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In Memory of W.W. Mullins
Abstract. We study a geometric free-boundary problem for a bicrystal
in which a grain boundary is attached at a groove root to the exterior
surface of the bicrystal. Mathematically, this geometric problem couples
motion by mean curvature of the grain boundary with surface diﬀusion
of the exterior surface. If the groove root eﬀects are localized, it is
realistic to look for traveling-wave solutions. We show that travelingwave solutions can be determined via solutions of Problem PΨ in which
Ψsss = sin Ψ,

s ∈ (−∞, 0) ∪ (0, ∞),

Ψ(±∞) = 0,

and appropriate jump conditions are prescribed at s = 0. We prove
existence of solutions to Problem PΨ for all m, 0 ≤ m < 2, where m
denotes the ratio of the surface energies of the grain boundary and of
the exterior surface. We show numerically that for ≈ 1.81 < m ≤ 2, the
corresponding solutions to the original geometric problem are not singlevalued as functions of x, where x varies along the unperturbed exterior
surface of the bicrystal. We refer to these solutions as “nonclassical
traveling-wave solutions.”

1. Introduction
In the present paper, we analyze traveling-wave solutions for the motion
of a grain boundary which is attached at a grain groove to an exterior surface which evolves under the inﬂuence of surface diﬀusion in the context of
a “quarter loop geometry”; see Figure 1. The quarter loop setting [5, 6] in
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Figure 1. The quarter loop bicrystal geometry.
which one of the two grains in a “bicrystal,” which the two grains are identical in composition but diﬀer in crystalline orientation, grows at the expense
of the other, can be envisioned as a particularly simple setting in which to
focus on the coupling eﬀect of the motion of the exterior surface with that
of the grain boundary.
Mathematical modeling for this system can be traced back to Mullins [16]
in 1958, though a fully coupled nonlinear formulation was ﬁrst given in [9,
10]. If the bicrystalline specimen is assumed to have a uniform cross-section
and possible eﬀects of elasticity, anisotropy, and defects are neglected [7],
the following geometric problem is reasonable to adopt for the description of
the evolution of the system. The grain boundary can be assumed to evolve
according to motion by mean curvature
V = Aκ,

(1.1)

where V denotes the normal velocity of the surface and κ denotes its mean
curvature. Away from the “groove root,” the motion of the exterior surface
can be taken to be governed by surface diﬀusion
V = −Bκσσ ,

(1.2)

where σ corresponds to an arc-length parametrization of the exterior surface. At the groove root the boundary conditions are dictated by a balance
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of mechanical forces (Young’s law), continuity of the chemical potential, balance of mass ﬂux, and “persistence” of the groove root. Young’s law can be
expressed as
γgrain boundary
γexterior surface
γexterior surface
=
=
(1.3)
sin(θgroove root )
sin(θleft )
sin(θright )
where γgrain boundary and γexterior surface are the surface energies of the grain
boundary and of the exterior surface, and θgroove root , θleft , and θright denote
the angle at the groove root and the angles between the exterior surface and
the grain boundary to the left and right of the grain groove. Continuity of the
chemical potential and the balance of mass ﬂux can be written respectively
as
κ(0− ) = κ(0+ )
(1.4)
and
(1.5)
κσ (0− ) = κσ (0+ ),
where the origin of the arc-length parametrization of the exterior surface
has been taken to lie at the grain groove. The “persistence” condition states
that the grain boundary remains attached to the exterior surface at the grain
groove. See [16, 9] with regard to the formulation above.
It is also necessary to prescribe appropriate “far-ﬁeld” conditions. In the
present paper, we shall assume as in [9, 10] that far in front and in back
of the grain groove, the original conﬁguration of the bicrystal is preserved.
This implies that the exterior surface is asymptotically planar far away from
the grain groove, as is the grain boundary far in advance of the groove
root. This behavior can be seen in Figure 1. Within the framework of
these assumptions, it is reasonable to look for traveling-wave solutions if the
specimen can be assumed to be very long relative to the original height of
the shrinking grain.
Though the geometric problem formulated above essentially appeared in
Mullins [16] in 1958, it received only very partial analysis by Mullins in
[16]. Within the framework of many simplifying assumptions, Mullins did
demonstrate for example that only for some speciﬁc value of the angle at the
groove root can the groove root progress though the bicrystal at a constant
velocity which is determined by the groove depth. Already in [16], moreover,
Mullins raised many physical questions of interest with regard to “anchoring”
of the grain boundary at the groove root and how a combined anchoring and
escape mechanism might give rise to “jerky” or “stop-and-go” motion. A
related question is the eﬀect of the groove root on the grain boundary motion.
It was long believed that the groove root should slow, if not actually anchor,
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the grain boundary. Recently [9, 10] in the framework of a partially linearized
formulation which is given explicitly in Section 4, we showed that while in
general there is some degree of slowing down, for certain extreme values of
the parameters the coupling to the exterior surface may in fact cause the
grain boundary to accelerate. These results, as well as the fact that “jerky
motion,” which though well documented experimentally [6, 19, 18], remains
even now only very partially understood, provided us with an impetus to
further investigate the fully nonlinear problem described above. Hopefully
our existence results, in conjunction with an accompanying stability analysis
now in progress, will shed light on this fascinating and elusive phenomenon.
We remark that much of the simpliﬁcation in [16] as well as in the partial
linearization in [9, 10] is based on the assumption that m, where
γgrain boundary
m=
,
γexterior surface
is a small parameter. Though theoretically it is appropriate to assume that
0 ≤ m ≤ 2, where m = 2 corresponds to complete wetting, for many materials under typical conditions m is known to lie in the range 0 ≤ m ≤ ≈ 13 .
The assumption that 0 ≤ m  1 can be shown to imply that the exterior
surface is not too far from planar. On the basis of this assumption, explicit
solutions for the exterior surface and the grain boundary were obtained in
[9]. At least formally, these explicit solutions are meaningful for all m in the
range 0 ≤ m ≤ 2.
In a recent paper [11], we considered the existence of traveling-wave solutions to the fully nonlinear geometric problem under the assumption that
the exterior surface and the grain boundary could be described as graphs
of functions relative to the planar surface of the unperturbed bicrystal. It
was demonstrated there that within the framework of this assumption, the
shape of the grain boundary and of the exterior surface as well as the speed
of the traveling wave could be uniquely determined by the solutions, Ψ, of
Problem PΨ :

 Ψsss = sin Ψ, s ∈ (−∞, 0) ∪ (0, ∞),
Ψ(0+ ) = Ψ(0− ) + 2 arcsin(m/2),
(PΨ )

Ψs (0+ ) = Ψs (0− ), Ψss (0+ ) = Ψss (0− ), Ψ(±∞) = 0.
Here Ψ denotes the angle between the exterior surface of the bicrystal and
the planar surface of the unperturbed bicrystal, and s denotes a scaled arclength parametrization of the exterior surface whose origin is taken to lie at
the groove root. We shall amplify these deﬁnitions slightly more later on
when we return to discuss Problem PΨ , though we pause here to note that
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if Ψ is constructed to describe a surface which can be prescribed as a graph
of a function, then it is reasonable to require that
− π2 ≤ Ψ ≤ π2 .

