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Abstract. In the first part of this paper a variational characteriza-
tion of parts of the Fuéik spectrum for the p-Laplacian in an interval is
given. The proof uses a linking theorem on suitably constructed sets in
Wl’p(O, 1). In the second part, a superlinear equation with Neumann
boundary conditions on an interval is considered, where the nonlinearity
intersects all but the first eigenvalues. It is proved that under certain
conditions this equation is solvable for arbitrary forcing terms. The
proof uses a comparison of the minimax levels of the functional associ-
ated to this equation with suitable minimax values related to the Fuéik
spectrum.

1. INTRODUCTION

The main theme of this paper is the following superlinear equation with
the p-Laplacian operator:

{—[wu')r = M(u) + g(,u) +h(z) in (0,1)

W' (0) =4/(1) =0 (L)

where (s) = { |Os|p_2s z i 8 , > 1,
0 : g(IE,S) _ . g(a:,s) _
g€ C°([0,1] xR), sggloo o) 0, SETOO o) +oo  (HI)

uniformly with respect to x € [0, 1] and h € L9(]0,1]), with 1/p+1/q = 1.
In order to study problem (1.1) we will consider also the following Fuéik
problem with Neumann boundary conditions in dimension 1:

—[p()) = ATY(u™) — A"(u”)  in (0,1
[ Op —amn) ) mn
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where u™ (x) = max{0,u(z)} and v~ (x) = max{0, —u(z)}.

The notion of Fué¢ik spectrum was introduced in [10] and [5] for the linear
operator (that is, the case p = 2), and it was extended to the p-Laplacian
by many authors; it is defined as the set ¥ C R? of the points (AT, A\™) for
which there exists a nontrivial solution of problem (1.2).

To know the Fuéik spectrum is important in many applications, for exam-
ple in the study of problems with nonlinearities which have the same order
of growth as 1 (s) at both +o00 and —oo, but with different multiplicative
coefficients: if the coefficients correspond to a point (AT, A\~) which is not
in the Fuc¢ik spectrum, then it is possible to guarantee a priori estimates for
the solutions and the PS condition for the associated functional.

If one has also a variational characterization of this spectrum, then other
interesting results can be obtained; cf. [3] for the p-Laplacian and [6, 8, 4, 13]
for analogous results with the Laplacian operator. However, [3] deals only
with the first nontrivial curve of the Fuéik spectrum.

In the one-dimensional case the Fuc¢ik spectrum for the p-Laplacian may
be exactly calculated (see Section 2.1.1), and it is composed of a sequence
of disjoint curves (we will call them X, kK = 1,2,...). Taking advantage of
this fact, we will derive a variational characterization of points lying on one
of the curves X;, with & > 3; in particular, we will prove

Theorem 1.1. Let at > o= and (at,a”) € Xo; then we can find and
characterize variationally an intersection of the half-line {(at +t,a™ +1t),
t > 0} with the Fucik spectrum, for each value of r € (0,1].

The cases a™ < o~ and r € [1,400) can be done in a similar way.

Then, exploiting the variational characterization of these points on the
Fucik spectrum, we will prove existence results for problem (1.1) when A
lies between the asymptotes of the second and the third curve of the Fucik
spectrum. The proof uses the variational characterization to make a com-
parison of these minimax levels with those of the functional associated to
problem (1.1), in order to prove the existence of a linking structure for this
last functional.

Some hypotheses on the growth at infinity of the nonlinearity g will be
needed in order to obtain the PS condition for the functional associated to
problem (1.1): defining G(, s) = [; g(x,§)d¢, we ask

1
30 € (0, 5),30 >0 st. 0<G(x,s) <bsg(z,s) Vs>sp; (H2)

1
ds;1 >0, Cp >0 s.t. G(z,s) < Esg(az,s) +Cp Vs< —sp. (H3)
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Moreover, for certain “resonant” values of the parameter A, we will need the
9 M
nonresonance condition

Jpo >0, My eR st. G(z,s)+ h(z)s < My ae. x€]0,1], Vs < —pp.
(HR)
The exact statement of the results is this: let {\™ = A} } be the asymptote
of the curve ¥, of the Fucik spectrum for problem (1.2); then we have the
following:

Theorem 1.2. Under hypotheses (H1), (H2), and (H3), if p > 2 and X\ €
(A5, %), then there exists a solution of problem (1.1) for all h € L9(0,1),
where % + % =1.

Theorem 1.3. Under hypotheses (H1), (H2), (H3), and (HR), with p > 2,
h € L1(0,1) where % + é =1, A=A} fori=2 ori=3, then there exists
a solution of problem (1.1).

Remark 1.4. The hypotheses (H1) to (H3) are satisfied for example by the
function g(z, s) = e°; in this case, in order to satisfy also (HR) we will also
need the condition h(x) > 0 almost everywhere.

Another example of a nonlinearity satisfying also (HR) and where there is
some more freedom on h, is when g behaves at —oo as |s|% with 6 € (0,p—1),
so that h may be chosen arbitrarily in L>°(0, 1).

