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Abstract. We consider the Cauchy problem
P'(t,:c,Dm_lu, Dt,Dz)u(t,:r) = f(t,z, D™ tu)
u(0,2) = us(x), j=0,.com—1,

in [0,7] x R™ for a quasilinear Weakly hyperbolic operator

P(t,z, D™ 'u, Dy, Dy) = Di"* + Z > o (t,x, D™ 'u)DS DI

J=0 |a|=m—j

with coefficients a$’ having the first time derivative with singular be-
havior of the type t79, ¢ > 1, as t — 0.

We show that for ¢ < T, Ty sufficiently small, given Cauchy data in
a Gevrey class G° there exists a unique solution v € C™ ([0, Tg]; G°)
provided that o < i where r denotes the largest multiplicity of the
characteristic roots

1. INTRODUCTION

Let us start by considering the linear Cauchy problem
P(t,x,Dy, Dy)u(t,z) = f(t,z), (t,z)€[0,T]xR",
j . (1.1)
A u(0,z) = uj(z), j=0,...,m—1,

for a weakly hyperbolic operator of order m > 2
P = D”%LZ > a(t,z)DsD],
J=0la|<m—j
Dy = —idy, Dy = —iV,, and suppose a$’ € CL([0,T); G° (R™)), where
GO(R™) = {f(x) : |0°f(2)| < cadl®al”, A>0, a €z}
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1166 ALESSIA ASCANELLI

is the Gevrey class of index o > 1.
In that case we know that the Cauchy problem (1.1) is well posed in G,
without any Levi condition on the lower order terms, for every

r—1’

where r denotes the largest multiplicity of the characteristic roots (see for
example [1], [7]). We recall that the Cauchy problem (1.1) is said to be well
posed in a space X of functions on R" if for every u; € X, f € C([0,T]; X)
it has a unique solution u € C™~1([0, T]; X).

The problem (1.1) has been widely studied also in the case of coefficients
which are not regular in time, both as regards the modulus of continuity
(starting from [6]) and the singular behavior of the first time derivative of
the coefficients (see [5], [3], [4]). In particular in this second situation the
case of coefficients satisfying

. 00 n . CCM‘
af) € C'(00, T BX®R"),  [hal)| < T, g =1, £€]0, 7],

for |a| + j = m, has been considered. In [4] it has been proved that if the
characteristic roots are regular in time, then problem (1.1) is well posed in
Gevrey classes of index

qr

< .
7 qr — 1

Here our aim is to extend this result also to the case of a quasilinear hyper-
bolic Cauchy problem:

A u(0,z) = u;(z), j=0,..,m-—1,
(1.2)

{ P(t,z, D" 'u, Dy, Dy)u(t, ) = f(t,z, D™ tu), (t,z) € [0,T] x R",

for an operator

m—1

P=Dr"+> Y a2z, D" u)DID], (1.3)
§=0 |al=m—j

where D™ty = (88,u)|a)<m—1 15 a vector in R, | = #{a : |a] < m—1}, and
the functions a(of ), f are supposed to have a Gevrey behavior with respect
to the variables z and y = D™ v, following [2]. Hereafter we will take the

Cauchy data u; =0, j = 0,...,m — 1, without any loss of generality.
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We can prove also in this case the existence and uniqueness of a local in
time solution in Gevrey classes of index

r
l<o<og= ¢

T (1.4)

with a loss of derivatives.
In the case r = 1, m = 2, ¢ = 1, the Cauchy problem (1.2) has already
been considered by [9].

Remark 1.1. Notice that in condition (1.4):

e forqg=1, 09 = T—EI This is the bound by [7], [1]; it cannot be
improved without assuming any Levi condition on the lower order
terms;

o forr=1,00= qiLl This is the bound by [5] for strictly hyperbolic
equations, and it is sharp as they proved by means of counterexam-
ples.

It is interesting to notice that in any case the life time 7jj of the solution
is not influenced by the breakdown of Btag Vat t = 0, but only on the non-
linearity of the problem, as we are going to see later on. If the coefficients
are defined also in a left neighborhood of 0, and here they have the same
behavior as in the right neighborhood, then the solution can be extended for

t < 0 into a small interval.