(1.6)

In [11], it is demonstrated that for any m ∈ [0, 2) there exists at most
one solution to Problem PΨ which satisﬁes (1.6). Two existence results are
given in [11]. First it is proven that there exist solutions to Problem PΨ
for any nonnegative and suﬃciently small m, by examining the structure
of the stable and unstable manifolds of Ψsss = sin Ψ at +∞ and −∞ and
subsequently implementing a transversality argument. Afterwards, by using
an explicit iteration procedure, the existence of solutions is demonstrated
for all m in the range 0 ≤ m ≤ ≈ .92.
We remark that semi-linear third-order ODE problems such as occur in
PΨ , arise naturally when considering traveling-wave solutions for fourthorder parabolic equations, as we do here. This is also the case in [15,
20], where traveling-wave solution are sought for the Kuramoto-Sivashinsky
equation, and in [2, 21] where traveling-wave solutions are sought for coating
problems. In these references, the nonlinear terms are of a somewhat diﬀerent nature, and the solutions sought are assumed to be smoothly deﬁned on
the whole real line. Lastly, we note that equations of the form
y  + y  = cos y

(1.7)

occur in the context of a model for dendritic growth [14, 13, 1]. While (1.7) is
similar to the governing equation in Problem PΨ , again solutions are sought
which are smoothly deﬁned on the whole real line, and the analysis is quite
diﬀerent.
Just prior to submission, we learned of related, primarily numerical, work
of J.W. Cahn and O. Penrose [3], in which possible mass ﬂux along the grain
boundary was also taken into account.
The goal of the present paper is threefold:
1) To demonstrate that the reduction to Problem PΨ is valid in greater
generality than was presented in [11] and that it is not necessary to require
that the exterior surface and the grain boundary can be described as graphs
relative to the planar surface of the unperturbed bicrystal. More speciﬁcally,
we prove that so long as the exterior surface is non-self-intersecting and the
assumptions with regard to the far ﬁeld and the conditions at the groove root
are the same as above, then proﬁles for the grain boundary and the exterior
surface and the wave speed can be determined by solutions of Problem PΨ .

304

Jacob Kanel, Amy Novick-Cohen, and Arkady Vilenkin

2) To demonstrate that solutions to Problem PΨ which are C 3 -regular on
(−∞, 0)∪(0, ∞) can be found for all m in the range 0 ≤ m < 2. For this purpose, we ﬁrst examine the structure of the unstable manifold of Ψsss = sin Ψ
at −∞ [4, Chapter 13], and use this information to prove that it is possible to obtain a one-parameter characterization of the set of possible values
of (Ψ(0− ), Ψs (0− ), Ψss (0− )). Using the boundary conditions at the origin
which are prescribed in Problem PΨ , this in turn implies a one-parameter
set of possible values for (Ψ(0+ ), Ψs (0+ ), Ψss (0+ )). We then show that a
subset of these values may be parametrized by ψ := Ψ(0+ ), with ψ varying
in the interval [0, 2 arcsin(m/2)]. Subsequently we use a shooting argument
based on the parameter ψ deﬁned above, to demonstrate that within this
set of possible values for (Ψ(0+ ), Ψs (0+ ), Ψss (0+ )), there exist values which
can be used as initial conditions for Ψsss = sin Ψ which will guarantee that
Ψ(s) → 0 as s → ∞. Many of the considerations used in the shooting argument are reminiscent of the methodology which is employed in Troy [21] and
Beretta et al. [2], and being able to adapt the proof of Lemma 5.3 from [2]
allows us some brevity in our proof. However the framework and assumptions in [2, 21] are, in fact, quite diﬀerent than ours, and the simplicity of
our approach relies on carefully developing a set-up which permits us to use
a one-dimensional shooting method and to avoid any use of two-dimensional
shooting arguments. Some delicacy is required in our one-dimensional shooting argument due to the fact that sin x has a countable set of zeros.
3) To demonstrate some surprising physical features of the solutions of
the geometric problem which only become apparent when m is large (close
to 2) and nonlinear eﬀects are included. In particular, we show that for
m ∈ [0, m̄), where m̄ ≈ 1.81, the proﬁle is single-valued, i.e., is describable
via functions y = y(x) and u = u(x) where x varies along the unperturbed
exterior surface of the bicrystal, and for m ∈ (m̄, 2), it is not. This is accomplished by giving a criterion for single-valuedness in Corollary 3 and by
solving the geometric problem numerically. We refer to such solutions as
nonclassical traveling-wave solutions. The non-single-valuedness may well
have been a source of past misinterpretation of experimental data since experiments are typically based on AFM (atomic force microscopy) equipment;
AFM is based on making vertical measurements which would yield the wrong
groove angle and depth predictions if the experimenter was not aware that
the surface he was examining was not single-valued; see Figure 2.
For further physical and experimental analysis, see [12].
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Figure 2. A numerically calculated exterior surface proﬁle for
m = 1.999, and the apparent proﬁle which would be obtained for
the exterior surface by making vertical measurements.

The outline of this paper is as follows. In Section 2, we show the reduction
of the geometric problem to Problem PΨ . Section 3 contains our existence
proof, and Section 4 contains numerical results and physical conclusions.
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2. Derivation of the angle formulation
In this section, we express the geometric problem described in the introduction for coupled grain-boundary and surface-diﬀusion motion in terms of
angle variables and (scaled) arc-length parametrizations. We demonstrate
that in seeking traveling-wave solutions, it suﬃces to consider solutions to
Problem PΨ as formulated in the introduction, since the proﬁles of the grain
boundary and of the exterior surface and the wave speed may be determined
by the solutions of Problem PΨ . We remark here that though a reduction
to Problem PΨ was also demonstrated in [11], the reduction there relied on
an intermediate description of the problem via graphs of functions which, as
we shall see, does not exist for all m ∈ [0, 2). In the present discussion, the
reduction of the geometric problem to Problem PΨ is accomplished without
relying on such an intermediary description.
In accordance with the discussion in the introduction, we shall assume
that far in front of the grain groove, as well as far behind it, the shape of
the bicrystal can be said to be unaﬀected by the motion of and around the
groove root. Hence the exterior surface can be assumed to asymptotically
approach the planar surface of the exterior of the unperturbed bicrystal both
far in front and behind the groove root. Similarly, far in front of the groove
root, the grain boundary can be taken to asymptotically approach the planar
surface of the grain boundary in the unperturbed bicrystal which is parallel
to the asymptotic planar surface of the exterior surface. Since in the present
context we are limiting ourselves to bicrystals with uniform cross section,
these planar surfaces correspond simply to straight lines. Accordingly, we
may deﬁne an orthonormal coordinate system (x, y) such that the x axis
coincides with the planar surface of the unperturbed exterior surface and
its origin can be taken to lie at the abscissal location of the groove root at
time t = 0. Within this framework, the height of exterior surface can be
said to approach zero far in front and behind the groove root. To describe
the grain boundary, we may similarly construct an orthonormal coordinate
system (x, u), which can be taken to coincide with the (x, y) coordinate
system, and in terms of which the height of the grain boundary approaches
−H, where H denoted the thickness of the unperturbed shrinking grain, far
in front of the grain groove. (See Figure 1.)
In order to describe the location of the exterior surface and the grain
boundary, we shall deﬁne an angle variable Ψ which measures the angle between the exterior surface and the x axis as constructed above and an angle
variable Φ which similarly measures the angle between the grain boundary
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and the x axis. To ﬁx these deﬁnitions uniquely, we shall assume in accordance with the asymptotic behavior described above, that far in front of the
grain groove,
Ψ, Φ → 0.
(2.1)
As we have emphasized above, we shall no longer require the exterior surface
and the grain boundary to be describable as graphs of functions, in particular
not as graphs of functions in terms of the variables (x, y) and (x, u) as was
done in [11]. However, from the physical point of view, it makes sense for us
to require that the exterior surface is non-self-intersecting. This requirement
implies that far behind the grain boundary,
Ψ → 0.

