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Abstract. We consider the porous medium equation (PME)
ut = ∆(|u|m−1 u)

in RN × R+ ,

m > 1,

with continuous, compactly-supported initial data û. The PME admits
various similarity solutions of the form
uk (x, t) = t−αk ψk (x/tβk ),

k = 0, 1, ...,

where each ψk ∈ C0 (R ) satisﬁes a quasilinear elliptic equation in RN
and the exponents {αk , βk } are determined from the solubility of such a
nonlinear eigenvalue problem. The nonlinear eigenfunction subset Φ =
{ψk } consisting of a countable number of continuous families is rather
complicated and is known in one dimension and in the radial setting
in RN (in RN , for N ≥ 2, only the ﬁrst two eigenfunctions from Φ are
known).
We show that the eigenfunction subset Φ can be evolutionary complete, i.e., describes the asymptotics of arbitrary global C0 -solutions of
the PME. We prove such a completeness in one dimension and in the
radial RN geometry. The analysis uses Sturm’s theorem on zero sets
for parabolic equations, scaling techniques, and the theory of gradient
dynamical systems. For m = 1, i.e., for the linear heat equation, the
evolution completeness is directly associated with the completeness and
closure of the eigenfunction subset for the linear self-adjoint operator
∆ + 12 y · ∇ + N2 I in a weighted L2 -space. These linear eigenfunctions
are used as branching points of nonlinear ones for m ≈ 1+ .
N
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1. Introduction
Completeness and closure of countable orthonormal subsets Φ = {ψβ }
of eigenfunctions of classes of linear diﬀerential self-adjoint operators A in
a Hilbert space H play an important role in the theory of evolution linear
partial diﬀerential equations (PDEs)
ut = Au for t > 0, u(0) = û ∈ H.
(1.1)

Given initial data û =
cβ ψβ , the solution is prescribed by the eigenfunction expansion

u(t) = cj eλj t ψj ,
(1.2)
where σ(A) = {λk : |β| = k = 0, 1, 2, ...} is a monotone decreasing sequence
of eigenvalues of A. This represents the general solution of the equation and
determines its asymptotic behaviour as t → ∞. In this case the solution
u(t) ≡ 0 approaches, for large times, the separable solution

uk (t) = |β|=k cβ eλk t ψβ
(1.3)
where the ﬁnite k = k(û) in the expansion (1.2) is such that cβ = 0 for all
|β| < k and there exists a cβ =
 0 for some |β| = k. Then
u(t) = uk (t) + O(eλk+1 t )

as t → ∞.

(1.4)

For nonlinear evolution PDEs, the eigenfunction expansions do not apply.
Although various nonlinear PDEs are known to admit countable or continuous subsets Φ of particular self-similar or other group invariant solutions,
which are not separable as in (1.3) but are obtained from some lower order
PDEs or ODEs. Our main goal is to consider the well-known quasilinear
porous medium equation (PME) and to explain how such a subset Φ of
particular solutions (associated with nonlinear eigenfunctions of some operators) can be related to the asymptotics of the general solution in the sense
of the evolution completeness of Φ introduced in [25].
So we consider the Cauchy problem for the classical PME
ut = ∆(|u|m−1 u)

in RN × R+ ,

m > 1,

(1.5)

with continuous compactly supported initial data
u(x, 0) = û(x) ∈ C0 (RN ).

(1.6)

Problem (1.5) and (1.6) has been studied since the 1950s and it is well
known that there exists a unique global weakly continuous bounded solution
u = u(x, t) decaying to zero as t → ∞; see books by Lions [37], DiBenedetto
[20], Kalashnikov’s survey [34], and Vazquez’s recent paper [42].
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1.1. A countable subset of similarity patterns for the PME. We
study the asymptotic behaviour of the solution as t → ∞ and begin with
diﬀerent asymptotic patterns that can occur in the Cauchy problem for arbitrary initial functions û ∈ C0 . Particular asymptotic behaviour results
for the PME in RN have been well known for many years. For instance,
for nonnegative û, the ﬁrst general rigorous result is due to Friedman and
Kamin [22] establishing that as t → ∞, u(x, t) approaches the remarkable
Zel’dovich–Kompaneetz–Barenblatt similarity solution (known from the beginning of the 1950s; see [46, 7]) denoted here by u0 (x, t) given by
u0 (x, t) = t−N/[N (m−1)+2] ψ0 (y),

y = x/t1/[N (m−1)+2] ,
m−1
.
ψ0 (y) = [B0 (b2 − |y|2 )+ ]1/(m−1) , B0 =
2m(m + 1)

where

(1.7)
(1.8)

Here b > 0 is an arbitrary parameter. For arbitrary integrable data û ∈ L1 ,
û ≥ 0, the uniform convergence was proved recently in [42]. See more details
on the basics of the PME theory in [30, Chapter 2].

The result of [22] says that if u0 (x, t) has the same mass M0 = û > 0
(preserved in time) as u(x, t), then
u(x, t) = u0 (x, t) + o(t−N/[N (m−1)+2] ) as t → ∞.

(1.9)

The optimal rate of pointwise convergence has a remarkable history (see, e.g.,
[2] and [44]) and is known in the one-dimensional case, where an analytic
asymptotic series has been obtained in [3] (though its convergence is not
fully justiﬁed). The optimal L1 -rate of convergence in several dimensions is
obtained by entropy methods; see [15].
The PME in one dimension admits another explicit solution: the BarenblattZel’dovich dipole solution [8]
u1 (x, t) = t−1/m ψ1 (y),

y = x/t1/2m ,

where

ψ1 (y) = |y|1/m [B0 (b(m+1)/m − |y|(m+1)/m )+ ]1/(m−1) sign y,

(1.10)
b > 0. (1.11)

The stability
hypotheses of u1 (x, t) (see references in [28]) are as follows: if

M0 = û = 0 and M1 = xû = 0, then u(x, t) converges to the dipole
solution with the same ﬁrst momentum M1 ,
u(x, t) = u1 (x, t) + o(t−1/m ) as t → ∞.

(1.12)

The explicit solutions (1.7) and (1.10) of the PME are special ones among
many others that cannot be represented explicitly, although it has been
proved that the third function in the sequence has an anomalous exponent
[11]. It turns out that the PME in one dimension or in the radial geometry
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in RN admits a countable subset of diﬀerent similarity solutions (see [32]
and further details in Section 3)
uk (x, t) = t−αk ψk (x/tβk ),

(1.13)

where k = 0, 1, 2, ... for the one-dimensionl case and k = 0, 2, 4, ... in the
radial RN case. Substituting (1.13) into the PME yields that ψk ∈ C0 (RN )
satisﬁes a quasilinear elliptic equation in RN . The exponents {αk , βk } are
determined from the solubility of such a nonlinear eigenvalue problem as
explained in Section 3. In view of the scaling invariance of the PME, the
nonlinear eigenfunction subset
Φ = {ψk },
consisting of a countable number of continuous families, is rather complicated. For N ≥ 2 the nonradial eigenfunctions are not known except the
second dipole-like one [33].
1.2. Main results: evolution completeness, connection with the linear theory and extensions. We show that Φ can be evolutionary complete, i.e., describes the asymptotics of arbitrary global solutions of the PME
with any û ∈ C0 . In Section 4 we introduce our deﬁnition of the evolution
completeness and next, in Sections 4.1 and 5, present a proof for the onedimensional case and radial settings, where a key ingredient of the analysis
is based on Sturm’s theorem on the zero set for parabolic equations.
It is worth mentioning a link between the evolution completeness and the
classical results in linear operator theory. In the linear case m = 1, where
the PME (1.5) becomes the canonical heat equation
ut = ∆u,

(1.14)

the evolution completeness follows from the completeness and closure of the
eigenfunction subset for the linear self-adjoint operator
1
N
B1 = ∆ + y · ∇ +
I
2
2

(1.15)

in a weighted L2 -space. For convenience, we present a collection of related
“linear” results in Section 2. Furthermore, in the Appendix we show that
eigenfunctions of B1 can be used in a branching analysis of nonlinear eigenfunctions for the PME occurring at m = 1+ .
The results on the evolution completeness can be extended to the pLaplacian equation
ut = ∇ · (|∇u|m−1 ∇u),
(1.16)
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and to the fully nonlinear dual PME
ut = |∆u|m−1 ∆u,

(1.17)

which admit known subsets of similarity solutions (recall that (1.17) reduces
to the PME by the change ∆u → u).
On PME in a bounded domain. It has been known since the 1970s that
the PME in a bounded domain Ω ⊂ RN with the Dirichlet boundary condition
u = 0 on the smooth boundary ∂Ω admits separable variable solutions that
are simpler than (1.13),
uk (x, t) = t−1/(m−1) ψk (x),

k = 0, 1, 2, ...,

where each ψk = 0 satisﬁes a nonlinear elliptic equation
∆(|ψk |m−1 ψk ) +

1
ψk = 0
m−1

in Ω,

ψk = 0 on ∂Ω.