2. MAIN RESULT

We will state our results on Sobolev-Gevrey-type spaces: for e > 0, o0 > 1
we denote

1
H" = {u € H*(R") : e“P=)" u(z) € H*(R™)}, (2.1)
where (£) stands for y/1 + [£|?, and H*(R™) is the usual Sobolev space.
The norm is here defined by

1
P

[ulls,e.0 = |le
The space H*%? is a Banach algebra if s > %, so starting from here we always
consider Sobolev spaces of index s > % These kinds of spaces are such that
H%? C G%,¢ > 0. We will have to deal for ¢ € [0,T] with Sobolev-Gevrey
functions depending on time; so for £ € N and for a nonnegative function
e(t) of the form €(t) = ¢p — ct?, t € [0, T}, ¢, €0 > 0, we define

C*H ([0, T); HO7)
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1 A
= {u(t,z) : t — e WDP)7 50y, e C([0,T); H), j=0,...,k}.

In these spaces the norm is

— sup [[ec®D)7

Sup N ull o) e—iy-

[l ’Ck([O’T];Hs,e(t),o-)

In this paper we will use the pseudodifferential calculus, so following the
notation of [10], we introduce for m € R the class S = S™(R"™ x R™) which
is the space of all symbols a(z, &) satisfying

0807 a(x,€)] < cap()™ 1, (2.2)

for every o, 3 € Z%, x,£ € R™; this is the limit space as £ — 400 of the
Banach spaces S} that consist of all symbols a(x,&) such that

80‘35(1 T,
|a|§m) =sup sup M < 400. (2.3)
& lal+igl<e (&)1

Moreover, we need to introduce the following classes of Gevrey symbols: for
m€eR, g >1, € >0 we denote

v (R?) = {a(@,€) : |02 al, &)l[s,e0 < cal€)™ 1, Va},
while for m € R, 0,0’ > 1, ¢, > 0 we denote

™ (R™ x RE x R™)

s,€,8 €’
= {CL(ZI, Y, é-) : Ha?a(a ) g)HHs,e,aXHs’,e’,a’ S ca<§>m—\o¢|7va}7
where H5¢? x H5"¢:9" is the tensor product of the spaces H5¢? and H* ¢
Now, let us consider the Cauchy problem
PA(t,a:,Dmflu,Dt,Dx)u(t,:B) = f(t,z, D™ tu), (t,z)€[0,T] x R™,
& u(0,z) =0, j=0,...,m—1,
(2.4)
for the operator (1.3), and assume that the linear operator P(t, x,y, Dy, Dm)

depending on the parameter y has coefficients ag )(t, x,y) defined on [0, T x
R™ x Y, where Y C R is a neighborhood of the origin.
Suppose that P(t, z,y, Dy, Dx) is a hyperbolic operator with real charac-
teristic roots {A;(t,z,y,&)}=1,.m and with principal symbol given by
m
Pp(t,x,y,7,6) = [[(r = Ai(t, 2,9, €)).- (2.5)

j=1
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The roots can always be collected into » > 1 groups G, j = 1,...,7, each
one with m; > 1 elements:

G1={ M, Ay }
GQ == {)\ml—‘rla ceey >\m1+m2}
. (2.6)

Gr = {)\m—mr—&-la--‘a)\m}
mi > mo > ...2>my > 1, mi+ ... +m, =m,

such that if we take A;, A; in the same group it holds that
INi(t, 2y, &) — Njr(t 2,9, 8)[ > €], e>0,5# 5. (2.7)

Remark 2.1. When G; © G9 O ... D G, we have an operator with roots
of constant multiplicity, and r is the largest multiplicity. The particular case
of a strictly hyperbolic operator is obtained for » = 1 (so, only one group of
separated roots). If it is not possible to separate the roots, we have r = m
and m; = 1 for all j.

As to the coefficients, we assume
a9 (t,z,y) € B([0,T); H>*7 x HS "), (2.8)

where, for a space of functions X, B([0,7]; X) denotes the space of all func-
tions defined on [0,7] with values in X that are bounded as functions of
time.