(2.2)

We now introduce two arc-length parametrizations. Along the exterior
surface, we consider an arc-length parametrization given by the variable s2
which is taken to vanish at the groove root and to approach +∞ far in front
of the groove root and −∞ far in back of the groove root. Similarly, along
the grain boundary, we consider an arc-length parametrization given by the
variable s1 which is taken to vanish at the groove root and to approach +∞
far in advance of the groove root. See Figure 3.
To simplify the governing equations, we introduce dimensionless variables
as in [9]–[11], setting
B
t,
(2.3)
H4
where B is the coeﬃcient from (1.2). Note that alternatively, A/H 2 , where
A is the coeﬃcient from (1.1), could have been used as a time scale. With
this in mind, we similarly scale the arc-length parametrizations by setting
s1 → s1 /H and s2 → s2 /H. Introducing the dimensionless parameters
y → y/H,

u → u/H,

x → x/H,

t→

γgrain boundary
AH 2
,
, m=
B
γexterior surface
and the dimensionless normal velocities
H3
H3
Wgrain boundary =
V grain boundary , Wexterior surface =
V exterior surface ,
B
B
we may write the governing equations for the grain boundary and the exterior surface as Wgrain boundary = aΦs1 , and Wexterior surface = −Ψs2 s2 s2 ,
respectively.
In order to express the normal velocities of the moving surfaces in terms
of the angle variables, we recall that the normal velocity is deﬁned as W =
a=
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Figure 3. The variables Φ, Ψ, s1 and s2 . The variables s1 and
s2 are arc length parametrizations of the grain boundary and the
exterior surface respectively. The origin for s1 and s2 is taken to
lie at the groove root. As deﬁned, s2 assumes negative values to
the left of the groove root.

 · N, where W
 is the (vector-valued) velocity of the moving surface and
W
N is a unit normal to the moving surface such that {T, N} constitutes a
positively oriented orthonormal basis for R2 where T is a tangent to the
moving surface which is positively orientated with respect to the arc-length
parametrization. In the present context, we may write
 grain boundary = (xt (s1 , t), ut (s1 , t)),
W
 exterior surface = (xt (s2 , t), yt (s2 , t)),
W
and
ngrain boundary = (−us1 (s1 , t), xs1 (s1 , t)),
nexterior surface = (−ys2 (s2 , t), xs2 (s2 , t)).
Therefore, we obtain that along the grain boundary
−xt us1 + ut xs1 = aΦs1 ,

(2.4)

and along the exterior surface
−xt ys2 + yt xs2 = −Ψs2 s2 s2 .

(2.5)
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It is certainly desirable to be able to recover an (x(s1 , t), u(s1 , t)), (x(s2 , t),
y(s2 , t)) description of the grain boundary and the exterior surface, respectively. To accomplish this, we note that the unit tangents may be expressed
as
τ grain boundary = (xs1 , us1 ) = (cos Φ, sin Φ),
(2.6)
and
(2.7)
τ exterior surface = (xs2 , ys2 ) = (cos Ψ, sin Ψ).
From (2.6)–(2.7) and the asymptotic behavior of u and y, it follows that
 ∞
sin Φ(s, t) ds, s1 ∈ (0, ∞),
(2.8)
u(s1 , t) = −1 −
s1
∞



sin Ψ(s, t) ds, s2 ∈ (0, ∞),
y(s2 , t) = −
s
 s2 2
sin Ψ(s, t) ds, s2 ∈ (−∞, 0).
y(s2 , t) =
−∞

Similarly, we may express x in terms of either s1 or s2 :
 s1
cos Φ(s, t) ds, s1 ∈ (0, ∞),
x(s1 , t) = x(0, t) +

x(s2 , t) = x(0, t) +

0
s2

cos Ψ(s, t) ds,

s2 ∈ (−∞, ∞),

(2.9)
(2.10)

(2.11)
(2.12)

0

where x(0, t) is the same in both cases, since the groove root constitutes the
joining point of the surfaces.
We now assume that the “groove root–grain boundary–exterior surface”
system moves as a traveling wave. By this we mean that the wave form
maintains its shape over time, relative to the groove root,
(i) Φ(s1 , t) = Φ(s1 ), Ψ(s2 , t) = Ψ(s2 ),
and that the groove root moves steadily to the right at a constant speed
which we denote by w,
(ii) x(0, t) = w t.
Using assumptions (i) and (ii) in (2.4)–(2.5), as well as (2.8)–(2.12), the
governing equations may be written as
aΦs1 = −w sin Φ,

s1 ∈ (0, ∞),

(2.13)

Ψs2 s2 s2 = w sin Ψ, s2 ∈ (−∞, 0) ∪ (0, ∞).
(2.14)
It is now readily veriﬁable that the conditions at the groove root, (1.3)–(1.5),
may be written as
Ψ(0+ ) = Ψ(0− ) + 2 arcsin(m/2),

(2.15)
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π 1
+ [Ψ(0− ) + Ψ(0+ )],
2 2
Ψs2 (0+ ) = Ψs2 (0− ),

Φ(0+ ) = −

+

(2.16)
(2.17)

−

(2.18)
Ψs2 s2 (0 ) = Ψs2 s2 (0 ).
Relying on (2.1)–(2.2), we see that the far-ﬁeld conditions may be written
as
Φ(∞) = 0, Ψ(±∞) = 0.
(2.19)
In addition to (2.15)–(2.19), there is also the persistence condition, which
may be stated in terms of u and y as
y(0+ , t) = y(0− , t) = u(0+ , t).

(2.20)

Using (2.8)–(2.10) and (2.13)–(2.14), (2.20) may be written as
1
1
a
(2.21)
Ψs s (0− ) = Ψs2 s2 (0+ ) = −1 − Φ(0+ ).
w 2 2
w
w
The ﬁrst equality in (2.21) reproduces (2.18), but the latter constitutes an
additional condition to be employed in the sequel.
The reduction of equations (2.13)–(2.19) and (2.21) to Problem PΨ follows
very much as in [11]. From (2.13), (2.19) one obtains a solution of the form
 


Φ(s1 ) = 2 arctan tan 12 Φ(0+ ) e−(w/a)s1 ,
(2.22)
where Φ(0+ ) is determined by (2.21). Though there also exist more convoluted solutions to (2.13), (2.19), they would be more diﬃcult to justify
physically within the framework of the geometry seen in Figure 1. Hence by
(2.21), we may conclude that
Φ = Φ(s1 ; Ψs2 s2 (0+ ), w).
We eliminate Φ from the remaining equations by using (2.16) and (2.21) to
obtain
1
a
π 1
−1 − Ψs2 s2 (0+ ) =
(2.23)
− + [Ψ(0+ ) + Ψ(0− )] .
w
w
2 2
It remains now to solve (2.14) in conjunction with (2.15), (2.17)–(2.19), and
(2.23). The wave speed can be eliminated from equations (2.14)–(2.15),
(2.17)–(2.19) by deﬁning the scaled arc-length variable s = w1/3 s2 . Written in terms of the variable s, equations (2.14)–(2.15), (2.17)–(2.19) yield
precisely Problem PΨ as formulated in the Introduction.
Writing (2.23) in terms of λ = w1/3 and s, we obtain

π 1
f (λ) := λ3 + λ2 Ψss (0+ ) − a
− Ψ(0+ ) + Ψ(0− ) = 0.
(2.24)
2 2
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We now demonstrate that the wave speed and Ψ are indeed determined by
Problem PΨ and (2.24). Existence of solutions for Problem PΨ which are C 3
regular on (−∞, 0) ∪ (0, ∞) will be proven in Section 3, the section which
follows. We pause to make the framework in which we shall consider existence a little more precise. From the physical point of view, it makes sense
to consider 0 ≤ m ≤ 2. As m = 2 corresponds to the complete wetting case
which is singular in nature since the angle at the groove roots, θgrain boundary ,
vanishes when m = 2, we shall limit our considerations in this paper to m
in the range
0 ≤ m < 2.
(2.25)
Our present goal is to ﬁnd solutions, but not necessarily all possible solutions,
for all m in the range indicated in (2.25). As we shall prove in the next
section, for this purpose it suﬃces to allow Ψ(0+ ), Ψ(0− ), and Ψ(s) to vary
in the range
0 ≤ Ψ(0+ ) < π,

−π < Ψ(s) < π,

−π ≤ Ψ(0− ), Ψ(s) ≤ 0,

s ∈ (0, ∞),

s ∈ (−∞, 0).