Theorem 1.2 extends the result obtained in [21], where the existence is
proved for A € (0,\5). The result in [21] was derived for the Laplacian op-
erator (a similar result was obtained in [7]) and then extended in a straight-
forward way to the p-Laplacian case.

In [13] we extended the result for the Laplacian to higher values of the
parameter A by making use of a variational characterization of the Fucik
spectrum of the Laplacian; however, this variational characterization fails
for p # 2 since it relies on the Hilbert-space structure of W2

Theorem 1.3 deals with some kind of resonance (as will be clear from the
proofs below); the analog for p = 2 was obtained in [13] for any A} while,
under different hypotheses, in [7] and [17] the case A} and A} respectively
were considered.

For what concerns the variational characterization of the Fuéik spectrum
for the p-Laplacian we cite [3], where the second curve in any spatial dimen-
sion is characterized.

Another interesting variational characterization of the Fucik spectrum for
the p-Laplacian is given in [15], where some pieces of the spectrum near
the diagonal are characterized. Other characterizations, for the linear case
p = 2, may be found in [8, 6, 20, 13].
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1.1. Description of the paper. If we consider the linear case p = 2, let
Q be a bounded domain in RV, and denote by 0 < A\ < Ay < A3 < --- <

Mg < --- the eigenvalues of —A in WH2(Q) and with (¢, k = 1,2,...)
the corresponding eigenfunctions; then given a point a € (Ag, Ag+1) and the

functional J, : W12(Q) — R,
/ \Vu|? — a/ , (1.3)

we have a natural splitting W12(Q) =V @ Z, where V = span{¢1, ..., ¢}
Taking OBy to be the boundary of the unit ball in the L? norm in V, one
knows that there exists p > 0 such that

Jo(u) < —p <0 for all u € OBy (1.4)
Ja(u) > plul|Ze >0 forallu e Z (1.5)

and that the two sets link (for a definition of the concept of linking see for
example [18]). The existence of this structure allows us to characterize the
eigenvalue A\ as

Me+1 =a+ inf  sup  Jy(u) (1.6)
T uey(BY)

where the family I' is defined as
I' = {y € C%B*;0B2) : v|ypr is a homeomorphism onto dBy }, (1.7)

By denoting the unit ball in the L2 norm in W2 and B¥ = {(zy,...,73) €
Rk : Zz 1T 2 < 1}

In [13] we derived a deformation of the above structure to obtain a char-
acterization of the Fuéik spectrum.

In the case p # 2 we have no more the Hilbert structure for the space
WP, But, for k = 1,2, we will build suitable sets to play the same role as
0By for the functional

) :/Q|Vu|p—a+/g(u+)p—a_/g(u_)p , (1.8)

for a suitable (a*,a~) € R?, in order to characterize a point in the Fuéik
spectrum on the second curve and then another one above it.

In particular (see Section 3), we will first reformulate in a somewhat dif-
ferent way the variational characterization of the second curve of the Fucik
spectrum of the p-Laplacian obtained in [3] (in this part we can still work in
any spatial dimension with both Neumann or Dirichlet boundary conditions);
then, using this last characterization and restricting to the one-dimensional
Neumann problem, we will obtain (in Section 3.3) the variational character-
ization claimed in Theorem 1.1.
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Finally, having recovered a variational characterization as in [13], we may
apply it to the “ip-superlinear” problem (1.1) when \ is between the asymp-
totes of ¥y and X3 or coincides with one of them (resonant case): in Section
4, a comparison of the obtained minimax levels with those of the functional
associated to problem (1.1) will allow us to prove the existence of a linking
structure for this last functional, and then to prove Theorems 1.2 and 1.3.

In Section 5 the complete proof of the PS condition for the functional
associated to problem (1.1) is reported. We remark that this proof is the only
point at which we use the hypothesis p > 2 which appears in Theorems 1.2
and 1.3.

2. THE P-LAPLACIAN OPERATOR

2.1. The eigenvalue and Fucik problems. The “natural” eigenvalue
problem for the p-Laplacian operator is

{—v- [(Vu)] = Mp(u) in ©

| (2.1)
Bu=0 in 092,

where Bu = 0 represents Neumann or Dirichlet boundary conditions. Ac-
tually the two sides of the equation have the same degree of homogeneity,
and so if u is a nontrivial solution then so is tu for each ¢ € R. In this
sense we will call in the following “i-linear” the rate of growth of ¢ and
“tp-superlinear” (respectively “i-sublinear”) the higher (respectively lower)
rates of growth.

Much less is known about this eigenvalue problem than in the case p = 2.
For the Dirichlet problem (but the same proofs may be adapted to the Neu-
mann case) it is known (see [1] and [11]) that there exists a first eigenvalue
A1, that it is simple and isolated, and that the related eigenfunction ¢ does
not change sign; moreover, this first eigenvalue may be characterized as

A = inf{/ VP cue W ullzr =1} (2.2)
Q

(Here and in the following we denote by W the space W1P(Q) or I/VO1 P(Q),
depending on the boundary conditions under consideration.) Then there
exists a diverging sequence of eigenvalues which may be characterized vari-
ationally (see [15]), but it is not clear in general whether there exist other
eigenvalues or not.
In an analogous way the natural formulation of the Fu¢ik problem is
{—v (Vo)) = M () — Ag(T) i

) . (2.3)
Bu=0 in 092
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2.1.1. The one-dimensional Neumann case. The one-dimensional Neumann
case is studied in [9] and [19], where it is shown that both the usual and the
Fucik spectrum have the same qualitative shape as in the linear case: this
is due to the possibility of using as in the linear case the uniqueness of the
solution of the initial-value problem.

