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Abstract. The aim of this paper is to study a nonlinear scalar field
equation on a surface Σ via a Morse-theoretical approach, based on
some of the methods in [25]. Employing these ingredients, we derive
an alternative and direct proof (plus a clear interpretation) of a degree
formula obtained in [18], which used refined blow-up estimates from [34]
and [17]. Related results are derived for the prescribed Q-curvature
equation on four manifolds.

1. Introduction
Given a real parameter ρ, we consider the equation
−∆g u + ρ = ρ R

h(x)eu
u
Σ h(x)e dVg

on Σ,

(1.1)

where Σ is a two-dimensional (orientable, closed) compact surface with metric g and h : Σ → R a smooth positive function. The above equation arises
in mathematical physics as a mean field equation of Euler flows or for the
description of self-dual condensates of some Chern-Simons-Higgs model, see
for example [9, 20, 31, 47] and the book [54]. (1.1) also appears in conformal
geometry, since it is the PDE version of the Kazdan-Warner problem (known
as the Nirenberg problem when Σ is the standard sphere), consisting in finding a conformal metric for which the Gauss curvature is a prescribed function
on Σ, see the (far from complete) list of references [3, 12, 14, 19, 33, 50].
The literature on (1.1) is broad, and we will be able to review only some of
the existing results.
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Problem (1.1) has a variational structure and solutions can be found as
critical points of the functional
Z
Z
Z
1
Iρ (u) =
h(x)eu dVg , u ∈ H 1 (Σ).
|∇g u|2 dVg + ρ u dVg − ρ log
2 Σ
Σ
Σ
(1.2)
Since both (1.1) and Iρ stay invariant if we add a constant to u, we can
1
also restrict ourselves to the subspace H (Σ) ⊆ H 1 (Σ) of the functions with
zero average, so we will sometimes neglect the second term in Iρ . By the
Moser-Trudinger inequality, see (2.1), Iρ is coercive if ρ < 8π, and one can
find solutions of (1.1) by minimization. If ρ = 8π the situation is more
delicate, since Iρ still has a lower bound but it is not coercive anymore, see
[10, 22, 46] for these and related questions.
If ρ > 8π the functional Iρ is unbounded from below, and hence solutions
to (1.1) have to be found by other methods. In [23, 53] the authors tackled
the problem using min-max arguments, and obtained existence results for
ρ ∈ (8π, 16π) (or some subset of this interval), see also [41]. A general feature
of equation (1.1) is a compactness property when ρ is not an integr multiple
of 8π: this is given by the following theorem, proven in [35], which sharpens
some quantization results in [8].
Theorem 1.1. ([35]) Suppose h : Σ → R is smooth positive, and that ρ
belongs to a compact subset of R \ ∪k∈N 8πk. Then the solutions of (1.1) (up
to adding constants) are bounded in C 2,α (Σ) for any α ∈ (0, 1).
If ρ < 8π, or if ρ ∈ (8kπ, 8(k + 1)π) for some k ∈ N, by elliptic regularity
this theorem allows us to define the global Leray-Schauder degree of equation
1
(1.1), fixing a large ball in H (Σ) (or in C 2,α (Σ)) which includes all the
solutions. In [34] it was shown that the degree is 1 when ρ < 8π (consistently
with the coercivity condition), and noticed that for ρ ∈ (8kπ, 8(k + 1)π) it
depends only on k and the topology of Σ. It was also suggested to compute
it in general by studying the loss of compactness of (1.1) when ρ approaches
(positive) multiples of 8π and analyzing the jump values of the degree after
crossing the critical thresholds: then some blow-up estimates in this spirit
were derived, sharpening the result in [35]. This approach was indeed used
for studying the prescribed scalar curvature problem on spheres, see [33],
Part II.
Pushing this analysis further in [17], this program was completed in [18]
using a finite-dimensional reduction to compute the jump values. The authors obtained the following general result, extending the degree-counting
formula in [36], where the case Σ = S 2 and k = 1 was studied.
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Theorem 1.2. ([18]) Let 8kπ < ρ < 8(k + 1)π, k ∈ N, and let d(ρ) be
the Leray-Schauder degree of (1.1). Then, letting χ(Σ) denote the Euler
characteristic of Σ, one has
d(ρ) = (−χ(Σ) + 1) · · · (−χ(Σ) + k)/k!.

(1.3)

When the genus of Σ is positive, one finds the existence of solutions to
(1.1) for all k: using blow-up analysis, it was also possible to deduce it for
some integr values of ρ/8π.
In four-dimensional geometry there is a higher-order analogue of (1.1),
involving the Paneitz operator (introduced in [48]) and the Q-curvature, see
[4, 5, 6]. Letting Pg and Qg denote those corresponding to a given manifold
(M, g), whose expressions are

Pg (ϕ) = ∆2g ϕ + divg 32 Rg g − 2Ricg dϕ;

1
Qg = − 12
∆g Rg − Rg2 + 3|Ricg |2 ,
and considering the conformal change of metric g̃ = e2w g, Qg̃ is given by
Pg w + 2Qg = 2Qg̃ e4w .