(1.18)

Existence of a countable subset Φ = {ψk } of these nonlinear eigenfunctions
follows from the Lusternik-Schnirel’man theory of calculus of variations. The
ﬁrst similarity pattern t−1/(m−1) ψ0 (x), where ψ0 > 0 in Ω, is known to be
asymptotically stable as t → ∞ and attracts all nontrivial solutions with
integrable initial data û ≥ 0 [6]. The eigenfunction subset Φ given by (1.18)
for the PME in Ω is much simpler than that of (1.13) for RN (in fact, problem
1
(1.18) ﬁxes the single eigenvalue λ0 = − m−1
of inﬁnite multiplicity). As a
consequence, if Φ is discrete then it is evolutionary complete [25], although
the discreteness of Φ for almost all smooth domains Ω represents a diﬃcult
and challenging problem.
On higher-order equations. Little is known about similarity solutions
of higher-order quasilinear parabolic PDEs. For instance, the well-studied
fourth-order thin ﬁlm equation (TFE)
ut = −∇ · (|u|n ∇∆u),

n > 0,

admits ﬁnite-mass solutions of the ZKB type (see references in [21]), but
other nonlinear eigenfunctions are diﬃcult to detect even in one dimension,
where a fourth-order ODE occurs. (See papers [9, 13] devoted to dipoletype solutions of the TFE.) For the 2lth-order p-Laplacian equation with
the monotone coercive operator (these guarantee existence and uniqueness
of a weak solution of the Cauchy problem)

ut = (−1)l+1
Dσ (|Dl u|m−1 Dσ u)
(1.19)
|σ|=l
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(|Dl u| is the length of the vector {Dσ u : |σ| = l}), substituting (1.13) leads to
a higher-order elliptic equation (an ODE in one dimension) with an unknown
subset of nonlinear eigenfunctions. Furthermore, for any l ≥ 2, the rescaled
operators are not potential and hence the rescaled equations are not gradient
systems. In view of the lack of the maximum principle, Sturm’s theorem is
not valid. This creates an essential diﬃculty of the asymptotic analysis and
evolution completeness remains an open problem.
2. Discrete spectrum of a linear self-adjoint operator
The evolution completeness analysis leads to a complicated nonlinear
eigenvalue problem. On the other hand, the linear counterpart for m = 1
(the heat equation (1.14)) deals with the standard theory of self-adjoint
operators, with which it is convenient to begin. The spectral analysis of
the classical singular linear Sturm-Liouville eigenvalue problem given below
shows what spatial “shapes” of nonlinear eigenfunctions are expected to exist for m > 1, and to observe which kind of branching is available as m → 1+ .
These questions will be studied in the Appendix.
Consider the heat equation (1.14) in RN × R+ with initial data u(x, 0) =
û(x) ∈ L∞ (RN ) ∩ L1 (RN ). Let
√
2
b(x, t) = t−N/2 f (y), y = x/ t, where f (y) = (4π)−N/2 e−|y| /4 (2.1)
denote the fundamental solution of the operator ∂/∂t−∆, then we have that

−N/2
f ((x − z)t−1/2 )û(z) dz.
(2.2)
u(x, t) = b(t) ∗ û(x) = t
RN

Here f (y) satisﬁes f = 1 and is the unique radial solution of the elliptic
equation B1 f = 0 with the operator B1 given in (1.15). It admits the
symmetric representation
1
N
2
B1 ≡ ∇ · (ρ∇) + I with weight ρ = e|y| /4
ρ
2
and B1 : Hρ2 (RN ) → L2ρ (RN ) is a bounded self-adjoint operator with compact resolvent and discrete spectrum σ(B1 ); see [12].
In order to classify the asymptotic behaviour of solutions as t → ∞, we
introduce the rescaled variables corresponding to the fundamental solution
(2.1),
√
(2.3)
u(x, t) = t−N/2 w(y, τ ), y = x/ t, τ = ln t : R+ → R.
Then the rescaled solution w satisﬁes the evolution equation
wτ = B1 w,

(2.4)
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where w(y, τ ) is a solution of the Cauchy problem for (2.4) in RN × R+ with
initial data given at τ = 0 (hence, at t = 1)
w0 (y) = u(y, 1) ≡ b(1) ∗ û = f ∗ û.

(2.5)

The linear operator ∂/∂τ − B1 is the rescaled version of the parabolic operator ∂/∂t−∆ and the corresponding semigroup eB1 τ is obtained from (2.2) by
rescaling. This gives the eigenfunction expansion of the solution (see details
in [26])

w(y, τ ) =
(2.6)
eλβ τ Mβ (û)ψβ (y),
where λβ = − |β|
2 and ψβ (y) are the eigenvalues and eigenfunctions of B1 ,


B1 ψ β = λ β ψ β

in RN ,

ψβ ∈ Hρ2 (RN ),

(2.7)

and Mβ (û) = z β û(z) dz are the corresponding momenta of the initial datum w0 . We summarise the main spectral properties of B1 as follows; see
[12].
Lemma 2.1. The spectrum of B1 in L2ρ (RN ) consists of real eigenvalues
|β|
: |β| = 0, 1, 2, ...}.
2
The eigenvalues λβ have ﬁnite multiplicity with eigenfunctions
σ(B1 ) = {λβ = −

ψβ (y) = cβ Dβ f (y) ≡ cβ Hβ (y)f (y),

cβ = (2|β| β!)−1/2 ,

(2.8)

(2.9)

where Hβ (y) are Hermite polynomials and f (y) is as given in (2.1). The
orthonormal subset of eigenfunctions Φ = {ψβ } is complete and closed in
L2ρ (RN ).
The eigenfunction expansion of w(y, τ ), the solution of equation (2.4) with
initial data w0 ∈ D(B1 ) = Hρ2 (RN ), takes the form

(2.10)
w(y, τ ) = aβ eλβ τ ψβ (y), aβ = û, ψβ ρ ,
where ·, ·ρ is the inner product in L2ρ (RN ). Since Φ is complete and closed
in L2ρ (RN ), we have that, for any initial data w0 ∈ Hρ2 (RN ), w0 = 0, there
exists a ﬁnite integer k = k(w0 ) ≥ 0 such that, as τ → ∞,
w(y, τ ) = e−kτ /2 [ψk (y) + o(1)],
where ψk is an eigenfunction of B1 with eigenvalue − k2 ; i.e.,

ψk =
bβ ψ β ,
|β|=k

(2.11)
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 2
where
bβ = 0. Known spectral properties of B1 make it possible to give
a complete description of asymptotic patterns that can occur in the linear
evolution equation (2.4). For the original heat equation (1.14) with initial
data û ∈ Hρ2 (RN ), this gives a discrete subset of asymptotic patterns
√
(2.12)
u(x, t) = t−(k+N )/2 ψk (y)(1 + o(1)), y = x/ t, k = 0, 1, 2, ... .
By completeness and closure, the eigenfunction subset Φ is also evolutionary
complete in the sense that any nontrivial solution u(·, t) ∈ Hρ2 (RN ) has, for
t  1, the asymptotic behaviour (2.12) with a ﬁnite k ≥ 0 that depends
on initial data. Thus for such linear self-adjoint operators, the evolution
completeness is a direct consequence of the standard completeness-closure
of the eigenfunction subsets.
3. Nonlinear eigenfunctions and eigenvalues for the PME in
one dimension and radial RN
We now return to the PME (1.5) and ﬁrst describe its nonlinear eigenfunctions. The PME is invariant under a group of scaling transformations
and admits self-similar solutions that for convenience will be written in the
following form:
u(x, t) = tλ−µ0 ψ(y), y = x/tβ̃ ,

(3.1)

1+(m−1)(λ−µ0 )
N
. In the linear case m = 1 we
2
N (m−1)+2 and β̃ =
1
N
2 , µ0 = 2 and these similarity solutions reduce to those given in

where µ0 =

have β̃ =
(2.12). Substituting (3.1) into (1.5) yields that ψ = ψ(y) is a weak solution
of the following nonlinear eigenvalue problem:
Bm (ψ) ≡ ∆(|ψ|m−1 ψ)+C0 ψ = λCψ
where β0 =

1
N (m−1)+2

in RN ,

ψ ∈ C0 (RN ), ψ = 0, (3.2)

and C0 , C are the linear ﬁrst-order operators

C0 = β0 y · ∇ + µ0 I,

1
C = − (m − 1)y · ∇ + I.
2

(3.3)

More precisely, according to (3.2), this is a nonlinear eigenvalue problem for a
“linear pencil” of operators, where Bm is nonlinear and C is a linear one. For
m = 1, where C = I, (3.2) becomes the standard eigenvalue problem (2.7)
for the linear bounded self-adjoint operator B1 : Hρ2 (RN ) → L2ρ (RN ) with
the real discrete spectrum (2.8). Dealing now with the nonlinear operator
Bm for m > 1, by σ(Bm ) we continue to denote the real “point” spectrum
(real “eigenvalues” λ = λk ) of the eigenvalue problem (3.2).
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3.1. Eigenfunctions in one dimension. The following lemma gives all
possible compactly supported similarity solutions (3.1) in the one-dimensional case.
Lemma 3.1. Let m > 1 and N = 1. Then the eigenvalue problem (3.2) has
a strictly decreasing sequence of eigenvalues
2
1
σ(Bm ) = {λk } ↓ − 2
, where λ0 = 0 and λ1 = −
, (3.4)
m −1
m(m + 1)
in the sense that (3.2) has a compactly supported solution if, and only if,
λ = λk for some integer k ≥ 0, and we normalize those such that
supp ψk = [−1, 1]

for any k = 0, 1, 2, ... .

(3.5)

Moreover, k equals exactly the number of sign changes of such ψk (y), and
ψk (y) is symmetric (antisymmetric) if k is even (odd).
It follows from (3.4) that the exponents β̃ = βk in (3.1) are strictly positive for all k ≥ 0. Equation (3.2) reduces to a ﬁrst-order ODE with the
phase-plane already studied by Barenblatt [7] in the 1950s, where the ﬁrst
eigenfunction ψ0 ≥ 0 was proved to exist for more general doubly nonlinear
equations with gradient-dependent diﬀusivity. The proof of Lemma 3.1 [32]
is based on further delicate analysis of the phase-plane for diﬀerent values
of λ. In a special representation, the phase-plane of (3.2) is known to admit
limit cycles (see [14, 27, 41]) generating a noncompactly supported proﬁle
ψ∞ (y) with an inﬁnite number of isolated zeros obtained as a result of an
inﬁnite number of rotations of the vector ﬁeld. On this phase-plane the eigenfunctions {ψk } with λ = λk correspond to exactly k rotations around the
origin; see details in [14]. A more detailed description of the eigenfunction
subset {ψk } is available in [26].
In view of the scaling symmetry of equation (3.2), each ψk deﬁnes a oneparameter family of eigenfunctions
ψk (y; b) = bψk (y/|b|(m−1)/2 )

for any b = 0.

(3.6)

Setting m = 1 in (3.4) yields precisely the spectrum (2.8) of the linear operator B1 in one dimension, and then scaling (3.6) reduces to multiplication
by constant b. It follows from (3.4) that, in the linear case m = 1, the
spectrum {λk } is unbounded from below (a standard property of spectra of
self-adjoint operators in Hilbert spaces with compact resolvents; see [12]).
In Lemma 3.1 the ﬁrst two eigenvalues λ0 and λ1 and the corresponding
nonlinear eigenfunctions are obtained explicitly by using two known conser1
vation laws for the PME. Namely, λ0 = 0, β0 = m+1
correspond to the
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ZKB solution (1.7), N = 1, with the ﬁrst eigenfunction (1.8) for b = 1.
1
1
For λ1 = − m(m+1)
, β1 = 2m
, we obtain the Barenblatt-Zel’dovich dipole
solution (1.10) with eigenfunction (1.11) and b = 1.
3.2. Eigenfunctions in radial geometry in RN . We now describe similarity patterns in RN , where a complete description of eigenfunctions is
available in the radial geometry; see [32] and other details in [26].
Lemma 3.2. Let m > 1 and N > 1. Then, in the radial geometry, there exists a strictly monotone decreasing sequence of eigenvalues of the eigenvalue
problem (3.2)
2
σ(Bm ) = {λk : k = 0, 2, 4, ...} ↓ −
, where λ0 = 0,
(m − 1)[N (m − 1) + 2]
(3.7)
so (3.2) has radially symmetric, compactly supported solutions if, and only
if, λ = λk for some even integer k ≥ 0, which is exactly the number of sign
changes of ψk (|y|) in R+ . The normalization condition is
supp ψk = {|y| ≤ 1}

for all k = 0, 2, 4, ... .