Returning to (2.16) and (2.22), we see that this will imply that
Φ(s) vary within the range
−π ≤ Φ(0+ ), Φ(s1 ) < 0,

(2.26)
(2.27)
Φ(0+ )

s1 ∈ (0, ∞).

and

(2.28)

With regard to the wave speed, it is easy to check that a suﬃcient condition
for there to exist a unique solution w = w(Ψ(0+ ), Ψ(0− )) to (2.24) is that
f (0) < 0. It is readily veriﬁed that within the framework of the assumptions
(2.26)–(2.27), this inequality is indeed guaranteed.
3. The proof of existence
In this section we prove
Theorem 1. For any 0 ≤ m < 2, there exists a solution to

 Ψsss = sin Ψ, s ∈ (−∞, 0) ∪ (0, ∞),
Ψ(0+ ) = Ψ(0− ) + 2 arcsin(m/2),
(PΨ )

Ψs (0+ ) = Ψs (0− ), Ψss (0+ ) = Ψss (0− ), Ψ(±∞) = 0,
which is C 3 -regular on (−∞, 0) ∪ (0, ∞).
Before giving the proof, we present two propositions.
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Proposition 1. For any (Ψo0 , Ψo1 , Ψo2 ) ∈ R3 , there exists a unique global
solution Ψ ∈ C 3 (−∞, ∞) to the initial-value problem
(IVP)

Ψsss = sin Ψ,
Ψ(0) = Ψo0 , Ψs (0) = Ψo1 , Ψss (0) = Ψo2 .

Proof. Local existence and uniqueness of a C 3 -regular solution is classical,
and the a priori bound
|Ψsss | = | sin(Ψ)| ≤ 1
guarantees that the interval of existence can be extended indeﬁnitely.

(3.1)


We shall ﬁnd it useful, as in [21, 2], to introduce an auxiliary function,
which we shall denote by Q.
Proposition 2. If Ψ(s) is any C 3 -regular solution of the equation
Ψsss = sin Ψ

(3.2)

on the interval (α, β), then the auxiliary function
Q(s) := Ψs (s)Ψss (s) + cos Ψ(s)
satisﬁes

Q  (s) ≥ 0,

for s ∈ (α, β).

(3.3)
(3.4)

Proof. Note that by (3.2) and by diﬀerentiating (3.3),
Q  (s) = Ψ2ss (s) + Ψs (s)Ψsss (s) − sin Ψ(s)Ψs (s) = Ψ2ss (s) ≥ 0,

(3.5)

from which the proposition follows.

Proof of Theorem 1. Our proof proceeds by ﬁrst examining all possible
solutions of
Ψsss = sin Ψ, s ∈ (−∞, 0)
(3.6)
which satisfy the far-ﬁeld (stability) condition at −∞,
Ψ(−∞) = 0.

(3.7)

This is the content of Lemma 3, which yields a characterization of the possible set of values P − = {(Ψ(0− ), Ψs (0− ), Ψss (0− ))} which may be attained
by solutions to (3.6)–(3.7). By considering the boundary conditions at the
origin in Problem PΨ , this in turn implies a characterization of the possible
+ = {(Ψ(0+ ), Ψ (0+ ), Ψ (0+ ))}, which may be attained at
set of values Pm
s
ss
+
0 by solutions satisfying (3.6)–(3.7) and the boundary conditions at the
origin in PΨ for a given value of m, m ∈ [0, 2). Note that the dependence of
+ on m follows from the ﬁrst boundary condition in Problem P . We then
Pm
Ψ
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demonstrate that this set of values may be parametrized by ψ := Ψ(0+ ) with
ψ varying in the range [−π + Ψm , Ψm ], where Ψm = 2 arcsin(m/2). Using
shooting arguments on the subset [0, Ψm ], we prove that there exists within
+ a set of initial values such that solutions to
Pm
Ψsss = sin Ψ,

s ∈ (0, ∞),

(3.8)

which satisfy initial conditions from within this set, also satisfy the far-ﬁeld
(stability) condition on the right,
Ψ(+∞) = 0.

(3.9)

With regard to the solution on the left:
Lemma 3. There exist continuously diﬀerentiable functions Ψ1 = Ψ1 (ϕ)
and Ψ2 = Ψ2 (ϕ) deﬁned on the interval [−π, 0], such that the C 3 -regular
solution to (3.6), which we denote by Ψ(s; ϕ), which satisﬁes
(Ψ(0− ), Ψs (0− ), Ψss (0− )) = (ϕ, Ψ1 (ϕ), Ψ2 (ϕ)),

(3.10)

also satisﬁes
Ψ, Ψs , Ψss ≤ 0,

s ∈ (−∞, 0),

(3.11)

as well as the far-ﬁeld condition (3.7). Moreover,
Ψ1 (0) = Ψ2 (0) = 0,

(3.12)

and
Ψ1 (ϕ) > 0, Ψ2 (ϕ) > 0,

−π < ϕ < 0.

(3.13)

Proof. If ϕ = 0, then Ψ ≡ 0 trivially satisﬁes (3.6)–(3.7) and complies with
(3.10)–(3.12). Hence we may assume that −π ≤ ϕ < 0.
Claim 1. There exists a value ,  ∈ (0, π), and values α and β such that
the solution to (3.6)–(3.7), which we denote by Ψ(s; −), which satisﬁes
Ψ(0; −) = −, Ψs (0; −) = α , Ψss (0; −) = β ,

(3.14)

also satisﬁes
Ψ, Ψs , Ψss < 0,

s ∈ (−∞, 0].

(3.15)

Moreover, with respect to the Q function which is deﬁned using Ψ(s; −), we
have that
Q(s) > 1, s ∈ (−∞, 0].
(3.16)
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Proof. We wish to consider solutions to (3.6) which also satisfy (3.7). Following [11, Section 4] and [4, Chapter 13], we write (3.6) in the form
xt = Ax + f(x),

t ∈ (0, ∞),

(3.17)

by setting t = −s and deﬁning

 



Ψ(−t)
0 −1 0
x1 (t)
0 −1  ,
x(t) =  x2 (t)  =  Ψs (−t)  , A =  0
−1 0
0
x3 (t)
Ψss (−t)


0
.
0
f(x) = 
− sin x1 + x1
Note that the eigenvalues of A are given by −1 and 12 ± i

 −t 

e
Υ1 (t)
π

Υ(t)
=  Υ2 (t)  = −  e−t 
2
Υ3 (t)
e−t

√

3
2 ,

and that
(3.18)

 such that
 t = AΥ,
constitutes a solution to the linearization of (3.17), Υ

limt→∞ Υ(t) = 0.
It follows now from Theorem 4.5 in [4, Chapter 13] that (3.18) uniquely