In particular, the eigenvalues are all simple and form a discrete and di-
verging sequence 0 = A1 < Ay < A3 < ---, where the corresponding eigen-
functions (which will be denoted by ¢y, k = 1,2,3,... and chosen such that
llokllzr = 1 and ¢1 = const > 0) change sign k—1 times; the Fuéik spectrum
is composed of monotone-decreasing curves arising from the diagonal points
(Mg, Ak) with & =2,3,... (we will call each of these curves i), and by the
two lines {A\T = A1} and {\~ = A1} (which we will call ¥;): here too the cor-
responding nontrivial solutions change sign £ — 1 times and may be divided
into the two positive homogeneous families of solutions which are positive
or negative at 0. In particular, the nontrivial solutions corresponding to a
point in the curve Yo are composed of a positive half-bump followed by a
negative one and vice versa.

Another property which we will use is that each curve X with & > 2 lies
completely in the quadrant \* > Aj, and admits the asymptotes {)\i =},
the values A} being distinct (and increasing in k).

Remark 2.1. The values A\, and A} may be explicitly written, following [19]
and [12],

Ao = ((k—1)mp)? and A= ((k— 1)%)1’7 (2.4)

2 _Vp-1
p sin(m/p)

where 7, = .

2.2. Some useful lemmas. We give the following lemmas, which will be

used repeatedly throughout the proofs; their proof is just an application

of Holder’s inequality. From now on we will denote by ¢ = -5 the dual
P

exponent of p.

Lemma 2.2. u € LP(Q) implies ¥(u) € LY(Q) and ||[¢(u)| ra = [lu]?,".

Corollary 2.3. Foru,v € LP(), we have ¥(u)v € L* and we may estimate
[ wtwe
Q

Lemma 2.4. u, — u in LP(Q) implies [ (un)v — [o ¢ (u)v for allv € LP.

-1
< [l vllze - (2.5)

Moreover,
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Proof. Since u, — wu in LP, up to a subsequence we have convergence
almost everywhere, and we may find a function k£ € LP such that |u,| < k
almost everywhere, so that |¢(u,)v| < |k|P~!|v|, which is an L' function
by the previous lemma and so the dominated-convergence theorem gives
fQ (up)v — fQ u)v. This procedure may be applied to any subsequence,
and then the result is true also without passing to a subsequence. ]

In the course of the following sections we will use several times the fact
that the operator T': W — W™ defined as (T'u,v) fQ ¥(Vu)Vu satisfies
the following property S*:

Definition 2.5. The operator T : E — E* has the property ST if
up — u and limsup,,_, o (Tu, — Tu, up — u) <0 implies u, — u.

Remark that the condition limsup,_,  (Tun, — Tu,u, — u) < 0 may
be replaced by limsup,,_, o (T"un,u, — u) < 0, since by weak convergence
limy, o0 (Tu, uy, — u) = 0.

For the proof of this property see for example [16].

3. VARIATIONAL CHARACTERIZATION OF PARTS OF THE FUCIK
SPECTRUM OF THE P-LAPLACIAN

In this section we will obtain the claimed variational characterization of
the Fucik spectrum.

3.1. Some preliminary lemmas. Consider, for a given point (at,a™) €
R? and r € (0, 1], the functional

Ja(u):/ﬂyvu|fo—a+/g(u+)p—a/Q(u)P (3.1)

and the manifold
Qr={ueW st. V.(u) = /(u*)p +ru )P =1}. (3.2)
Q

Remark 3.1. Note that the functional (respectively the manifold) are of
class C% for p > 2, C! but not CH! for p € (1,2), while for p = 2 they are
CL1 but not C? unless at = a~ (respectively r = 1).

Definition 3.2. For the derivative of the functional J, restricted to Q, we
will consider the norm ||J,(uw)|l« = infier ||, (w) =tV (w)||w=-

Lemma 3.3. For u € Q, we have that 1 < [, [uP < 1/r.



706 EUGENIO MASSA

Proof.

1= [y ey s @y = [
< (/Q(qu)p—i—r(u_)p)/r —1r 0

In the following we will also need some sort of PS condition: for p < 2
we need a stronger property; actually (see [2]) if @, is just of class C!,
in order to use a deformation lemma we need to prove the existence of a
converging subsequence for any PS sequence {u,,} where u,, € Qf“, én, being
any sequence such that &, — 0 and Q% = {u € W s.t. V,(u) = 1 + 6, }.

Lemma 3.4. The functional J, constrained to Q, satisfies the PS condition.