(3.8)

Note that βk > 0 for k ≥ 0. Each proﬁle ψk generates a one-parameter
family (3.6) of solutions. As for N = 1, the ﬁrst eigenvalue λ0 = 0 corresponds to the ZKB solution (1.7) and ψ0 is given by (1.8) with b = 1.
Little is known for other nonradial eigenfunctions of the PME satisfying the
elliptic equation (3.2). A multi-dimensional analogy of dipole pattern ψ1 (y)
[33] seems to be the only known nonradial nonlinear eigenfunction existing
for all m > 1. In the Appendix we present a branching analysis of nonlinear
eigenfunctions applied for m ≈ 1+ .
According to the group of scalings (3.6), we specify the whole subset of
nonlinear eigenfunctions of operator (3.2) as follows:
Φ = {ψk (y; b) : k ≥ 0, b ∈ R \ {0}}.

(3.9)

Thus, Φ consists of a countable subset of continuous one-parameter families
of functions.
4. Notion of evolution completeness for the radial PME in RN
We consider the PME (1.5) in the radial setting with radial initial data
û ∈ C0 . A similar analysis applies to the one-dimensional equation with
arbitrary û ∈ C0 , as explained below. We need an extra technical assumption
on initial data
û = û(|x|) has a ﬁnite number of sign changes.

(4.1)
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Since the number of sign changes of u(|x|, t) does not increase with time
(Sturm’s theorem; see a survey and the references in [24, Chapter 1]), one
can see that u(0, t) can change sign only a ﬁnite number of times for all
t > 0. We may then assume that u(0, t) > 0 for all t  1. Otherwise, we
replace û → −û and hence u → −u. We cannot get rid of an assumption
like (4.1) since a classiﬁcation of local structures of zeros for the PME is
still unknown or not rigorously justiﬁed in general. By C0S we denote the
space of radial compactly supported continuous functions in RN satisfying
the Sturmian assumption (4.1).
It is convenient to rescale u(x, t) according to (3.1) by setting
u(x, t) = (1 + t)−µ0 v(y, τ ),
N
with µ0 = N (m−1)+2
and β0 =
rescaled equation

vτ = Bm (v)

y = x/(1 + t)β0 ,
µ0
N.

τ = ln(1 + t),

(4.2)

Then v(y, τ ) is a global solution of the

for τ > 0,

v(y, 0) = v0 (y) ≡ û(y),

(4.3)

where Bm is operator (3.2); i.e., the proﬁle (1.8) is stationary for this operator, Bm (ψ0 ) = 0. Recall that, under the above assumptions,
ϕ(τ ) ≡ v(0, τ ) > 0

for all τ  1.

(4.4)

For this rescaled nonlinear problem, we deﬁne the evolution completeness as
follows.
Deﬁnition 4.1 The subset (3.9) of nonlinear eigenfunctions of problem
(3.2) is evolutionary complete, if, for any initial data û ∈ C0S , there exists a
ﬁnite k ≥ 0 and a constant b = 0 such that, as t → ∞,
1
w(z, τ ) ≡
v(zϕ(m−1)/2 (τ ), τ ) → ψk (z; b) uniformly in RN . (4.5)
ϕ(τ )
According to Lemma 3.2, for any ﬁxed k ≥ 0, we introduce the functional
subsets
Wk = {v0 ∈ C0S : ∃ b = 0 such that w(z, τ ) → ψk (z; b) as t → ∞}. (4.6)
Then the evolution completeness assumes, in particular, that
∪k≥0 Wk = C0S \ {0}.

(4.7)

This implies that any v0 = 0 belongs to Wk with some ﬁnite k = k(v0 ), and
W∞ = {0},

(4.8)

where W∞ is the set of initial data for which solutions v(·, τ ) have a “superexponential” decay in the sense that, uniformly in RN ,
v(y, τ ) = o(e−Kτ )

as τ → ∞ for any constant K  1.

(4.9)
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The evolution completeness analysis consists of two parts.
4.1. First half: direct sum
decomposition of C0S . Note that if û has

nonzero mass; i.e., M0 = û = 0, then by the asymptotic stability of the
ZKB similarity-solution, v(y, τ ) is known to converge as τ → ∞ to the
similarity proﬁles (1.8), (3.6) with the same mass (see further comments
below). For general nonnegative data û ∈ L1 (RN ), this is proved in [22].
For û changing sign with M0 > 0, the “eventual positivity” for t  1 for
compactly supported solutions in radial geometry follows from intersection
comparison techniques (see [39] and an “eventual monotonicity” approach
in [29]).
We now consider general initial data with zero mass such that
v(·, τ ) → 0 as τ → ∞ uniformly.

(4.10)

In order to clarify a possible asymptotic behaviour of the rescaled solution,
we perform the extra rescaling for τ  1 given in (4.5), where the new
rescaled function w(z, τ ) satisﬁes the following perturbed parabolic equation:
wτ = Bm (w) − g(τ )Cw, with g(τ ) =

φ (τ )
φ(τ )

(4.11)

and C being the linear operator (3.3). Note that, by scaling (4.5), we have
w(0, τ ) ≡ 1 for τ  1.

(4.12)

We now explain the main ingredients of the asymptotic analysis.
(i) A bound on the rescaled orbits. Without loss of generality we
may assume that φ(τ ) ∼ maxy |v(y, τ )| for τ  1, so that the orbit deﬁned
in (4.5) is uniformly bounded, and hence, by the standard parabolic theory
of PME-type equations [20, 18], is compact in Cloc (RN ).
Alternatively, one can use another scaling:
φ(τ ) = max |v(y, τ )|
y

(then |w(z, τ ) ≤ 1 for τ  1). This causes only minor changes in the
analysis: Firstly, under hypothesis (4.1) φ (τ ) exists for τ  1. Secondly,
passing to the limit as in (4.15) we obtain another normalization condition
in (4.16):
max |h(y, s)| ≡ 1 for s ≥ 0.
y

It is known that the intersection comparison argument guarantees that h(·, s)
must be stationary (this is associated with the nonexistence of inﬁnitely
many inﬂection intersection points; see [30, page 74]).
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(ii) First limit. We claim that there exists a ﬁnite limit along a sequence
g(τ ) → λ as τ = τj → ∞.

(4.13)

(The proof of this claim is given by parts (iv) and (v) below. See particularly
the remark after Proposition 4.1.) Then we claim that (see the oscillation
analysis below)
g(τj + s) → λ uniformly on bounded intervals in s.

(4.14)

In this case, setting τ = τj + s and passing to the limit in equation (4.11)
by using the standard regularity PME theory, (4.12) provides us with the
crucial L∞ estimate which makes it possible to pass to the limit in such
PME-type equations via the general compactness result [18], thus we obtain
that
(4.15)
w(τj + s) → h(s) in L∞
loc (R+ ; C0 ),
where h(s) solves the autonomous time-independent equation
hs = Bm (h) − λCh for s > 0, h(0, s) ≡ 1.

(4.16)

By construction, h(y, s) is a uniformly bounded weak C0 solution.
The quasilinear parabolic equation (4.16) with a potential ordinary differential operator on the right-hand side is known to be a gradient system.
The existence of a suitable integral Lyapunov function is proved by the general approach [45] with necessary modiﬁcations related to the degeneracy of
the PME operator [23, 16]. Furthermore, Sturm’s theorem prescribing the
number of sign changes of solutions as a “discrete” Lyapunov function, guarantees that, in the gradient system (4.16), the nonempty ω-limit set ω(w0 ) of
any bounded orbit consists of stationary solutions only. Indeed, the boundary condition h(0, s) ≡ 1 implies by the strong maximum principle that
h(·, s) must be a stationary solution. Further examples, applications, and
references can be found in [24, Chapters 1,7]. A diﬀerent application of the
Sturmian argument for solutions of changing sign will be presented below.
(iii) λ is an eigenvalue. The radial ODE
B(f ) − λCf = 0 in RN , f ∈ C0 , f (0) = 1,

(4.17)

which coincides with the nonlinear eigenvalue problem (3.2) (note that the
normalization condition is diﬀerent from (3.8)) must admit a solution. By
Lemma 3.2 this means that the constant λ in (4.13) must coincide with one
of the nonlinear eigenvalues of (3.2),
λ = λk for some k ≥ 0.

(4.18)

(iv) Nonoscillatory property. We now return to the condition (4.14).
Assuming that it is not valid, we obtain a contradiction by the Sturmian
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intersection approach. A more detailed description of various aspects of the
intersection comparison will be presented in later sections, where it is used
for reﬁned asymptotic estimates.
We may assume that g(τ ) is oscillating around λ = λk for τ  1 and that
the oscillations are not small (in the sense that they have some minimum
amplitude ε). We now compare two families of solutions. The ﬁrst is the
rescaled solution v(y, τ ) = eλk τ w̃(z, τ ), with z = ye−(m−1)λk τ /2 ; the second is
the rescaled (according to (4.2)) self-similar solutions (3.1) and (3.6) which
are denoted by v̄(y, τ ) = eλk τ ψk (z; b). The main idea of such a comparison
is to show that each intersection of g(τ ) with λk at some τ  1 would mean
losing at least one intersection of w̃(y, τ ) with the corresponding similarity
solution ψk (z; bj ), where we choose a special scaling parameter b = bj . To
do this we suppose that w̃(0, τ ) is suﬃciently oscillatory as τ → ∞.

