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Abstract. In this paper we obtain for a generalized Tricomi opera-
tor fundamental solutions entirely supported in the hyperbolic region.
Our method is based upon the notion of hypergeometric distributions
introduced by S. Delache and J. Leray in [5].

1. INTRODUCTION

Consider the operator

62
with A, = Y > > 1, a natural generalization of the classical Tri-

Jj=1 8x? ’
comi operator in R2. In a previous article [2] we obtained via partial Fourier
transform in x explicit expressions for fundamental solutions of 7, relative
to points on the hyperplane y = 0. Such a method led us to calculate in-
verse Fourier transforms of Bessel functions which, in turn, revealed the
importance of certain hypergeometric functions (depending on the “space
dimension” n) that are intimately related to the operator 7.

In the present article we look for fundamental solutions of 7 relative to
an arbitrary point (zo,yp), located in the hyperbolic region (y < 0) of the
operator, and which are supported by the “forward” characteristic conoid of
7T with vertex at (xo, yo). We follow the method of S. Delache and J. Leray
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in [5] where they introduced hypergeometric distributions, a notion also con-
sidered by I. M. Gelfand and G. E. Shilov in [7].

The plan of this article is the following. In Section 2 we deal with pre-
liminary material that is needed throughout the paper. Hypergeometric
distributions are introduced in Section 3 where we obtain the basic formula
(3.19) which is used in Sections 4 and 5 to obtain fundamental solutions
respectively in the cases n = 1 or n even, and n odd > 3. The latter case
differs from the previous one by the fact that the fundamental solution is
then a sum of two terms, one supported by the “forward” conoid (as in
the cases n = 1 or n even) and another supported by the boundary of the
conoid. In Section 4 we also show how to derive from the methods used in
this paper the results obtained previously by Barros-Neto and Gelfand in [4]
and Barros-Neto and Cardoso in [2]. Finally, in the Appendix we prove or
indicate the proof of results mentioned and utilized in Section 4.

2. PRELIMINARIES
Let 7 be the operator given by (1.1) and let Vu be the “modified” gradient
Vu = YUy -y YUz, Uy), (2.1)

One clearly has Tu = div(Vu) and, in addition,

/ /D (uTv —vTu)dV = /8 D(uw —vVu) - i dS (2.2)

for all smooth u and v on the closure of an open bounded domain D with
smooth boundary 0D.
Suppose y < 0 and set t = 2(—y)3/2/3 > 0. The change of variables

r=x t=2(—y)%?%/3 o z=ua y=—(2/3)7 33, (2.3)

whose Jacobian is

I(z,y) 1/3,—
22 = —(2/3) 318 2.4
S gy = 2/ (24)
transforms 7 into the operator
t
2(35)2/3%, (2.5)
where L 8 L 8
TR N 2.
h= 505 T (26)
We call 7}, the reduced hyperbolic Tricomi operator. Its formal adjoint is
1,02 1o 1
= (e Ay —— + —5. 2.
" =35 T TR 2.7)
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It is a matter of verification that
%*(tl/iiu) _ t1/37}L(u).

Thus, if u is a solution of 7;,(u) = 0, then v = t/3u is a solution of 7T;*v =
0, and conversely. Moreover, suppose that E(x,t;0,t), with tg # 0, is a
fundamental solution of 7, relative to the point (0, %), that is,

ThE = (z,t —to),

then (t/ty)'/3F is a fundamental solution of 7, relative to the same point.
We now recall the definition of the distribution x,(s) (see [5, 7, 8]). Let
q € C be such that Req > —1. The locally integrable function

Sq
§)==———
defines a distribution in R that depends analytically on ¢ and it is such that

d

Xa(s) = X1 (9)

When Reg < —1, and (2.8) is no longer locally integrable, one associates to
Xq @ distribution as a principal value integral [8] (or regularization in the
sense of [7]). x4 extends then to an entire function of ¢ and we have