(1.4)

Apart from the analogy with the prescribed Gauss curvature equation, there
is an extension of the Gauss-Bonnet formula involving the Weyl tensor and
the integral qP of Qg , which is a conformal invariant. We refer to the survey
[16] or to [13], [29] for details and applications.
As for the uniformization theorem, one can ask whether every four-manifold (M, g) carries a conformal metric g̃ for which the corresponding Qcurvature Qg̃ is a constant. Writing g̃ = e2w g, the question amounts to
solving (1.4) in w with Qg̃ constant. A positive answer was given in [7,
15] under the assumptions Pg ≥ 0 and qP < 8π 2 , which are naively the
counterpart of ρ < 8π for (1.1) (also in this case there is a variant of the
Moser-Trudinger inequality which makes the problem coercive).
In [25] an extension of this result was obtained for a large class of manifolds, assuming qP 6= 8kπ 2 , k ∈ N, and that Pg has no kernel. The proof
relies on a direct min-max method (extending the one in [23] and based on
some improvements of the Moser-Trudinger inequality) and on some compactness results in [26, 42], which are the counterpart of Theorem 1.1. See
also [32] for the case qP = 8π 2 .
The latter min-max method was shown to be useful (see [24] and [43])
in deriving existence results for (1.1) as well (and actually for some higherdimensional analogues of the Q-curvature equation, see [28] and [45]). The
aim of this paper is to show its connection with Theorem 1.2 by giving a
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simple and direct proof of it, based only on results which can be found in
Section 3 of [25] and Subsection 4.1 of [43].
A crucial observation, as noticed in [19], is that the constant in the MoserTrudinger inequality (2.1) can be roughly divided by the number of regions
where eu is supported (for a precise statement see Lemma 2.1). As a consequence, if ρ ∈ (8kπ, 8(k + 1)π) and if Iρ (u) attains large negative values,
eu has to concentrate near at most k points of Σ, in the sense specified by
Lemma 2.2. From these considerations one is led naturally to associate to
P
P
eu a probability measure ki=1 ti δxi with (xi )i ⊆ Σ, and ki=1 ti = 1. The
set of such objects, denoted here by Σk , is known in literature as the formal
set of barycenters of Σ of order k, and it has been used in [1, 2] to study
the loss of compactness of the Yamabe equation. It is indeed possible to
prove, see Proposition 2.3, that {Iρ ≤ −L}, has the same homology as Σk
for L large (positive); here Σk is naturally endowed with the weak topology
of distributions.
At this point, choosing L possibly larger so that all the solutions of (1.1)
lie in {Iρ > −L} (this can be done by Theorem 1.1) it is tempting to use
Morse theory and compute the degree d(ρ) as




1
1
d(ρ) = χ H (Σ), {Iρ ≤ −L} = χ H (Σ) − χ({Iρ ≤ −L})
= 1 − χ(Σk ).

(1.5)

The first equality is suggested by the Poincaré-Hopf theorem, see Proposition
2.6, while the second follows from the exactness of the homology sequence of
a pair. This argument is clearly purely intuitive and heuristic but actually
it can be made rigorous, giving an interpretation of (1.3). A precise version
of the latter formula, see Proposition 2.6, requires usually that the whole
Hilbert space be replaced by a bounded sublevel of the functional (here we
have none) and also the Palais-Smale condition to hold, which is not known
for Iρ . Anyhow, following the classical arguments of Morse theory, we can
tackle these problems using a generalized notion of degree and a deformation
lemma from [39].
Another application of the above method regards the Q-curvature equation (1.4). As already mentioned, when qP 6= 8kπ 2 and k ∈ N (and if Pg has
no nontrivial kernel), from a theorem in [42] the equation is compact (see
also [26]), so it still makes sense to define the Leray-Schauder degree. We
have the following theorem.
Theorem 1.3. Let (M, g) be a compact four-manifold such that the Paneitz
operator Pg has k negative eigenvalues and only trivial kernel (the constant
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functions), and such that
Z

Qg dVg 6= 8kπ 2

qP :=

for k ∈ N.

M

Suppose Q is a constant (or a smooth function) with the same sign as qP .
Then the degree of (1.4) (with Q replacing Qg̃ ) is given by
(
(−1)k ,
(−1)k (−χ(Σ) + 1) · · · (−χ(Σ) + k)/k!,

if qP < 8π 2 ;
if qP ∈ (8kπ 2 , 8(k + 1)π 2 ), k ∈ N.
(1.6)

A related result can be found in [37, 38] (see also [49]): here the authors
use blow-up analysis techniques, as in [17, 18], to study the biharmonic
equation in domains of R4 .
Remark 1.4. Morse theory gives in general more information about the
structure of critical points compared to degree theory, because one includes
the other as a particular case. For example, in [24] some existence results
are obtained when Σ has the topology of S 2 and k > 1, using the fact that
Σk is not contractible. Notice that in this case d(ρ) vanishes by (1.3). The
same considerations hold for (1.4), and further applications are under current
investigation. However, the above purely topological arguments cannot deal
with the cases ρ = 8kπ, which also need refined analytic estimates as in [17],
[18] and [34].
In Section 2, we recall some useful facts concerning the improved MoserTrudinger inequality, some tools in nonlinear functional analysis and a deformation lemma for Iρ . In Section 3, we give our proof of Theorem 1.2 and
that of Theorem 1.3: a key step is the computation of the Euler characteristic of Σk , which is done using Morse theory in the opposite spirit as before,
to match the formulas (1.3) and (1.5).
2. Preliminaries
In this section we collect some useful facts. First of all we consider the
Moser-Trudinger inequality and discuss some of its applications to the study
of the topological structure of the sublevels of Iρ . Next, we recall some
abstract tools in nonlinear functional analysis concerning the Leray-Schauder
degree, the Poincaré-Hopf theorem and some of their extensions. Finally we
state a deformation lemma from [39], describing the main ingredients of the
proof and some consequences.
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2.1. The Moser-Trudinger inequality and some applications. It is
well known, see for example Theorem 1.7 in [27], that the integral
Z
4π(u−u)2
R
Σ
e |∇u|2 dVg dVg
Σ

