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Abstract. We study concentrated positive bound states of the follow-
ing nonlinear Schrédinger equation:

R*Au—V(z)u4+u? =0, u>0, RN,

where p is subcritical. We prove that, at a local maximum point zg of
the potential function V(x) and for arbitrary positive integer K (K >
1), there always exist solutions with K interacting bumps concentrating
near xg. We also prove that at a nondegenerate local minimum point
of V(z) such solutions do not exist.

1. Introduction. Of concern are standing wave solutions of the follow-
ing nonlinear Schrodinger equation:
0 —h? _
iha—qf = %A¢+V(m)¢—7|¢]” Ly with = € RV, (1.1)
i.e., solutions of the form ¢ (z,t) = exp (i Et/h) u(z), where h,m,~ and p
are positive constants, p > 1, E € R, V is real and belongs to C? (RN) and
u is real. Assuming without loss of generality that 2m =1,y =1and £ =0,
it is easy to see that u satisfies

h2Au—V(z)u+ uff Pu=0, ze RV, (1.2)

In this paper, we always assume that

N+2
: 2 N
xleIgNV(x)>0,V($)€C (R ),1<p<(N_2

)+ (1.3)
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where (%)Jr = % itN>3 =+0if N=1,2.

Floer and Weinstein in [8] proved for small A > 0 (and for p =3, N = 1)
the existence of a single-bump solution of (1.2) concentrating at each given
nondegenerate critical point of the potential function V, under the condition
that V' is bounded. In [19] and [20], Oh generalized this result and obtained
for small h > 0 the existence of multi-bump solutions with « in (1.2) being
positive and concentrating at given finite collection of nondegenerate critical

points of V', under the condition N > 1,1 < p < (%) and V € (V),

(namely, either V =a or V(z) > a and (V — a)_% € Lip(RM)).

The existence of solutions of (1.2) and its various generalizations has long
been studied extensively (mostly by variational methods). The interested
reader may consult, in addition to the papers mentioned below, the survey
articles [15] and [17] and references therein. Most of the results provide
existence of solutions for arbitrary h > 0. Several papers deal with existence
of “ground states,” i.e., in case of (1.2), solutions with least “energy,”

l/ (h? |[Vul® + Vu?) de — L lu[PT da (1.4)
2 JpN p+1 Jpn
among all nontrivial H'(R") solutions of (1.2).

In [21], Rabinowitz showed that (1.2) has a positive ground state for “ev-
ery h > 07 if imsup|, o V(2) = sup,epy V(2) or if liminf), o V(z) >
inf,cpv V(z). See [2] and [3] for more results on existence and [23] on asymp-
totic behavior of ground state solutions.

There are many interesting results concerning higher energy solutions.
Del Pino and Felmer in [4] studied the case when V' (x) has a local minimum
point (may be degenerate) and constructed single-bump positive solutions.
Both Del Pino, Felmer [5] and Gui [9] glued the single bump positive solu-
tions and obtained multi-bump positive solutions at separate local minimum
points of V. Del Pino and Felmer in [6] were able to construct single-bump
positive solutions at any topologically nontrivial critical points of V(x). Re-
lated results are obtained by Ambrosetti, Badiale and Cingolani [1]; Li [14];
and Lu and the second author [16]. As far as we know, N. Thandi [22] ob-
tained the existence of infinite-bump solutions under some further hypothesis
on the potential function V.

In all the above papers multi-bump solutions are obtained at “separate”
local maximum or local minimum points of V. These bumps are well sepa-
rated, and hence the interactions of these bumps are neglected. (Here “in-
teraction” means the effect of one bump on other bumps. Mathematically, it
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can be computed as in Lemma 2.4 below.) The main purpose of this paper
is to study the effect of such interactions. We show that at a local maximum
point of V(x) the interactions can contribute to the existence of multi-bump
solutions while at a nondegenerate local minimum point of V' (x) multi-bump
solutions do not exist.

Our first result of this paper is the following.

Theorem 1.1. Assume that V(z) and p satisfy assumption (1.3). Let Py
be a local maximum point of the potential V(x); i.e., there exists a bounded
open set I' such that

Pyel,V(PR) = max V(z) > V(P),VP € I'\{Fp}. (1.5)
Then for any positive integer K € 7, there exists hg > 0 such that for
any h < hg there exists a positive solution up, of (1.2) with the following
properties:
(1) The solution up, has exactly K local mazimum points Q’f, ey Q}}( and
Q? — Py as h — 0. Moreover,

h _oh
MZV(PO)élog%—)oo, i#g, 0,5=1,....K

for some C >0, as h — 0.
...... K l2—QP|

(2) Thesolutionuy(z) < Ce h for some 8 >0, C > 0
and uh(QZ}-") —a,a>0,1=1,...,K as h — 0; i.e., u, concentrates at

Qh,..., QL.

Remark. In [14], Li proved that if V(z) has K (different) local maximum
points @Q1,...,QK,Q; # Q; for i # j, then for h sufficiently small there
exists a positive solution uy of (1.2) such that u, has K local maximum
points Q’f,...,Q}}( with Q? — Q;,1=1,...,K, as h — 0. Since the K
bumps are separated in the limit, the interactions between bumps are of the
order e~%/" for some constant &y > 0, which are exponentially small and are
essentially neglected in [14]. Our theorem here is quite different from his.
In fact we construct multi-bump solutions at one local maximum point of
V. The distance between the bumps are of the order O(hlogh), and thus
the interactions between the bumps are of algebraic order O(h™) for some
m > 0, which can’t be neglected. So the interactions between bumps do play
a very important role. This is a new and interesting phenomenon. The next
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result shows that this phenomenon does not occur at a nondegenerate local
minimum point of V().