Xa(s) =00TV(s) Vgez~ (2.9)

if s >0, xq(s)=0ifs<0 (2.8)

(see [7]). Moreover, xq4(s) is positive homogeneous of degree ¢ and Euler’s
formula holds

$Xq-1(8) = axq(s)- (2.10)
Consider now the function
(t—t0)? — |x|? ift —tg> |z
k(z,t —ty) = (2.11)
0 if t — to < ’1“,

defined in the whole of R™™!. Since k(z,t — t) is positive in the semi-cone
C = {(z,t) € R"" : t—ty > |z|}, and identically zero outside of C, it follows
that xq(k(z,t—1p)) (which, for simplicity and when no confusion is possible,
we denote by x4(k(-))) is a distribution in R™! which is an entire analytic
function of ¢ € C. In particular, if ¢ is an integer < 0, then

Xa(k()) = 677D ((k()))

is a distribution concentrated on the boundary of C' (see [7]).
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3. HYPERGEOMETRIC DISTRIBUTIONS

Our aim is to find fundamental solutions for the Tricomi operator 7 rel-
ative to an arbitrary point (0,b),b < 0, in R**! that is, a distribution
E(z,y;0,b) defined in R"*! so that TE = §(x,y — b). In the guise of mo-
tivation, suppose that E(z,y;0,b) is a locally integrable function. Then in
view of formulas (2.3), (2.4), (2.5), and (2.6), we get

#(0,b) = (TE,¢)= E(x,y;0,b0)T ¢ dx dy (3.1)

RnJrl

_ 2(;)1/3/ E3E (a, £:0, t0) Ty (x, £) da dt.
Rn+l

In the last formula E¥(z,;0,ty) and ¢ (x,t) denote, respectively, E(x,; 0, b)
and ¢ in the variables x and ¢, and we have set to = 2(—b)3/2/3. Thus, our
problem reduces to finding fundamental solutions relative to (0,¢y) for the
adjoint operator 7;*, which according to our remark in Section 1 is equivalent
to finding fundamental solutions for 7}, relative to the same point.

75, belongs to a class of operators, called Euler—Poisson—Darboux oper-
ators, studied by Delache and Leray in [5], where they obtained explicit
formulas for fundamental solutions of those operators. For the sake of com-
pleteness, we outline Delache and Leray’s method in [5] relative to the re-
duced hyperbolic Tricomi operator 7}, or more generally, the operator

1 0? a0
» =5~ e
where a € C. Note that P, remains invariant under the action of the group
that leaves ¢ unchanged and transforms (x1,...,x,) by translations. Since
P, is homogeneous of degree —2 and d(z,t — tp) is homogeneous of degree
—(n+ 1), a fundamental solution E, of P, must be homogeneous of degree
1 — n. Monomials of the type

1IN 1 s nga (R, — L)),

have the desired homogeneity degree. If we consider the wave operator
Oz = (82/0t% — A) in R™1 it is shown in [5] that

(3.2)

1 -n
D(w,t)(§W1/2 /2X1/2—n/2(k($vt))) = 5($,t), (33)

in other words, the distribution 7/2-"/2

solution of the wave operator.

X1/2-n/2(k(2,t))/2 is a fundamental
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As a consequence, it is natural to look for a fundamental solution to P,
as a formal series

-n t o < —J
Ea(ﬂé‘,if;o,lfo)zﬂl/2 /2(?0) ch(tot) IXj41/2-n/2(K(+)), (3.4)
§=0

with a suitable choice of the coefficients c;. By applying P, to both sides of
(3.4) one obtains, after routine calculations where the two identities

O, Xj+1/2-n/2(k()) = 43X;j-1/2-n/2(k("))

and
o g1 /2na (B = 20t~ to)xs o1 oo ()

are used, the following result:

L . .
PoBa = cod(x,t —to) + 71272 {-(j — 14 a)(j = a)ej-1 +2je;}

j=1
(3.5)
X t8‘_j+1t’°"j’1xj71/2fn/2(k(’))-
If we choose the coefficients ¢; so that
1
co=1 and §(j—1+a)(j—a)cj,1+2jcj =0, 7>1, (3.6)
then (3.5) reduces to
PoEo = 0(x,t — to), (3.7)
that is, E, is a fundamental solution of P,. Now recalling the notations
. IF'la+7) .
@o=1. (@ =afa+D)(@+j-D="0ED 551 g
I'(a)
it follows from (3.6) that
1i(a);(1—a); .
_(__\J J J
Hence, we may rewrite (3.4) as
t
Eo(z,1;0,t0) = wl/Q*"/Q(?O)a%(a:, t), (3.10)
where
= () i(1 —a); 1
Bty =3 CBEZ D i (). B
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This series converges for |k(-)/4tot| < 1. ®o(z, 1) is the hypergeometric distri-
bution introduced by Delache and Leray in [5]. Hypergeometric distributions
were also considered by Gelfand and Shilov in [7].The reason for that name
is, as we will see, because ®, can be represented by a hypergeometric func-
tion. We briefly review, in the Appendix, the definition of hypergeometric
functions and some of their properties.

Clearly ®, depends on the space dimension n and we must consider two
cases.

Case I: n =1 or n even. We rewrite (3.11) as

1 — a 1 ..
Qo (z,t) = X1/2—n/2 )+ Z 4t0t)JXj+1/2—n/2(k('))'

(3.12)
From Euler’s formula (2.10) it follows by induction that
' xq(8) = (¢ + 1) X5 (5),

for each integer j > 0. Inserting this formula with ¢ = 1/2 — n/2 into (3.12)
we obtain

= 1_05 (t—t0)2—|1’|2 .
@a(l‘yt) = X1/2—n/2 Z 3/2 — n/2 j]]'( _4t0t )] (313)
Jj=
3 n (t—1t 2 _ x 2
1o k() Flay1 — 0,5 — 7 At el

2 27 —4tot

From now on, F(a, 3,7;() denotes a hypergeometric function (see the Ap-
pendix).

Case II: n odd > 1. Let n = 2m 4+ 1,m > 1. Note that in this case

1/2 — n/2 = —m, a negative integer. We split ®,, into two terms:
m—1
a)i(l—a); 1 .,
voa ) = LT Ly k) (31)
= ! 4tot
= (a);(1 - a); I
s Y Oy k),

I
3

J

Whenever j —m < 0, xj—m(k(-)) = 677D (k(-)) is a distribution con-
centrated on the surface of the semi-cone C. Thus the first term in (3.14)
corresponds to a finite sum of distributions supported by the boundary of

C.
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Recalling that x;(s) = s/xo(s)/j! and setting j' = j — m, rewrite the
second term in (3.14) as

_ I - (@)jrym(l —)jrym , k() 4§
5 = xolhON )" 3o IR T
Now (@) jr4m = (@)m(a+m)j, (I —a)jrim = (1 —a)m(l —a+m)j, and
(4" +m)! = m!(m+ 1);. Therefore,
42— (2
S— Xo(k(-))cm(_itot)mF(a rml—atmma %),

where ¢, = (@)m(1 — @) /m!. Thus, the expression (3.14) for ®, becomes
m—1

Bale ) = Y CHEZOD  Lygen ) (3.15)

42 — (2
ok Oen( )

Remarks. 1) The support of all fundamental solutions above described
is the closure of the semi-cone C' defined at the end of Section 2. In the
case where n is an odd integer > 1, besides the term that contains the
hypergeometric function whose support is the closure of C' there are a finite
number of terms whose support is the boundary of C.