is bounded, uniformly for u ∈ H 1 (Σ), by a constant CΣ depending only on
(Σ, g), where u stands for the average of u on Σ. By elementary inequalities
then one finds
Z
Z
1
(u−u)
e
dVg ≤
|∇g u|2 dVg + CΣ0 , for every u ∈ H 1 (Σ) (2.1)
log
16π Σ
Σ
for another fixed constant CΣ0 depending only on Σ and g. Following an
argument in [19], one can prove that when the function eu is spread into
different regions inequality (2.1) improves.
Lemma 2.1. Let δ0 , γ0 be positive real numbers, and for a fixed integer `,
let Ω1 , . . . , Ω`+1 be subsets of Σ satisfying dist(Ωi , Ωj ) ≥ δ0 for i 6= j. Then
for any ε̃ > 0 there exists a constant C = C(`, ε̃, δ0 , γ0 ) such that
Z
Z
1
(u−u)
|∇g u|2 dVg
log
e
dVg ≤ C +
16(`
+
1)π
−
ε̃
Σ
Σ
for all the functions u ∈ H 1 (Σ) satisfying
Z
Z
eu dVg ≥ γ0
eu dVg
Ωi

Σ

for every i ∈ {1, . . . , ` + 1}.
For a proof of the lemma we refer the reader to Section 2 in [25] (see also
Section 3 in [43]). Assume next that ρ ∈ (8πk, 8π(k + 1)) for some k ∈ N;
as a consequence of Lemma 2.1 one has that if ` ≥ k, then the functional Iρ
stays uniformly bounded from below. Loosely speaking, if Iρ (u) attains large
negative values, eu has to concentrate near at most k points of Σ. Indeed,
using Lemma 2.1 and a covering argument, one obtains the following result,
whose proof can also be found in the aforementioned sections.
Lemma 2.2. Assuming ρ ∈ (8kπ, 8(k + 1)π) with k ∈ N, the following
property holds. For any ε > 0 and any r > 0 there exists a large positive
L = L(ε, r) such that for every u ∈ H 1 (Σ) with
Z
Iρ (u) ≤ −L and
eu dVg = 1,
Σ
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there exist k points p1,u , . . . , pk,u ∈ Σ such that
Z
eu dVg < ε.
Σ\∪ki=1 Br (pi,u )

Lemma 2.2 means qualitatively that the probability measure eu dVg is
concentrated near at most k points of Σ, and hence
eu '

k
X

ti δxi = σ,

i=1

P
where ti ≥ 0, xi ∈ Σ for every i ∈ {1, . . . , k}, ki=1 ti = 1 and where δxi
stands for the Dirac mass at xi . Therefore, using the terminology of the
introduction, eu is close to some formal barycenter σ ∈ Σk . It was indeed
shown in [25] (see also Section 4 in [43] for the specific case of Iρ ) that
there exists a continuous and nontrivial map Ψ from low sublevels of the
Euler functional into Σk . The fact that Ψ is nontrivial follows from the
noncontractibility of Σk (see Lemma 3.7 in [25] and also Lemma 4.1 in [43])
and the fact that there exists also a family of maps Φλ from Σk into H 1 (Σ)
Φλ = {ϕλ,σ (·)}σ∈Σk ;

k

X
ϕλ,σ (y) = log
ti
i=1

2
λ
− log π, (2.2)
1 + λ2 d2i (y)

for which Iρ (Φλ (σ)) → −∞ and Ψ(Φλ (σ)) → σ uniformly for σ ∈ Σk , see
Proposition 4.4 in [43].
Conversely, given L > 0 large, one can construct a homotopy between the
identity on {Iρ ≤ −L} and Φλ ◦ Ψ for some λ sufficiently large; the proof,
which is rather technical in nature, is postponed to an appendix. The latter
facts and the invariance of homology groups under homotopy equivalences
imply the following result.
Proposition 2.3. If k ∈ N and ρ ∈ (8kπ, 8(k + 1)π), there exists L > 0
such that {Iρ ≤ −L} has the same homology as Σk .
2.2. Some tools in nonlinear functional analysis and Morse theory.
We recall first (a particular case of) the Sard-Smale theorem, see for example
[21], page 91, for the statement and the references for the proof.
Theorem 2.4. (Sard-Smale). Let Ω be an open subset of a Hilbert space X.
Suppose G ∈ C 1 (Ω; X) is proper when restricted to any bounded subset of Ω.
Suppose ∇G(x) is of the form Identity − compact for every x ∈ Ω. Then
the set of regular values of G is dense in X.
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We will apply this result to X = H (Σ) and G = ∇Iρ ; since both ∇Iρ
and its Frechet derivative (identified with an X-valued map via the Riesz
theorem) are of the form Identity − compact, the assumptions of Theorem
2.4 hold true in this case.
We recall next an extension of the classical Leray-Schauder degree: given
a bounded subset B of a Hilbert space X, the Kuratowski measure of noncompactness of B, α(B), is defined as the infimum of the positive d such
that B admits a finite cover by subsets of X of diameter less than or equal
to d. For example, B is compact if and only if α(B) = 0.
Let Ω be an open subset of X and F : Ω → X a continuous map; then
F is said to be a strict α-contraction if α(F(B)) < k α(B) for some fixed
k < 1. Examples of such maps are k-Lipschitz maps, compact maps (for
which k = 0) and sums of a compact and a k-Lipschitz map.
Suppose F : Ω → X is a strict α-contraction, that y ∈ X \ (Id − F)(∂Ω)
and that (Id − F)−1 ({y}) is compact. Then, see [21], Sections 9 and 10.1,
we can define a generalized degree
(Id − F, Ω, y)