Theorem 1.2. Fix any positive integer K > 1. Let Py be a local minimum
point of V() such that det(V2V(Py)) # 0. Then there is hg > 0 such
that for h < hg equation (1.2) cannot have a positive solution uy with the
following properties:

(1) The solution up, has exactly K local maximum points Q'f, Qé‘, e ,Q’}(

h |} —QY| o .
and Q} — Py, ——5—- — o0 as h — 0, wherei,j=1,...,K, i # j.

inj—1 K IZ*Q?I

(2) The solution up(x) < CeP™ h for some 3 >0, C >0
and up(Q") — a, a>0,i=1,...,K as h — 0.

In the rest of this section, we briefly outline the proof of Theorem 1.1.
The main idea is to reduce the problem on H?(RY) into a finite-dimensional
problem on the space of bumps. To this end, we use the classical Liapunov-
Schmidt reduction method (a similar method has been used in [10], [11],
[26], [27], etc.) We shall follow the ideas in [10].

Without loss of generality, we can assume that Py in Theorem 1.1 is
the origin and that V(Py) = 1. Since we are looking for positive solutions,
equation (1.2) becomes

h2Au —V(z)u+uP =0, u>0, z € RV, (1.6)

(Recall that V(z) satisfies (1.3) and p is subcritical.)

To introduce the main idea of the proofs of Theorems 1.1, we need to
give some necessary notations and definitions first.

Let w be the unique solution of the following problem:

Aw —w+wP =0 in RN
w >0, w(0) = max,cpy w(y) (1.7)
w(y) — 0 as |y| — oc.

The solution of (1.7) is radial ([12]) and unique ([13]). Moreover, w is radially
symmetric, decreasing and

I

N—-1
lim w(y)e|y|= =X >0, lim —% =—1 (1.8
lyl—o0 ¥l lyl—o0 w(y) )

for some constant A\g > 0. Let

1 1 1
I(w) = _/ IVaw|? + —/ w?— [
2 RN 2 RN p—|—1 RN
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be the ground energy of w.

1
Note that for fixed a > 0, wy(y) := afﬂjw(a%y) is the unique solution of

the following problem:

Av—av+1?P=0in RV
v >0, v(0) = max,cpy v(y) (1.9)
v(y) — 0 as |y| — oo.

Associated with problem (1.2) is the following energy functional:

1
Jh(u)_h-N(—/ (hQ\Vu]2+Vu2)—/ Flu)),
2 RN RN
where F(u) = [’ f(s)ds, f(s) = [s|P"'s and u € &, where the space & is
defined by
£ f{u: / (W2|Vul? + Vi?) < o). (1.10)
RN

(The factor A= comes from scaling.) Let I be as in Theorem 1.1 and ¢y > 0
be a small number. Set

P.—P
Ah:{P:(Pl,...,PK)GFX-”XF, w(MTZ)<Coh,
kil=1,... K, k;«él}.

Let x(z) be a cut-off function such that x(z) = 1 for « such that d(z,T') < 3
and x(z) = 0 for z such that d(z,I") > 1
FixP = (Pl,PQ, .. ,PK) € Kh. We set

z— b

wp, () = wy(p( ), wp, () = wp, (x)x(z)- (1.11)

Since we look for solutions of (1.6) of the K-bump type Zfil wp,, we set
K
= Z wp, + Ppp.
i=1

However, since the linearized operator at Zfi 1 wp, is not uniformly invertible
with respect to h, we introduce the approximate kernel

i=1,...,K, j=1,...,N} c H*(RN)

Knp = spcm{hap y
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and the approximate cokernel

dwp,
WP =1, K, j=1,...,N}c L*R"),

Chp = span {hapi’j, =

where P; ; is the j-th component of P;, i =1,..., K.

We first solve for @), p in IC#P up to ChLP by using the Liapunov-Schmidt
reduction method. (This method has been used by [8], [16], [19], [20] and
[14].) Then we show that ®,p is C! in P. After that, we define a new
function

K
My(P) = Jy() _wp, + ®4p) : Ay — R. (1.12)
=1

We compute M}, and obtain the following asymptotic behavior:

K ptl_ Py — P,
My (P) = Z(C +o(1)V(P)r—1 2 — Z(d + o(1))w( N ) (1.13)

i=1 k£l

w2

for some positive constants c, d, where o(1) means |o(1)| — 0 as h — 0.

We maximize My (P) over A,. Condition (1.5) ensures that M (P) at-
tains its maximum inside Ap,, say P"* € A,. Then the corresponding function
up, = Zfil wpn + Py, pr is a solution of (1.6). We show that uj, has the prop-
erties of Theorem 1.1.

Theorem 1.2 is proved by asymptotic analysis.

This paper is organized as follows. In Section 2, we state some prelimi-
nary estimates leading to (1.13). Section 3 contains the standard Liapunov-
Schmidt procedure. In Section 4, we apply a maximizing procedure to solve
the reduced problem and thus complete the proof of Theorem 1.1 in Section
5. Section 6 contains the proof of Theorem 1.2: We first obtain a system of
equations on the locations of the bumps, and then we reach a contradiction
by using the fact that V has a nondegenerate local minimum at Fy. Finally
we make some remarks on possible generalizations of Theorems 1.1 and 1.2
to more general problems.

Throughout this paper, the constant C' denotes various generic constants
independent of h. O(A) means |O(A)| < C|A| and o(a) means |o(a)|/|a] — 0
as h — 0. We will always denote by 0 < § < 1 a very small number and
f(u) = [ulP~tu. “3°7 always means summation from 1 to K.
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2. Preliminary analysis. In this section, we first compute some in-
tegrals which will be useful in later sections. Then we obtain the energy
expansion of K-bumps in Ay,

First we state a useful lemma about the interactions of two w’s.