For the characteristic roots we suppose
17 b ! ]'7 K !
{ Aj(t,z,y,€) € C0,T) ;77 ) N CH10,T1: 877 ),

t99,\i(t,z,y,€) € B([0,T]; 575 ), g>1

s,€,8 €’

(2.9)

Remark 2.2. Condition (2.9) is in general stronger than

a(t,z,y) € C([0, T]; H> x H* <"y 0 CH(J0, T]; HS7 x H "),
tqatag)(t,a:,y) e B([0,T); H>° x H* 7)), j+ |a| =m,
but these conditions become equivalent in the case of characteristic roots of
constant multiplicity.
Then we have the main result of this paper:
Theorem 2.3. Let the operator P in (1.3) satisfy all the hypotheses (2.5)—
(2.9) and the condition (1.4) :
qr

l<o< .
7 qr — 1
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With
o <o, (2.10)
let us take
f(t,z,y) € C([0,T); H~mHbe0 5 gy (2.11)
such that
f(t,z,0) € C([0,T]; Hs~™HHne0) (2.12)
where .
n= p (2.13)

and moreover suppose that f(t,z,0) has compact support.
Then there exists a Ty > 0 such that if t < Tf, then the Cauchy problem
(2.4) has a unique solution u € C™([0,T}]; H5~w1:7) where

w(t) = %t‘s, (2.14)

for ad € (0,1) and a large enough parameter \.

3. OUTLINE OF THE PROOF

Firstly we notice that we can always write
f(t,z, D" tu) = f(t,z,0) thmDml)Dgru
la|<m—1

so without loss of generality we can reduce (2.4) to a new Cauchy problem
of the type

P(t,x, D™ 'u, Dy, Dy)u(t, x) = f(t,z), (t,z)€[0,T] x R, (3.1)
& u(0,x) =0, j=0,...,m—1, '
where
P= Dt+z > ald(t,z, D" 'u)DeD]
J=0lal<m—j
and

aD(t,z,y) € C[0,T); H¥" x H" "), j+ |a| < m.

By Corollary 2.3, Theorem 2.11 and Corollary 2.8 in [2] the coefficients

of the linear operator P(t,ac, D™y, Dy, Dx) are in H5< *®):7 with w the

function defined in (2.14), provided that (2.10) holds and that ¢ is small
enough:

s/€(2 — 21/0)6

t<T* =
— 3)\ )

(3.2)
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where T is independent of the data. Moreover, the composition operator
D" ly — a,(lj)(t,aj, D™ 1u) maps balls of (Hs_mﬂ’e_“’(t)"’)l into balls of
Hs—m—l—l,e—w(t),a_
Let us fix p > 3, a positive number M to be chosen later on, and consider
s=p+M+m.
Take the function w(t) in (2.14), € > 0, 0 > 1 and let 1 > r9 > 0 be real
numbers to be fixed at the end of the proof. With E defined by
E = {u e C™([0, T); H#m+Mew(t)o),
Nl gm— fo,19; s = w0y < 105 |0l gm (0.1t m M e—wi@.0) < 71
(3.3)
given u € E we consider the linear Cauchy problem for the unknown wv:
P'(t,x,Dm_lu(t, :c),Dt,Dx)v(t,x) = f(t,z), (t,x)€[0,T]xR",
v (0,x) =0, j=0,....,m—1.
(3.4)
We want to prove Theorem 2.3 by showing that the map
S: F — FE

u — v

defined by (3.4) is well defined and has a fixed point provided that ¢t < Tj,
with T} depending only on the data and the operator P(t,x,y, Dy, D,).
So we have to prove the following:

(3.5)

Proposition 3.1. Given u € E, consider problem (3.4) under condition
(1.4). Take f € C([0,T]; H#HM+1n69) “with n given by (2.13).
Then there are positive constants M, X\, 6, T* not depending on the data
such that if t < T*, then problem (3.4) has a unique solution
v e C™([0,T]; H“+M+m’€_w(t)’”).

Moreover, we can fix ri > ro > 0 depending on the data and find a Ty
depending on the data such that if t < min{T*, Ty} = T, then the unique
solution v belongs to E.