7−→

D(Id − F, Ω, y),

which coincides with the classical Leray-Schauder degree DLS (Id − F, Ω, y)
if F is compact and if Ω is bounded, and enjoys all its classical properties.
Suppose now that N is a compact n-dimensional manifold with smooth
boundary, and that f : N → R is a function satisfying the general boundary
conditions, namely f |N and f |∂N are Morse functions and f has no critical
points on ∂N . Then, denoting by C̃i the number of critical points of f in N
with index i plus the number of critical points f |∂N with index i where ∇f
points inward, one has the Morse-Van Schaak relation
X
(−1)i C̃i = χ(N ).
i=0,...,n

By the density of nondegenerate functions in C 2 (N ), see [30], page 147, one
finds the following result.
Proposition 2.5. Suppose N is a compact n-dimensional manifold N with
smooth boundary ∂N 6= ∅, and that f : N → R satisfies the general boundary
conditions. Assume that, in each component of ∂N , ∇f points either inward
or outward. Then, if Ci is the number of critical points of f in N with index
i and if N− is the subset of ∂N where ∇f points inward, we have
X
(−1)i Ci = χ(N, N− ).
(2.3)
i=0,...,n
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We recall next a variant of the classical Poincaré-Hopf index theorem,
deeply related to the above proposition, which can be found in [11], pages
99-104 (here we adapt the statement to our purposes).
Proposition 2.6. Let X be a Hilbert space X, and let f : X → R be of
class C 2 . Suppose that ∇f (x) is of the form Identity − compact for every
x ∈ H, and that f satisfies the Palais-Smale condition. Assume also that,
for some a, b ∈ R, a < b, Ω := {f ≤ b} \ {f < a} is bounded, and that f has
no critical points at the levels a, b. Then, letting Ω− = {f = a}, one has
DLS (∇f, Ω, 0) = χ(Ω, Ω− ).

(2.4)

We will actually need a slightly more general version of this result, since
we have to deal with unbounded sets and we do not know whether the PalaisSmale condition holds true. However, our argument will still follow the same
(classical) proof in [11], see Section 3 below.
2.3. A deformation lemma. Here we recall a result in [39], where a vector
field which deforms suitable sublevels of the functional Iρ is constructed, bypassing the Palais-Smale condition (which is known to hold only for bounded
sequences). In [52] a related argument was previously used, which exploited
a monotonicity property with respect to a parameter in the problem. Below,
we set
Z
1

X = H (Σ),

h(x)eu dVg ,

J(u) = log

u ∈ X,

(2.5)

Σ

so we have Iρ (u) = 21 kuk2 −ρJ(u). The result in [39] we need is the following.
Lemma 2.7. Given a, b ∈ R, a < b, the following alternative holds: either
there exists (ρl , ul ) ⊆ R × X satisfying
Iρ0 l (ul ) = 0 for every l;

a ≤ Iρ (ul ) ≤ b;

ρl → ρ,

or the set {Iρ ≤ a} is a deformation retract of {Iρ ≤ b}.
By deformation retract onto A ⊆ X we mean a continuous map η : [0, 1] ×
X → X such that η(t, u0 ) = u0 for every (t, u0 ) ∈ [0, 1] × A and such that
η(1, ·) is contained in A.
To prove the lemma, one argues as follows: assuming the first alternative
false, let τ > 0 be such that Iρ̃ has no critical point u for ρ̃ ∈ (ρ − τ, ρ) with
Iρ̃ (u) ∈ [a, b]. Then set
Zρ (u) = − [|∇J(u)|∇Iρ (u) + |∇Iρ (u)| ∇J(u)] ,
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and for a smooth nondecreasing cutoff function ωτ : R → [0, 1] satisfying
ωτ (t) = 0 for t ≤ τ and ωτ (t) = 1 for t ≥ 2τ , define the vector field1
 |∇I (u)| 
ρ
W (u) = −ωτ
∇Iρ (u) + Zρ (u).
(2.6)
|∇J(u)|
The strategy of the proof consists in showing that, as long as Iρ stays between
a and b, every integral curve of W remains bounded (with bounds depending
on the initial datum, a, b and τ ) and that along the flow the derivative
of Iρ is bounded above by a negative constant. A key point is to notice
that hZρ (u), ∇Iρ (u)i ≤ 0, and if hZρ (ul ), ∇Iρ (ul )i tends to zero along some
sequence (ul )l , then
Zρ (ul )
lim
= 0.
l→+∞ 1 + |∇J(ul )|
As a consequence of Lemma 2.7 we get a useful corollary.
Corollary 2.8. If ρ ∈ (8kπ, 8(k +1)π) for some k ∈ N and if b is sufficiently
large and positive, the sublevel {Iρ ≤ b} is a deformation retract of X, and
hence it has the homology of a point.
Proof. By Theorem 1.1 and by the local boundedness of J in X (which
follows from (2.1)), choosing ρ̃ sufficiently close to ρ we see that the first
alternative in Lemma 2.7 cannot hold if a ≥ n0 and b = a+1 for a sufficiently
large integer n0 . Therefore, if n ≥ n0 the sublevel {Iρ ≤ n} is a deformation
retract of {Iρ ≤ n + 1}. As we remarked, h∇Iρ (u), W (u)i is negative and
stays away from zero in {n ≤ Iρ ≤ n + 1}, so the vector field
Ŵ (u) := −