+
determines a C 3 -regular solution to (3.17) which satisﬁes x(t) = Υ(t)
−(1+δ)t
O(e
), for some δ > 0. In terms of our original notation, this implies
that there exists a δ > 0 and a solution Ψ(s) to (3.6)–(3.7), such that


 s 
Ψ(s)
e
π
 Ψs (s)  = −  es  + O(e(1+δ)s ), s ∈ (−∞, 0).
(3.19)
2
Ψ (s)
es
ss

From (3.19), it is possible to conclude that
(i) there exists an S > 0 such that −π < Ψ(s), Ψs (s), Ψss (s) < 0, for
s ≤ −S, and
(ii) lims→−∞ Ψ(s), Ψs (s), Ψss (s) = 0.
If we now consider the Q function deﬁned using Ψ(s) from (3.19), we see
that (ii) and the deﬁnition of Q imply that lims→−∞ Q(s) = 1. Hence, by (i)
and integrating (3.5),
 s
Q(s) = 1 +
Ψ2ss (s̃) ds̃ > 1, s ∈ (−∞, −S].
−∞

Deﬁning Ψ(s; −) = Ψ(s − S), it is readily seen that Ψ(s; −) fulﬁlls the
conditions stated in Claim 1.
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From Proposition 1, we know that solutions to (IVP) can be globally extended. Hence we can take the solution Ψ(s; −) which we found in Claim 1
to be deﬁned on (−∞, ∞).
Claim 2. There exists a T > 0, such that
Ψ(T ; −) = −π.

(3.20)

Moreover,
for s ∈ (−∞, T ],

Ψ, Ψs , Ψss < 0

(3.21)

and
Q(s) > 1

for s ∈ (−∞, T ].

(3.22)

Proof. From Claim 1, we know that Q(0) > 1; hence, it follows from (3.4)
and (3.16) that Q(s) > 1, s ∈ (−∞, ∞). Referring to the deﬁnition of Q, we
see that this implies that
Ψs Ψss > 0,

s ∈ (−∞, ∞).

(3.23)

By considering (3.23) in conjunction with (3.15), we obtain that
Ψ, Ψs , Ψss < 0,

s ∈ (−∞, ∞).

(3.24)

Moreover, (3.24) together with (3.14) imply that there exists a T > 0 such
that (3.20) holds, and (3.21), (3.22) then follow. This concludes the proof
of Claim 2.

By Claims 1 and 2, we have found a C 3 function Ψ(s; −), which we
shall refer to simply as Ψ̄(s), which satisﬁes (3.6) such that Ψ̄(−∞) = 0,
Ψ̄(T ) = −π, and
(3.25)
Ψ̄, Ψ̄s , Ψ̄ss < 0, s ∈ (−∞, T ].
Since by (3.25)
(3.26)
Ψ̄s < 0,
−1
for any ϕ ∈ [−π, 0), there exists a uniquely deﬁned inverse, S̄(ϕ) = Ψ̄ (ϕ),
such that
Ψ̄(S̄(ϕ)) = ϕ,
(3.27)
and by (3.26) the function S̄(ϕ) will satisfy
S̄  (ϕ) < 0,

ϕ ∈ [−π, 0).

(3.28)

With this deﬁnition in mind, let us now deﬁne for any ϕ ∈ [−π, 0)
Ψ1 (ϕ) := Ψ̄s (S̄(ϕ)),

Ψ2 (ϕ) := Ψ̄ss (S̄(ϕ)).

Furthermore, since Ψ̄s (−∞) = Ψ̄ss (−∞) = Ψ̄sss (−∞) = 0, limϕ→0 S̄(ϕ) =
−∞, and (3.8) holds, we may set Ψ1 (0) = Ψ2 (0) = 0 and Ψ1 (0) = Ψ2 (0) = 1,
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and (3.12) will be satisﬁed, and the resultant functions will be continuously
diﬀerentiable on the interval [−π, 0]. By (3.6), (3.25), (3.27), and (3.28), we
obtain for ϕ ∈ (−π, 0),
Ψ1 (ϕ) = Ψ̄ss (S̄(ϕ)) S̄  (ϕ) > 0,
Ψ2 (ϕ) = Ψ̄sss (S̄(ϕ)) S̄  (ϕ) = sin(Ψ̄(S̄(ϕ))S̄  (ϕ) = sin ϕ S̄  (ϕ) > 0,
and hence (3.13) holds.
For any ϕ ∈ [−π, 0), let us now deﬁne Ψ(s; ϕ) = Ψ̄(s + S̄(ϕ)), from which
it readily follows that Ψ(s; ϕ) satisﬁes (3.6), (3.7), and (3.11). Moreover,
Ψ(0; ϕ) = ϕ,

Ψs (0; ϕ) = Ψ1 (ϕ),

Ψss (0; ϕ) = Ψ2 (ϕ).


Hence (3.10) is satisﬁed.

Remark 4. In point of fact, all of the claims of Lemma 3 other than (3.13)
remain valid for all −∞ < ϕ ≤ 0. This can be readily demonstrated using a
Q-function argument as in the proof of Claim 2. However, to prove existence
for Problem PΨ as stated in Theorem 1, this greater generality is not needed,
and the manner in which Lemma 3 is stated reﬂects the assumptions on
the range of Ψ(0+ ), Ψ(0− ), and Ψ(s) given in (2.26), (2.27). However, this
greater generality is important to keep in mind when considering uniqueness.
From Lemma 3, we have obtained the set of possible values of (Ψ(0− ),
Ψs (0− ), Ψss (0− )) which may be attained by solutions of (3.6)–(3.7) satisfying
(2.27), namely
P − = {(Ψ(0− ), Ψs (0− ), Ψss (0− ))} = {(ϕ, Ψ1 (ϕ), Ψ2 (ϕ)) : −π ≤ ϕ ≤ 0}.
Hence, for any 0 ≤ m < 2, it follows from the above description of P − , by
considering the boundary conditions at the origin given in Problem PΨ , that
{(Ψ(0+ ), Ψs (0+ ), Ψss (0+ ))} = {(ϕ + Ψm , Ψ1 (ϕ), Ψ2 (ϕ)) : −π ≤ ϕ ≤ 0}
(3.29)
= {(ψ, Ψ1 (ψ − Ψm ), Ψ2 (ψ − Ψm )) : −π + Ψm ≤ ψ ≤ Ψm },
where Ψm = 2 arcsin(m/2). To prove Theorem 1, it suﬃces to consider a
subset of the possible values of (Ψ(0+ ), Ψs (0+ ), Ψss (0+ )), which we shall
+ , namely
denote by Pm
+
Pm
= {(ψ, Ψ1 (ψ − Ψm ), Ψ2 (ψ − Ψm ) : 0 ≤ ψ ≤ Ψm },

(3.30)

where 0 ≤ m < 2; see Remark 9. If m = 0, then by (3.12), it follows that
Ψ(s) ≡ 0 satisﬁes Problem PΨ . Thus, without loss of generality it suﬃces
to consider (3.30) for
0 < m < 2.
(3.31)
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It is important for the discussion which follows to note that (3.31) and
(3.12)–(3.13) imply that
Ψs (0+ ; ψ) < 0,

Ψss (0+ ; ψ) < 0,

ψ ∈ [0, Ψm ),

(3.32)

and
(3.33)
Ψs (0+ ; Ψm ) = Ψss (0+ ; Ψm ) = 0,
3
where in (3.32)–(3.33), Ψ(s; ψ) indicates a C -regular solution to (3.8) which
+ such that Ψ(0+ ; ψ) = ψ, with ψ ∈ [0, Ψ ].
satisﬁes initial conditions in Pm
m
To clarify our framework, we also evaluate Q0 , the value of the Q function
deﬁned in (3.3) which is assumed by the initial conditions at 0+ . For this
purpose, we note that in terms of the notation of (3.30)
Q0 (ψ) = Ψ1 (ψ − Ψm )Ψ2 (ψ − Ψm ) + cos(ψ),