Proof. We take two sequences 6, — 0 and &, — 07, a sequence {u,} C Qf”,
and a sequence {f,} C R, such that

\/ |Vun|p—a+/ rump—of/ unl?| < (3.3)
Q Q Q

‘/Qw(vu”)vv_O‘+/Q¢(U7J§)U+Oé+/ﬂw(u;)v
+ﬁn</ﬂ¢(u?:)v — T@D(u;)v)’ <enlv|lw, YoeW . (3.4)

Since {u,} € @Q%», it is bounded in LP, and then by equation (3.3) it is also
bounded in W. Then, up to a subsequence, u, converges weakly in W and
strongly in LP to some u.

The LP convergence implies that u € @,. Taking v = u,, we get that

(/Q\Vun\p_oﬁ/glui\p_a/Q|un\p) + (14 6,)8, — 0. (3.5)

Finally, with v = u,, — u, we have

/Q H(Vun)V (un — ) — o+ /Q () — ) + o™ /Q () (un — )

~([1vup —a* [ —om [ ) ([ @ - o)) o)
—0 (3.6)

where (estimating with equation (2.5)) all terms except the first go to zero,
and then we conclude that u, — u strongly in W by the property S* of the
p-Laplacian. ]

Finally, it will be crucial in the following that
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Proposition 3.5. The critical points, at some level ¢, of J, constrained
to Q, are nontrivial solutions of the Fucik problem (2.3) with coefficients
(AT, A7) = (ot + ¢,a™ +7c); that is, the criticality of ¢ implies that (o™ +
c,a” +rc) € X.

Proof. The criticality of u implies that there exists the Lagrange multiplier
B € R such that, Vv € W,

[ eave-at [ wtora” [ v )oss( [ vwhe-rse) <o

Testing against u we get § = —c¢, and so u solves 0
—Apu=aPu’) —a ) +ep(u’) —erp(u”)
= (@ +)yu’) = (o~ +re)y(u) (3.8)
in 0, with the considered boundary conditions.
Finally, v is not trivial since it is in Q. ]

3.2. First nontrivial curve. First we will reformulate in a slightly differ-
ent way the variational characterization of the second curve of the Fuéik
spectrum of the p-Laplacian, made in [3].

In this part we can still work in any spatial dimension with both Neumann
or Dirichlet boundary conditions. Consider, for a given r € (0, 1],

dy = _inf  sup Jy (u), 50
1 O€lNr ues([0,1]) : |

where

J)\l(u):/Q|Vu|p—)\1/Q|u]p, (3.10)

T = {0 €C%((0,1];Qp) : 6(0) = 1, 6(1) = ——=}. (3.11)

In the next two lemmas we prove the existence of a linking structure for
the functional (3.10).

Lemma 3.6. sup,cs({o;1}) /x (u) <0, V5 €Ty, ;.

Proof. One needs only to note that Jy, (¢1) = Jy, (—%) =0. O

Lemma 3.7. +00 > dy, , = infser, r SUPyes(jo,1)) Ir (1) > 0.
Proof. It is less than 400 since each ([0, 1]) is a compact set.

Proposition 3.5 implies that the only critical points at level 0 on @, are
z1 = ¢1 and 2z = —9{%: let d be the distance between them.
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Since Jy, (u) > 0 in @, by the variational characterization of A;, we have
d)\l,r > 0.

Now suppose for the sake of contradiction that dy,, = 0; then for any
sequence of positive reals €, — 0 there would exist a sequence {d,} C 'y, ,
such that

sup  Jy, (u) <ep, (3.12)
u€s, ([0,1])

and then also a sequence {u,} C @, such that

(1a) uy € 0,([0,1]), and then Jy, (u,) < &,
(2a) |lup — zi|lw > d/4 for i =1,2.

Since infy,ecq, Jx, () = 0 we are under the conditions to apply the Ekeland
variational principle to each u,, obtaining a sequence {w,} C @, such that

(Ib) 0 < Jy, (wy) < Jx, (up) < €n,

(2b) [Jup — wn|lw < VEn

(3b) [I}, (wn)ll+ < v/En .
But then w, would be a PS sequence for J, constrained to @),, and so it
would have a subsequence converging to one of the critical points at level 0
(21 or z2), which is impossible considering properties (2a) and (2b).

We conclude then that dy, , > 0.

Combining the previous two lemmas, the PS condition in Lemma 3.4, and
Proposition 3.5, we can assert by a classical linking theorem (see for example
[18]) that

Theorem 3.8. The level dy, , is critical for Jy,(u) constrained to Q,. That
is, the point (A +dyx, y, \1 +7dy, ») € 3.

Moreover, we will see in Remark 3.10 that, in the one-dimensional Neu-
mann case, this is actually the first intersection with the Fuéik spectrum of
the half-line {(A\y +¢, A1 +rt), t > 0}.

As announced before, this is nothing but a different formulation of the
variational characterization in [3]; however, it is in a useful form to be used
in the following.

3.3. Third (or higher) curve for the Neumann problem in one di-
mension. Now we consider the one-dimensional Neumann case: we want
to make one more step in the characterization of the Fuéik spectrum.

The idea we are going to apply is to “build” a suitable set homeomorphic
to OB? to be used as OBy in equation (1.7) in order to recover (partially) a
variational characterization as in [13].
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3.3.1. Construction of the set Lo, . We fix a point (a™,a”) on the curve
Yo with o™ > a™.