W (u)
h∇Iρ (u), W (u)i

is well defined and smooth in this set, and we have, clearly,
h∇Iρ (u), Ŵ (u)i = −1.
We can choose the retraction ηn from {Iρ ≤ n + 1} onto {Iρ ≤ n} to be
simply the flow generated by Ŵ , and arrested as soon as Iρ = n.
Given any x ∈ X such that Iρ (x) > n0 , let n be the unique integer
satisfying n ≤ Iρ (x) < n + 1. Then, for s ∈ [0, n − n0 ], we consider the
following map:
η̂(s, x) = ηn (s, x), s ∈ [0, 1];

η̂(s, x) = ηn−1 (s, ηn (1, x)), s ∈ [1, 2];

η̂(s, x) = ηn−i (s, ηn−i−1 (1, ηn−1−2 (1, · · · ))), s ∈ [i, i+1]; i = 0, 1, . . . , n−n0 .
1There are some typos in the definition of Z and W in [39], fixed in [40]: we report

here the correct formulas
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Letting sx be the first s for which Iρ (η̂(s, x)) = n0 , for t ∈ [0, 1] we define
η(t, x) = η̂(sx t, x). This map is clearly continuous in both t and x, and
realizes the required deformation retract.

3. Proof of Theorems 1.2 and 1.3
First of all we compute the Euler characteristic of Σk ; our proof is related
to that of Lemma 5.2 in [18].
Proposition 3.1. For any natural number k we have
χ(Σk ) = 1 − (1 − χ(Σ)) · · · (k − χ(Σ))/k!.

(3.1)

Proof. We proceed by induction in k. Formula (3.1) is clearly true for k = 1.
If k > 1 we consider the pair (Σk , Σk−1 ) and notice that
χ(Σk ) = χ(Σk , Σk−1 ) + χ(Σk−1 ).
We claim that the following formula holds for any natural number k :
χ(Σ)(χ(Σ) − 1)(χ(Σ) − 2) · · · (χ(Σ) − (k − 1))
.
χ(Σk , Σk−1 ) = (−1)k−1
k!
(3.2)
Once we have this formula, using the relation


n  
X
l
n+1
=
m
m+1
l=m

(which can be derived from Pascal’s rule for binomial coefficients), the proposition follows immediately.
We compute χ(Σk , Σk−1 ) using Morse theory: the set Σk \Σk−1 is an open
manifold (with boundary Σk−1 ) of dimension 3k − 1 consisting of the 2kP
tuples (ti , xi )i=1,...,k satisfying the constraints ti ∈ (0, 1) for all i, ki=1 ti = 1
and xi 6= xj for i 6= j. A point in Σk \ Σk−1 approaches the boundary
of this manifold if either mini6=j dist(xi , xj ) tends to zero, or if (t1 , . . . , tk )
P
approaches the boundary of the (k − 1)-simplex σk−1 := { ki=1 ti = 1}.
Given a positive δ smaller than the injectivity radius of Σ, we consider a
nonincreasing function G : (0, +∞) → (0, +∞) satisfying
G(t) = 1t , for t ∈ (0, δ];

G(t) =

1
2δ

for t > 2δ.

(3.3)

For ε > 0 small (to be fixed later) we define F : Σk \ Σk−1 → R as
F

k
X

k

X
X
ti δxi = −
G(d(xi , xj )) −

i=1

i=1

i6=j

|

{z

F((xi )i )

}

|

1
,
ti (1 − ti )
{z
}

G((ti )i )

(3.4)
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d(xi , xj ) = dist(xi , xj ).
Clearly, F is well defined on Σk \Σk−1 (is invariant under permutation of the
couples (ti , xi )i=1,...,k ) and tends to −∞ as the argument approaches Σk−1 .
Also, the gradient of this function with respect to the metric of Σk × σk−1
P
(where the permutation group is acting) tends to +∞ in norm as ki=1 ti δxi
tends to Σk−1 . By this reason F satisfies the Palais-Smale condition on
Σk \ Σk−1 , and Σk−1 is a deformation retract of F−L := {F ≤ −L} ∪ Σk−1
for L sufficiently large and positive (the retract can be obtained simply
letting L → +∞). By Proposition 2.5 (and by excision of {F < −L}), if
F̂ : {F ≥ −L} → R is a nondegenerate function sufficiently close to F in C 2
norm, then we have
X
χ(Σk , Σk−1 ) =
(−1)i Ĉi ,
(3.5)
i=0,...,3k−1

where Ĉi is the number of critical points of F̂ with index i. To compute the
latter sum we define the set
n
o
Λk = (x1 , . . . , xk ) ∈ Σk : xi 6= xj for i 6= j .
(3.6)
We notice that, reasoning as for F , both F : Λk → R and G : σk−1 → R
satisfy the Palais-Smale condition and tend to −∞ at the boundaries of their
domains. Hence, since G has a single critical point (which is a nondegenerate
maximum, of index k − 1), if F̂ is a nondegenerate function close in the C 2
norm to F (and invariant under permutation), (3.5) implies
χ(Σk , Σk−1 ) =

(−1)k−1
k!