Figure 1. Setup and scaling.
We have assumed that g(τ ) oscillates about some λk < 0. We now set
φ(τ ) = eλk τ φ̄(τ ),

(4.19)

so that ḡ(τ ) = g(τ ) − λk = φ̄ (τ )/φ̄(τ ) oscillates about zero. This is shown
in Figure 1. For τ  1 we have φ(τ ) > 0 and hence φ̄(τ ) > 0. The
oscillations of φ̄ (τ )/φ̄(τ ) about zero now imply that φ̄ (τ ) oscillates. Hence
φ̄(τ ) = w̃(0, τ ) oscillates as desired.
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Since ḡ(τ ) oscillates, we may form a sequence {τj } → ∞ such that, for all
j = 2, 4, 6, ...,
ḡ  (τj ) = ḡ  (τj+1 ) = 0 and ḡ(τj )ḡ(τj+1 ) < 0
(see Figure 1). We now chose bj in (3.6) so that w̃(0, τj ) = v̄(0, τj ). This
guarantees that at least one intersection between w̃(y, τ ) and ψk (z; bj ) disappears at τ = τj (since φ̄(τ ) has nonzero derivative here). By {bj } we denote
the corresponding sequence of scaling parameters in ψk (z; bj ).
First we consider the basic case where the sequence {bj } is uniformly
bounded and is uniformly bounded away from zero. Passing to the limit
j → ∞ and using the compactness of the bounded family {ψk (z; bj )} of
continuous functions, we ﬁnd a proﬁle ψk (z; b̄) that has an inﬁnite number
of intersections with w̃(y, τ ) for all τ  1. Since an inﬁnite number of the
oscillations of φ̄ are of ﬁnite amplitude ε > 0 (if not then φ̄ converges and
thus ḡ → 0 and there is nothing to prove), there exists a family of self-similar
solutions {ψk (z; b) : b ∈ (b̄ − ε, b̄ + ε)} such that each ψk (z; b) has an inﬁnite
number of intersections with w̃. This is impossible by a standard argument;
see [24, pages 231-235]. This kind of approach is typical for degenerate
parabolic equations without the strong maximum principle.
The analysis of the case where bj → ∞ is similar but we must perform
an extra rescaling by using the group of transformations (3.6) with b = bj
(leaving the rescaled equation invariant) for τ ≈ τj to get a bounded sequence
and to repeat the above argument. We again assume that, after this extra
rescaling, the oscillations are not small (otherwise we are done). Actually,
in this intersection approach, the asymptotics of {bj } are not of principal
importance since only the oscillatory property of w̃(z, τ ) plays a key role.
The case bj → 0 is similar with the same b rescaling according to (3.6). It
now follows that g(τ ) can only have a ﬁnite number of oscillations around λk .
If g(τ ) oscillates around another constant λ ≈ λk , then the same argument
applies where we have to use the similarity proﬁles satisfying equation (3.2)
with the given λ. Then, for λ ∈ {λk }, ψ is not a solution in RN and ψ(y) is
unbounded as y → ∞. This simpliﬁes the intersection comparison analysis
with the bounded rescaled solution w̃(y, τ ). We then compare the solutions
on a bounded interval in y such that the necessary comparison is valid on
the lateral boundary, where the diﬀerence does not change sign. In both
cases, the assumption (4.13) implies (4.14) which makes it possible to pass
to the limit τj + s → ∞.
Recalling that (4.18) holds for any partial limit (4.13), in view of discreteness of the spectrum {λk }, if there exists a partial limit (4.13), (4.18), then
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the function has the same limit,
φ (τ )
→ λk as τ → ∞.
φ(τ )

(4.20)

Indeed, since g(τ ) is continuous, existence of two diﬀerent partial limits λ∗ <
λ∗ would mean that any λ ∈ (λ∗ , λ∗ ) would correspond to a partial limit;
i.e., problem (4.17) would have a nontrivial solution for a continuous interval
of eigenvalues (meaning that ω(w0 ) is connected) contradicting Lemma 3.2.
(v) λ = −∞ is not possible. We now need to rule out the possibility
λ = −∞ in (4.13). Actually, this shows that the superexponential decay
rate where
φ(τ ) = o(e−Kτ ) for τ  1 with any K  1
(4.21)
is possible for the trivial solution only, v ≡ 0. In the linear self-adjoint
theory, this corresponds to the classical Agmon-Ogawa type estimates from
the 1960s; see [1, 38] and [31, 17], where earlier references can be found.
It follows from the analysis presented above that we need to consider a
function φ(τ ) such that
g(τ ) → −∞ as τ → ∞,

(4.22)

so that no ﬁnite partial limits (4.13) exist. Consider equation (4.11), where
for convenience we replace g(τ ) with −g(τ ) so that g(τ ) > 0 for τ  1. We
perform the third scaling by setting

z = ζ/ g(τ ), where s = − ln φ(τ ) → ∞ as τ → ∞,
(4.23)
and then w = w(ζ, s) solves the perturbed equation
1
g  (τ )
(β0 ζ · ∇w + µ0 w), ρ(s) = − 2 ,
g(τ )
2g (τ )
(4.24)
1
(4.25)
B∞ (w) = ∆|w|m−1 w − (m − 1)ζ · ∇w + w.
2
It is important that if g(τ ) has a superexponential decay, then
ws = B∞ (w) + ρ(s)ζ · ∇w +

ρ(s) → 0 as s → ∞;

(4.26)

at least, along a subsequence s = sj → ∞ such that, as above, ρ(sj + s) →
0 uniformly on bounded intervals in s and that is suﬃcient to apply our
asymptotic argument. One can see that an oscillatory behaviour of ρ(s)
as s → ∞ contradicts the assumption (4.22). Therefore, using the same
approach and passing to the limit sj → ∞, we have that (as j → ∞)
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ρ(sj + s) → h(s), and h(s) → f as s → ∞, so that ω(w0 ) = {f } is nonempty
and consists of nontrivial stationary solutions
B∞ (f ) = 0 in RN , f ∈ C0 , f (0) = 1.

(4.27)

Therefore we arrive at a contradiction in view of the following nonexistence
result (cf. a general existence analysis of such ODEs in [32]).
Proposition 4.1. Problem (4.27), (4.25) does not have a bounded solution.
Proof. This follows from Lemma 3.2 describing all possible radial equations
(3.2) ((4.27) belongs to the same type) admitting compactly supported solutions in RN . 
Thus, (4.22) cannot happen. A similar argument to this holds to prove
that g(τ ) → ∞ and hence the claim (4.13) that g(τ ) has a partial limit is
proved true.
We have now established the ﬁrst half of the evolution completeness theory
for the radial PME in RN .
Theorem 4.1. Let (4.1) hold. Then (4.7) is valid.
4.2. C0S cannot be replaced by L1 . Let us show that in the completeness
analysis, the space C0S cannot be in principle replaced by the usual space
L1 (RN ) that plays a key role in the general PME regularity theory; see
[20] and [30, Chapter 2]. This is important for arbitrary initial data of
changing sign. Obviously, for any integrable data û ≥ 0, the rescaled solution
converges to the ZKB proﬁle with the total mass û. The proof is achieved
by approximation via compactly supported data; see [22]. On the other
hand, note that the L1 -setting is not suitable for the asymptotic analysis of
the nonnegative solutions of the PME with critical absorption where some
delicate logarithmically perturbed patterns can occur; see [30, page 98].
Proposition 4.2. There exist bounded integrable initial data û for which
the convergence (4.5) does not hold for any ﬁnite k.
Proof. Recall that such data û ∈ L1 are not compactly supported. Our
construction is as follows. We ﬁx two strictly monotone positive sequences,
{κn }, {ρn } such that
κn → ∞, κn+1 − κn → ∞, and ρn → 0, all suﬃciently fast.

(4.28)
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n

For instance we can take κn = en and ρn = exp{−en }, or take more exponential functions if necessary. We determine the following initial function:


ũ(x) = −δ (x) +

∞


ρn [δ(x − κ2n−1 ) + δ(x + κ2n−1 ) − δ(x − κ2n ) − δ(x + κ2n )];

n=1

(4.29)
i.e., we put at the points x = ±κ2n−1 and x = ±κ2n Dirac’s delta functions
with weights ρn alternating their signs. After a suitable compactly supported
regular approximation of each singularity in (4.29), ũ ∈ L1 , xũ ∈ L1 , and
there exists the corresponding global solution ũ(x, t) that is a continuous
function for t > 0.
Let us discuss its asymptotic behaviour for large times. We display the
behaviour for t  1 of the central pattern of this solution having a bounded
connected (almost symmetric) support on the interval x ∈ [s̃− (t), s̃+ (t)]. It
follows that if, for some integer n  1, |s̃± (t)| ∈ (κ2n , κ2n+1 ) and, in addition, no interaction with the interfaces of the neighbour small solution parts
has happened, then this part of the solution has in the support [s̃− (t), s̃+ (t)]
the zero mass,


ũ(x, t) dx = 0, but
xũ(x, t) dx = 1.
The ﬁrst momentum 1 corresponds to −δ  in (4.29) since the rest of the
δ-functions create the resulting zero momentum. Therefore, for suﬃciently
large t  1, the solution after scaling (4.5) must take a form of the dipole
proﬁle (1.11) of the same momentum 1. By the construction of the sequences
in (4.28), we always can guarantee that there exists a suﬃcient interval of
time to gain this dipole shape approximately and moreover with increasing
accuracy for n  1.
Then, after this period of stabilization to a dipole proﬁle ψ1 , when, similarly, under the assumption |s̃± (t)| ∈ (κ2n+1 , κ2n+2 ) with no interaction
with
neighbouring parts, this part of the solution has a nonzero mass since

ũ(x, t) dx = 2ρn+1 = 0. Therefore, after a suﬃciently large time, this part
of the solution approximately takes the form of a ZKB-solution with proﬁle
(1.8) of the same mass. We again assume that there exists a suﬃciently long
period of time for such an approximate stabilization. Continuing this asymptotic analysis with n → ∞ yields that the central part of the solution takes
with time an alternating sequence of the dipole and the ZKB-structures with
the arbitrary accuracy depending on the choice of sequences (4.28). Since
those similarity solutions (3.1) have diﬀerent scaling factors and exponents,
eigenvalues λ1 and λ0 and essentially diﬀerent nonlinear eigenfunctions ψ1
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and ψ0 , we do not have a chance to observe any convergence after scaling in
(4.5).