2) Formula (3.15) can be viewed as a derivative with respect to k() of a
certain hypergeometric distribution. More precisely, consider the hypergeo-
metric distribution xo(s)F'(a, b, 1;7s) where r is a real or complex parameter.
The following formula holds

)"F(a+m,1—a+m,m+ 1,

H

dm —
T o(s)F(a,b,1irs)] = ;
+ xo(s)emr™F(a+ m,b+m,m+ 1;rs).

rj(s(m*H)(s) (3.16)

Indeed, just note that if f(s) is a smooth function defined near s = 0, then
f(8)d(s) = f(0)d(s), and whenever ¢ # 0, —1,—2,--- one has

d b
%F(a,b,c;z) = %F(a—l—l,b—l—l,c—l— 1;2).
Thus, we may rewrite (3.15) as a derivative:

dm k(-)
W[Xo(k('))F(% l—a,1

@ t) = N7
a(xa ) ) ’—4t0t

). (3.17)
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Formulas (3.16) and (3.17) are analogous to formulas considered by Gelfand
and Shilov in [7] and involving complex order derivatives of hypergeometric
distributions of the type xo(s)F(a,b,c;s).

So far we have shown that whenever |k(-)/4tot| < 1

to

By jg(, 150, t0) = m'/272( . )00y g, 1) (3.18)

is a fundamental solution of 7}, relative to the point (0, tp). From our remarks
at the end of Section 2, it follows that the distribution

t
(t/to) /P Ey j6(2,1;0,t0) = Wl/Q*"/Q(t—)l/%ue(%t)
0
is a fundamental solution of 7;" relative to the same point. In view of formula
(3.1) we define the distribution E* by

2(%)1/3'51/3]511(377&0,%) = Wl/Q*n/Q(ti)l/ﬁ@l/ﬁ(%t),
0
or,
1/2-n/2
E(r 4 _T 1/6
E¥(z,t;0,t0) = W(m) 15, g(x, 1), (3.19)

which written in terms of the variables x and y gives us a fundamental solu-
tion of the Tricomi operator 7 relative to the point (0,b),b < 0. Moreover,
in the next two sections, by using known formulas involving hypergeometric
functions, we will recoup the fundamental solutions described in the papers
3, 4, 2].

4. FUNDAMENTAL SOLUTIONS, n = 1 OR n EVEN

We return to formula (3.19) and rewrite @, 6, given by (3.13), as

B1yo(o.0) = X1/ npBOF G5 5 = 3-50)

after recalling that F(a,b,c;2) = F(b,a,c;z). Note that xi/9_,/2(k()) is
supported by the cone C. It is well known that

n.
2’

F(a,b,c;2) = (1 —2)"°F(c—a,b,c; . i 1). (4.2)
If we set 2z = (t — tg)? — |2|?/(—4tot), then
2 2 _ 2 2
1—2z= —(t +to)” — 2] and SE— (t—to)" — |2 (4.3)

Atot z—1  (t+1t9)? — |z?’
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hence from (4.2) we obtain

513 n k()

2 - 2. MV
(6’6’2 2’ 4t0t)
t+1t9)? — |x|? 2 13 t—t9)? —|z|?
_ (( +to)” — |z )16 P(E - noo_n, (t —to)” — |al” ), (4.4)
4tot 3 276’2 27 (t+tg)?— |z
and so we may rewrite E? as
pl/2—n/2 ) 1 /6
E¥(z,t;0,t) = WXI/Q—n/Q(k(')) [(t+1t0)® =[]/
2 nl13 n (t—ty)?—|z?

CREN R e e

Since E* is supported by the closure of C, the last factor in formula (4.5) rep-
resents the hypergeometric series because the absolute value of its argument,
in C,is < 1.

