that

ol = 2B (@)o]" + ol

e~

for allt € R and all v € RY. By Theorem IV.5 of [18], with X = Z the Banach space
of continuous 4T -periodic functions from R to RV, Lz = & + C(-)%, Ax = cx and
Nz = X(-,z), the existence of a 4T-periodic solution for (X) will follow from the
existence of a bound independent of A for the set of possible 47-periodic solutions
of (X). Let u be a possible 4T-periodic solution of (X)) for some A € [0, 1], and
let
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Then,
o(t) = u(t) - a(t),

i(t) = [a()* +u(t) - a(t) = [a()* +u(t) - [(1 = Neu(t) + AX (¢, u(t)) - C(t)a(t)].
Let 7 € [-T,3T] be such that

= t = t .
D= o 1O = )
Then
u(r) - i(r) =0,

and, if 7 € [-T,T1,

0> (1) = [a(r)[* = B*(r)u(r) - a(r) + (1 = N)clu(r)[*
+ du(r) - [F(7,u()) = F(7,0)] + Au(7) - [F(7,0) + e(7)];

although, if r € [T, 3T],

0> i(7) = |a(7)|*> = B*(2T — 7)u(r) - () + (1 = Nc|u(r)|?
+A-[FQ2T — 1,u(r)) — F(2T — 7,0)] + Au(7) - [F (2T — 7,0) + (2T — 7)].

Using assumption (M) and the condition upon ¢, we get, if 7 € [T, T],

B*(T)u(r) |2 7 |B”‘(T)u(T) |2 + (1= Nelu(r)?

+(1- )\)|B*+)U(T)|2 + (1= Neufu(r)?

+ du(r) - [F(r,u(t)) = F(1,0)] + Au(r) - [F(7,0) + e(7)]
> (1= Newu(r)]? + Mu(r) - [F(T,U(T)) — F(1,0)

- BB DD (.0) + el cfutr)
> culu(r)? = |F(-,0) + el oo|u(r)],

and similarly for 7 € [T, 3T]. Consequently, we have

lulloo = [u()] < THIF(-0) + efloo = o,
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which is the required a priori bound. If we call ur such a solution, then, by con-
struction of X, ur is 4T-periodic and satisfies condition (iii). Now we have, for all
t € [-T,3T] (and hence, by periodicity, for all ¢ € R),

i (t) + C(H)ur(t)] = [X (¢ ur(t))] < Sup sup [F(t,0) +e(t)] = 0,

so that « and 8 do not depend upon 7. From Lemma 2, we deduce that, for all
t € [-T,3T] and hence, by periodicity, for all ¢ € R, one has |iur(t)] < ¢1, where ¢;
does not depend upon 7. Since X (t,x) = F(t,z) + e(t) when ¢t € [-T,T), ur is a
solution of equation (1) on [T, T].
Theorem 1.

i) Under the conditions (M), (B1), (B2), (Bs) and (Bg), there exists a unique

u € C*(R,RY) N BCO(R,RY)
which is a solution of equation (1) on R. Moreover, we have
u € BC*(R,RY).
ii) Under the conditions (M), (A1), (A2), (A4) and (As), there exists a unique
u € C?(R,RY) N AP (RY)

which is a solution of equation (1) on R. Moreover, we have u € AP?(RY),
and, if b and B are constant, we have Mod(u) C Mod(F + e).

Proof. i) By using Proposition 1 and Lemma 8.1 of [17, page 159], we can as-
sert that there exists u € C?(R,RY) N BC°(R,RY), a solution of equation (1) on
R. Then, by using Lemma 2, this solution belongs to BC?(R,RY). To prove the
uniqueness, we consider v € C%(R,RY) N BC°(R,RY) a solution of equation (1)
on R, and we set r(t) := |u(t) — v(t)|?. Since u,v € BC?*(R,R"), the function
r € BC?(R,R). Moreover, we have

= b(t)(u(t) —v(t)) - (a(t) — 0(t)) = 2e.r(t) — b(E)7(1).
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Consequently, from Lemma 3, we have sup,cp 7(t) < 0. Hence r(t) = 0 for all t € R
and u = v.