Lemma 2.1 ((Lemma 2.1 of [2])). Let ¢ € C(RY) N L>®(RYN), v € C(RY)
be radially symmetric and satisfy for some o >0, >0, v0 € R

o(z) explafzle|” — 70 as [o] - o
| @l explalel)(1 + laf?) < .
Then

explolylyl” [ oo+ 9)0ia)de =0 [ vla)exp(—ary) de asly] = .

Using Lemma 2.1 and the decay estimate (1.8), we then have the follow-
ing estimate.

Lemma 2.2. For h sufficiently small and P = (P, ..., Px) € Ay, we have

I S T
W [ o de = G+ o), i 4
RN

where Ay, is defined in Section 1, wp, is defined by (1.11) and

v = / wP(y)e ¥tdy > 0. (2.1)
RN

Another direct application of Lemma 2.1 is the following useful corollary.

Corollary 2.3. Let $1 > 1, 83 > 1 be two positive numbers. Then we have

), i # J, (2.2)

hN/ wlﬁ;w% = O(wmin(ﬁl’ﬂz)f‘s(L —
RN J h

where § > 0 is any small number. In particular, if 61 > (B2 we can take

0=0.

The next lemma is the main result in this section.
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Lemma 2.4. For any P = (Py,..., Pg) € Ay, where Ay, is defined in Sec-
tion 1, and h sufficiently small, we have

K K il N
Th(> wp) =) _V(P)r1 2 I(w)
=1 =1

5 K P-p K
~C o) 3w +0mY VYR 1) (23)
il=1i#l i=1
where v is defined by (2.1).
Remark. Roughly speaking, w(P Z;P L) measures the interaction between

the bump at P; and the bump at P.

Proof. We shall only prove the case when K = 1,2. The other cases are
similar. By (1.11) and (1.8), wp, := wv(pi)(xfhpi) is exponentially decaying
outside any neighborhood Bj(P;) of P;, where 6 > 0 is a small fixed number.
Thus we obtain

z—F; 4 5
. .

wp, = wp; + 0(6_%) = wV(Pi)(

First for K = 1, if we set P; + hy = x, then we have

) =1 [ (T @R V) - [ e
— %/RN(‘VUJV(H)\? + V(P + hy)w‘Q/(Pl)) - ]ﬁ /RN w;{ﬁ}lﬁ) n O(e_%)
e IR A R T

+ /RN(V(P1 + hy) — V(Pl))w%/(Pl) n 0(6_%)

p+l N
p—1

=V(P) 7](w)+0(€—%)+O(h\VV(P1)|),

V(z) =V (h) = O(lz = A[[VV(R)]) = O(hly||VV (F1)])

and [y |ylw?(y) dy < oco.
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Next we consider the case when K = 2. We first obtain for i # j
h_N/ (Vwp,Vwp, + V(z)wp,wp;)
RN

=h N Vwavw@+:/ V@Bwaf%o@*%]
RN RN

iy
= / w@(pi)wV(Pj) +/ (V(z) = V(P))wypywy(p,) + O n)
RN RN

B8 L omlwv (el + o)

= (v +o(1))w(

by Lemma 2.2, where v is defined by (2.1). Let Q1 := {y € RY : |hy —
Pl < 2P — Pl}, Q9 = {y € R : |hy — P,| < 352|P, — Py} and
Qg := RN\(Ql U QQ) Then

-N p+1 p+1 p+1 -N p+1 p+1
h ((wp, + wp,)P"" —wp —wp | < Ch (wp,” +wp,”)
Q3 Q3
_ (p+1)(1-6)| Py — Py
2h

= ow(P72))

by (1.8), if we choose § such that (p+ 1)(1 — &) > 2 (note that P € A,).
On 4, we have

e

—-N 1 +1 +1
h‘ /S; ((wpl + wp2)p+ - w%l - w%g )
1
-N —-N +1 —6 146
=@+ OnY [ w17 [ O@E +u )
1 1

= G+ 1) +o()u( P2

by Lemma 2.2 and Corollary 2.3. Similarly, on Q22 we have

Pl—Pg)
h .

h*ﬁé<wa+u%wﬂu%“w%5=4wp+n+ou»w<
2
Hence

Jh(wp1 + wp2) = Jh(wpl) + Jh(wpz) + h_N/N(V’wplva2 + prlwp2)
R
1
p+1

—-N 1 +1 +1
h /RN((wP1 +wP2)p+ - w%l _wI])DQ )
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p+l N p+1
p 2

+ V(Pp)rT

w2

1w) + (3 4 o(1)w( P T2)
P-P

)

+O(RVV (P,

pt1

= [V(P)r=

— (v +o(1)w(

\./

+hVV(PR)]) = 2(y + o(1))w(

N

V(RT3 I (w)
P —
h

Lemma 2.4 is thus proved.

vl

Py omvv e+ HVVB)).

3. Liapunov-Schmidt reduction. In this section, we solve problem
(1.2) with an appropriate kernel and cokernel, respectively. Since the pro-
cedure has now become standard, we shall only give a sketch of the proof.
For more details, please see [20] and [14].

We first introduce some notations. Let Sp(u) = Au — V(hy)u + f(u),
where f(u) = |u[P~ u, for u € H?(RN) N E. Then solving equatlon (1.2) is
equivalent to solving Sy (u) = 0,u € H*(RN)NE. Fix P = (P, ..., Pk) € Ay,.
To study (1.2) we first consider the linearized operator

K
Li : ®(2) — AD(2) — V(h2)®(2) + f’(z wp,)®(z

H?(RN) n & — L?(RN). It is easy to see (integration by parts) that the
cokernel of Lj coincides with its kernel. Choose the approximate cokernel
and kernel as

Ch, —Span{h \ 1,...,K,j=1,... , N} c L*(R"M),

BP”
i=1,...,K,j=1,...,N} c H*RM).