We define r; = Zﬁiiii = g—;; we call u, one of the two solutions in @,
of the Fu¢ik problem (1.2) with coefficients (o™, a™), and u, the other one

(namely Ty (z) = un(1 — 2)). Then we consider the functional

Ja(u):/ol WP — at /01(u+)p—a_ /Ol(u—):v . (3.13)

Observe that for u € @), we have
Ja(u) = Jy, (u) — (@ = A1), (3.14)

and so
inf sup  Jo(u) =dy, . — (@t —X) >0; (3.15)
6€lA 11 ues([0,1])
actually it is not lower than zero since we chose (a™,a™) € X9, and so the
point (A1 +dy, », A1 +7d), ,) found in Theorem 3.8 has to be (a™,a™) itself
or a point on a higher curve, implying dy, ,, > a® — A;.
Reasoning in the same way we have also, by Lemma 3.6,
sup  Jo(u) = —(a" —N) <0. (3.16)
ued({0;1})
Now we look for a special 0 € Ty, such that Ju(u)|so,1) < 0: we will
build the image of this  as follows: take the path [ on @, :

——
- S —h1

~+ ~+ ~— ~—
(z)lua U tgtua U ua(_ua) U (_ua)

ui = = Ua
ludlle” = grilluallee’
onto @, the segment that joins the two edges (note that these segments
never pass through zero).

In the following lemma we verify that this is indeed what we were looking
for:

Lemma 3.9. sup,¢;(Jo(u)) = 0.

where a} = and the four arcs are taken projecting

Proof. Let us start by observing that the Fu¢ik equation in variational

form, . ) ,
/0 Blul ' = ot /0 b(u) - a” /0 Bug)w

with test functions v} and u;, gives

/ ()P = ot /01<u§5>p, (3.17)
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that is, Jo(uX) = 0; moreover, the homogeneity of .J, allows us to ignore
the projection on @, in the proof.
Now we look at the four arcs:

~ =
o p1ul: let v =t +(1—t)ul sothat v’ = (1—t)(ul)": vis everywhere
nonnegative and then (since [t¢1 + (1 —t)ul] > (1—t)ul everywhere)

1 1
Julv) = (1—1) /0 ()P — ot /0 b1 + (1 — By ]P
1 1
oot | (P —(1—tPat [ (uP =0,
< (1-1) /0<a> (1-1) /O<a> 0

o (=, )(—¢1/¢/r1): in the same way: let v = t(—¢1)+ (1 —1t)(—u, ) so
that v = (1 —t)(—u)": v is everywhere nonpositive and then (since
[td1 + (1 —t)u, ] > (1 — t)u, everywhere) J,(v) < 0.

—~

o il uy: here v =tul + (1 — t)uq = uf + (1 —t)(—uy): obviously u}

and u_, are nonzero on disjoint sets; then

Ja(v) = Ja(ud) + (1 — P Ja(ul) = 0.

—
o —U_ uy: here v =1t(—u;) + (1 —t)ug = (—uy ) + (1 —t)(ul), and as
before Jo(v) = Jo(uy) + (1 — t)PJo(ul) = 0. a

Now we consider the linear isometry Y : W — W : u(z) — u(1 — ), and
we observe that the functionals J, and V, are invariant under this transfor-
mation; that is, J,(u) = Jo(Yu) and V,.(u) = V;.(Yu) for any u € W.

Moreover, let Fiz(Y) C W be the set of the fixed points of Y: we observe
that I[N F’LJZ(Y) = {¢1; —d)l/{/ﬁ}

These observations allow us to define
Loy =10UYL, (3.18)
such that L, ,, € @, and is homeomorphic to OB2.

Remark 3.10. At this point it is clear that (in the one-dimensional Neu-
mann case) the level dy, , defined in (3.9) corresponds to the first intersection
with the Fuéik spectrum of the halfline {(A; + ¢, Ay +rt), ¢ > 0}: it cannot
be lower (if it were it would give a new solution of the Fué¢ik problem that
we know does not exist), and we were able to give an example of a § € Ty,
where sup Jo(u) = 0, that is, sup Jy, (u) = a™ =y, and then dy, , = aT— Ay,
where (o™, a™) was taken on the second curve.
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3.3.2. Linking structure. Now we define the class
Tor = {7 €C%B%Q,,) : ylop2 is a homeomorphism onto La,, }. (3.19)
We have that

Lemma 3.11. sup,c,sp2) Ja(u) =0 Vy € Loy

Proof. The results follows from the definition of L, in (3.18), the invari-
ance of J, with respect to the map Y, and Lemma 3.9. ]

Moreover,
Lemma 3.12. +00 > dq,;y = infyer, ,, SUPyeqy(p2) Jal(u) > 0.

Proof. It is less than +oo since each (B?) is a compact set.