i) We set f(t,z,y) := —(b(t)I + B(t))y + F(t,z) + e(t). The hull of f is denoted
by H(f) ([21, page 17]). We recall that ¢ € H(f) means that there exists a real
sequence (7)x such that, for every K € P.(RY), we have

sup sup |f(t + i, z,y) — g(t,x,y)] — 0 (k — +00).
teR ze K

By using the Bochner theorem ([12, page 156]) and Theorem 2.2 of [21, page 10], we
can say that there exists a subsequence (s ) of (%), there exist e1,b; € APY(RY),
By € APY(L(RY,RY)), and there exists a mapping F; : R x RV — RY which is
a.p. in ¢ uniformly for # € R, such that, for every K € P.(R"), we have

sup |e(t + s;) —e1(t)] — 0 (k — +00),
teR

sup [b(t + sx) — b1(t)] — 0 (k — +00),
teR

sup || B(t + sx) — B1(t)|lc — 0 (k — +00),
teR

sup sup |F(t + s, z) — Fi(t,2)] — 0 (k — +00).
teR €K

Then, we have

sup sup |61 + 51 + B+ 51y = (1 (DT + ByOW] — 0 (k = +o0),

and consequently g(t, z,y) := —(b1(¢)I+B1(t))y+Fi(t, z)+e1(t). Since the compact
convergence implies the pointwise convergence, for every t € R, z; € RN, 2y € RV,
we have

(Fl(t,xg) — Fl(t,l'l) — 331(75)31"(?5)@2 — .’El)) . (1’2 — 1’1) Z C*‘.’EQ — (I?l‘2.

Since (A1) = (B1), (A2) = (B2), (A4) = (Bs), and (A5) = (Bg), we can use
the assertion (i) on the following differential equation

E(t) + (b () + Br(1)2(t) — Fu(t, (1)) = ex(t).

Therefore, there exists a constant I' > 0 such that, for each g € H(f), the differential
equation # = g(t,x, ) possesses a unique bounded (by I for the C'-norm) solution
in BC2(R,RV).

Consequently, we can use Theorem 10.1 of [14, page 170] and we obtain that
there exists u € AP?(RY) a solution of the equation (1) on R, with Mod(u) C
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Mod(f). Moreover, if b and B are constant, we have Mod(u) C Mod(F + e). The
uniqueness results from the uniqueness in assertion (i).

Remarks on Assumption (M). 1. Let us consider the following linear system,
whose form is motivated by a problem of gyroscopic stabilization,

i+ Bi—x =0, (G)

where z = col(z1,x3) and, for some w > 0,

0 w?
B_(WQ O).

The conditions for the existence of a unique almost-periodic solution (here the trivial
one) given by Theorem 1 are fulfilled if the matrix (1 — ‘“74)] is positive definite,

i.e., if the condition w < v/2 holds. Now the characteristic equation associated to
system (G) is easily found to be

M4 (W —2)N\+1=0,

and (G) will have nontrivial almost-periodic solutions if and only if the correspond-
ing second-order equation,

w2+ (W= 2)u+1=0,

has negative roots, which is the case if and only if w > v/2. Thus Assumption (M)
is sharp in this situation.
2. Assumption (M) is in particular satisfied if

(F(t,y) — F(t,z)) - (y — x) > cly — z|?

2
for all t € R, z,y € RY and some ¢ > —”BJOO,

Comments. 1. Add the possibility, with respect to Berger and Chen, of having
some linear dissipation.

2. Here we explain why, for the equation (3), Theorem 1 (ii) provides an im-
provement on Theorem 4 and Theorem 6 of Berger and Chen in [4].

In [4], we have ¥(z) := Az -2+ U(x), where A is a symmetric positive-definite
matrix, where U € C?(RY,R) satisfies:U” (z) is semi-positive definite. Therefore
there exists ¢, > 0 (the smallest eigenvalue of A) such that A¢ - & > c,[€]?, for
every ¢ € RV, Furthermore, U necessarily is convex, and therefore its gradient U’
is monotone. Consequently, for every x,y € R, we have

(V'(y) = V() - (y—2) = Ay — ) - (y —2) + (U'(y) = U'(x)) - (y — )
> ey — 2] +0.
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We see that our hypotheses of Theorem 1 (ii) are satisfied by V.
In [4], the authors use the following additional condition:

{ IM > 0, Vo = (x17"'7xN)?y = (yla ,?/N) € RNa

but we have no need of this additional condition to prove Theorem 2.