(3.34)

and
Q0 (ψ) = Ψ1 (ψ − Ψm )Ψ2 (ψ − Ψm ) + Ψ1 (ψ − Ψm )Ψ2 (ψ − Ψm ) − sin ψ.
Hence by (3.12)–(3.13),
Q0 (ψ) < 0 for 0 ≤ ψ < Ψm ,

(3.35)

and Q0 ∈ [Q0 (Ψm ), Q0 (0)], where by (3.31), (3.34), (3.12), and (3.13)
Q0 (0) = Ψ1 (−Ψm )Ψ2 (−Ψm ) + cos(0) = Ψ1 (−Ψm )Ψ2 (−Ψm ) + 1 > 1,
and
(3.36)
Q0 (Ψm ) = Ψ1 (0)Ψ2 (0) + cos(Ψm ) = cos(Ψm ) > −1.
It remains now to demonstrate that for any 0 < m < 2, there exists a value
of ψ ∈ [0, Ψm ] such that the solution Ψ(s; ψ) to the initial-value problem
given by (3.8) and
+
,
(Ψ(0+ ; ψ), Ψs (0+ ; ψ), Ψss (0+ ; ψ)) = (ψ, Ψ1 (ψ − Ψm ), Ψ2 (ψ − Ψm )) ∈ Pm
(3.37)
also satisﬁes (3.9), the far-ﬁeld equation on the right. We remark at this
point that the problem of ﬁnding a solution to Problem PΨ reduces now to
a one-dimensional shooting argument. To undertake the shooting argument,
we now deﬁne two subsets of [0, Ψm ], namely


∃s̄ > 0 such that − π < Ψ(s; ψ) < π for s ∈ (0, s̄),
S + = ψ ∈ [0, Ψm ] :
,
and Ψ(s̄; ψ) = π, Ψs (s̄; ψ) > 0

and



∃s̄ > 0 such that − π < Ψ(s; ψ) < π for s ∈ (0, s̄),
.
S − = ψ ∈ [0, Ψm ] :
and Ψ(s̄; ψ) = −π, Ψs (s̄; ψ) < 0
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Remark 5. Note that values of ψ lying in [0, Ψm ] \ S + ∪ S − may possibly
yield solutions to Problem PΨ which are not bounded by ±π. Such a possibility is not readily eliminated due to the fact that sin x has a countable set
of zeros.
Clearly it follows from the deﬁnitions and from continuous dependence on
the initial conditions that
Lemma 6. The sets S + and S − are relatively open in [0, Ψm ] and S +∩ S − =
∅.
We must now prove that S + and S − are nontrivial.
Lemma 7. The set S + is nonempty.
Proof. By (3.30), (3.31), and (3.33), we may assume that
0 < Ψ(0+ ; Ψm ) < π,

Ψs (0+ ; Ψm ) = Ψss (0+ ; Ψm ) = 0.

From (3.8), it follows that 0 < Ψ(s; Ψm ) < π and Ψs (s; Ψm ), Ψss (s; Ψm ) > 0,
for s positive and suﬃciently small, and moreover Ψ(s; ψ) will continue to
increase until the value π is reached at some value of s̄, 0 < s̄ < ∞.
Note that by (3.31) and (3.36), Q(0; Ψm ) = Q0 (Ψm ) = cos(Ψm ) > −1,
where for clarity we have explicitly indicated the dependence of the Q function on ψ. If Ψs (s̄; Ψm ) = 0, then
Q(s̄; Ψm ) = −1 < Q(0; Ψm ).

(3.38)

However, (3.38) contradicts (3.4). Hence Ψs (s̄; Ψm ) > 0, and therefore
Ψm ∈ S + .

Lemma 8. The set S − is nonempty.
Proof. By the deﬁnition of Ψ(s; ψ) and by (3.31) and (3.32),
Ψ(0+ ; 0) = 0,

Ψs (0+ ; 0) < 0,

Ψss (0+ ; 0) < 0;

hence, the solution to (3.8) and (3.37) with ψ = 0 satisﬁes Ψ, Ψs , Ψss < 0 for
s positive and suﬃciently small. Since by (3.8), Ψsss < 0 when −π < Ψ < 0,
it follows that the solution continues to decrease until Ψ(s̄; 0) = −π and
Ψs (s̄; 0) < 0, for some value of s̄ such that 0 < s̄ < ∞. Hence 0 ∈ S − , and
the lemma is proved.

Remark 9. It is easy to verify that had we considered ψ in the larger set
[−π + Ψm , Ψm ] as prescribed in (3.29) rather that in [0, Ψm ] as prescribed
in (3.30), then the additional values [−π + Ψm , 0) would all belong to S − ,
so no generality has been lost by considering the smaller set.
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From Lemmas 6, 7, and 8, we obtain
Corollary 2. The set SC = [0, Ψm ] \ (S + ∪ S − ) is nonempty.
We shall now demonstrate that if ψ ∈ SC , then
lim Ψ(s; ψ) = 0.

s→∞

(3.39)

n=∞
− n=∞
Lemma 10. If ψ ∈ SC , then there exist points {s+
n }n=1 and {sn }n=1 which
constitute the location of the maxima and minima respectively of Ψ(s; ψ),
such that
−
lim s+
(3.40)
n = lim sn = ∞.
n→∞

n→∞

+
−
+
0 < s−
1 < s1 < s2 < s2 < · · · ,
0 < Ψ(s+
−π < Ψ(s−
n ; ψ) < 0,
n ; ψ) < π, for all n ∈ N ,
−
+
Ψs (sn ; ψ) = Ψs (sn ; ψ) = 0, for all n ∈ N .

(3.41)
(3.42)
(3.43)

Proof. In proving the lemma, we employ a number of auxiliary claims.
Claim 3. If ψ ∈ SC , then Ψ(s; ψ) cannot be monotone.
Proof. Since Ψs (0+ ; ψ) < 0 for ψ ∈ [0, Ψm ) and since it follows from the
proof of Lemma 7 that Ψm ∈ S + , if Ψ(s; ψ) ∈ SC and Ψ(s; ψ) is monotone,
then Ψ(s; ψ) must be monotone decreasing. Thus ψ ∈ SC ⊂ [0, Ψm ] ⊂ [0, π),
and by Proposition 1 Ψ(s; ψ) is globally deﬁned; hence,
−π < Ψ(s; ψ) < Ψ(0+ ; ψ) < π,

for all 0 < s < ∞.

(3.44)

From (3.44) and the assumption of monotonicity, it follows that lim Ψ(s; ψ)
s→∞
exists and
−π ≤ lim Ψ(s; ψ) ≤ π.
(3.45)
s→∞

Therefore, by (3.8) and (3.1)
Ψs , Ψss → 0 as s → ∞.

(3.46)

We may now conclude that
lim Ψ(s; ψ) ∈ {−π, 0, π},

s→∞

(3.47)

since if (3.47) does not hold, then by (3.8) lims→∞ Ψsss (s; ψ) = α = 0, which
contradicts (3.46). However, if (3.46) holds and lims→∞ Ψ(s; ψ) ∈ {−π, π},
then lims→∞ Q(s) = −1, and a contradiction to (3.4) is obtained by noting
(3.35), (3.36). With regard to solutions which satisfy (3.46) and lim Ψ(s; ψ)
s→∞
= 0, they can be studied via their linearization, which indicates that the
behavior these solutions as s → ∞ is oscillatory and not monotone. (See,
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e.g., Theorem 4.5 in [4, Chapter 13] or Section 5 in [11].) Hence no monotone
solutions are possible.