Proposition 3.5 implies that the only critical points at level 0 on Q,, are
21 = Uy and 29 = Uy: let d be such that B;(us) and B;(tu,) are disjoint and
®1
Y
Lemma 3.11 implies that d, -, > 0, so suppose for the sake of contradiction

that d,r, = 0: then for any sequence of positive reals &, — 0 there would
exist a sequence {v,} C I'yr, such that

sup  Jo(u) < ep, (3.20)
“e'Yn(B2)

contain neither ¢; nor —

and then also a sequence of paths {d,} C Ty, ,, such that
(1a) 6,([0,1]) C 7, (B?), and then 0 < SUPyes, ([0,1]) Ja(u) < &n (see equa-
tion (3.15)), R
(2a) d(0,([0,1]), 2) > d fori=1,2.
Now we may apply to each §,, the minimax principle derived from Eke-

land’s variational principle (see for example in [14]).
Actually (see equations (3.15) and (3.16) and Remark 3.10),

inf sup  Jo(u) =dy, . — (@t = X)) =0, (3.21)
6€lx)ry wes([0,1))

sup  Jo(u) = —(aT — A1) <0, (3.22)
u€d({0;1})

and the sequence &, above is minimizing for the value sup,¢;((0,1)) Ja (1) with
del A1,
So we obtain a sequence {wy,} C @, such that

(1b) —en < Ja(wn) < SUPyes,,([0,1]) Ja(u) < e,
(2b) d(6,([0, 1), wn) < \/En,
(30) 17wl < vEn.
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But then w, would be a PS sequence for J, constrained to @r,, and so it
would have a subsequence converging to one of the critical points at level 0
(21 or z2), which is impossible considering properties (2a) and (2b).

We conclude then that d,,, > 0. ]

3.3.3. Characterization of a point above ¥y. Now, given an ry € (0,1] and
P2 being the radial projection from Q,, to Q;,, we define

FOM’2 = {,Y = P:f o ﬁ : 5 € Pa,rl}y (323)
and we get from the previous two lemmas these corollaries:
Corollary 3.13. sup,c+(9p2) Jo(u) <0 VyeTla,.

Proof. The result of the projection is just multiplying by a positive scalar
the point u, and then the effect on J,(u) is multiplying by the p;, power of
this scalar, which does not change the sign. g

Corollary 3.14. +o00 > infyer, ,, SUPycy(p2) Ja(u) > 0.

Proof. As before the effect of the projection is just multiplying by a number
that (on @y,) is positive, bounded, and bounded away from zero, and then
the result follows. O

From now on we can proceed as in [13]; that is, we define

dor, = inf  sup Ju(u) > 0; (3.24)
’yGFa,r2 uefy(B2)
we deduce from Corollaries 3.13 and 3.14 and the PS condition in Lemma
3.4 that

Proposition 3.15. The level dor, > 0 is a critical value for J, constrained
to Qr,, the critical points associated to it are nontrivial solutions of the Fucik
problem (1.2), and then (at + dory, & + 12dor,) € 2.

This proves Theorem 1.1.

Remark 3.16. Observe that we did not prove whether (at + do,,a” +
r2dq r,) belongs to X3 or to a higher curve; however, we know that it belongs
to a curve X, with h > 3, since do, > 0 and (o™, a7) € s.

4. THE “Y)-SUPERLINEAR” PROBLEM

Since we reproduced the variational characterization as in [13], we may
apply it to the “i-superlinear” problem (1.1) when A is between the asymp-
totes of 3o and X3 or (resonant case) coincides with one of them.

We sketch here the basic ideas of the proofs of Theorems 1.2 and 1.3,
which indeed follow closely those in [13].
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The aim is to prove the existence of a nonconstrained critical point of the
functional

F(u):%/OIIU'V’—%/OI|u\p—/01G(x,u)—/01hu, (4.1)

in particular to show that the minimax level
f= inf sup  F(u), (4.2)
€T - uey*(B2)
where
I‘ff = {y* € C%(B* W) : v*|gp2 is a homeomorphism onto RL s}, (4.3)

is critical for a suitable R > 0 and arbitrary 7 € (0, 1], and then corresponds
to a solution of problem (1.1).

To do this one estimates the functional F' in terms of the functional J, of
the previous section, deriving from Corollary 3.13 and Proposition 3.15 the
following two lemmas, which provide a linking structure for the functional F':

Lemma 4.1. VC' € R we can find R > 0 such that

sup  F(u)<C Vy*eTH.. (4.4)
u€vy*(6B2)

Lemma 4.2. There exists C'(\, h, g) such that
e

sup F(u) > —-C(\ h,g) V" € Fif. (4.5)
u€y*(B?)

In Section 5 we will prove (see Lemma 5.1) that under hypotheses (H2)
and (H3) the functional F satisfies the PS condition for p > 2 and any A > 0,
and then by using Lemma 4.1 with C' < —é(/\, h,g) and Lemma 4.2, we are
under the conditions to apply a linking theorem that proves the criticality
of the level f defined in (4.2), and then proves also Theorems 1.2 and 1.3.