Knp = span{halD »

Owp, . . .
Remark. Note that h 61;;); satisfies the following equation:

_ oV (P,
Ku(y) = V(P)o(o) + ol o) = h g oy =0,y € B,
and hence it is easy to see that
Owp, Owy (p, (y) s
[ A € ) OMVV (P)|wy(py + € hwy(py).  (3.1)

8Pm- ayj
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Let 7, p denote the projection from L?(RN) onto C,Jl'P. Our goal in this
section is to show that the equation

K
Th,P O Sh(Zsz’ +9)=0

=1

has a unique solution ® = &, p € IC,#P if h is small enough. Moreover ®;, p
is Ctin P = (Py,...,Pg).

As a preparation, in the following proposition we show the invertibility
of the corresponding linearized operator. The proofs are standard and thus
are omitted. See [19] and [20]. (Note that here Aj, depends on h. But the
same proof goes through since we have that |P; — Pj|/h — 400, i # j, as
h — 0, where P = (P, ..., Pg) € Ay.)

E’roposition 3.1. Let Lh’f = Fh’PO.Z/h. Then there egcist positive constants
h such that for all h € (0,h) and P = (Py,..., Px) € Ay the map

Lyp =mppo f)h : ICiP — C,Jl:P
1s both injective and surjective. Moreover
| Lnp @[ 2(rry = Cll®| g2(rr) (3.2)
for all ® € ICiP.
We are now in a position to solve the equation
K
mhp o Sp(d_wp, + @) =0, € Kjip. (3.3)
i=1

Note that simple computations show that

K 3
Sh(z wp, + (I)) = Eh(q)) + Nh’p(q)) + Z MZ,P’ (34)
i=1 j=1
where
K K , K
Npp(®) = f(Z wp, + ®) — f(Z’wPi) —f (Z wp,)®
p =1 =1 N =1 p

Mé,P = - Z(V - V(Pi))wpw Mlg,P = f(z sz‘) - Z f(wpi)

=1 =1 i=1
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K

Mjip =Y [Awp, = V(P)wp, + f(wp)]-
=1

Before we move on, we need the following error estimates.

Lemma 3.2. For h sufficiently small, we have

INLp(®)] < OO+

K
1ML pllr2ary < C(Y [VV(P)))
=1
1M pll 2 vy < 82
_d
M pl p2(rry < Ceh,

where

P _ P
o =min(l,p — 1) — 6,6, = maxyw(— ).
i#j h

(3.9)

Proof. It is easy to derive (3.5) from the mean value theorem. Inequality
(3.8) follows from the definition and (1.8). For (3.6), we note that V(z) —
V(P) = V(P + hy) = V(F) = O(R[VV(P)llyl) and [x [yI*w?(y) < oo.

It remains to prove (3.7). To this end, we divide the domain R

into

(K+1) parts: Let RN = UETIQ;, where Q; := {y : |hy—P)| < 2 ming |Pp—

P}, i=1,...,K, Qi1 = RN\ UK, Q.
We now estimate M ,%P in each domain. In Qg 41, we have

M2 p,  p| < Clwp, + -+ wp )P < O(e— "5 # minist [P Pl

1+o
Hence ||M}%7P”L2(QK+1) <0(9,? ). InQ,i=1,..., K, we have

IMEp| < If (wp)we,| + OO [we, '),
J#i J#i
Note that in ;, i =1,..., K, we have wp, < wp, for j # i, and hence

h—N/Q \f’(wpi)ij\z < Ch—N/Q w%p—l)w%j < 52—5
2 2



NONLINEAR SCHRODINGER EQUATION 911

if p > 2, by Corollary 2.3. When 1 < p < 2, we have
W / | (wp, Jwp, 2 < Ch™N / w0 < gt
QQ Q2 ‘

by Corollary 2.3 (here we need 2 —p — ¢ > 0). Hence we obtain
1+o’
IME pllr2 () < 08,2 ).
Combining the estimates for i = 1,..., K + 1, we obtain (3.7). O
Next we solve (3.3). Since Lj p| k-, is invertible (call the inverse L, 1)

we can rewrite (3.3) as

3

=—(Lypomp) D> M p)— (Lypomnp)Nup(®) = Grp(®), (3.10)
j=1

where the operator G, p is defined by the last equation for ® € H2(RN).
We are going to show that the operator G, p is a contraction on

By ={® € H*(RY) : | @] y2(avy < n}

+
ifn=Co(0,2 +hSK,|IVV(P)|) and Cy > 0 is large enough. In fact, we

have

3

G2 (@)l g2y <ClImnp © Nip (@) 2y + mnp 0 O M p)lr2(ry)
j=1

1+cr
< Cle(n)n +6,° +hZ|VV ) <,

where C' > 0 is independent of > 0, §j, is defined by (3.9) and ¢(n) — 0 as
n — 0. If we choose Cy large enough, then G, p is a map from By, ,, to By, .
Similarly we can show

1Grp(®) = Grp(®)lg2(ryy < Ce)l|® = @ g2 (ry),

where ¢(n) — 0 as 7 — 0. Therefore G, p is a contraction on By,. The
existence of a fixed point ® = ®j, p now follows from the contraction mapping
principle, and hence @, p is a solution of (3.10).
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Because of the fact that

3
1@npllz2ryy < CUINLE(@n )2y + 1D M pllrzay)
=1

1+J

e +hZ|VV )|+ ) ®npll 2 ry)),

we have

1to
(1= Cem)l|®npllrzry) < C(6,* + hz IVV(P,
We have thus proved the following:

Lemma 3.3. There exists h > 0 such that for any 0 < h < h and P € Ay,
there exists a unique ®pp € IC,J{P satisfying Sh(zifil wp, + Ppp) € C,J;P
and

K
140
1®hpll 2y < €82 +ChY_IVV(P). (3.11)