Moreover Theorem 1 is valid for the equation (2). Indicate that to treat the
equation (2) we can replace the proof of Proposition 1 by a variational method in
the spirit of the methods presented in [17, Chapter 1].

3. When b and B are constant and when the forcing term e is T-periodic and
when F(-,x) is T-periodic (for each z € RY), then Mod(F + e) = 27T ~'Z, and
consequently the unique a.p. solution of the equation (1) necessarily is T-periodic.
When e and F(-,z) are periodic with noncommensurable periods, we can simply
say that there exists a unique a.p. solution of the equation (1).

In the next statement we treat the linear case.

Corollary. Let A, B € BC°(R, L(RYN RY)), b € BO°(R,R). We assume the fol-
lowing condition fulfilled:

B(t)B*(t)

Je, € (0, +00), Vt € R, Vo € RY, (A(t) - 1

Jz x> ezl

Then the two following assertions hold.
i) For each e € BC°(R,RY), there exists a unique

u € C*(R,RY) N BC°(R,RY)
which is a solution on R of the following ordinary differential equation:
i(t) + [b() I + B(t)]a(t) — A(t)u(t) = e(t).

Moreover, we have u € BC?(R,RY).

ii) If in addition we assume that A, B € AP°(L(RN,RN)), and b € AP°(R),
then, for each e € APY(RY), this unique bounded solution u belongs to
AP?(RYN) and, if b and B are constant, Mod(u) C Mod(A + e).

Proof. We use Theorem 1 with the mapping F(t,z) = A(t)z.

Remarks. 1. In the corollary, we have no need of the symmetry of A(t) and B(t).

2. The assumption of the corollary is in particular satisfied if A(t)v-v > c|v|?

2
for all t € R, v € RV and some ¢ > %.

4. Dependence results. In this section, we study the relations of continuity
and differentiability between the bounded (respectively a.p.) forcing term e and
the bounded (respectively a.p.) solution of the equation (1). We begin to establish
several lemmas.
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Lemma 4. Let E be a Banach space, and f € U(R x RN | E). Then the Nemytski
operator Ny (u):= f (-, u(-)) is well-defined and continuous from (BCO(R,RN), ||| )
to (BC(R, E), || - [loc)-

Proof. We fix u € BC°(R,RY). By using (Us), we see that f(-,u(-)) is bounded
on R since the closure of u(R) is compact in R, and f(-,u(-)) is continuous as a
composition of continuous mappings.

We arbitrarily fix ¢ > 0. Since the closure of u(R) is compact in RY, we take
r > 0 and we obtain that K := {¢ € RV : dist(&,u(R)) < r} is compact. Taking
Be := min{r,n(K, )}, it follows from (Uy,) that:

sup [[£(t, u()) = (&, v(®)lle < & when [l = vloo < fe.

Lemma 5. Let E be a Banach space, and f : R x RN — E, (t,z) — f(t, ), be
a mapping which is a.p. in t uniformly for v € RN (cf. Section 1). Then we have

i) fEUR xRN, E).

ii) For each u€ AP°(RY), the function t — f(t,u(t)) belongs to AP°(E); i.e.,
the Nemytski operator Ny(u):= f(-,u(-)) is well-defined from AP°(RN) to
APY(E).

iii) Ny is continuous from (AP°(RN), | - |loc) to (APY(E), | - loo)-

Proof. i) The conditions (U;) and (Us) are obviously satisfied. To prove (Uy), we
reason by contradiction. Suppose that non-(Uy) is true, and so there exists g > 0,
there exists Ky € P.(R™), there exist sequences (zp)n, (Yn)n, (tn)n respectively
with values in K, K, and R such that, for every positive integer n,

|xn7yn| <—, and |f(tn7xn) *,f(tn7yn)| > €0-

In the definition (5) of almost periodicity, taking ¢ = <2 and denoting £ := £(Ko, %),

for each o = —t,,, there exists 7,, € [—t,, —t, + £) such that:

€0
sup sup |f(t+ 7, €) = f(6)] < 2.
teR ¢€K
Therefore, for every positive integer n, we have:
€0
|f(tn + Tnvwn) - f(tnvmn” S Ea
€0

|f(tn + Tnvyn) - f(tn; yn)| <

We note that s, :=t, + 7, € [0,€]. And so the three sequences (s, )n, (Zn)n, (Yn)n
take their values in compact sets, respectively [0,¢], Koy, and K. Then, by using
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the Bolzano-Weierstrass theorem, there exists a monotonically increasing mapping
n +— ky, from N to N, there exist § € [0,¢] and & € K, such that s, — §, zx, — &,
Yk, — & when n — 4o00. Since f is continuous, we have:

Ay = f(sk,,7k,) — [(3,2)] — 0 (n — +00),
Ln o= [f(8kns Yk,) — [(3,2)] — 0 (n — +o0),

and consequently, there exists ng € N such that n > ng = A, < 2 and I';, < 2.
Finally, for n > ng, we have

go < |f(te,, ok,) — f(tr,s Uk, )l
< f (ks Thn) = Sk T )|+ [f (ks T8, ) — f(8,2)]
+1f(3,2) = f(Skp Yr, )| + [f (k0 k) — Fthns Y )|
€0 €0 4
< —+4+A,+T,+=<-= ;
=5 + + + 5 S 550 < €o

that is the contradiction.

ii) cf. [21, page 17].

iii) Since AP°(R™) c BC°(R,R¥), and since (i) holds, we can use Lemma 4
and assert that the restriction Ay is continuous from AP°(RY) to BC(R, E). And
since N (AP°(RY)) C AP°(E), we have proven the sentence.

Proposition 2. We assume the conditions (M), (Bz), (Bs), and (Bg) fulfilled. Let
g1,92 € BCO(R,RN), 7 € R, and let u,v € C*(R,RY) N BCY(R,RY) which verify,
for every t € R, the following equations:

{ (t) + [b() ] + B(t)]u(t) — F(t, u(t)) = g1(t)
8(t) + BT + BOJ() — F(t,0(t)) = ga(t)-
Then we have

sup [u(t) — v(t)| < e sup g1 (t) — g2(t)]-
teR teR

Proof. We set

o(t) = %\U(ﬂ v, At) = g1(t) — g2(t), p(t) == A(t) - (u(t) — v(t)).

Then we have
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1

= [a(t) = o(t) = 5 B* () (u(t) — v(®)|*

+ (F(tu(t) = F(t,v(t) — EB(t)B*(t)(U(t) —u(t)))-
- (u(t) —v(t)) = b(t)o(t) + p(t) = 2e.0(t) — b(t)o(t) + p(t).

And so we can use Lemma 3, with o = 2¢,, 7 = 9, v(t) = —b(t), and 8 = —sup |p(t)|,
teR

and we obtain

sup o(t) < (2¢.) ' sup p(t)|;
teR teR

ie.

1 1 1
Sl = vl < 2o 18 (= V)lloo < 5 [Afloo- [t = vlloc,

which implies the announced inequality. O
Now we can state the theorem about continuous dependence.

Theorem 2. We assume the conditions (M), (Bs), (Bs) and (Bg) fulfilled. For
each e € BCO(R,RY), we denote by X the unique solution in BC*(R,R™) of
the equation & + (b(t)I + B(t))t — F(t,xz) = e (¢f. Theorem 1), and we denote by
X : e — Al the operator from BC°(R,RY) in BC%(R,RY).
Then the following assertions hold:
i) For every ej,es € BCO(R,RY),

1 e1) = Xieaplloo < € ller — ezlloo-
ii) The operator X is an homeomorphism between (BC°(R,RN),| - ||o0) and
(BC*(R,RY), | - [lc2)
iii) If in addition we assume (Asz), (A4) and (As) fulfilled (instead of (Bs),
(Bs) and (Bg)), the operator X is a homeomorphism between the spaces
(AP(RY), [l-llse) and (AP?(RY), ||.||c2).