5. Second half of evolution completeness:
uniqueness of the limit
Finally, we need to establish that, after the necessary rescaling in (4.5)
and (4.20), ω(w0 ) consists of a unique similarity proﬁle ψk (·; b). Recall that
each nonlinear eigenfunction ψk generates by (3.6) a one-parameter family of
stationary solutions, so that the unique choice of the parameter b = b(û) = 0
is of principal importance. Such results based on the use of Sturm’s theorem
on zero sets are well known in the asymptotic theory of PME-type equations
but only for nonnegative solutions; see [4, 24, 29] and references therein.
Below we present a detailed description of the modiﬁcations of the Sturmian
analysis that are necessary to cover the case of solutions of changing sign.
The regularity properties of solutions of changing sign and their interfaces
are well known (though not in as much detail as for nonnegative ones); see
[10, 39] and references therein.
We will prove the following result ﬁnishing the evolution completeness
analysis.
Theorem 5.1. Let (4.20) hold with some ﬁnite k ≥ 0. Then there exists a
unique b = 0 such that
ω(w0 ) = {ψk (·; b)}.
(5.1)
We begin with the following auxiliary properties of the continuous branches of nonlinear eigenfunctions generated by scaling (3.6).
Proposition 5.1. For any b1 , b2 ∈ R+ , b1 = b2 , the proﬁles ψk (y; b1 ) and
ψk (y; b2 ) have exactly k intersections.
Proof. We ﬁrst note that ψk (y) is continuous and has exactly k sign changes
[32]. Without loss of generality we study the one-dimensional problem and
consider two cases.
Case 1: ψk (y) is symmetric, k is even. Let us label the k2 zeros of the
proﬁle ψk (y; b1 ) in the range y > 0 as y1 , y2 , . . . , yk/2 , where yi < yi+1 for all
i. Now label the zeros of the proﬁle ψk (y; b2 ) in the same way as ŷi . Since
b1 = b2 we may assume without loss of generality that yi < ŷi for all i; see
the scaling (3.6). We have two subcases to consider:
(1a) b1 is suﬃciently close to b2 to ensure that ŷi ∈ (yi , yi+1 ) for all i,
(1b) b1 and b2 are such that subcase (1a) is not true.
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Subcase (1a). Note that the sign of the derivative with respect to y of
ψk (y; b1 ) at yi is the same as the sign of the derivative with respect to y of
ψk (y; b2 ) at ŷi , since these zeros are simply scalings of one another. Due to
the fact that there is no zero of ψk (y; b1 ) in (yi+1 , ŷi+1 ), we have that the
sign of ψk (y; b1 ) remains the same for all y ∈ (yi+1 , ŷi+1 ). For deﬁniteness
let’s say ψk (y; b1 ) < 0 for y ∈ (yi , ŷi ). Thus at y = ŷi , ψk (y; b2 ) > ψk (y; b1 )
since ψk (ŷi ; b2 ) = 0. Now at y = ŷi+1 , ψk (y; b1 ) > 0 so ψk (y; b2 ) < ψk (y; b1 ).
Thus, due to continuity, ψk (y; b2 ) − ψk (y; b1 ) has at least one sign change in
(yi , ŷi+1 ) and so the proﬁles have at least one intersection in this interval. It
remains to prove that they can have at most one intersection in this interval.
This is done by means of the maximum principle.
Consider only the interval (yi , ŷi+1 ) and assume that ψk (y; b1 ) < 0 for
y ∈ (yi , yi+1 ), so ψk (y; b2 ) < 0 for y ∈ (ŷi , ŷi+1 ) (the proof is similar for the
opposite sign). Now, by the maximum principle, neither proﬁle can have a
local maximum in the intervals where they are negative. Neither can they
have a point of inﬂection since this contradicts the maximum principle for
their derivative with respect to y. Thus, both functions are convex in the
region where they are negative and may only intersect each other once as
a result of this and of the ordering of their zeros. In the region where one
function is positive, there can be no intersections since either ψk (y; b1 ) >
ψk (y; b2 ) or vice versa. Hence, they may intersect only once in the region
(yi , ŷi+1 ). This proves that there are k2 −1 intersections in the range (y1 , ŷk/2 ).
(m−1)/2

The proﬁles must also intersect once in the interval (ŷk/2 , b2

); i.e.,

(m−1)/2
between the last zero of ψ(y; b2 ) and its interface, since ŷk/2 < b1
<
(m−1)/2
k
(m−1)/2
b2
. Thus, the proﬁles have exactly 2 intersections for y ∈ (0, b
)

and exactly k intersections overall.
Subcase (1b). This is done by means of an evolution argument. Fix
b1 = 1. We let b2 vary and show that evolution in b does not destroy or
create intersections.
We ﬁrst note that by the known regularity for the ODE (3.2), all the
intersections between the two proﬁles are transversal in terms of the variable
|ψk |m−1 ψk ; i.e., at any point of intersection,
d
[|ψk (y; b2 )|m−1 ψk (y; b2 ) − |ψk (y; b1 )|m−1 ψk (y; b1 )] = 0.
dy

(5.2)

We have already showed that this diﬀerence cannot have a point of inﬂection,
so the only possible type of intersection is transversal. These intersections
cannot be lost without creating a situation in which one proﬁle is tangent
to the other. Then we have two solutions of the same ODE, which violates
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Figure 2. Two neighbouring intersections cannot be lost.
uniqueness, so this cannot occur; see Figure 2. No intersections may be
gained for the same reason. Hence, the k transversal intersections found in
subcase (1a) remain for all values of b2 .
Case 2: ψk (y) is antisymmetric. This case diﬀers from the symmetric
case in that ψk (y) passes though (0, 0) and thus has a ﬁxed point under
scaling (3.6). However, this does not create any problems since for b1 < b2
we have that ψk (y; b1 ) < ψk (y; b2 ) for all y ∈ (0, ŷ1 ). The proof is very similar
to the symmetric case and we ﬁnd that there are exactly k intersections:  k2 
in the domains y > 0 and y < 0 and one at y = 0. (Here · denotes the ﬂoor
function for real numbers; k is the largest integer j such that j ≤ k.) 
Unperturbed equation. At this moment, assuming that (4.15) holds and,
for convenience, replacing h(s) again by w(τ ), we study the ω-limit set for
the rescaled equation (4.11) with g(τ ) ≡ λk according to (4.20),
wτ = Bm (w) − λk Cw

for τ > 0,

w(0) = f ∈ ω(w0 ).

(5.3)

By the regularity results for the PME [10, 20, 34, 39], we will use the fact that
the rescaled solution (4.5) satisﬁes |w|m−1 w ∈ C 1 at least for all τ  1 (cf.
typical results in [39] establishing by Sturm’s theorem that the solutions and
interfaces attain extra regularity eventually in time). For ease of notation,
we let wm (y, t) = |w(y, t)|m−1 w(y, t) and prove the following result.
Theorem 5.2. The ω-limit set of the orbit of (5.3) consists of a single
proﬁle; i.e., there exists a unique constant b = 0 such that ω(f ) = {ψk (·; b)}.
Our study consists of two parts. Firstly, we extend Proposition 5.1 to
intersection comparison with the rescaled solution w(y, τ ) of (5.3).
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Figure 3. This situation can arise if |b1 − b| < ε2 .
Lemma 5.1. Let ψk (·; b1 ) ∈ ω(w0 ) for some b1 = 0; i.e., wm (y, τ ) →
ψkm (y; b1 ) uniformly along the sequence {τj } → ∞. Then there exist sufﬁciently small positive ε1 and ε2 = ε2 (ε1 ) such that when wm (y, τ ) −
ψkm (y; b1 )C 1 < ε1 , w(y, τ ) and ψk (y; b) have exactly k intersections for all b
such that |b1 − b| > ε2 .
Proof. We know that w(y, τ ) can only intersect ψk (y; b) in a set of neighbourhoods of the intersections between ψk (y; b1 ) and ψk (y; b) deﬁned by
N = {y : ψkm (y; b1 ) − ψkm (y; b)C < ε1 }. We must now prove that w(y, τ )
can only intersect ψk (y; b) once in each of these neighbourhoods. The condition on b is needed to avoid
ψkm (y; b1 ) − ψkm (y; b)C 1 < ε1 ,

(5.4)

as this means that w(y, τ ) could intersect ψk (y; b) many times. This diﬃculty
is shown in Figure 3: ψk (y; b1 ) and ψk (y; b) intersect each other once on this
range but w(y, τ ) intersects both of them twice.
We label all the intersections between ψkm (y, b1 ) and ψkm (y; b) by ỹ1 , ỹ2 ,
. . . , ỹk . Let us consider a single, but arbitrary, intersection ỹi . We now consider the subset Ñ ⊂ N that is a neighbourhood of ỹi . Since all intersections
between ψkm (y, b1 ) and ψkm (y; b) are transversal, there is a positive angle between the gradients of the two curves at the point of intersection. Without
loss of generality, assume that the gradient of ψkm (y, b1 ) is strictly less than
the gradient of ψkm (y; b) throughout Ñ . Now choose ε1 small enough to ensure that the gradient of wm (y, τ ) is also strictly less than the gradient of
ψkm (y; b) for all y ∈ Ñ . Thus, wm (y, τ ) may only intersect ψkm (y; b) once in

Ñ provided ε1 is small enough.
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Secondly, we need an extended version of the so-called “tail lemma” (cf.
[29, Lemma 8.2]) applied now to solutions changing sign. As above, we
assume that ψk (·; b) ∈ ω(w0 ), and, for deﬁniteness, we assume that ψk (y; b) >
0 for y ∈ (y1 , y0 ), where y1 < y0 = b(m−1)/2 is the largest zero of ψk (y; b).
Lemma 5.2. Let ε > 0 be small enough and wm (y, τ ) − ψkm (y; b)C 1 < ε
for some time τ = τj  1. There exists positive ε̄(ε) ∼ ε as ε → 0 such
that if supp w(y, τj ) > supp ψk (y; b) + ε̄, then there exist s > 0 and small
δ > 0 both independent of ε such that w(y, τj + s) = 0 for all y ≥ y0 + δ and
w(y, τj + s) ≥ 0 for y ≥ 12 (y0 + y1 ).
Proof. We look for a weak supersolution in the form of a travelling wave.
Set
w̄(y, τ ) = h(η) ≥ 0,

η = y + λτ

m 

with λ > 0,

so that



D(h) ≡ (h ) + (βk y − λ)h + αk h ≤ 0
in the positivity domain plus typical regularity at the interface (see below).
Actually, we need this supersolution for a local comparison in a neighbourhood of y = y0 , namely for y > 12 (y0 + y1 ). Assuming that h ≤ 0, we have
that
D(h) ≤ D̄(h) ≡ (hm ) + (βk y1 − λ)h + αk h.
(5.5)
Here D̄ is an operator with constant coeﬃcients so it admits a standard
1/(m−1)
weak supersolution h(η) = A(η0 − η)+
for some constant A > 0 and
arbitrary η0 > y0 . Then (5.5) for τ = 0 (η = y) reads
m
Am−1 + (λ − βk y1 ) + (m − 1)αk (η0 − y) ≤ 0,
m−1
where, for comparison from below, we need only to check this inequality in
a suﬃciently small neighbourhood of y = η0− . For instance, we can take
1
λ = βy1
2

and Am−1 ≤

βyk
,
4m(m − 1)

(5.6)

and this provides us with the required supersolution. This supersolution
moves to the left and destroys the positive part of the tail that is far from
the interface of ψk (y; b) by the usual comparison, and the tail is destroyed
up to a certain small right-hand δ-neighbourhood of the point y = y0 . This
process is shown on Figure 4 (a), (b), (c).
Concerning the negative part of the tail, the same comparison idea can
be used to destroy it completely by means of a subsolution ŵ = −w̄. Then,
since w(y, τ ) > 0 on [y1 + δ, y0 − δ], obviously, the negative part of the small
tail will be destroyed up to y = y1 + δ. See the lower part of Figure 4. 
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(a) Initial situation.