Finally we show that ®;, p is actually smooth in P.
Lemma 3.4. Let ®, p be defined by Lemma 3.3. Then ®)p € CtinP

Proof. Recall that ®;, p is a solution of the equation

K
Th,P O Sh(z wp, + @h7p) =0 (3.12)
i=1
such that
®,p € Kjrp- (3.13)

Notice that it is easy to see that the functions wp, and 8?wp, /(9P; ;0P; k)
are C' in P. This implies that the projection Th,Pp 18 Clin P.
Applying 0/0P; ; to (3.12) gives

K K owp 00, p
DS ( 4o )( i ’ ) 14
e ;wﬂ e i—1 OP; * P, ; (3.14)
onpp K
J -+ P =
+ ap., OSh(Z;wP, +®,p) =0,



NONLINEAR SCHRODINGER EQUATION 913

where

K K
DSh(Z wp, + (I)hyp) =A-V+ f/(z wp, + ‘I’h,p).
i=1 i=1

0P .
We decompose 7= into two parts:
2,7

ar = (Gont)+ Gna

where (%q;ﬁ;’f)l € Knp and (6;;—';’;3)2 € IC}J;P.

. o . . . .
We can easily see that (5p>)1 is continuous in P since
¥

and hence

0Py, p Owp, 82wpk
’ + | eppan =
rN OPij 0Py Jpy " 0P ;0P

where i, j, k, [l are indices running from 1 to K.
Now we can write equation (3.14) as

K 0P, p
Thp 0 DSK(Y wp, + Ppp) | (F5—)2
(222

K pri (aq)}%p) )
i=1 OF; OF; 1

K
+ TP O DSh(Z wp, + (I)h7p)< (3.15)
=1

omhp

TP,

K
o Sh(z wp, + cI)h,P) =0.

i=1
As in the proof of Proposition 3.1 we can show that the operator m;,p o
DSh(Zfil wp, + ®p p) is invertible from IC}JL-,P to CiP. Then we can take
the inverse of 7, p o DSh(Zfil wp, + @5, p) in the above equation, and the
inverse is gontinuous in P.

Since %, (%%f)l € Kp,p are continuous in P € Ay, and so is %7;3%:, we

conclude that (0P, p/(0PF; ;))2 is also continuous in P. This is the same as
the C' dependence of ®;, p in P. The proof is finished. O
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4. A maximizing procedure. In this section, we study a maximizing
problem. Fix P € Aj. Let ®, p be the solution given by Lemma 3.3. We
define a new functional

M,(P) = J, pr +®up): Ay — R. (4.1)
1=1

We first have the following asymptotic expansion of M, (P).

Lemma 4.1. For P € Ay, we have

_(Z—ko(l))Zw(Pk;Pl +OhZ\VV )|+ h2).
k#l i=1

Proof. For any P € Ay, we have

K
My(P) = Ja(D_ wr) + gne(®np) + O(Pnpll3 ary);
i=1

where

gnp(®np) =h ] ZVTUPV‘I'hP+VwP<I>hP / ZU)P o, p|
=1

RN =
K 1 K
=i [ SV VP inte+ (Y S0
RN G i=1
K 5
— fO_wp))®hp + Ole” 1| ®hp|)]
7;1
<D IV = V(P bp Il g2y 10n el 2 (ry
=1
K K
HIY - fap) = FO )l r2rm]
=1 =1

hZ\vv P)| + e h +5119).
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By Lemma 2.4 and Lemma 3.3, we obtain (4.2). O
From Lemma 4.1, we have the following:

Proposition 4.2. For h sufficiently small, the following mazximizing prob-
lem,

max{M,(P) : P € A,}, (4.3)
has a solution P" € Ay,.

Proof. Since Jh(Zfil wp, + Py, p) is continuous in P, the maximizing prob-

lem has a solution. Let Mj,(P") be the maximum of Jj,, where P* € A},
We claim that P" € A,. We prove this by energy comparison. We

first obtain a lower bound for Mj(P"). Let us choose PJQ = Py + h3/1X;

where X;, j =1,..., K are the K vortices of K-polygon centered at 0 with
PO—p?
|X; — X;| =1 for i # j. Then certainly P]Q € I'. Moreover, w(l L ‘) =

w(h™Y%) = o(h*/?) < coh for h small. So PY = (P, ..., P%) € Aj,. We have
by Taylor’s expansion

V(PY) =V(0) + O(h*?),|VV(P))| = O(h**), i=1,....K.
Hence by (4.2) we obtain

My, (P") = max My(P) > M (P°) > KI(w) — Ch%/?,
h

which implies that (by Lemma 4.1)

K
S V(R I(w) (4.4)
i=1
Ph . Ph K
~ (5 +o(1) Y w(F =) + O I IVV(E]) = Kl(w) — Ch¥P2
k#l i=1

From (4.4), we can deduce that P* € A;,. In fact, suppose not; then by the
definition of Aj, there are two possibilities. Either one of the P! is on dT.

In this case, we have by condition (1.5) (noting that V(P!*) < V(0) — u; for
some 1 > 0 if P € 9T)

a pyBEL_N
D VBT I(w) < KI(w) = po
1=1
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h h
Pk_Pl

for some 2 > 0, which is impossible by (4.4). Or w( ) = coh for some

. pPh—p}
k # 1. In this case w(—£5—) = ¢oh and
F)ih - P]h

K
> VPR I (w) = (3 +0(1) Y w(———5) S KI(w) — (3 +o(1))coh,
i=1 i#j

which is impossible by (4.4). Hence P" € A, which completes the proof of
Proposition 4.2. [

Remark. From the proof of Proposition 4.2 and (4.2) we can obtain

V(P! —max V(P) = V(P]') = V(P) = o(1),

Per
pPh — ph
w(———") = o(h), Vi # j,

which means that P* — Py = o(1), |P! — Pjh|/h > log% for some C' > 0.