If we now set tg = a and

u = 9(|z)>—a?)+12a(—y)**+4y>, v =9(|z|*—a®)—12a(—y)>*+4y°, (4.6)
then
(t —to)? — |z]* = —%u and  (t+tg)? —|z]* = —%v. (4.7)
Define the region
Dp_ ={(z,y) e R™™ : 9(|z]* — a®) + 12a(—y)*? + 4y® < 0,y < b} (4.8)

which corresponds to the semi-cone C, and let xpp be its characteristic
function. In terms of z and y the distribution (4.5) becomes

2 nl13 nu
. _ .  N1/2-n/2/ N-1/6p %4 T L o NU
E-(2,5;0,b)=c(n)xpp_(w, )02 VORC - 2 2 2,
(4.9)
where
71/2=n/2
c(n) (4.10)

- 21/331-np (3 _ 2y’

We observe that the distribution E_ is real valued because in Dj'_ both u
and v are < (. Thus we have proved the following;:

Theorem 4.1. E_(z,y;0,b) is a fundamental solution of T relative to (0, b)
whose support is the closure of the region Dy _.
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Remarks. 1) E_ is the unique fundamental solution of 7, relative to (0, b)
whose support is D,’)‘_. Indeed, any other such fundamental solution is of
the form E_ + f, with Tf=0and y < bon supp f. Since the convolution
E_ x f is well defined because the map

supp E_ x supp f 2 ((2,9), (z',y)) — (z + 2",y +¢)
is proper, we have

2) In [4], when n =1, E_ was obtained by a method different from the one
here described and based upon the existence of the Riemann function for
the reduced hyperbolic operator 7j,.

If we let b — 0, we obtain a fundamental solution of 7 relative to the
origin, namely:
Corollary 4.1. The limit, in the sense of distributions, of E_(x,y;0,b) as
(0,b) — (0,0) is
F(z,y) = (4.11)
71/2=n/2

21/3317n1"(% _ %)

n

~ 383 - 50l +4°57E n D2

P

Wi

0 elsewhere,

a fundamental solution of T relative to the origin whose support is the closure
of the region D" = {(x,y) € R"™!: 9|z|? + 4y3 < 0}.

It is a matter of verification that the fundamental solution given by for-
mula (4.11) coincides with the fundamental solution given by formula (4.2)
in Theorem 4.1 of [2]. The only apparent discrepancy between these two for-
mulas is the multiplying constants. However, one can show that the constant
in (4.11) coincides with the constant

370(4/3)

C_ =
22/37771/2{\(% — 5)

on page 490 of [2].

An important observation, still in the case n = 1, is that it is possible
to obtain another fundamental solution supported by the closure of Dg 4
the complement (in R?) of D} . Indeed, consider, as explained in the Ap-

pendix, F'(1/6,1/6,1;(), the principal branch of the analytic continuation of
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the corresponding hypergeometric series, and define in the whole of R? the
function

S (o) 11w

E(%?J,Ovb) - W (6767 ﬂ;) (412)
We show in the Appendix that £ (w,1;0,b) is locally integrable in R?, singular
when v = 0, real analytic in R?\(r, Ur_,), and a solution of 7u = 0 in
the sense of distributions. It then follows that the distribution £F_ — FE,
identically zero in the region Dg_, is also a fundamental solution of 7.
Define the distribution

—E(x, y;0,b) in Dg7+
0 elsewhere.

We have

Theorem 4.2. E, is a fundamental solution of T relative to (0,b) whose
support is the closure of the region Dgﬁ_.

From this we obtain (see [3])

Corollary 4.2. As (0,b) — (0,0), a suitable linear combination of funda-
mental solutions of the type E. converges, in the sense of distributions, to
the fundamental solution

1

_WF(%’ $1;1)(922 + 493"V in D,

Fil.y) = (4.14)

0 elsewhere,
where Dy = {(z,y) € R? : 922 + 493 > 0}.