(b) w̄ begins to destroy the tail.

(c) w̄ has destroyed the positive tail far
from the interface and now comparison with w̄ begins to fail. We won’t
need w̄ any further.

(d) Now ŵ has completely destroyed the
negative tail.

Figure 4. The travelling wave w̄ destroys the tail as it moves
in the direction of the arrow.
The rest of the analysis uses the same intersection comparison ideas as
for nonnegative solutions; cf. [24, 29] and [4].
Lemma 5.3. Let b1 < b2 be ﬁxed. Assume that there exists a small ε > 0
such that, at some time τj  1, w(y, τ ) is such that wm (y, τj )−ψkm (y; b1 )C 1
< ε, and for some time τ̄j  τj , we have wm (y, τ̄j ) − ψkm (y; b2 )C 1 < ε.
Then w(y, τ̄j ) has lost at least one intersection with all proﬁles ψk (y; b∗ )
with b∗ satisfying |b1 − b∗ | > δ(ε) > 0 and |b2 − b∗ | > δ(ε) > 0.
Proof. Firstly, note that if we have an ordered system {ψk (·; b) : b ≥ 0};
i.e., none of the proﬁles ψk (y; b) intersect each other (this happens for k = 0
only), then it is impossible for w(y, τ ) to move from being close to ψk (y; b1 )
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to being close to ψk (y; b2 ) by the usual comparison. Thus, there must be
at least one intersection between all proﬁles for this movement to occur and
this is where the principles of intersection comparison apply. We now show
that one of these intersections will be lost during this movement.
We only sketch the idea for the remainder of the proof. Details can
be found in [29, Lemma 8.2]. Consider only the interfaces of the proﬁles
ψk (y; b1 ) and ψk (y; b2 ). We have shown by Lemma 5.2 that if wm (y, τ ) −
ψkm (y, b2 )C 1 < ε for some small positive ε, then in a region of their interfaces w(y, τ ) and ψk (y; b1 ) have the same sign. Also, if wm (y, τ ) is C 1 -close
to ψkm (y; b1 ), then Lemma 5.1 implies that w(y, τ ) must have precisely k
zeros with all other proﬁles ψk (y; b∗ ) with intermediate values b∗ . Figure 5
shows how w(y, τ ) can move from being C 1 -close to ψk (y; b1 ) to being C 1 close to ψk (y; b2 ). Note that an intersection is lost with any intermediate
proﬁle ψk (y; b∗ ) at its interface. This means that at least one intersection
must be lost with each intermediate proﬁle during this transition time. 
Proof of Theorem 5.2. Assume that there are two distinct values 0 <
b1 < b2 such that ψk (·; b1,2 ) ∈ ω(f ). In this case there must be sequences
{τj } and {τ̄j } → ∞ such that
w(τj ) → ψk (·, b1 ) as j → ∞, but w(τ̄j ) → ψk (·, b2 ) as j → ∞.
We may now arrange for an inﬁnite number of proﬁles to lie between (close
to interfaces) ψk (y; b1 ) and ψk (y; b2 ) by picking values of b∗ in between b1
and b2 . Taking ε1 , and hence ε2 , small enough in Lemma 5.1 we may pick b∗ ,
b1 < b∗ < b2 , such that |b∗ − b1 | > ε2 and |b∗ − b2 | > ε2 , so if w(y, τ ) is close
enough to either ψk (y; b1 ) or ψk (y; b2 ) then it has exactly k intersections with
each of the proﬁles ψk (y; b∗ ).
Now at some time τj  1, w(y, τj ) − ψk (y; b1 ) < ε1 and thus w(y, τj )
has exactly k intersections with some ψk (y; b∗ ). Using Lemma 5.3, we now
see that if w(y, τ ) were to converge to ψk (y; b2 ) it would lose an intersection
with this intermediate proﬁle. Since we know by Sturm’s theorem that
intersections cannot be gained, we have a contradiction to Lemma 5.1, which
states that if w(y, τ ) is close to ψk (y; b2 ) then it has exactly k intersections
with our ψk (y; b∗ ).

Perturbed equation. Returning back to the full rescaled equation (4.11)
and passing to the limit (4.15), we have that the constant b in Theorem 5.2
does not depend on the sequence {τj } → ∞ in view of equality (4.12), which
itself selects the unique limit proﬁle.
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Figure 5. An intersection is lost with any intermediate proﬁle on its interface. The interface of w(y, τ ) moves in the
direction of the arrow as time increases.

Completeness in one dimension: end of the proof for odd k. For
N = 1, Lemma 3.1 gives the complete description of all the nonlinear eigenfunctions. The asymptotic completeness analysis remains the same if k is
even. However, for odd values of k, the scaling function (4.4) is not suitable
since for the exact similarity solutions, v(0, τ ) ≡ 0. In this case one needs to
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pick another scaling function, e.g.,
ϕ(τ ) = sup v(ξ, τ ).

(5.7)

ξ

Then, in order to ensure that ϕ(τ ) is C 1 smooth for τ  1, we need to
impose an extra condition on initial data (cf. (4.1))
û(x)

has a ﬁnite number of extrema,

(5.8)

which guarantees that, for τ  1, v(y, τ ) has isolated extrema so that ϕ(τ )
is smooth. The proof is similar to the property of eventual monotonicity;
see [29].
Thus, scaling (4.5) will provide us with a uniformly bounded rescaled
orbit and rescaled equation (4.11). The rest of the analysis including the
uniqueness conclusion contains no novelties.
Appendix A. On the branching of nonlinear eigenfunctions at
m=1
In the nonradial geometry, (3.2) is a diﬃcult open nonlinear eigenvalue
problem. The operators involved are not potential and the problem does not
admit a variational setting. Therefore, the classical Lusternik-Schnirel’man
category theory [36, Chapter 8] does not apply. Nevertheless, we expect (3.2)
to admit at least a countable subset of nonlinear eigenfunctions (diﬀerent up
to the scaling (3.6)), which is a typical feature of potential operators with
uniformly diﬀerentiable even functionals; see [36, Theorem 57.2].
A.1. Derivation of the branching equation. We will apply the classical
perturbation, branching approach to problem (3.2) using the known eigenfunctions of the linear eigenvalue problem (2.7) corresponding to m = 1.
Bifurcations of nonradial eigenfunctions from known radial ones are not expected to occur at a sequence of critical exponents {m = mk > 1}. Such
an approach is fruitful for other types of nonlinear operators corresponding
to ﬁnite time blow-up (focusing) self-similar phenomena in reaction-diﬀusion
problems; see bifurcation scenarios in [14] and [5], where countable sequences
of bifurcation exponents actually occur.
Thus we set
m = 1 + ε, where 0 < ε  1,
(A.1)
and ﬁx an eigenvalue λβ = − k2 with an arbitrary k ≥ 1 from the discrete
spectrum (2.8) possessing the eigenspace
Φk = Span{ψβ : |β| = k}

(A.2)
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of ﬁnite dimension K (the number of distinct multi-indices β of the ﬁxed
length k).
Consider the nonlinear eigenvalue problem (3.2), where we estimate the
coeﬃcients in the operators given in (3.3)
β0 =

1 1
− N ε + O(ε2 ),
2 4

µ0 =

N
1
− N 2 ε + O(ε2 )
2
4

(A.3)

and set
(A.4)
λ = − k2 + µ,
where µ = µ(ε) is a new unknown parameter. We use the representation
∆(|ψ|m−1 ψ) = ∆ψ + ∆(|ψ|m−1 ψ) − ∆ψ ≡ ∆ψ + ∆Gε (ψ),
where in the nonlinear perturbation
Gε (ψ) = ψ(|ψ|ε − 1),

(A.5)

so, as ε → 0+ ,
Gε (s) = εg(s) + O(ε2 ),

where g(s) = s ln |s|,

(A.6)

uniformly on any compact subset bounded away from zero. We have that
Gε (ψ) is continuously diﬀerentiable in the variables ψ and ε at any point
including {ψ = 0, ε = 0}.
We then arrive at the following perturbed problem:
k
µ
(B1 + I)ψ = µψ − ∆Gε (ψ) + ε(L1 ψ − y · ∇ψ) + O(ε2 )L2 ψ, (A.7)
2
2
where L1 is the ﬁrst-order linear operator
N +k
N2
y·∇+
I,
(A.8)
4
4
and L2 is another similar ﬁrst-order diﬀerential operator which will play no
role in the local branching analysis. It follows from the construction that
the linear operator on the left-hand side has the kernel of dimension K,
k
ker (B1 + I) = Φk .
2
In view of the completeness of the eigenfunction subset Φ in L2ρ , the range of
B1 + k2 I has the same codimension K. Then (B1 + k2 I)−1 is a bounded Fredholm operator with the deﬁciency index K. Hence we can use the classical
Lyapunov–Schmidt method to construct asymptotic expansions of solutions.
As a standard practice, the method applies to the equivalent integral equation with bounded and compact operators. To derive this we take the negative invertible operator B1 −I and apply the compact operator (B1 −I)−1 to
L1 =
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both parts of equation (A.7). This gives compact linear integral operators in
the linear terms. Concerning the nonlinear term, we assume temporarily that
the nonlinearity ψ(|ψ|ε −1) is approximated by a uniformly Lipschitz continuous function hL (ψ) with a parameter L  1 such that hL (ψ) ≤ C(1 + |ψ|),
hL (ψ) ≡ ψ(|ψ|ε − 1) for |ψ| ≤ L, and hL (ψ) → ψ(|ψ|ε − 1) as L → ∞ uniformly on compact subsets in ψ. Fixing an L  1, we replace ψ(|ψ|ε − 1)
by hL (ψ). Since we are looking for uniformly bounded solutions ψ, such
a truncation of the equation does not aﬀect the main results of the analysis, though we will need to check that the perturbation techniques yield
uniformly bounded solutions. Bearing in mind this approximation and continuing to use the original notation for the nonlinearity, we obtain a compact
Hammerstein operator, [35, Chapter 5].
Thus, we consider a nonlinear integral equation
with a parameter ρ = (ε, µ) ∈ R2 ,