5. Proof of Theorem 1.1. In this section, we apply results in Section
3 and Section 4 to prove Theorem 1.1.
Proof of Theorem 1.1. By Lemma 3.3 and Lemma 3.4, there exists hg
such that for A < hy we have a C'' map which, to any P € Ay, associates
Py py,.. Pk € lCiP such that

K

Owp,

Sh( E wp, + Py p,. p) = § i 5 . (5.1)
i1 k=1,..Ki=1,. N kil

for some constants ay; € REN. By Proposition 4.2, we have P" € Ay,
achieving the maximum of the maximization problem in Proposition 4.2.
Let ® = @), pr and up = Zfil wph + (Dhyplhwwplié. Then we have

Dp,,|p—pnMy(P") =0, i=1,....K j=1,...,N.

Hence, we have

ﬁ(wp. +®,p P ) 8(11)13. +®up P )
v v 7 371 K _ V 7 371y K _
/RN[ Up, P, ’Pi,Pih + Vup op,, |Pi7Pih

8(wPi + q)h,Ph--wPK) | h] 0
OP;; nen

— Jun [P~ up,
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fori=1,...,K and j =1,..., N. Therefore, we obtain

awP,g B(U’P{L + ‘I’h,P{L,...,PI@)

§ Qg
oP; h
k=1, Ki=1,.,N RN ULkl 9P},

—0, (5.2)

Vi=1,...,K,j=1,...,N. Since <I>h7P1hW7PI;} € K, we have that

h,Ph

LN 8“)P,§ 8(I)h,P1h7...,P;; N %@

RN BPIQZ aRL{Lj B RN 81:)]?1181:)1}3 h,Plh,...,PI}{L.

0%wpn
- HW||L2(RN)||<I’h,P{L,...,p;;||L2(RN)

z’]

1 10 Ph— PP K B

= O (Y w ¥ (=) + B Y VV(EN) = o(h™?)
i#j i=1

by Lemma 3.3. Note that

h—N

Owpp Owpn [ B2 [on (§2)* +o(h™2) if i = k,j =1
rN OP] ﬁf’i}}j o(h™?) otherwise.

Thus, equation (5.2) becomes a system of homogeneous equations for agy,
and the matrix of the system is nonsingular since it is diagonally dominant.
Soapy =0,k=1,...,K,l=1,...,N. Hence, uj, = Zfil wph —i—CIDhJD{L’MJD;é
is a critical point of .Jj, and wy(z) satisfies (1.2). It remains to prove that
up > 0.

Multiplying equation (1.2) by u, = min(us,0) and integrating by parts,
we have

N

[ 19 )P+ v )P = [ G (et
RN R

By Sobolev’s imbedding theorem we obtain either [py(u, (hy))P™ > C or
u;, = 0. By our construction, we have that

/ (w5, (h)P* = o(1).
RN

Hence u, = 0;i.e., up > 0. It is easy to see that by the Maximum Principle
up, > 0in RN. Moreover Jy, (up,) — KI(w) and uy, has only K local maximum
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points Q}f, ceey Q’}( By the structure of u; we see that (up to a permutation)
QF — Pl = o(h). Since P! — Py = o(1), we obtain that Q" — Py = o(1) and

h_gh
V(QM — V(Py) as h — 0. Moreover, w('Qi thl) < 2c¢ph, which implies

Qr—Q"|
h

that > log % for i # j. This proves Theorem 1.1. O

6. Proof of Theorem 1.2. In this section, we prove Theorem 1.2. Let
Py be a local minimum point of V() such that det(V2V (P,)) # 0. Without
loss of generality, we may assume that Py = 0 and V(FP) = 1. Let K > 1
be an integer.

Suppose Theorem 1.2 is not true. Namely there exists a sequence of
solutions wuy such that for h sufficiently small

(i) up has only K local maximum points Q%, . .. ,Q’}( with Q? — 0 and
QF = Q/h—o0ash—0,Vi,j=1,...,K,i#j, and

min;_y g le—QN|

(ii) up < Ce_ﬁf,uh(Q?) — a > 0 for some a > 0, 8 > 0,
Vi=1,..., K.
Recall that
. r— Q" .
won(x) = WV(Q;L)(TZ)WQ? (z) = bgn(z)x(x). (6.1)

To avoid clumsy notations, in this section we use w; to denote wyn and w;
2
to denote wgn. Furthermore, we set
1

QF —QF

v=hy, O =yw(=——"), i#£], 5h=I?QJX5Z, and  (6.2)

K
un(hy) = wi(hy) + ¢n(y).
i=1

It is easy to see that ¢y, satisfies

K K K
Agn = Von+p(Y_w)' ™ on+ 3 (V(QF) = VIwi+ (Q_wi)’  (63)
p p i=1 KZ71 p i=1
=YWl O wi+ dn)? = wi)’ = p(d_wi)’ on
=1 =1 =1 =1
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Then we have

Lemma 6.1. For h sufficiently small, we have
[ (5enf? +veR) =002 + 51, (6.4)
RN

where o = min(1,p — 1) — 3§, § > 0 is small and &, is defined by (6.2).

From Lemma 6.1, we deduce the following important result on the loca-
tion of the K-bumps.