Remark. It is plausible to expect, in the case of n even, the existence
of fundamental solutions that correspond to Ey given by formula (4.13).
However, if one follows the method used in this paper and derives from (4.9) a
function that corresponds to E, in formula (4.12), that function is not locally
integrable and it is not clear that it is a solution of 7u = 0. This is certainly
a question that should be further investigated. In a forthcoming paper, we
expect to describe, by using hypergeometric distributions, a complete family
of fundamental solutions with poles in the elliptic region of the 7.
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5. FUNDAMENTAL SOLUTIONS, n ODD > 1
Let n = 2m + 1 with m > 1. Again from formula (3.19) we have
1
4ot
where A, = 1/(2"/33'/37™). From formula (3.15) ®, 6 is given by

E¥2,4;0,t0) = A (——) "5 (2, 1), (5.1)

m—1
Byjo(a.t) = cﬂ—fatww—j—”(uo) (5.2)
§=0
X0k ()em(—g)"Fm+ gt gom+ 1 _’Zf;ip,
with
_TGHSOTGH1/G) 53

C — . b —_—
7 T(5/6)T(1/6)0(j + 1)
In view of (4.2) and (4.3), the hypergeometric function in (5.2) is equal to

t+to)* — |z|? —m1/6 1 1 (t —to)® — |z
VA e B F(= - 1. W
gt Gt et S Ttz o

and we may rewrite E*(x,t;0,t9) as

m—1
E*(2,4,0,t0) = Am Y (—1)¢j(4tot) /057D () (5.4)

=0

_1\m 2 2\—m—¢ 1 1 (t—t())2—|1}|2 .

+( ]‘) Amcm((t+t0) |fE| ) F(G’m+ 67m+1a (t+t0)2_|$|2)XO(k( ))

Note that all terms in the sum contain distributions of the form 6@ (k(-))
which are supported by the surface of the semi-cone C'. However, the support
of the last term in (5.4) is the closure of C.

In [7] Gelfand and Shilov introduced the distribution 6(P) supported by
the surface S given by P = 0, where P is a smooth function such that VP # 0
on S. In particular, they proved that if a(-) is a nonvanishing function, then

6@ (aP) = a~TtD@(P). (5.5)

These results extend to our case, where P = k(-) has a singular point at
(0,t9). We have the following

Lemma 5.1. Forall0 < j<m—1,
(4tot) I HO5m=I=D k(1)) = (4tot)>/ 067 =I =) (4t ot)UHD/(m=D) k().
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Proof. Indeed,
(4tot) I 7VO5M=I= (k1)) = (4tot)®/ O (4tot) ~UFDM=I=D k()
= (4tot)>/O[(4tot) T/ m=0)]=(m=3) 5(m=5=1) (}(.))
= (4tt)>/ 06—V ((4tot) U/ (m=d) (),
by virtue of (5.5) and the fact that 4¢ot # 0 in the region t — ¢ty > |z]. O
As a consequence of this lemma, all terms that contain derivatives of § in
(5.4) tend to zero, as ty — 0. By taking limits, it follows that the distribution
E*(z,t,0,0) (5.6)
(=)™ T(m+5/6)I'(m+1/6)
—21/331/37zm T(5/6)T(1/6)T(m + 1)
is a fundamental solution (relative to the origin) of 7; supported by the
closure of the semi-cone {(z,t) : t > |z|}.
As we did in the previous sections, we rewrite Eﬁ(x, t;0,tp) in terms of the
variables z and y. Formulas (4.6) and (4.7) imply that 4tot = (v —w)/9 and,
following Gelfand and Shilov’s notations, we replace 6@ (k(-)) by 6@ (u(-)),

with the understanding that u(-) now means u(z,y), with y < b. Thus (5.4)
becomes

1
F(gm+ gm+L1)(#° —[2)™"76

[y

m—

B (a,5:0,8) = A Y (<1)7e;(=5=) 76T D)) (5.7)
0

<

v 1

+ (=)™ Amem(=5) 1/6F(g,m+67m+1a;)XD{;_(x,y),

where xpp  is the characteristic function of the set (4.8).Then the following
result holds

Theorem 5.1. The distribution E_(x,y;0,b) is a fundamental solution of
T relative to (0,b) supported by the closure of the set Dy .