A similar argument gives that any solution Ψ(s; ψ), such that ψ ∈ SC ,
also can not oscillate a ﬁnite number of times and eventually become either
monotone increasing or decreasing. Therefore, we may conclude that there
∞
− ∞
exist countable sets of maxima and minima, {s+
n }n=1 and {sn }n=1 , which
satisfy (3.40), (3.41), and (3.43).
We must also demonstrate that the set of maxima and minima is indeed
countable. To accomplish this, we now show that there cannot exist a ﬁnite
accumulation point of critical points of Ψ(s; ψ). Suppose to the contrary
−
− ∞
that there existed maxima {qn+ }∞
n=1 and minima {qn }n=1 such that q1 <
+
−
+
q1 < q2 < q2 < · · · and such that limn→∞ qn+ = limn→∞ qn− = q∞ with
0 < q∞ < ∞. Since {qn+ } and {qn− } denote the location of maxima and
minima respectively, it follows from (3.45) and the C 3 -regularity of Ψ(s; ψ)
that
lim Ψ(qn+ ; ψ) = lim Ψ(qn− ; ψ),
n→∞

n→∞

and that
lim Ψs (s; ψ) = lim Ψss (s; ψ) = lim Ψsss (s; ψ) = 0.

s→q∞

s→q∞

s→q∞

Therefore by (3.8) and by the deﬁnition of SC , lims→q∞ Ψ(s; ψ) = 0. Hence
Ψ(s; ψ) = 0 for q∞ < s < ∞, which yields a contradiction to (backwards)
uniqueness.
It now remains to demonstrate (3.42).
−
Claim 4. For ψ ∈ SC , 0 < Ψ(s+
n ; ψ) < π and −π < Ψ(sn ; ψ) < 0 for all
n ∈ N.

Proof. By (3.32) we know that
Ψs (0+ ; ψ) < 0,

Ψss (0+ ; ψ) < 0

(3.48)

for ψ ∈ [0, Ψm ), and as we have seen, Ψm ∈ S + . Hence (3.48) holds for all
ψ ∈ SC . Suppose now that Ψss (s; ψ) remains negative until Ψ attains the
value 0. Then, since by (3.8) Ψsss < 0 for −π < Ψ < 0, Ψ will continue
to decrease until the value −π is attained, and Ψs will be negative there.
This implies that ψ ∈ S − , which is contrary to assumption. Therefore there
exists a point s̄ > 0 where Ψss (s̄; ψ) = 0, such that
Ψ(s; ψ) > 0, Ψs (s; ψ), Ψss (s; ψ) < 0 for 0 < s < s̄, and Ψ(s̄; ψ) ≥ 0. (3.49)
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If Ψ(s̄; ψ) = 0, then Ψs (s̄; ψ), Ψss (s̄; ψ) ≤ 0 by (3.49), and Ψsss (s̄; ψ) = 0 by
(3.8). If Ψ(s̄; ψ) = Ψs (s̄; ψ) = Ψss (s̄; ψ) = 0, a contradiction to (backwards)
uniqueness is implied. Thus either Ψs (s̄; ψ) < 0 or Ψss (s̄; ψ) < 0, and
by (3.8) the solution will decrease below 0. Moreover, since Ψsss < 0 for
−π < ψ < 0, the solution will continue to decrease until the value −π is
attained, and clearly Ψs < 0 when −π is reached. But this implies that
ψ ∈ S − , which is contrary to assumption. Hence we may conclude that if
ψ ∈ SC , there exists a point s̄ ∈ (0, ∞), such that
Ψs (s; ψ), Ψss (s; ψ) < 0 for 0 < s < s̄, and Ψ(s̄; ψ) > 0, Ψss (s̄; ψ) = 0.
(3.50)
As noted above, if ψ ∈ SC , the solution must oscillate a countable number
of times, and in accordance with our earlier notation, we shall denote the
−
location of the ﬁrst minimum by s−
1 . It follows by (3.50) that 0 < s̄ < s1 . We
−
wish now to demonstrate that Ψ(s1 ; ψ) < 0. Let us suppose to the contrary
−
that Ψ(s−
1 ; ψ) ≥ 0. Since Ψ(s1 ; ψ) constitutes an internal minimum, it
−
follows that Ψs (s1 ; ψ) = 0 and Ψss (s−
1 ; ψ) ≥ 0. Since Ψ(s; ψ) is initially
strictly decreasing, (backwards) uniqueness of the solution implies that the
−
−
possibility Ψ(s−
1 ; ψ) = Ψs (s1 ; ψ) = Ψss (s1 ; ψ) = 0 cannot occur. Thus
either
−
−
0 < Ψ(s−
1 ; ψ) < π, Ψs (s1 ; ψ) = 0, Ψss (s1 ; ψ) ≥ 0,
or
−
−
Ψ(s−
1 ; ψ) = 0, Ψs (s1 ; ψ) = 0, Ψss (s1 ; ψ) > 0.

In either case, since Ψsss > 0 for 0 < Ψ < π by (3.8), the functions Ψ, Ψs ,
and Ψss will be positive and strictly increasing for s > s−
1 until the value
π is attained at some ﬁnite value of s. This however implies that ψ ∈ S + ,
which is contrary to assumption. Thus Ψ(s−
1 ; ψ) < 0. And since ψ ∈ SC , it
follows that −π < Ψ(s−
;
ψ)
<
0.
1
A similar argument yields that 0 < Ψ(s+
1 ; ψ) < π. Suppose to the contrary that the ﬁrst maximum occurs at s+
,
and
Ψ(s+
1
1 ; ψ) ≤ 0. Since ψ ∈ SC ,
+
+
−π < Ψ(s1 ; ψ). Since there is a maximum at s+
1 , Ψs (s1 ; ψ) = 0 and
Ψss (s+
1 ; ψ) ≤ 0. Uniqueness of the solution guarantees that the possibil+
+
ity Ψ(s+
1 ; ψ) = Ψs (s1 ; ψ) = Ψss (s1 ; ψ) = 0 cannot occur. Hence either
+
+
+
Ψ(s+
1 ; ψ) = Ψs (s1 ; ψ) = 0 and Ψss (s1 ; ψ) < 0, or else −π < Ψ(s1 ; ψ) < 0,
+
+
Ψs (s1 ; ψ) = 0, and Ψss (s1 ; ψ) ≤ 0. In either case, since Ψsss < 0 for
−π < Ψ < 0, the functions Ψ, Ψs , and Ψss will be negative and strictly
decreasing for s > s+
1 until the value −π is attained at some ﬁnite value of
s, and Ψs will be negative there. This, however, implies that ψ ∈ S − , which
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is contrary to assumption. Hence Ψ(s+
1 ; ψ) > 0. Since ψ ∈ SC , it follows
moreover that 0 < Ψ(s; ψ) < π.
−
For s+
n and sn , n = 2, 3, 4, . . . , the argument above may be repeated. 
∞
+ ∞
Lemma 11. If ψ ∈ SC , and {s−
n }n=1 and {sn }n=1 denote as before the
ordered minima and maxima of Ψ(s; ψ), then
−
lim Ψ(s+
n ; ψ) = lim Ψ(sn ; ψ) = 0.

n→∞

n→∞

Proof. Since ψ ∈ SC , by Lemma 10 we have that
−π < Ψ(s−
n ; ψ) < 0, for all n ∈ N .
Similarly for any n ∈ N , since
mum,

s−
n

(3.51)

denotes the location of an internal mini-

−
−
−
Q(s−
n ; ψ) = cos Ψ(sn ; ψ) and Q(sn+1 ; ψ) = cos Ψ(sn+1 ; ψ).