The above result of well posedness in Gevrey-Sobolev spaces is equivalent
to the well posedness in the usual Sobolev space of the Cauchy problem for
the conjugate operator

PA — GA(t’DI)P efA(t,Dz)

with

Q=
—~
o
(=)
N~—

A(t, D) = (€ = w(t)) (Da)
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So we need to recall the following result from [8]:

Proposition 3.2. Let a(t,z,£¢) € CF([0, T],SSE w()) and A = A(t,Dy)

as in (3.6). Then ap(t,z,€) € CF([0,T); S™); moreover, for every positive

integer ' there are a positive integer by = Lo(¢',o,n), by > V' and a constant
c=c(s,l',o,k,n) >0 such that

lanlerqorysy) < clalerqoaysme, 00 €2 o (3.7)

The organization of the proof is as follows: we factorize the operator
P(t,z, D™ Yu(t,z), Dy, D,) using mollified characteristic roots, we reduce
problem (3.4) to an equivalent first-order system by means of such a factor-
ization, then we establish an energy estimate for the system and consequently
for (3.4). Finally we choose 71, 9 to make the solution v be an element of E.
An application of a usual fixed-point scheme completes the proof of Theorem
2.3.

4. THE LINEAR PROBLEM

Let us consider v € E defined in (3.3). The first step in the proof of
Proposition 3.1 is to give a factorization of the principal part of the operator
P(t,z, D™ 'u, Dy, D;). If we compose (2.9) with y = D™ u(t, z) and use
the results by [2] under condition (2.10) we find that the characteristic roots
of P(t,x,Dm_lu, Dt,Dw) are

m—1 1 . aolo
Nl 2, DM, €) € C(10,T1 S ar 1 i) N C (0TI S0 01 o))

such that

tqat)\ (t x, D™~ 1u f) € B([O T] S;;,+M+1e w(t ))

provided that 7" < T*, T* given by (3.2). We extend the roots on (—o0, 0]
by setting
)‘j(t7 z, Dm_lu(tv 1’), f) = )‘j(oa z, 07 g)

if t < 0, and then we introduce the following mollified roots:
\j(t,z, D" tu(t, ), €) = /)\j(s,x, D™ (s, x),€) - p((t — s)(E))(€) ds,
where p € C§°(R), supp p CRT,0<p <1, [ p=1. Obviously
A— € C([o T); 87

p+M+1e—w(t )) (41)

k k+1,0
Ny € C(I0, TSI 1 ) B EN,
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but it is easy to see that, for

|| cm (0771 it m Moe—w(ty,o) < T1,
(10,77; )

we have i
tq<)\~ — >\'> € B([O T]; S#+M-|—le w(t)) (4.2)
tI9F N € B<[0 T); SEfMHe w(t)), ke N, '

with norms uniformly with respect to u € E. A comparison between (4.1)
and (4.2) makes clear that it is possible to decrease the orders of ij —Aj and
ij\j, but this causes a worsening in the seminorms of these symbols: they
are integrable on [0,7] in (4.1) but not in (4.2). This double behavior of the
regularized roots becomes very important in the reduction of problem (3.4)
to a first-order system, using the two properties (4.1) and (4.2) in different
regions of the phase space.
Let us consider now the operator

Q= (Dt = An) -+ (Dr = M),
By (4.1) and (4.2) one has the following factorization of P:

P=Q+R,
m—1 o
R= Rj(t,x, DM*™y D, )(D,)™ D],
§=0
where for j =0,...,m — 1 we have both
1,0
Ry € C(10.T1 S5 0y e i) (4.3)
and
0,0
1R, € B([0,T1 S0 0s sty e i) (4.4)

and where DM0+™y denotes the vector (9 o8 U)k<m, k+|8|<Motms With Mo a
positive integer depending only on m; = 1,...,r and on the dimension n.