4.1. Sketch of the proofs. Recall that in the one-dimensional Neumann
case the asymptote of each Xj with £ = 2,3 is at A= = A} and that X
lies entirely in the half-plane {A\™ > Aj}. This structure of ¥ implies that,
having fixed A € (A3, A%], it is always possible to find

e a point (a',a”) € ¥ and such that a= < A,

e a ¢ > 0suchthat = <X —d and (if A < A}) also A+ 0 < A%

Since h € LY and using hypothesis (H1) we may estimate, with any M € R

and suitable constants C4 (4, k), C2(d, g), and C5(M, g),

1
10)
| [ Gy i < Sl + iGn) +Casg), (40
0
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1
M
| 6@ty = Tt - cat.g). (@7)
0

Proof of Lemma 4.1. Using the above estimates one obtains (see [13] for
the details) that for u € L, 7 and p > 0,

F 1 A=d—a [!
B < Dt - 2222 [ (4.8)
PP p p 0
01(67 h‘) + 02(579) + 03(a+ - aimg)
+ )
PP

from which, recalling that J,(u) < 0 by Corollary 3.13 and fol lulP > 1 on
L 7, one gets the claim since A —J —a~ > 0 by construction. ]

Proof of Lemma 4.2. (See again [13] for the details.) One first fixes a
v* € Tl .: since v*(B?) is a compact set in a space of continuous functions,
this allows us to estimate the superlinear side of G as

G(z,s) <1+ B b for all s € [0, max{|u(z)| : z € [0,1],u € v*(B*)}]

p
(4.9)
for a suitable p1,« > 0 depending on ~*.
: : _ A+d—a”
Then (in the hypotheses of Theorem 1.2) defining r,+ = m and
estimating in terms of J, and V;. , (u) = fol (wh)P + 1o fol (u™)P one gets
sup F(u) > ~C1(5,h) — Ca(6,g) — 1 (4.10)
uey*(B2)
1 o Vi o (u
w1 [(e 2 s o) ()
p uevy*(B2?) ‘/7”7* (U) Ty

(the case in which 0 € v*(B?) so that Vi . (u) becomes null may be treated
easily). But sup,c,(p2) 7"“/*\/;]&—(1(2) is equivalent to 7+ Sup,c.(p2y Ja(u) for
some v € L'y, . (compare equation (3.19) and (4.3)); then using Proposi-
tion 3.15 and Remark 3.16 we obtain
J,
SUp T a(v)
uey*(B?) Tk

> Tyrday . > A3 —a >A+0—a . (4.11)

This implies that the sup in the right-hand side of (4.10) is nonnegative,
independently from the 4* chosen, and hence the lemma is proved.

In the hypotheses of Theorem 1.3, one has a kind of resonance which
creates difficulties for the last estimate above: actually we have no more
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A3 > A+ 0, and then for Lemma 4.2 we need to impose also the hypothesis
(HR) in order to estimate without need of the §:

1 /!
/G(w,u) +hu < Cy(h,g) —l—]—?/ (u™)P; (4.12)
0
then equation (4.10) reads
sup  F(u) (4.13)
uevy*(B2?)
1 Ja(u) _ ‘/T * (U)
ST EETR A A U T
D ueqy*(B2) ! V;“w (u) Ty
with r« = %, and as before we may conclude since now we just
Y

need ry+doy . > A3 —a” =A—a. O

In the case A = A5 we may repeat the same argument choosing (a*,a™) =
(A1, A1), [0,1] in place of B?, and comparing with the variational character-
ization of the first nontrivial curve in Section 3.2.

In particular the critical level will be defined (for R large enough) by

f= inf sup  F(u), (4.14)
§*erf L ues([0,1])
where
Tar = {05 € CO([0,1; W) s.t. 6%(0) = Rer, 6°(1) = —R‘z’—{}. (4.15)
T

5. PROOF OF THE PS CONDITION

In this section we will prove the PS condition for functional (4.1) with
p > 2. This proof is adapted from that in [8] for the periodic problem on an
interval, with the Laplacian operator.

The exact statement of the result is

Lemma 5.1. For p > 2, under hypotheses (H1), (H2), and (H3) with h €
L%(0,1), the functional (4.1) satisfies the PS condition for any \ > 0.

We observe that, as in the case p = 2, when A > A5 one needs also
hypothesis (H3), which was not needed in [21].

First note that from hypothesis (H1) one can always make the following
estimates: for any ¢ > 0, s € R, and M € R, there exist Cps, C: € R (of
course depending also on 5) such that

g(x,s) > Mip(s) —Cpy for s>5, (5.1)
lg(x,s)| <ep(—s)+C. for s<5.
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Let now {u,} € W'P(0,1) be a PS sequence; i.e., there exist 7 > 0 and
— 0% such that

Fd = [ [ =2 [l = [ )~ [
(o) = | [ o = [ st [ [

< €nH'UH[/VLp, Yov € Wl’p . (54)

<T, (5.3)

(1) Suppose u, is not bounded; then we can assume |u,|y1, > 1,
lunllwie — 400, and define z, = W, so that z, is a bounded se-
n W P

quence in WP and we can select a subsequence such that z, — zy weakly
in WP and strongly in L”(0,1) and C[0, 1].
(2) Claim: zp < 0.