X

(−1)i Ĉi ,

(3.7)

i=0,...,2k

where Ĉi is the number of critical points of F̂ with index i. The factorial of
k in the denominator appears since we have invariance under the group of
permutations.
Now notice that F̂ tends to −∞ at the boundary of Λk (since F does), so
reversing its sign we obtain a nondegenerate function with the same total
index, and −∇F̂ points outward {−F̂ < L} for L large and positive. Since
the latter set is a deformation retract of Λk , which can be realized by letting
L → +∞, still by Proposition 2.5 we find that (see (3.6))
X
i=0,...,2k

(−1)i Ĉi = χ(Λk ) =

χ(Σ)(χ(Σ) − 1)(χ(Σ) − 2) · · · (χ(Σ) − (k − 1))
.
k!
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The latter Euler characteristic has been computed in [18], page 1705, and
is deduced rather easily from the Hopf theorem for fibrations, see [51], page
481. The conclusion follows from (3.7) and the above formula.

We are now in position to prove the two theorems.
Proof of Theorem 1.2. First of all we reduce ourselves to the nondegenerate case, following [11], page 103. We choose τ so small that [ρ − τ, ρ +
τ ] ⊆ (8kπ, 8(k + 1)π), and a < b so that all the critical points u of Iρ̃ for
ρ̃ ∈ [ρ − τ, ρ + τ ] satisfy Iρ (u) ∈ (a, b). This is possible by Theorem 1.1 and
by the local boundedness of J, see (2.1), (2.5). Choosing also the number a
sufficiently large and negative and b sufficiently large and positive, we can
assume the conclusions of Proposition 2.3 (with a = −L) and Corollary 2.8
to be true.
We let K denote the set of critical points of Iρ , which by Theorem 1.1
is compact. We also let (Iρ )ba := {a < Iρ < b}, fix a small δ > 0 so that
dist(K, X \ (Iρ )ba ) > 4δ, and define the set Kδ = {x ∈ X : dist(x, K) < δ} .
We next choose a smooth cutoff function p(x) such that
p(x) = 1 for every x ∈ Kδ ;

p(x) = 0 for every x ∈ X \ K2δ .

We can also choose p so that its derivative is uniformly bounded in K2δ .
Considering the restriction of ∇Iρ to Kδ , we see that it is of the form Id − T
with T compact, and therefore by Theorem 2.4 there exists an arbitrarily
small x0 such that ∇2 Iρ is nondegenerate on {∇Iρ = x0 } ∩ Kδ . We also
notice that k∇Iρ k ≥ γδ > 0 on K2δ \ Kδ for some fixed constant γδ ; as a
consequence we have that for kx0 k sufficiently small the function
˜
I(x)
= Iρ (x) + p(x)(x, x0 )
is nondegenerate in (Iρ )ba , coincides with Iρ in X \ K2δ , and has the same
critical points as Iρ .
For kx0 k small, ∇I˜ − Id is a strict α-contraction, see Subsection 2.2, and
˜ −1 ({0}) ⊆ Kδ , D(∇I,
˜ (Iρ )b , 0) is well defined. Suppose now that
since (∇I)
a
R is so large that all the critical points of Iρ̃ for ρ̃ ∈ [ρ − τ, ρ + τ ] are in
B R (0) ⊆ X. By the excision property and the homotopy invariance of D we
2
have
˜ (Iρ )ba , 0).
DLS (∇Iρ , BR , 0) = D(∇I,
(3.8)
We notice that bounded Palais-Smale sequences of I˜ are precompact (since
those of Iρ are, see the comments at the beginning of Subsection 2.3), and
in particular I˜ has only finitely many critical levels, each of which consists
only of finitely many critical points. Choosing R possibly larger we can also
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assume that K2δ ⊆ B R . Then we define a smooth radial cutoff function
2
θ : X → [0, 1] satisfying
θ(u) = 1 for u ∈ BR ;

θ(u) = 0 for u ∈ X \ B2R .

Recalling the definition of W in (2.6), we then consider the following vector
field:
˜ + (1 − θ(u))W (u).
W̃ (u) = −θ(u)∇I(u)
Since I˜ coincides with Iρ outside BR , W̃ decreases I˜ in the complement of
K. Moreover, noticing that Iρ̃ , ρ̃ ∈ [ρ − τ, ρ + τ ], has no critical points
outside BR (0) and using the same argument as in [39], one can show that
every integral curve of W̃ inside (Iρ )ba stays uniformly bounded (depending
only on the initial datum, a, b and τ ). By the compactness of bounded
Palais-Smale sequences of I˜ and by the properties of the vector field Zρ (see
the comments after (2.6)) one finds that if I˜ has no critical levels inside some
interval [ã, b̃], then {I˜ ≤ b̃} can be deformed into {I˜ ≤ ã}.
Finally, let c̃i be the number of critical points of I˜ with index i. By
classical Morse-theoretical arguments in the spirit of Proposition 2.6, see
[11], page 103, excising {Iρ < a} one sees that
X
˜ (Iρ )ba , 0) =
D(∇I,
(−1)i c̃i = χ({Iρ ≤ b}, {Iρ ≤ a}).
i

The conclusion follows from formula (3.8), Proposition 2.3, Corollary 2.8
and Proposition 3.1.

Proof of Theorem 1.3. We can reason as for the previous case: the main
difference is that the presence of negative eigenvalues for Pg affects the topology of the sublevels of the Euler functional. In [25], Sections 3 and 4, it was
shown that the counterpart of Proposition 2.3 holds true replacing Σk with
S k−1 if qP < 8π 2 ;

^
Ak,k = Mk × B1k if qP ∈ (8kπ 2 , 8(k + 1)π 2 ).