ψ = A(ψ, ρ),

(A.9)

L2ρ .

where A is compact in
The unperturbed (linear) problem has a Kdimensional subspace of solutions; i.e.,
for any |β| = k, where
(A.10)
k
A (0, 0) = −(1 + )(B1 − I)−1 .
(A.11)
2
Since σ((B1 − I)−1 ) = {−(1 + 2j )−1 , j ≥ 0}, 1 is the eigenvalue of A (0, 0)
corresponding to j = k. Note again that, returning to the diﬀerential problem (A.7), the operator on the left-hand side is self-adjoint in L2ρ (RN ), but
the rest of the linear and nonlinear operators on the right-hand side are not
self-adjoint or potential in this space. The advanced techniques and methods
of bifurcation-branching theory for variational operators, [36, Section 57.7]
and [19, Section 30.1], do not apply.
Thus we use the Lyapunov-Schmidt method of asymptotic expansions; see
[36, Section 54.3] and [40, Section 23] for equations with compact operators.
According to the general branching theory, for ρ ≈ 0 we are looking for a
solution of the form
ψβ = A(ψβ , 0)

ψ = u + v,
i.e., we take
u=



where u ∈ Φk and v ∈ Φ⊥
k;

(A.12)

assuming that C = 0.

(A.13)

Cβ ψβ ,

|β|=k

According to (A.10), u is a nontrivial solution of the linear equation with
ρ = 0. Projecting equation (A.9) onto Φ⊥
k yields an equation for v which, under given assumptions, is locally uniquely solved to give v = v(u, ρ) [40, page
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326] and substituting this v into the projection of (A.9) onto Φk gives the
Lyapunov–Schmidt branching equation for unknowns {Cβ , µ}. Then (A.12)
establishes a one-to-one correspondence between the solutions of (3.2) (close
to Φk ) and the solutions of the branching equation [40, page 329]. For convenience and without loss of rigorous mathematics, we derive this branching
equation using the diﬀerential problem (A.7) instead of the equivalent integral equation (A.9). In view of the speciﬁc nonanalytic structure of the nonlinearity (A.5) for small ε > 0, we will use the branching theory in the case
of ﬁnite regularity, [40, Section 27]. Notice that the compactly supported
solutions we are looking for, for m > 1, are well suited for the L2ρ -setting of
the integral equation (A.9).
By (A.11), 1 is the eigenvalue of the linearized operator, and this is known
to correspond to a delicate case of the branching theory. As a natural step,
in view of the linear dependence on ε in the main nonlinear perturbation in
(A.6) and in (A.3), we consider a similar expansion of the parameter µ in
(A.4) and v in (A.12) by setting
µ = εν + o(ε)

and v = εϕ + o(ε).

(A.14)

Here ϕ is an unknown function and ν is an unknown parameter to be determined from the ﬁnal branching equation. Substituting (A.14) into the
diﬀerential equation (A.7), using (A.6), and taking into account the terms
of order O(ε) yields the following equation for ϕ:
(B1 +

k
I)ϕ = νu − ∆g(u) + L1 u,
2

ϕ ∈ L2ρ .

(A.15)

In view of kernel (A.2), by Fredholm’s theorem, the solubility criterion consists of the K orthogonality conditions obtained via multiplying by any ψγ ,
|γ| = k, in L2ρ . This gives K algebraic equations on the unknown coeﬃcients
{Cβ } and ν
[ν +


k(k + 2N )
]Cγ = g( Cβ ψβ ), ∆ψγ∗  for any |γ| = k,
4

(A.16)

where, for convenience, we use the scalar product ·, · in L2 (RN ). Then the
adjoint eigenfunctions ψγ∗ = ρψγ become the orthonormal Hermite polynomials cγ Hγ . To get the left-hand side in (A.16), we observed from (2.9) and
(A.8) that, by the orthonormality,


)
L1 Cβ ψβ , ψγ∗  =
Cβ ψβ , L∗1 ψγ∗  = − k(k+2N
Cγ ,
4
with the adjoint operator L∗1 = − N 4+k y · ∇ −

Nk
4 I.
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Thus, we need to study the solubility of the system (A.16) of K equations
for K unknowns {Cβ : |β| = k} plus ν with a normalization condition saying
that u = 0. For instance, one can impose the normalization condition
C = 1,

though others would do; for instance, |g( Cβ ψβ )|, 1 = 1.

(A.17)

A.2. On preliminary properties of the branching equation. We begin
with some preliminary properties of this algebraic branching system.
(i) System (A.16), (A.17) is not gradient and the right-hand side in (A.16)
is not the gradient of a function RK → R. One can see that the gradient
system can occur if ψγ ∆ψβ∗ = ψβ ∆ψγ∗ for any |β| = |γ| = k, which is not
true if k ≥ 2. Therefore, we cannot rely on the critical point variational
theory that is known to simplify the bifurcation and branching analysis.
Indeed, if the problem were gradient governed by a suﬃciently smooth even
functional in RK , this would mean that the algebraic problem would have at
least K diﬀerent branches of solutions, i.e., similar to the linear eigenvalue
problem with m = 1 admitting precisely K linearly independent orthonormal
solutions. This is a result we would like to expect for the nonlinear problem;
see below.
(ii) The following “linear” property of the nonlinear system (A.16) holds:
if C is a solution of (A.16), then αC is a solution for any α ∈ R.

(A.18)

Indeed, substituting αC into (A.16) and using the orthogonality property of
the Hermite polynomials, ψβ , ψγ∗  = δβγ , yields that, for any |β| = |γ| = k,
ψβ , ∆ψγ∗  = ∆ψβ , ψγ∗  = 0 since ∆ψβ ∼ ψβ̄ with |β̄| = k + 2.
(iii) Studying the algebraic system (A.16) with the extra normalization
equation (A.17), we should take into account various orthogonal transformations (e.g. rotations) in RN under which the nonlinear equation (3.2) is
invariant. Namely, any transformation
y → ay

with a = 1

(A.19)

leaves (3.2) invariant. Obviously, this invariant property aﬀects the dimension of the manifold of solutions of the corresponding algebraic system
(A.16), (A.17).
(iv) The parameter value
k(k + 2N )
(A.20)
4
plays a special role in the analysis. It follows that ν∗ is the only possible
choice for nonradial solutions. Indeed, in this case, if ν = ν∗ , then in view of
ν∗ = −
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the existence of a multi-dimensional Lie group of invariant transformations,
the system (A.16) becomes overdetermined. On the other hand, in the radial
case, where (A.16) reduces to a single equation, in general, ν = ν∗ (see
examples below).
(v) As we know from Lemma 3.2, there must exist bifurcations of the radial
solutions from radial linear eigenfunctions for all even k = 0, 2, 4, ... [For
odd k’s, the eigenfunctions (2.9) are not even in y and cannot generate
even nonlinear eigenfunctions.] Obviously, those branches of even nonlinear
eigenfunctions correspond to the following choice of the unknowns {Cβ }:

√1
if β = (0, ..., 0, k, 0, ..., 0) ≡ β̄,
N
(A.21)
Cβ =
0
otherwise.
It is easy to check that the corresponding algebraic system (A.16) reduces
to a simple single algebraic equation admitting such a solution. Observe
that the above mentioned invariant N -parameter Lie groups of orthogonal and scaling transformations produce from such a radial solution an N dimensional family of diﬀerent solutions in RN .
A.3. On existence of nonlinear eigenfunctions for m close to 1.
Thus the existence and multiplicity of distinct nonlinear eigenfunctions is
associated with the existence of diﬀerent solutions of the branching equation
(A.16), (A.17). It turns out that the general solubility analysis, and hence
existence of various nonradial nonlinear eigenfunctions (at least for all m ≈
1+ ) is a diﬃcult algebraic problem. We illustrate the typical diﬃculties by
studying the following particular simple example.
A.4. k = 2 on the plane. In R2 , according to (2.9), there exist three
linearly independent eigenfunctions denoted now by
1
1
1
2
2
2
ψ1 = c∗ ( y12 − 1)e−|y| /4 , ψ2 = c∗ ( y22 − 1)e−|y| /4 , ψ3 = c∗ y1 y2 e−|y| /4 ,
2
2
2
(A.22)
1
where c∗ = 2√
is
the
normalization
constant.
The
general
representation
2

of u ∈ ker (B1 +

k
2

I) will be written in the form
u = C1 ψ1 + C2 ψ2 + C3 ψ3 .

The radial eigenfunction. We begin with the radial case, where
1
C1 = C2 = √
2

and C3 = 0.

(A.23)
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Calculating ∆ψ1∗ = ∆ψ2∗ = c∗ and substituting into (A.16) yields the single
equation


1
ν+3
1
1
1 1
2
√ = √
g( √ (ψ1 + ψ2 )) dy ≡ √
g( ( |y|2 − 2)e−|y| /4 ) dy.
2
2 2 R2
2
2 2 R2 4 2
By the radial change of variable s = |y|4 ≥ 0, the last integral denoted by
µr reduces to
 ∞
(s − 1)e−s ln |(s − 1)e−s | ds.
(A.24)
µr = 2π
2

0

It seems that this integral cannot be calculated explicitly and its numerical
value is approximately
µr = −4.380.
(A.25)
This gives the unique value of the parameter ν = νrad in (A.14)
νrad = −3 +

1
µr = −5.190 .
2

(A.26)

As we know from Lemma 3.2, this bifurcation at m = 1+ leads to the solution
branch existing for all m > 1.
Nonradial solutions. For general solutions (A.23), we obtain from (A.16)
a system of three algebraic equations


(ν + 3)C1 = c∗ g(u) dy, (ν + 3)C2 = c∗ g(u) dy, (ν + 3)C3 = 0.
The ﬁrst two equations mean (ν + 3)C1 = (ν + 3)C2 so that either C1 = C2 ,
which leads to the above radial case, or
ν = ν∗ = −3.