Note that in (5.7) all terms inside the summation are supported by the
boundary of D{]j_ while the last term is supported by the closure of D{)’:_.
If we let b — 0 we obtain, at the limit, the fundamental solution F_(z,y)
described in our previous paper [2], namely

Theorem 5.2. The distribution
3"0(%)
22/37Tn/21"(% _ g)

n

19|22 + 443375 in D"

F(a,y) = (5.8)

0 elsewhere,
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supported by the closure of the region D™ = {(z,y) € R™*! : 9|22 +4y3 < 0},
is a fundamental solution of T.
Proof. Recall that t = 2(—y)%/?/3 and that t> — |z|> = $(—9]z|* — 4y°).
Hence, the right-hand side of (5.6) equals A[9|z|? + 4y3|~™~1/6, where
—1)m3?m T (m +5/6)T'(m +1/6) _ 1 1

F(= . 1;1). 5.9
i TN A6 m 1) o T emt i (69

Now the exponent —m — 1/6 equals 1/3 — n/2 because n = 2m + 1. On the
other hand, it is a matter of verification that the constant

3"0(3)
n 4 n
22/37T /2F<§ - 5)
(denoted by C_ in [2]) which appears in (5.8) is the same as A. O

4L

(5.10)

6. APPENDIX

We are going to prove that the function E(m,y; 0,b) defined by formula
(4.12) in Section 4 is locally integrable in R?, singular when v = 0, real ana-
lytic in R?\(r,Ur_,), and a solution of 7w = 0 in the sense of distributions.
Recall that 7, is the characteristic curve 3(z — a) — 2(—y)%/? = 0 originat-
ing from (a,0), and r_, the characteristic curve 3(z + a) + 2(—y)*/? = 0
originating from (—a,0).

The power series

> (a (B)i .-
Flo,p7;Q) = 3 Bl (6.1)
where «, (3, and ~ are complex numbers, v # 0,—1,—-2,---, and (a); is

given by (3.8), is called the hypergeometric series. The ratio test guarantees
absolute convergence for |¢| < 1, [10]. If Re(y — a — ) > 0, then the series
converges for |(] <1 and

NIy —a—p)
I'(y=a)l'(y =)

Barnes’ contour integral defines a single-valued analytic function of ¢ in
the region | arg(—()| < 7, that is, C minus the positive real axis, which gives
the principal branch of the analytic continuation of the hypergeometric series

F(a, 8,7;¢). More precisely we quote the following theorem whose proof is
found in [10].

Fla,3,7v:1) = (6.2)
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Theorem 6.1. (Barnes) The integral
1 [ T(a+ s)T(B+ s)T(—s)

— —()% ds, 6.3
5| o0 (6.3)
where the contour of integration is curved (if necessary) to ensure that the
poles of (o + s)I'(B + s), ie., s = —a—n,—F —n,n = 0,1,2,---, lie

on the left of the contour and the poles of I'(—s) lie on the right of the
contour, defines a single-valued analytic function in the region |arg(—(C)| <
7. Moreover, in the unit disk |¢| < 1, it coincides with the hypergeometric

Sertes F(a)l‘\(ﬁ)
I'(v)

Following traditional practice we use the notation F'(«, 3,;() to denote
either the hypergeometric series or the principal branch of its analytic con-
tinuation, and call it the hypergeometric function.