Here Mk is the set of k-barycenters of M , B1k the closed unit ball in Rk ,
S k−1 the unit sphere in Rk while the equivalence relation e means that
Mk × ∂B1k is identified with ∂B1k , namely Mk × {y}, for every fixed y ∈ ∂B1k ,
is collapsed to a single point.
Therefore, following exactly the previous proof, one finds that the global
degree of the equation is given by the numbers
1 − χ(S k−1 ) if qP < 8π 2 ;

1 − χ(Ak,k ) if qP ∈ (8kπ 2 , 8(k + 1)π 2 ).
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In the first alternative we are done. To compute the latter Euler characteristic one can use the Mayer-Vietoris theorem, see for example [44], page 207.
We can cover Ak,k with the two sets


A = Mk × B k3 ;
B = Mk × B1k \ B k1 ,
4

4

where Bµk stands for the closed ball of radius µ in Rk . Clearly A has the
homotopy type of Mk , B that of S k−1 and A∩B that of Mk ×S k−1 . Therefore,
by the exactness of the Mayer-Vietoris sequence and the Künneth theorem
we find the relation
χ(Ak,k ) = χ(Mk ) + χ(S k−1 ) − χ(Mk )χ(S k−1 ),
which implies
1 − χ(Ak,k ) = (1 − χ(Mk ))(1 − χ(S k−1 )).
By the same arguments as in the proof of Proposition 3.1 one finds that
1 − χ(Mk ) = (−χ(M ) + 1) · · · (−χ(M ) + k)/k!,
so we have the conclusion from the last two formulas.



Remark 3.2. Reasoning as for Theorem B.2 in [33] Part I, one can show
1
that the Leray-Schauder degree in the Sobolev space H (Σ) for (1.1) coincides with the degree in every Hölder space C 2,α (Σ), α ∈ (0, 1). Similar
considerations hold for equation (1.4).
4. Appendix
This appendix is devoted to the proof of the last statement before Proposition 2.3. For t ∈ [0, 1], L > 0 so large that Iρ has no critical points in
{Iρ ≤ −L} (see Theorem 1.1), s ∈ [0, 1], and τ̃ > 0 small (so small that
ρ
1+sτ̃ 6= 8kπ for s ∈ [0, 1]), we consider the families of sets (Us )s , (Ss )s ⊆ X
n
o
1
Us = u ∈ X : Iρ (u) ≤ −L − sτ̃ kuk2 ;
(4.1)
2
n
o
1
Ss = u ∈ X : Iρ (u) = −L − sτ̃ kuk2 ,
2
see (2.5). It is clear that Us ⊆ Us0 for s ≥ s0 and that, by a simple manipulaL
tion, Ss = {I ρ = − 1+sτ̃
}. If τ̃ is small and L is large, by Theorem 1.1 and
1+sτ̃
the implicit function theorem Ss is a smooth manifold in X of codimension
1, so the Ss ’s foliate the closure of U0 \ U1 when s varies in [0, 1].
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Lemma 4.1. There exists a deformation retract H(·, t), t ∈ [0, 1], of U0
onto U1 .
Proof. For u ∈ U0 \ U1 , let s(u) be the unique s ∈ [0, 1] such that u ∈ Ss(u) ;
ρ
by the above comments u 7→ s(u) is continuous. Set also ρ(u) = 1+sτ̃
, and
recalling (2.6) define the vector field
 |∇I | 
ρ(u)
W̌ (u) = −ωτ
∇Iρ(u) + Zρ(u) (u).
|∇J(u)|
An argument similar to [39] shows that every trajectory of W̌ stays bounded
d
u(t) =
as long as s(u) ∈ [0, 1]: to see this consider the Cauchy problem dt
W̌ (u(t)), with u(0) = u0 , s(u0 ) ∈ [0, 1]. Then as in the formula between (11)
and (12) of [39] one has that


d
1 d
|t=0 [J(u(t))] ≤ −
|t=0 Iρ(u0 ) (u(t)) .
(4.2)
dt
τ dt
Notice that in the right-hand side we are keeping the value of ρ fixed and
equal to ρ(u0 ). On the other hand, recalling the definition of ρ(u) we have
that
d



 ρτ̃ dt
|t=0 s(u(t))
d
d
|t=0 Iρ(u(t)) (u(t)) = |t=0 Iρ(u0 ) (u(t)) +
J(u0 ). (4.3)
dt
dt
(1 + s(u0 )τ̃ )2
L
Since Ss = {I ρ = − 1+sτ̃
} and since W̌ decreases Iρ(u0 ) , W̌ is transversal
1+sτ̃
to Ss and hence s(u(t)) is nondecreasing in t. Hence by our choice of s(u)
we have that


L
d
d
|t=0 Iρ(u(t)) (u(t)) = − |t=0
dt
dt
1 + s(u(t))τ̃
d
L
|t=0 s(u(t)) ≥ 0.
=
2
(1 + s(u0 )τ̃ ) dt

From (4.2) and the last two formulas (which also hold for any choice of initial
time) we get
d
ρτ̃ d
dt J(u(t))
≤
s(u(t)) for any t,
J(u(t))
τ dt
which implies
ρτ̃

J(u(t)) ≤ J(u(0))e τ

(s(u(t))−s(u(0)))

;

since we have Iρ (u(t)) ≤ −L, we get uniform bounds on each trajectory,
depending on the initial value, as long as s(u(t)) ∈ [0, 1].