(A.27)

The solution (A.23) takes the form
1
2
2
u = c∗ [Q(y) − 2(C1 + C2 )]e−(y1 +y2 )/4 ,
2
where Q denotes the quadratic form
Q(y) = C1 y12 + C2 y22 + C3 y1 y2 .

(A.28)

(A.29)

We need to consider three cases depending on the index of Q.
(i) Index zero. Let C1 C2 = 0. By an orthogonal transformation on
the {y1 , y2 }-plane, one can always reduce the quadratic form in (A.28) to
a diagonal form while the positive deﬁnite form |y|2 remains unchanged.
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Therefore, in this case, we may set C3 = 0. Then we obtain a system of two
equations

g(C1 ψ1 + C2 ψ2 ) dy = 0, C12 + C22 = 1.
(A.30)
Since the function g(s) is odd, this system admits the obvious nonsymmetric
solution
1
1
2
C1 = −C2 = √
=⇒ u = c∗ (y12 − y22 )e−|y| /4 ,
(A.31)
8
2
for which the index of (A.29) is equal 0. In the polar coordinates

y1 = r cos σ,
y2 = r sin σ,

(A.32)

this solution is angular π-periodic,
1
2
u = c∗ r2 e−r /4 cos 2σ.
8

(A.33)

By the branching theory [40], we conclude that a nonlinear eigenfunction
bifurcates at m = 1+ from u with ν = −3 in (A.14). As usual, due to the
ﬁnite propagation for m > 1, the exponentially decaying linear eigenfunction
(A.31) for m = 1 will generate a nonlinear one with bounded support, which
inherits the symmetries admitted by the Laplacian. Figure 6(a) shows the
plausible schematic star-shaped support of this nonlinear eigenfunction. This
solution of (3.2) is antisymmetric relative to the axes y1 ± y2 = 0 and can be
obtained in the quarter plane {y1 > 0 : −y1 < y2 < y1 } with the appropriate
conditions at y2 = ±y1 admitting reﬂections with the sign change ψ → −ψ.
(ii) Index two. We continue to study the solubility of system (A.30).
Looking for a positive solution

C1 ∈ (0, 1) and C2 = 1 − C12 > 0,
(A.34)
for which index of (A.29) with C3 = 0 by diagonalization is equal to 2, yields
the equation


(A.35)
H(C1 ) ≡ g(C1 ψ1 + 1 − C12 ψ2 ) dy = 0.
It is easy to check that

π ∞ 1 2
1
1
1
2
( y − 1)e−y /4 (ln | y 2 − 1| − y 2 − ) dy = 1.70 .
H(1) =
2 −∞ 2
2
4
2
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Figure 6. The supports of two nonlinear eigenfunctions in R2 .
On the other hand, from the calculations in the radial case we have by (A.25)
that
1
H( √ ) = µr < 0.
2
Therefore since H(1)H( √12 ) < 0, (A.35) has a new solution C1 ∈ (0, √12 ) by
continuity.
(iii) Index one. Finally, consider the last case where the index of (A.29)
is equal to 1; e.g.
 C2 = C3 = 0. Then (A.27) holds and C1 = 0 must satisfy
the condition g(C1 ψ1 ) = 0, or, which is the same,

1
1
2
2
( y12 − 1)e−|y| /4 ln |( y12 − 1)e−|y| /4 | dy1 dy2 = 0.
2
2
2
R
This is equivalent to the equality
 ∞
1
1
2
µ1 ≡
( y12 − 1)e−y1 /4 ln | y12 − 1| dy1 = 12,
2
2
−∞
which is not true (numerically, µ1 ≈ 1.9512). So the linear eigenfunction
u = C1 ψ1 (y) at m = 1 cannot generate a nonlinear one for m ≈ 1+ .
Thus we have detected at least three diﬀerent types of nonlinear eigenfunctions existing for m ≈ 1+ :
(i) the radially symmetric one corresponding to the value (A.26),
(ii) the angular symmetric one (A.33) with the parameter (A.27), and
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(iii) the eigenfunction corresponding to coeﬃcients (A.34) with no obvious
symmetry.
Notice that the total number three of distinct nonlinear eigenvalues for
m > 1 coincides or at least is not less than the dimension of the corresponding
eigenspace for m = 1 (though of course any linear properties of operators
and envelopes are no longer available for m > 1). In the nonlinear case,
such a coincidence can be connected with the necessity of the evolution
completeness of eigenfunctions.
We hope that such a result remains true in higher dimensions N ≥ 2 and
in the case of higher multiplicities k > 2.
A.5. Nonlinear eigenfunctions generated by periodic harmonic polynomials. As a ﬁnal step towards constructing nonradial nonlinear eigenfunctions, we consider the general case of arbitrary even k ≥ 2 in RN and
will describe angular periodic eigenfunctions of the linear eigenvalue problem
(2.7) with |β| = k coinciding with (A.33) for k = 2. In polar coordinates
y = (r, σ) in RN , the Laplacian takes the form
∆ = ∆r +

1
∆σ ,
r2

∆r =

d2
N −1 d
+
,
2
dr
r dr

(A.36)

where ∆σ is the Laplace-Beltrami operator on the unit sphere S N −1 in RN ,
which is a regular operator with discrete spectrum in L2 (S N −1 ) (each eigenvalue repeated as many times as its multiplicity)
σ(−∆σ ) = {cj = j(j + N − 2) : j ≥ 0},

(A.37)

and an orthonormal, complete, closed subset {fk (σ)} of eigenfunctions that
are k-th-order homogeneous harmonic polynomials restricted to S N −1 .
Performing the separation of variables in (2.7), we look for eigenfunctions
in the form
ψβ (y) = φβ (r)fj (σ),
(A.38)
where fj is an eigenfunction of ∆σ ,
−∆σ fj = cj fj .

(A.39)

Substituting (A.38) into (2.7) yields an ODE problem for the radial function
φ = φβ
cj
1
N +k
D1 φ ≡ ∆r φ + rφ + (
(A.40)
− 2 )φ = 0.
2
2
r
The spectral properties of such operators are well known and, in particular,
occur in the study of the Cauchy problem for the heat equation with inversesquare potentials; see references in [43]. We need to compute the radial parts
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φ(r) of eigenfunctions. Setting φ = e−r /4 φ∗ yields the eigenvalue problem
for the adjoint operator
cj
1
k
(A.41)
D∗1 φ∗ ≡ ∆r φ∗ − r(φ∗ ) + ( − 2 )φ∗ = 0.
2
2 r
Let us show that, for any even j ≤ k such that
2

k − j = 2l

with an l ≥ 0,

(A.42)

it admits a polynomial eigenfunction. Looking for a solution of (A.41) in
the form of Kummer’s series
∞

Ci rj+2i ,
(A.43)
φ∗ (r) =
i=0

where the extra exponent j in the terms rj+2i is due to the singular inversec
square potential rj2 in (A.41), it is easy to derive the recurrent relation for
the expansion coeﬃcients
j + 2i − k
(A.44)
Ci+1 =
Ci for i ≥ 0.
2[(j + 2i + 2)(j + 2i + N ) − cj ]
It follows from (A.44) that, in the case (A.42), the coeﬃcients Ci+1 vanish
for all i ≥ l so that there exists an eigenfunction φ∗l (r) that is a kth-order
polynomial. In particular, for j = k, this eigenfunction is
φ∗0 (r) = rk .

(A.45)

Hence, using (A.38), we obtain the eigenfunctions
k
j = k − 2l, l = 0, 1, ..., .
(A.46)
2
For j = k (i.e., l = 0) we obtain the following special eigenfunction:
ψβ (y) = φ∗l (|y|)e−|y|

2 /4

fj (σ),

ψβ (y) = |y|k e−|y|

2 /4

fk (σ).

(A.47)

Returning to the branching equation (A.16) with ν given by (A.20), we
recall that each ∆ψγ∗ is a polynomial of the even order 2l − 2 and is an eigenfunction with the eigenvalue − k2 + 1. By the orthogonality of eigenfunctions
corresponding to mutually distinct eigenvalues, the periodic eigenfunctions
(A.46) are orthogonal to each such polynomial. The validity of the branching
equation (A.16), (A.20) for general eigenfunctions (A.46) is not straightforward. But due to the “maximal” symmetry and changing sign properties of
the eigenfunction (A.47), the nonlinear orthogonality (branching) condition
holds automatically for any lower-order polynomials ∆ψγ∗ ; i.e.,
g(ψβ ), ∆ψγ∗  = 0,

|γ| = k.

(A.48)

672

V.A. Galaktionov and P.J. Harwin

Hence branching always occurs from the linear eigenfunction (A.47) at m =
1+ .
Notice also that the ﬁrst radial eigenfunction for j = 0 must also satisfy
conditions (A.48) (from the ODE theory we know that branching occurs for
j = 0). Consider brieﬂy another simple example.
A.6. k = 4 on the plane. We take into account three eigenfunctions given
by (2.9), where we omit the normalization constants,
1
3
3
1
3
3
2
2
ψ1 = ( y14 − y12 + )e−|y| /4 , ψ2 = ( y24 − y22 + )e−|y| /4 ,
8
2
2
8
2
2
1
1
2
ψ3 = ( y12 y22 − |y|2 + 1)e−|y| /4 .
4
2
The radially symmetric eigenfunction is obtained from the linear combination
1
2
ψ1 + ψ2 + ψ3 = ( |y|4 − 2|y|2 + 4)e−|y| /4 .
(A.49)
8
In the polar coordinates (A.32) we next consider the linear combination
1
1 1
2
2
(A.50)
ψ1 + ψ2 − ψ3 = r4 e−|y| /4 cos 4σ + ( r4 − 2r2 + 4)e−|y| /4 .
16
2 8
The ﬁrst term on the right-hand side corresponds to the adjoint eigenfunction
(A.45) with k = 4 and (A.50) is the Fourier expansion of the eigenfunction
that consists of two terms cos jσ with j = 4 and j = 0. Obviously, the linear
eigenfunction
2
ψ4 = |y|4 e−|y| /4 cos 4σ
satisﬁes the branching equation. The corresponding nonlinear eigenfunction
possesses a star-shaped support that has twelve vertices, as Figure 6(b)
shows.
Despite the above perturbation results that are local in m ≈ 1+ , a complete description of all the nonradial nonlinear eigenfunctions of the PME
in RN and their evolution completeness remain a challenging open problem
where new ideas and techniques are necessary.
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