Proof. i) It is a consequence of Proposition 2, taking g1 = e1, g2 = €2, u = &,],
and v = X[Ez].

ii) To abridge the writing, we denote by BC* the space BC*(R,RY). By the
assertion (7), we have:

X is continuous from (BCY,| - |s) in (BCY | |so)- (17)
We set
v(t) == X[ez] — X[el], C(t) :=b(t)I + B(t),
Xl(tax) = F(tv'T’) + el(t)a X2(ta .73) = F(tax) + 62(t)'
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Then, we have
(1) + C(t)0(t) = Xo(t, Xey) — Xa(t, Xey)-

We set
Q= ||X[62] - X[CI]HOO

B = INF(Xey)) = Ne(Xey)lloo + lle2 — eafloo
7= [[Cllee-
We have oo < +00, f < +00 (Lemma 4) and v < +o0o0 (Assumptions (Bs) and (Bg)).

We note that we have [|v]jco < @, ||+ C()0|cc < 6, and ||C]lco < 7, then we can
use Lemma 2 and assert that

[9]loe < 2a(y 4+ VA2 + (2) < dafy + B).

Consequently we have ) )
[[Xfes] = Afea)lloo <

4| Xfea) = Xpealloo (ICloo + INVF (Xiea)) = N (Xierlloo + llez = e1lloc).-
Then by using Lemma 4 and (17), we obtain that

er— /\-,’[e} is continuous from (BCY, | - ||oo) in (BCY, || - ||o)- (18)
We have
X = K(, X)) + F (-, X)) + € = Nic(Xjg)) + Np(Xjg) + e,
with (¢, z) :== —C(t)x. Then by using Lemma 4, (17) and (18), we obtain
er— /f[e} is continuous from (BCY, | - ||oo) in (BC%, || - ||oo)- (19)
Finally, the assertions (17), (18), (19) imply:
X (BC || |loo) — (BC?,|| - |lc2) is continuous.

The existence and the uniqueness provided by Theorem 1 imply that X is a bijection
between BC? and BC?. Its inverse operator is the following nonlinear differential
operator:

2

T(x):=3—K(-,&) — F(-,x) = %x — Nic(Ini(z)) = Np(Ins(z)), (20)
where In; : BC! — BC°, Iny(x) := x, and Iny : BC? — BC?, Iny(z) := =.
By the definition of the norms |- ||c1 and || ||z, In1, Ing and % are continuous
(linear) operators, and by Lemma 4, Ny and N are also continuous, therefore T
is continuous, and X" is a homeomorphism.
iii) By using Theorem 1 (ii) we have X (AP°(RY)) C AP%(RY)), and by using
Lemma 5, we have 7 (AP?(RY)) c AP°(RY)), thus (iii) is a consequence of (ii). O

Now in order to study the differentiable dependence, we begin to establish the
differentiability of the Nemytski operators.
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Lemma 6. Let E be a Banach space, and f € U(R x RN E). We assume that, for
every t € R, the partial mapping f(t,-) is Fréchet differentiable on RY, and also
that f, € U(R x RN LRV E)).
Then the Nemytski operator Ny : BC°(R,RY) — BCY(R, E) is of class C1,
and for every u,h € BC°(R,RN), we have:
(Np) (u) - b= [t — folt,ult) - h(2)]-

Proof. Let u and K be defined in the same manner as in the proof of Lemma 4.
We arbitrarily fix an € > 0.
Since f, satisfies the assertion (Uy), there exists 7. € (0,7] such that, for every
z,y € K,
|z —yl<n.= (VteR, |fo(t,z) - falt,y)] <o)
We take h € BC?(RY) such that ||h« < 1.. By using the mean value inequality
[1, p. 144], for every ¢t € R, we obtain:

1f (&, u(®) + h(t) = F(Eu(t)) = fo(t,ult) - ()]l

< (sup{[lfa(t,u(t)) — fa(t. O] : € € (u(t)

For every £ € (u(t), u(t) + h(t)), we have [(] < [h(?)]
[fa(t,u(t) = fo(t, €] <&

)+ h())}) [k (t)]-

yut
< e, therefore

and consequently

1f (& u(t) + () = f(t, ut) = falt, u(t)) - R[] < lh(E)],
which implies
[N (u+ h) = Ny(w) = fo(-,u) - hlloc < ellhlloo-
That proves the differentiability of Ay and the validity of the announced formula
of the differential of N.
The continuity of (Ay)’ results from the continuity of the Nemytski operator Ny,
provided by Lemma 4 in which we replace f by f,.