Lemma 6.2. For h sufficiently small, we have

h _
Q +ey o er-or )+oh\Q e IRE (6.5)
I#i ‘Ql Z‘ I#i
fori=1,...,K, j=1,...,N, where ¢ > 0 is a positive number and b;

means the j-th component of a vector be RN,

We postpone the proofs of Lemma 6.1 and Lemma 6.2 until the end of
this section. Let us now use them to prove Theorem 1.2.
Proof of Theorem 1.2. Without loss of generality, suppose |Q% — Q| =
min;; \Qf — Q;‘| :=dp. So 8, = max;£; (51@ = Op.
We first claim that d, = O(h). In fact, suppose not. Consider a subset
Sy, of {Q, ... ,Q]}(} such that QZ € Sy, if and only if Q’,; = Q" or there exists
m,...,Q such that 1imh_>0|Qf]j — an|/dh =1,7=2,...,0. It is easy
to see that there is a point, say Qf € Sp, and a hyperplane H such that
QP € H, and all the other points of S}, belong to the same halfspace of RY
divided by H. We divide (6.5) by d5 (noting that % — 0); then we have

i Q0!
CZ #(M) = o(1), Z

1#i 12 1#6,QleS),

8, Q—Qb
#(ﬁ) =o(1). (6.6)
h |Ql - QZ|
But there is [ # i such that limy_ 0% /5, > 0 (since Q! € Sy), and all Q?,
j # i, lie in the same halfspace of RN divided by H; this is impossible by
(6.6)! So &, = O(h). Next we choose a point Qo of {Q%,...,Q%} such
that d(0, Qo) = max;—, x d(0, Q?) := 1. Without loss of generality we can
suppose Qo = QF. Through a rotation, we can suppose Q% = (—I,0,...,0);
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i.e., the direction from Q}f to 0 is the positive x-axis. It is easy to check for
other points ;-L, j#1, (Q;‘ - QM1 >0.
From (6.5) with i =1, j = 1, we have

0.

h
+ Z ll Q ) (lh+5h

) =
83:1 l# |Ql Qh h

We now claim that

If (6.7) holds, then we have

Ql Qr

V11( lh—l-cz
1#£1 hlh ‘Ql

‘) 1p+o(ly) =0,
1

which is impossible since V11(0) +¢3_, hlh(lglh 8}L|)1 > V11(0) > 0. The-
orem 1.2 is thus proved.

It remains to prove (6.7). If %’L # O(lp,), then [, = 0(%), |QF = 0(%”).
As before, there is a point, say Q? € Sy, and a hyperplane H such that
QP € H, and all the other points of S}, belong to the same halfspace of RY

divided by H. Going back to (6.5) we obtain

N Q- _
; Cor—a Qh,>+< ") =o0. (6.8)

But there exists [ # i such that limy_,q g% =1 and for all th, limy,_g \Q? —

Qf] Jdn = 1; Ql Qh are vectors lying on the same halfspace. It is impossible

by (6.8). Hence 5,? = O(Ip). The proof is completed. O
Finally in this section, we prove Lemma 6.1 and Lemma 6.2. We first

prove Lemma 6.2, assuming that Lemma 6.1 holds.

Proof of Lemma 6.2. We only prove the case for ¢ = 1. The other cases

are similar. Multiplying both sides of (6.3) by %—Zjl (here we set hy+ Q% = ),
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we have

X ow
Jop@on= Vo nwp ozt [ 0@ -viwgh

Yy
K

hy _ % w; )P — S wp%
+/RNZ<V<QZ-> Vg + [ (3w - w5

J i=1 i=1

/Zwﬁ% sz *Pzwlpl‘bhay
= J

dy;
:Il+12+13+f4+f5+16:0

where the I;’s, i = 1,...,6 are defined in the last equality.

We now compute each term. First for I;, we have by using the equation

owq
for e

n= [ - ¢h—+p sz —uf 50
N Jj
0
= OUIV@D) = V)G s ol 2cavy
K
1,0
I war ™t =™ G e onllagevy) = OO +3(31)1 )

i=1 i#1

since

ow ow
V@) - V)G sy < O [ PG < €2

Yj

K
8’[1) 1+c7
(O wiyp™t =k~ >8—y1||L2RN <CY (o)
i 1#1

(For the proof of the last inequality, please see the proof of Lemma 3.2.)



922 KANG XIAOSONG AND JUNCHENG WEI

For Iy, we obtain

[ o v [0V our, | o
= [ @b -vimGh= [ S @hman G + ok

= —h—(Qh)/ ijlg? (h?)
J

N _hf)_m@l)m)z%‘%w +0(h?),

where
/ 8’11) / ’ y] / /| ‘ < 0
m=[ ywr—= [ yuww = ww [y < 0.

Ry 7 Oy, RN ly| N Jpw

For I3, we have

_ by 2
13—;/RN(V(QZ) Vg

o hy _ h 5 Own Q? Qh
—;/RN(V( )= V@) + () G e+ F )
. 6w1 Q?— h
—;/RN[(V(Q?)—V( () G+ )

w h Ak
PN — Vw2 o 4 H Oy

=o() o1 +Oh|Q1|/ |z|w( yj(z+ -

i#1

= o(R|QT) + o> _ 1)
i#1

since V(QF) — V(Qh) = of 1), [pn w (Z + Q?;Q?) = O(d},) and

h h h h
| Fehugin e+ S — o5 ()

by Lemma 2.1.
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Ce h_h
For Iy, weset B :={y € RN : |hy — Q% < (1— 5)%} On B,
we have

K
/ Zwl Z 6w1 /N Zwl i 26
=1 i=1 R i#1
o h
/ prfla—;ujw Qi -« +o0 Zé
Q Qh
Qh / p—l 4 yj (y +
= wP™ w 5
Z RN Yl (Qh Qh ;
) ) e i
= Zéhp/ wPlw / b e e -QP 1 dg + O(Z on)
A1 161=1 i1
=72 ) o1 Qh Ql oY ),
i#1 |Q 1#1

where

’ /a A
Yo = p/ wP™ w / Ore 1 do = p/ w20 <
RN |8]=1 RN or

and u) is the unique solution of the following problem:
Av—v=0,0v0)=1,v>0 v=u0(yl), yeR". (6.9)

(Hence 88%5 > 0. See Lemma 4.7 in [18].) Outside B, we have

[y = S <o, St et 5y = oSk

i=1 i#1 i#1
For Iy, we have
L] < Cllénlagam, < CO01)F7) = o3 64).
i#1 i#1
Finally, due to the exponential decay of w; — w;, we have

Is = 7% = 2511

1#£1
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Combining the estimates for I;, i = 1,...,6, we have
ov Qh
~h(@V@NTT T 1) ol O ol + Yot =
Ly i#£1 |Q | i#1
(6.10)
for j =1,..., N, which proves (6.5) for i = 1 with ¢ = 3—? > 0. O

Proof of Lemma 6.1. We follow closely the arguments of the proof of
Lemma A in [25] with slight changes.