We want to interpolate between (4.3) and (4.4) in order to have R;, j =
0,...,m — 1 which globally satisfy the estimate

a Cri,a “la
||a£ Rj”u-‘y—M—Mo,E—w(t)p < t11—5 <£>h | |7 VOé, (45)

for every ¢ € (0,1), with h = h(d) € (0,1). To do that, we fixa d € (0,1) an
we introduce a separation in the phase space: we use (4 3) when ¢!~ 5( )y §
and (4.4) when t'79(¢)7 > 1, then we choose 7 to find the optimal & in (4.5

)-
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For t'79(¢)7 < 1 we have

_ C o
108 Byl p1 My ety < ra.af) 711 < S8 ()17l
t

whereas for t!79(£)7 > 1 we have

C _ Cry, 2(g—1+8)
HagRjHM-I—M—Mo,e—w(t),o‘ < %<£> led < %<£> 1= Ial
The best choice of 7 is given by 1 — v = 7(‘11__1;5); that is, v = 1%5 So
1-946 —144
h=1- _4--x9 (4.6)
q q
and for every d € (0,1) we have
1-4 . ¢hs
H9R; € B([O,T],S#fM_MM_w(t)’U),

with h given by (4.6).

The second step in our proof is to reduce problem (3.4) to an equivalent
one for a first-order system. Let us consider p € (0,1) to be fixed later on
and define the vector Z = (2q, ..., zm_1)! by:

r 20 = <Dm>m—r+p(r—1)v

2 = <Dz>m—r—1+p(r—1)(Dt _ :\1),0

Zmy—1 = <Dx>m—7"—m1+1+p(7‘—1) (Dt - S\ml—l) . (‘D~t _ 5\1)1}
Zmy = Dz>mfr7m1+l+p(1"72) (Dt o %\ml) . (Dt - )\1)@

Zmy 1 = (D)™ M2 (D = Ay 1) -+ (De = Mo
Zmi+ma—1 = <Dac>mirimlim2+2+p(7n72)(Dt - S‘ml-&-?m—l) o (Dy — 5‘1)7)

Zm—my— < :E>mr_1+p(l)~t - S\mfmrfl) tee (Dt - 5\1)7-7

={(D
Zm—m, — <Dz>mr_1(Dt - )\mN—mr) cee (Dt - 5\1)1)~
D

Zm—mpt1 = ( x>mT72(Dt — Mn—mpt1) - (De = Ar)v

Zm—1 = (Dt — A1) - - - (Dy — Ap)v.
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By induction on j = 0,...,m — 1 we get ng from (4.7), then we apply 85
for |3 = m — 1 — j and we find that

D™ 'y = S(t,x, DMtm=1y D,)Z, (4.8)
where
. (r—l)(l—p),o’
S e B<[07 T]v S‘UA»M—MO,efw(t)) ’
We have

(Dt — 5\1)2’0 = <Dx>21 + apzo

(Dt - )\ml)zml—l = <Dm>pzm—1 + Gmy—12mq—1

m—1
(Dy = Am)zm-1 = f = > Rj(t,z, D™ Mou, D,)(D,)™ '/ Dlv
7=0

with a; of order zero for j =0, ..., — 1. Thus, the Cauchy problem (3.4) is
equivalent to

(O —iK +A)Z =F,
{ Z(0,x2) =0, (4.9)

where K(t,x, D™ 'u,¢) is a block diagonal matrix, with blocks Kj, j =
1,...,7,

S‘m—(m;‘—i—...—i-mr)-&-l (Dx) o /
Kj _ 0 S\m_(mj+...+mr)+2 ' : >
_ (D.)
0 . 0 )\m_(mj+...+mr)+mj

A(t,z, D™TMoq, €) = Ay + Ay is such that

Wy, (D) (i k) = (Gr +1,r)
Av=log), a _{ 0 (k£G4
104y € (10,71 SN0 ), (4.11)

and F = (0, ...,0,if)!. Here and in the following, Mj still denotes a possibly
large integer, but still depending only on n and m;, j =1,...,7.
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We minimize now the order of A looking at (4.10) and (4.11); we have to
choose p as the solution of the equation p = h + (r — 1)(1 — p), so

h+r—1 qr—1+96
p: = .

4.12
r qr ( )

Thus, in problem (4.9) the remainder A is such that

1-6 . )
704 € B0, TS0 aty i)
for p as in (4.12).