Morse theory and a scalar field equation

1125

d
We claim next that, along each trajectory u(t), dt
s(u(t)) is bounded below
by a positive constant. Assuming the contrary, since W̌ decreases Iρ(u0 ) ,
since J(u(t)) stays bounded, and since

d 
Iρ(u(t)) (u(t)) ≥ 0,
dt
from (4.3) we obtain a bounded subsequence un for which ∇Iρ(un ) [W̌ (un )] →
0. The final arguments in [39] (after formula (14)) apply to this case as well,
yielding a contradiction to Theorem 1.1.
In conclusion, each point in S0 reaches S1 in finite time; conversely, following the inverse flow, each point in S1 reaches S0 in finite time. In this
way, by a suitable reparametrization in t, one can find a deformation retract
of U0 onto U1 .


Lemma 4.2. For L, λ > 0 sufficiently large, there exists a homotopy H̃(u, t) :
U1 × [0, 1] → U0 such that H̃(u, 0) = u and H̃(u, 1) = Φλ (Ψ(u)) for every
u ∈ U1 .
Proof. We discuss the case k = 1 only (see some comments below for k > 1);
we will also avoid normalizing functions in order to have zero average; this is
not relevant since the functionals Iρ are independent of this normalization.
Given ε, r > 0, if L is sufficiently large, by Lemma 2.2 and by the construction of Ψ in [25] we have that if u ∈ U1 and if Ψ(u) = δp(u) , then
Z
Z
u
e dVg ≤ ε eu dVg .
Σ\Br (pu )

Σ

We next use polar (geodesic normal) coordinates r, θ near pu , and consider
the following homotopy (t ∈ [0, 1])
 r−r
for r ∈ [r, 2r];
 r (tur (r) + (1 − t)u(r, θ))
tur (r) + (1 − t)u(r, θ)
for r ∈ [2r, 4r];
vt (r, θ) =
 5r−r
for r ∈ [4r, 5r],
r (tur (r) + (1 − t)u(r, θ))
where ur stands for the radial (Euclidean) average of u on ∂Br (0). It is easy
to see that for r sufficiently small one has that
k∇vt k2L2 (M ) ≤ (1 + or,ε (1))k∇uk2L2 (M ) + Cr,ε ,
that
vt ≤ u + or,ε (1)k∇uk2L2 (M ) + Cr,ε ,
and that
Z

vt

Z

e dVg ≥ log

log
M

M

eu dVg + or,ε (1)k∇uk2L2 (M ) − Cr,ε ,

1126

Andrea Malchiodi

which imply
Z
Iρ (vt ) ≤ Iρ (u) + or,ε (1)

|∇u|2 dVg + Cr,ε

Σ

for every t ∈ [0, 1]. Notice that the function v1 is radial in B3r (pu ) \ B2r (pu )
1 ([2r, 4r]), which allows us to get control of
and in the Sobolev class Hrad
kv1 − ukL∞ ([2r,4r]) , depending on r, in terms of k∇ukL2 .
We next consider another homotopy: for λ ≥ 1 we define ṽλ as

for r ≤ 3r
 v1 (λr, θ) + 4 log λ,
λ;

ṽλ (r, θ) =
v1 (2r) − 4 log r + 4 log(3r) for r ∈ 3r
, 3r ;
λ

v1 (r, θ)
for r ≥ 3r.
Still using normal coordinates, one can see that


k∇ṽλ k2L2 (M ) = (1 + or,ε (1)) k∇v1 k2L2 (M ) + 16π log λ ,
that
ṽλ ≤ v1 + or,ε (1)k∇v1 k2L2 (M ) + Cr,ε ,
and
Z

Z

ṽλ

e dVg ≥ log

log
M

M

ev1 dVg + 2λ + or,ε (1)k∇uk2L2 (M ) − Cr,ε ,

so we obtain that
Z
Iρ (ṽλ ) ≤ Iρ (u) + or,ε (1)

|∇u|2 dVg − (2ρ − 16π + or,ε (1)) log λ + Cr,ε .

Σ

Since we are assuming u ∈ U1 , choosing 2τ̃ > or,ε (1) we have that
Iρ (u) + or,ε (1)k∇uk2L2 (M ) ≤ −L,
and choosing also L so large that Cr,ε < L2 we obtain that Iρ (ṽλ ) ≤ − L2 .
For λ = λ(u) sufficiently large (depending on u), it is clear that ṽλ can be
deformed into ϕλ(u),δpu (see (2.2), in which we are assuming k = 1) within
{Iρ ≤ − L2 }; we can now apply the flow along the vector field W , see (2.6),
until we reach the sublevel {Iρ ≤ −L}. One can finally deform ϕλ(u),δpu
into ϕλ,δpu (for a fixed λ) within {Iρ ≤ −L} (recall that Iρ (λ, σ) → −∞ as
λ → +∞), so the conclusion holds.
The case k > 1 can be treated using similar arguments; we refer in particular to Subsection 4.1 in [43] for energy estimates on the test functions ϕλ,σ
(see (2.2)) for k 6= 1.

To prove our claim, we have to extend the homotopy in Lemma 4.2 to the
sublevel U0 of Iρ ; for doing this one can simply apply first the deformation
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retract H in Lemma 4.1. The composition of H̃(·, 1) ◦ H(·, 1) deforms u into
Φλ (Ψ(H(u, 1))) though; however, to reach the conclusion it is sufficient to
consider Φλ (Ψ(H(u, t))), and let t run from 1 to 0.
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