Lemma 7. Let E be a Banach space, and f : R x RN — E_ (t,z) — f(t, 1), be
a mapping which is a.p. in t uniformly for v € RN (cf. Section 1). We also assume
that for every t € R, f(t,-) is Fréchet differentiable on RY, and that the partial
differential f, is a.p. in t uniformly for x € RN. Then the Nemytski operator Ny
is of class C' from AP°(RN) to AP°(E), and for every u,h € AP°(RY), we have:
(NF) (u) - h = [t — fo(t,u(t)) - h(1)].

Proof. By using Lemma 5 (i), since f and f, are a.p. in ¢ uniformly for z € RV,
we have f € U(R x RN E) and f, € UR x RN, L(RY, E)). Thus Lemma 7 is a
consequence of Lemma 6. [

In the autonomous case, i.e., when f does not depend on ¢, the study of the
continuity and the differentiability of the Nemytski operators on the spaces BC?
is treated in [9, Section 2], and on the space AP°(RY) is treated in [6, page 19].
Lemma 7 is stated in [11, page 997].
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Theorem 3. We assume the conditions (M), (Bs), (Ba4), (Bs) and (Bg) fulfilled.
We use the notations of Theorem 2. Then the following assertions hold:

i) X: (BCOR,RY),|||loo) — (BC*HR,RN),||-||c2) is a C*-diffeomorphism.

i) If in addition we assume the conditions (Az), (As), (A4) and (As) fulfilled

(instead of (B3), (Bs), (Bs) and (Bg)), then X is a Cl-diffeomorphism be-

tween the space (AP°(R,R™), || - ||s) and the space (AP*(R,RM), || - [|c2)-

Proof. i) To abridge the writing, we denote by BC? the space BCP(R,RY). We
consider the operator 7 defined in the formula (20). Since % and Iny are lin-
ear continuous operators from BC? in BCO?, and since In; is a linear continuous
operator from BC' in BCY, they are of class C*.

By using Lemma 6, with f = F and f = K, we see that Nz and N are of class
C'. And so, T is of class C' as a composition of C'-operators, and by using the
linearity of the differentiation and the chain rule, we obtain, for every u,h € BC?,

T'(u) - h = [t = h(t) + (b(t)] + B(£))h(t) — Fu(t,u(t)h(t)]. (21)

And so, when we fix u € BC?, for k € BC? and h € BC?, to study the the
equation 7’(u) - h = k (where h is the unknown) is equivalent to studying the
bounded solutions of the following linear second-order differential the equation:

h(t) + (b(t)T + B(t)h(t) — Fu(t, u(t))h(t) = k(t). (22)

We set A(t) := F,(t,u(t)) and we use the corollary of Section 3. And so there exists
a unique solution h € BC? of the equation (22). Translating this result in terms of
T’, we obtain:

T'(u) : BC*> — BC" is an isomorphism , (23)

where isomorphism means isomorphism of topological vector spaces.

Finally, 7 : BC? — BC° is an homeomorphism of class C'' such that, for every
u € BC?, T'(u) is invertible, therefore 7 is a C'-diffeomorphism ([10, page 55]),
and since X = 7! we have proven the assertion (i).

ii) It is a consequence of (i), of Theorem 2, and of Lemma 7.