Consider now the matrix M (t, z, D™ 'u, D,) that diagonalizes K and the
new variable V. = M Z. Notice that because of the interpolations done we
can consider M, 9; M, M~ to be all in B([0,T7; SZfM—MO,e—w(t))' Problem
(4.9) is equivalent to

LV =F,
{ V(0,2) = 0, (4.13)
where
L =0 —iK + A,
7 M (4.14)
K e c. . s

and A(t,z, D™+ Moy, €) satisfies again

1-6 1 . 0
1104 ¢ B([O,T], S Moe—(0)- (4.15)

It is well known that the assumption o < 1 necessary to have existence

and uniqueness of a local in time solution V(¢,-) of problem (4.13) in a
Gevrey space of index o . We have
1 qr qr

< - = < ,
J_,0 gr—14+06 qr—1

so condition (1.4) appears in a natural way. Moreover, for any choice of o
we have the corresponding choice of 6 € (0,1):

b=1-(1— %)qr. (4.16)
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5. ENERGY ESTIMATES
To give an energy estimate for (4.13) we need to prove the following:

Proposition 5.1. Given u € E, consider problem (4.13) for the operator
(4.14) under the hypothesis (4.15) and under condition (1.4). There are pos-
itive constants M, X\, T* (X the parameter in (2.14)) such that for every
V e C([0,T]; H<—w®:9) T < T* we have for all i > n/2 the following
energy inequality of strictly hyperbolic type:

~ t7
IVOIE e < VO o+ [ IFOIE i 7] (51

u’e_w(t)7

ift <T < T

Proof. It is sufficient to prove (5.1) only for u = 0 since (D, )" L(D,) " sat-
isfies the same hypotheses as L for every u. Let us introduce the conjugation
of L by

Ly = e v D)7 [om(c—u®)Da)7
From Proposition 3.2 we have

Ly = 0 — iK + Ay + MO1(D,) 7,
where Ay (t, z, DMy €) is such that

-5 = L al/oo
t A € B([O,T]v SM+M—M1,€—w(t)>’

and where M7 > M, depends only on a finite number of derivatives we have
to consider to perform all the operations we need.

In this way the estimate (5.1) for the operator L is equivalent to the
following estimate for L_):

VIR < eIV O)IR+ /0 ewmV@IRdr],  (5.2)

t € 10,71, for every V € CL([0, T]; H'(R™)).
To prove (5.2), let us consider
d
ZIVOIUT = 2Re(V'(®),V(®)o

_ Y
= 2Re(iKV,V)o — 2Re<<A1 + tl—_5<Dz)%)v, Vo

+ 2R6<Le—w(t) ‘/7 V>0
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Since K is real diagonal and thanks to (3.7) we have
|Re(iKV, V)0l § er [IVI[5,
— 1
(ALY, Vol < 155 ((Da) = V. Vo,

provided that we have fixed M > M; with a larger M; depending also on pu.
Next we fix the constant

A> A (5.3)

so that A; + t%é(Dmﬁ is a positive operator for ¢ > 0. For such a A we

have:
d -
EHV(t)H% <G IVIE + [ Le—w VIIE.

Conditions (5.3) and (3.2) together give t < T™. An application of Gronwall’s
inequality immediately gives estimate (5.2). O
Now, let us come back to problem (3.4). By Proposition 5.1 and looking

at (4.8) (where (r —1)(1 —p) = W < n) we find for (3.4) a solution

v e C™([0, T); HHHmew®ey,

The solution is less regular than u € C™([0,T]; H*Tm+HMe—wb).o) o it is
impossible to use a fixed-point scheme.

To obtain a v as regular as u, let us take derivatives 9% in (3.4) for all
|B] < M. For v(P) = 651) one obtains the equations:

B 1102, P1o(© = §f "
{ Po? + (05, P® =05 f, (t,a) € 0 TIxR™, 5 5y

HoP0,2)=0, j=0,...,m—1,
Defining the functions v,(f ) in the same way as the functions zj in (4.7),
k=0,...,m — 1, but using the new function v instead of v, |3] < M, we
obtain

VO = @i oyl W= (v s < My, (5.5)
and reducing problem (5.4) to a first-order system we find
LoW = Fy,

where
Lo=0 —iKy+ Ao+ HQ,
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—iKy + A is a block diagonal matrix with all blocks equal to —iK + A in
(4.14), and the term HQW represents the commutators [85, PJv by means
of (4.8): H is a matrix of functions,