(un), 2

Proof of the claim. Considering | o 1 \ we get

llun

! X, Up zt
/0 M (5.5)

[
h +
Zo““‘/ 2 L enllzg wa.
Hunme

1
g\/ () (e
, VEnl) unl,

Now for any Z such that zar(f) > 0, we have that u,(Z) > 0 for n big enough,
and then we can use the estimate (5.1) to obtain

Cwm

@)y (@) -

T (5.6)
[ [

by first taking the liminf and then exploiting the arbitrariness of M we get
g(;ﬂ un)

=40 ||, [P

=400 . (5.7)

Joining equations (5.1) and (5.2) with § = 0 and dividing by HunHW1 , We
get

g(a: Up) max{Cy; C:}

—e(|znl) —

; (5.8)
[ [ [ o

since zy, is uniformly bounded by its CY convergence and |[uy, ||y, > 1, this
_g(aun)

Tun 7 are bounded below uniformly so that we
Un, Wl D

implies that the functions
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can use Fatou’s lemma and get from (5.5) and supposing z; # 0
1

+ 1 +
400 = lim M Sliminf/ M (5.9)
0 7= flun|fpr, T e S0 unlf,

h
< lim inf (‘/ V(zh)(2d) +‘/ ZO
0 ||un||W1p

Z
n—-+00 0

, el ||W1p)

[0 e
The right-hand side can be estimated since the first two terms are bounded

by (1+ >‘)||Z”HW1 oll2¢ llwie < 1+ X and the last two clearly go to zero; then
equation (5.9) gives rise to a contradiction unless zyp < 0. ]

(3) Claim: Using hypotheses (H2) and (H3) we obtain a constant A such
that

/ Ung(z,un) < Allun|lwie , (5.10)
Un >80
at least for n big enough. For p > 2 this implies
/ Ung(x,uy) < AHunlep (5.11)
Un >S50

Proof of the claim. Considering first [pF(uy,) — (F'(uy,), un)|, we get

/ N g(x, up)uy — pG(x,uy) < / pG(x,up) — g(x, un)un (5.12)

Uun <80

1
+ p—l)‘/ hun
0

Then we estimate (using hypothesis (H3) in (5.14) and hypothesis (H2) in
(5.16)):

/ pG(z,upn) — g(x, up)uy, < sup (pG(m, s) — g(z, s)s), (5.13)
—s1<un<sg T € [0, 1]’
s € [—s1, 0]

+ 0T + enllun||wre.

| #G@ ) = gl < pCo, (5.14)
Un<—81

s
‘/hun
0

(1— pH)/ 9(, up)u, < / g(z,up)un — pG(x, uy) . (5.16)
Un >80 Un >80

< [Iallzallunllze < \[AllLallunlnre (5.15)
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Since (1 — pf) > 0, joining all estimates from (5.12) to (5.16), we get

A A

[ swun < Slulwis + 5 < Aluallwss (517
Un>S0
for some constant A. Since we are supposing ||u, ||y, > 1, this implies
(5.11) for p > 2. O
(4) Claim: under hypothesis (H3),
1
mlfjﬂiﬁﬂzo. (5.18)
n=tee Jo lunlf,

Proof of the claim. Fix e > 0 and k such that % < eandk > sg. Estimate
(5.2) shows that

iy S A T A S
unp <k ”unHWl’p 0 Hunuwlp Hun”wlp HUTLHI/VlP
from which there exists 7 such that
/ -@iﬂﬂ <(C+1)e for n>n. (5.20)
un<k Hunuwlp

Since k > so and using estimate (5.11), one has

/ g(e, 1) S/ g(munlwg/ gle.n) e A _
wns [l = Juwst [aalldy ® = Junsso llullfyd, ® =

1,p

Then we conclude that for n > n

/1 lg(z, Un)‘ <(2+0C)k; (5.22)

[ e

because of the arbitrariness of € the claim is proved. U
(5) Claim: z, — 2o strongly in WP,

(un),(2n—=20))

Proof of the claim. Considering ] T, |, we get
wlp
1 1 1
g(z,u
| [ o -] <3 [ oaliam -l + [ EE g
0 [y
‘ / Zn - ZO T 8n”zn - ZOHWLP ; (523)
||un||W1p lanl s
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but now all the terms on the right go to zero (use equation (5.18) and the
strong convergence of z, in LP and CO), and then we conclude that z, — zg
strongly in WP by the property ST of the p-Laplacian. g

(6) Claim: under hypothesis (H3), A > 0 implies 29 = 0.
Un),v >|

I nuwlp

Proof of the claim. Consider \
o [l [t sl
||un||W1p ||un\|W1p [ et

| [ ot [ o
(5.24)

but now the right-hand side goes to zero by equation (5.18), and so, taking
the limit and using Lemma 2.4, we get

for any v € WP we get

1 1
/ ()" — )\/ Y(20)v =0 for any ve WhHP, (5.25)

Finally, v = 1 gives, with A > 0, that fo (z0) = 0, but for a nonpositive
function this implies zy = 0. U

(7) Claim: wu,, is bounded.

Proof of the claim. The result follows since we get the contradiction 1 =
[2nllwre — ll20llw1r = 0. ]

(8) The PS condition follows now with standard calculations from the
boundedness of u,,.

Remark 5.2. The above proof may easily be adapted to the multidimen-
sional Neumann problem under the hypothesis p > N, which guarantees the
compact inclusion W?P(Q) C C%(Q).
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