5. Perturbation by a damping term. In this section, we consider the
equation (4); i.e., we introduce a damping term in the equation (1). By using
the implicit function theorem and Theorem 1, we show the existence of bounded
solutions and a.p. solutions when the perturbation parameter ¢ is small enough. We
introduce the mapping

G:RxRN xRN — RN, (t,2,0) — G(t,z,v).
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About G we formulate the next list of conditions:

(D7) G € URXxRN xRN RN), and for every (¢,7,y) € Rx RN x R¥ | the partial
mapping G(t, -, -) is Fréchet differentiable at (x,v), its partial differentials are
denoted by G (t,z,v) and G;(t,z,v), and Gy, G € U(R x RY x ]RN,RNQ).

(D3) G is a.p. in t uniformly for (z,v) € RY x RY, and for every (t,z,y) €
R x RN x RY | the partial mapping G(t, -, -) is Fréchet differentiable at (z,v),
and G, and G are a.p. in t uniformly for (z,v) € RV x RV,

For each ¢ € R, we consider the following second-order differential equation:
B(t) + [b(t)] + B(4)]a(t) — F(t, x(t) +eG(t, 2(t), () = e(t). (4)e

Theorem 4. We assume the conditions (M), (B1), (Bs), (B4), (Bs), (Bs) and (D1)
fulfilled. Then the following assertions hold:

i) There exists g > 0 such that for each € € (—eg,¢€p), there exists a solution
z. € BO?(R,RY) of the equation (4)..

ii) If, in addition, we assume the conditions (A1), (A2), (As), (A4), (As) and
(D2) fulfilled (instead of (B1), (Bs), (B4), (Bs), (Bg) and (D1)), then there
exists g > 0 such that for each € € (—eg,€0), there exists a solution . €
AP?(RYN) of the equation (4)..

Proof. i) By the hypotheses, we can consider the nonlinear operator:

® : BC*(R,RY) x R — BC°(R,RY)
O(u,e) :=u+[b(-)]+ B()|ia— F(,u) +eG(-,u, 1) + e.

We define the linear operator
j: BC?*(R,RY) — BC(R,RY), j(u):= (u,1).

We easily see that j is continuous since BC?(R,R”) is endowed with the norm
|| - |2, and consequently j is of class C*.
We consider the Nemytski operator built on G,

Ng : BC°(R,RY) x BC*(R,RY) = BC*(R,RY x RY) — APY(RY),
Na(u,v) = [t — G(t,u(t),v(t))].

Under (D;), we can apply Lemma 7 on G and assert that Ng is of class C*.
By using the operator 7 defined by the formula (20), we can express ® in the
following form:
D(u,e) =T (u) +eNgoj(u) +e. (24)
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By using Lemma 7 and the formula (21), we see that, for every € € R, ®(-,¢) is of
class C*', and that, for every h € BC?(R,RY), we have:

Oy (u,e) - h="T"(u) - h+eNg(j(w)) - j(h), (25)

therefore ®,, is continuous on BC?(R,RY) x R.

On the other hand, we calculate ®.(u,e) = Ng o j(u), and consequently ®. is
also continuous on BC?(R,RY) x R. Then, by using a usual result of differential
calculus about the partial differentials, we have proven:

® € CY(BC*(R,RY) x R, BC°(R,RM)). (26)

Since e is fixed in BC°(R,RY), by using Theorem 1 (i), we can assert that there
exists ug € BC?(R,RY) a solution of the equation (4)g = (1) on R; i.e., we have:

By the formula (25), we have ®,(up,0) - h = 7'(up) - h, and by the sentence (23),
T'(ug) is an isomorphism between BO?(R, RY) and BC°(R, RY), therefore we have:

@, (up,0) is invertible. (28)

And so, with (26), (27), (28), we can use the implicit function theorem ([10, page
61]) and assert that there exists 9 > 0, there exists a Cl-mapping € — ., from
(—¢€0,€0) to BC?(R,RY) such that, for every € € (—eg,0), we have ®(z.,e) = 0;
i.e., . is a solution of the equation (4)c.

ii) The reasoning is similar to that of assertion (i).

Added in Proof. After this paper was accepted we learned about the manu-
script “Forced systems with almost periodic and quasiperiodic forcing term” by C.
Carminati, showing by a variational method that, in the special case of (3), the
Berger-Chen growth condition described in Comments 2 is superfluous. So our
Theorem 1 also extends Carminati’s result to system (1).
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