H(t,z, DMTm=ly) € C*([0, T]; H*TY),
whereas @) is a matrix of pseudodifferential operators of order 7,

Qt, e, DM, €) € C (10,15 ST 0 vt wiy)-

To have by (5.6) a solution v of (3.4) in C™([0, T]; H#+m+Me-w®).o) Jike v,
one has to prove the following:

Proposition 5.2. Given u € E, let us consider the Cauchy problem (5.6)
under condition (1.4). There are positive constants A, T* such that for every
W e C([0,T); H<—®:0) T < T*, 1> n/2, we have the following estimate
of strictly hyperbolic type:

WO iy < WO .o /IIFo N ecwimo 47| (5.7)
ift <T < T~

Proof. In repeating the proof of Proposition 5.1, the only new term to
control is HQ. It has to be a bounded operator from H+T/ae—w(t).o g4
Hie=w®:0 yniformly with respect to u € E defined in (3.3) and ¢ € [0, T];
but this is true for t < T* (see (3.2)) because H#+1/7¢=w().7 is 3 Banach
algebra:

’|HQWH/.L+1/O',€—’LU(t),U = HHH,LH-I/UE w( ”QW||/.L+1/O'E w(t),o
< CpllW]

A

/,L,e—’w(t),a'

(we recall that we have fixed p > n/2 from the beginning, and moreover
that 7 < 1/0). Now the proof of Proposition 5.2 follows from the one of
Proposition 5.1. U

6. CONSTRUCTION OF A FIXED-POINT SCHEME

Proof of Proposition 3.1. To complete the proof of Proposition 3.1 using
Proposition 5.2, we only have to notice that from (4.8) and (5.5) we have

{ D™ty = S(t,z, DM+Motmy, D YW,

SeB(O,T SZ;rM Moe—uw(t)

(6.1)
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So for the function v € C™ ([0, T|; H**+m+Me=w(®).7) corresponding to W in
(5.7) we have the following energy estimate:

t
a 9
E Haj ,u+m+M Jre—w(t),o <ef ltA ‘|P’U(T)H,u+M+n+1,efw(T),o dr,
(6.2)
for t € 10,7, if t <T*. From (6.2) it follows that

Ol a1 (0.7 practmae—wier oy < €1 PO 2010 77 pracedr-ms 1, e—wiey o)
([0,1J; ) ({0,175 )

while from

DI"v + Z > dY(t,x, D" u)DDiv = f(t, 1),
J=0la|<m—j

and again by (4.7) and (6.1), we have

”'Z}H2m [O T] -Hutm+Me—w(t),o )

2

< ||f”co ([0,T); Hr+M+n+1e—w(b),0) + C"'O||U||Cm71([07T};Hﬂ+'m+1\l,67w(t),o)‘
Now, we only have to define rg, r1, Ty to make v € E and complete the
proof. So let’s fix rg and r; such that

{ ro > HfHCU(OT] ML e—uw(t),0 ), (6.3)

ri > ||f” 0 ([0,T]; i M+n+1,e—w(t), o) + Croro’
then for ¢ — 0 there exists a Ty < 1 such that if ¢ < Ty we have
|‘U||cm—1([o,T];meJrM,efw(t),o) <70,

and consequently
2 2 2 2
|’U|’Cm([07T];Hu+m+]k1,efw(t),o) S |’f‘|CO([07T};HN+M+7,+1,€,J) + CroTo < ri-

The choice of g and r; in (6.3) makes the proof of Proposition 3.1 complete.
O

Proof of Theorem 2.3. Finally, let us come back to the proof of Theorem
2.3. We know now that the mapping (3.5) is well defined. Consider the
sequence:

© —p
{ W) Z §(u®) ke N, (64)

Since f(t,z,0) is of compact support, the same is uniformly true for all the
uy’s, because they are solutions of linear hyperbolic problems. So, (6.4)
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admits a subsequence converging in the space C™ ([0, T]; H#+tm+M=1eo) o
a solution u of problem (3.1).

By the usual arguments in the energy method, see [11] for example, in-
equality (6.2) implies that the solution is unique. Theorem 2.3 is completely
proved. ]
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