Set ¢y, = ¢p/h where h = h + ZJ#(éZ)HTU All we need to prove is that

[ IV + Vi = o).

To this end, we note that ¢ satisfies

K K K
1

K
Adn = Vén +p(3 ) an -+ 2 SAVQD) = Viw + 213 wP = Y uf)

i=1 i=1 =1 =1
sz+h¢>h sz —p( Zw,p "hn]

K
Z — V(P)(w; — ;) +w! — @] =0in RV,
i=1

Dll

_l’_

:‘:| —

Since

\1<v<czh> — VY| < Clylu(y) € L*(RY) 0 L=(RY), and

K
R RNET Zwl =) wl] € LARN)nL>(RY)
1=1 i=1

Z];éz (6? )

(see the proof of Lemma 3.2), we have that ¢, satisfies

K
Ay = Vén+p(d_wi)? ' op+ o(1) gy + Fy, = 0 in RY, (6.11)
=1
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where ||Fpl[poo(gryy < O, | Fhllr2ryy < C. By elliptic regularity theory, all
we need to prove is that H(;~5h|]Loo(RN) = O(1). (In fact, multiplying (6.11) by

¢y, and integrating by parts we have
[ (V@ + (v +o()it) < 0

since Fj, € L*(RN) andefil w;)P~L € L2(R~N).)

Suppose not. Let [¢n(yn)| = max,cgn [¢n(y)|. By the equation (6.11)
for ¢, (since V(z) satisfies (1.3) and w decays at 4+00), it is easy to see
that yy, € U]K:lB R(QT?) for some R > 0 independent of h. Without loss of
_ qghfy+Q*$)
- . _ |én(yn)l
bl (ray < C 1@nll oo (ray < 1. As b — 0, the limit of ¢3h~(y) (by taking

h =
generality, we can assume that y;, € BR(%). Set ¢p,(y) . Then

a subsequence) exists and is denoted by ¢o(y). Moreover ¢, — ¢o(y) in
CL_(RYN), where ¢g(y) satisfies
Ado — ¢o +puwP~'go =0, ¢ € H'(RY).

It is well known that (see Lemma 6.5 of [18]) ¢o(y) = Zﬁvzl ajg—;”_ for some
J
constants aj, j = 1,..., N. On the other hand, since

we have that

i) 00— w' (A9 _ (T Ho(1) X
h hlén (yn)| hlon(yn))|

(by (1.8)), and hence V,(0) — 0 as h — 0. Since V2L (0),j=1,....N,

are linearly independent, we have a; =0, j = 1,..., N, and hence ¢((0) = 0.
= h h

But ¢,(n) = 1, where i, = yp — S and |G| < R (since yj, € Br(9h)),

which is a contradiction to the fact that ¢y, (7,) — ¢o(Jn) — 0. Lemma 6.1 is
thus proved. [
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7. Concluding remarks. In this section, we make some remarks on
possible generalizations of Theorems 1.1 and 1.2.

1. If V has K local maximum points, then we can glue the multiple
peaks together. In fact we can prove the following more general theorem.

Theorem 7.1. Let Pj, j = 1,..., K, be a local maximum point of the po-
tential V(x); i.e., there exists an bounded open set T'; such that

P el V(P)= max V(z) > V(P),YP e I';\{P;}.
xely
Then for any positive integer K € 7, there exists hg > 0 such that for any
h < hg there exists a solution uy of (1.6) with the following properties:

(1) up, has evactly K local mazimum points Q% . .. ,Q}IL( and Q? — P,

h_oh
QI oo, i, G =1, K, ash— 0, and

,,,,,, K ‘W*Qi |

(2) up(z) < Ce™” R for some 3> 0,C > 0 and up(QF) —
w(0),i=1,...,K, as h — 0; i.e., up concentrates at Q%, ... ,Q’I}

Note. We can allow P, = P; for i # j. By taking I'; = I', P, = Py,
i=1,..., K, we obtain Theorem 1.1.

The proof of the above theorem is very similar to that of Theorem
1.1. In fact, we just need to take Ay, = {P = (Py,...,Px) € I'1 x --- X
Tk, w(@) < coh, k,l =1,...,K, k # I}, where ¢ is a small number
and I'; is given in Theorem 7.1.

2. It is possible to generalize Theorem 1.1 to more general nonlinearities.
In particular, Theorem 1.1 still holds for the following problem:

h2Au+ f(z,u) =0, = € RV, (7.1)

where f(z,u) = =V (z)u + K(x)u? — Q(x)u?, where V(z), K(z),Q(x) > 0
and 1 < g<p< (%)4r We note that single-bump solutions with such
nonlinearities have been treated in [24] and [28]. In this case, the role of
V' (z) is replaced by the parametrized energy which was introduced in [24].
3. Theorems 1.1 and 7.1 still hold if we replace the domain RN by
any smooth domain (bounded or unbounded) Q € R™ and if we impose a
Dirichlet condition on the boundary. The proofs are essentially the same.

We omit the details. Theorem 1.2 can also be generalized accordingly.
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