Barnes’ integral may also be used to obtain a representation of the hy-
pergeometric function in the form of a power series in (!, convergent when
|¢| > 1. By choosing a suitable contour of integration one can prove (see
[10]) that if &« — ( is not an integer or zero, then

Fa,8,7¢) = A=) *Fle,1—y+a,1-B+a;¢7")  (6.4)

where A and B are suitable constants and | arg(—()| < 7. This formula also
describes the asymptotic behavior of the function F(«, 3, v; () near || = co.
If o — (3 is an integer or zero, formula (6.4) must be modified because some
of the poles of I'(a + s)['(3 + s) are double poles. The reader should find
the expression for F(«, 3,7;() in [6], Chapter II. In the case that interests
us, that is, o = 3, that expression is

e, a,7:0) = (=) flog(=Q)U(C) + V(O] (6.5)
where |arg(—()| < m, and both U(¢) and V(¢) are power series in ¢!
convergent for |(| > 1 (see [6] or [4]). We also mention that if Re(y—a—03) >
0, we have convergence for || > 1.

From the above results, and in particular from (6.5), it follows that

- ‘ B (—v)_1/6 11w
E(l‘ayaoab)_w (676’ aZ)?

with u and v defined by (4.6), is locally integrable in R2, singular when
v = 0, and real analytic in R\ (r, Ur_,).

F(a, 3,7;().
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It remains to prove that E‘(:r, y;0,b) is a solution to 7w = 0 in the sense
of distributions. For this we need several results proved in the paper [3]. In
that paper we showed that the function

1 l 1. (K—Eo)(m—mg)

_ — (=) — )L/
g(g’m7€07m0) (f m) (fo m) (6’6’ ) (g_mo)(m—go

)

is a classical solution of

0*w 1/6 (8w 8w) _0

oom L—m 9ol Om ’

the reduced hyperbolic Tricomi equation. Here £ = = + %(—y)?’/ 2 m =

Thw =

T — %(—y)?’/ 2 are the characteristic coordinates. Except for the constant
1/2Y/3, E(x,y;0,b) is obtained from &(¢,m; €y, mg) after replacement of /
and m by their expressions above and by setting £y = —mqy = 2(—b)3/2/3.
Thus, away from the set {v = 0} = r,Ur_,, E(w, y;0,b) is a classical solution
of Tw = 0.

To show that 7F = 0, in the sense of distributions, we have to contend
with the fact that E(w,y; 0,b) has logarithmic singularities along the two
characteristics r_, and rg, or, equivalently, that £(¢, m; £y, mg) has logarith-
mic singularities along the lines £ = —f¢y and m = {y. Since, as we have
remarked, 7E = 0 away from the characteristics r_, and 7q,, in order to
prove that TE = 0 in the sense of distributions, it suffices to prove that

(B, T¢) = / /R ] ET ¢dxdy =0 (6.6)

for all ¢ € C2°(R?) whose support intersects at least one of the characteristics
T_q Or T4. If supp ¢ does not intersect either of these characteristics, then
(6.6) is automatically satisfied.

Suppose that supp ¢ is contained in an open disk D centered, say at (a,0),
and with radius R. Let 0 < r < R and denote by D, the set of points of D
at a distance > € from the characteristic r,. Then, from Green’s formula for
T (see [4], formula (4.5)) one gets

//DET¢dxdy:1£rg)//[)e ET¢dx dy (6.7)

= lim E‘(yqﬁz dy — ¢y dx) — ¢(yEz dy — Ey dzx),
e—0 TeUyeUI,
where I, is the characteristic 3(z—a+e€)—2(—y)3/? = 0, 7, the circumference
centered at o with radius ¢, and I'. the characteristic 3(x —a—e)—2(—y)3/? =
0. In order to prove (6.6) we must prove that the last limit in (6.7) is zero.
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Most details of the proof are to be found in Section 4 of the paper [4]. We
just point out that the integrand in (6.7) remains bounded along ~, thus,
along this contour, the integral tends to zero with e. Along both I'c and T",
we must take into account the asymptotic behavior of F(1/6,1/6,1;() and
its derivative F'(7/6,7/6,2;(), at ¢ = oo, according to (6.5). It turns out
that at the limit, the values of these integrals cancel each other and this
completes the proof.
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