(3.52)

−
From (3.51), (3.52), and (3.4), it follows that Ψ(s−
n ; ψ) ≤ Ψ(sn+1 ; ψ). The
remainder of the proof may now be adapted from the proof of Lemma 5.3 in
[2].


From Lemmas 10 and 11, we may conclude that if ψ ∈ SC , then (3.39)
holds, and Theorem 1 is proven.

In concluding, we should like to give a criterion to determine whether or
not the u−y proﬁles which correspond to the solutions which we have shown
to exist for all m ∈ [0, 2) are functions of x or not. In the corollary below,
such a criterion is provided.
Corollary 3. Suppose that Ψ(s) denotes a solution to PΨ subject to (2.26)–
(2.27) for some m ∈ [0, 2). Then the corresponding solution to the geometric
problem can be expressed in terms of u and y as functions of x if and only if
π
π
− ≤ Ψ(0− ) ≤ 0, 0 ≤ Ψ(0+ ) ≤ , and
Ψ(0− ) + Ψ(0+ ) ≥ 0. (3.53)
2
2
Proof. If m = 0, then Ψ ≡ 0 constitutes a solution to PΨ and (3.53) is satisﬁed. Moreover, u ≡ 0, y ≡ 0 is the corresponding solution to the geometric
problem, which by Theorem 1 in [11] constitutes the unique solution to the
geometric problem which can be expressed in terms of functions of x. Thus
we may henceforth assume that m ∈ (0, 2).
Let us now consider the grain boundary. From the explicit formula for
Φ(s1 ) given in (2.22) and from (2.28), it follows that u is a function of x if
π
− ≤ Φ(0+ ) ≤ 0,
(3.54)
2
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and otherwise not. From (2.16), clearly (3.54) holds if and only if
0 ≤ Ψ(0− ) + Ψ(0+ ) ≤ π.

(3.55)

With regard to the exterior surface, let us ﬁrst consider solutions on the
left. Within the framework of assumption (2.27), by Lemma 3 solutions are
functions of x if and only if
π
(3.56)
− ≤ Ψ(0− ) ≤ 0.
2
With regard to solutions on the right, it follows from (3.56) and the assumed
range (2.28), that they can be prescribed as Ψ(s; ψ), s ∈ (0, ∞), for some
ψ ∈ SC . For such solutions, it was shown in the proof of Lemma 10 (see
3.48) that
(3.57)
Ψs (0+ ; ψ), Ψss (0+ ; ψ) < 0.
Hence, Q0 (ψ) > cos(ψ). Let us now consider the behavior of Ψ(s; ψ) at
∞
− ∞
{s+
n }n=1 and {sn }n=1 , its maxima and minima. Suppose now that for some
+
+
n ∈ N , ψ ≤ Ψ(s+
n ; ψ) < π. Then Q(sn ; ϕ) = cos(Ψ(sn ; ψ)) ≤ cos ψ, which
contradicts (3.57) and (3.5). Therefore, it follows from (3.42) that
0 < Ψ(s+
n ; ψ) < ψ.

(3.58)

−
−
Similarly if −π < Ψ(s−
n ; ψ) ≤ −ψ, then Q(sn ; ϕ) = cos(Ψ(sn ; ψ)) ≤ cos ψ,
which again contradicts (3.57) and (3.5). Therefore, (3.42) implies that

−ψ < Ψ(s−
n ; ψ) < 0.

(3.59)

It follows now from (3.57), (3.58), and (3.59) that solutions on the right are
functions of x if and only if
π
(3.60)
0 ≤ Ψ(0+ ) ≤ .
2
From (3.55), (3.56), and (3.60), the corollary follows.

4. Some numerical results
In order to gain some grasp on the structure and form of the travelingwave solutions which were shown in Section 3 to exist, we undertook some
numerical calculations using a ﬁnite-diﬀerence scheme to obtain solutions to
Problem PΨ for various values of m [12]. In Figure 4, Ψ(0+ ), Ψ(0− ), and
[Ψ(0+ ) + Ψ(0− )] have been plotted versus m, for 0 ≤ m < 2, where Ψ(s)
denotes a solution to Problem PΨ for a given value of m.
By relying on condition (3.53) from Corollary 3, we may use Figure 4 to
ascertain whether or not the corresponding u − y proﬁles are functions of
x or not. Note that for 0 ≤ m ≤ ≈ 1.81, the traveling-wave proﬁles are
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Figure 4. Ψ(0+ ), Ψ(0− ), and Ψ(0+ ) + Ψ(0− ) as functions of
m, for m ∈ [0, 2), where Ψ(s) denotes a solution to Problem
PΨ for a given value of m. Ψm , which constitutes an upper
bound for Ψ(0+ ), has also been portrayed.
functions of x, whereas for ≈ 1.81 ≤ m ≤ 2, they are not. In Figure 5,
traveling-wave proﬁles have been portrayed which correspond to diﬀerent
values of the parameters a and m, but which all have the same wave speed.
Here the transition from single-valuedness to non-single-valuedness of u
and y as functions of x as m increases can be clearly seen.
Next, we compare the solutions to Problem PΨ which we have calculated
with solutions of the partially linearized problem:

2 −1

 auxx (1 + ux ) = −wux , x ∈ (0, ∞),


y
= wyx , x ∈ (−∞, 0) ∪ (0, ∞),


 xxxx
y(0+ ) = y(0− ) = u(0− ), yx (0+ ) = yx (0− ) + m,
(Py )
arctan(ux (0− )) = π/2 + [yx (0+ ) + yx (0− )]/2,




yxx (0+ ) = yxx (0− ), yxxx (0+ ) = yxxx (0− ),



u(+∞) = −1, y(+∞) = y(−∞) = 0,
where u(x) and y(x) are as indicated in Figure 1. The solutions of the
nonlinear problem can also be expressed in terms of the variables u and
y by relying on the formulae in Section 2. The formulation Py which was
discussed in [9, 10] as well as in the Introduction, is quite close in spirit to
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Figure 5. Five traveling-wave proﬁles which correspond to
diﬀerent values of the parameters a and m, but which possess
the same wave speed. Here w = ≈15.7 and i) a = 10, m =
.25, ii) a = 9.875, m = .75, iii) a = 9.815, m = 1.25, iv)
a = 10.07, m = 1.75, v) a = 11.5, m = 1.99.
the work of Mullins [16, 17], and it is convenient to refer to this formulation
as “Mullins’ ” or the “linearized” theory even though neither terminology is
quite accurate. In Figure 6, nonlinear solutions have been plotted with a
solid line and solutions to Problem Py have been indicated with a dashed
line, for various values of m.
It can be readily ascertained that for larger values of m, the diﬀerence
between the linear and the nonlinear theory is more pronounced, as is to be
expected, since the linearization in Py is based on a small m assumption.
Among the diﬀerences between the linear and the nonlinear theory are that
in the nonlinear case, the amplitude of oscillation is seen to be enhanced,
the groove-root depth is greater, and the groove root is more tilted to the
left. The physical implications of these and further features are explored in
[12].
5. Discussion
In this paper, we have demonstrated existence of traveling-wave solutions
for a fully nonlinear problem describing the evolution of the exterior surface
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Figure 6. The behavior of the traveling-wave solutions in
the direct vicinity of the groove root when m = 1.9, 1.99, 1.99
and a = 25.
and the grain boundary in a quarter-loop geometry, for all values of m,
0 ≤ m < 2. Closer examination of the physical features of these solutions
is undertaken in [12]. The next goal is to examine the stability of these
solutions. Work in this direction is under way at present.
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