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Abstract

One main purpose of the present paper is to reorganize, in terms of the notion of a Schwarz
system, a proof, by means of Schwarzian derivatives, of the existence of complex projective
structures on compact hyperbolic Riemann surfaces and a proof, by means of Sugiyama-Yasuda
locally exact differentials, of the existence of Frobenius-projective structures of level two on
projective smooth curves in characteristic two. Moreover, we also construct quasi-Schwarz
systems for certain Frobenius-affine and Frobenius-projective structures on projective smooth
curves in positive characteristic.
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Introduction

The author of the present paper pointed out a certain similarity between Schwarzian
derivatives and locally exact differentials defined in [6] by Sugiyama and Yasuda, i.e.,
Sugiyama-Yasuda locally exact differentials, in the study of Frobenius-projective structures
[cf. [2, Remark 7.1.1]]. One main purpose of the present paper is to reorganize

o the proof, by means of Schwarzian derivatives, of the existence of complex projective
structures on compact hyperbolic Riemann surfaces given in [1, §9, (a), Corollary 2] and

o the proof, by means of Sugiyama-Yasuda locally exact differentials, of the existence
of Frobenius-projective structures of level 2 on projective smooth curves in characteristic 2
given in [6, §3] [cf. also [2, §2] and [2, §3]]

in terms of the notion of a Schwarz system. Put another way, one main purpose of the present
paper is to give one “precise mathematical formulation” of the similarity pointed out in [2,
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Remark 7.1.1].
Let X be a topological space. Then a Schwarz system [cf. Definition 1.2] on X is defined
to be a suitable collection of data

F, AW {~vlya,0: FXF — A)

consisting of

a sheaf F of sets on X,

a sheaf A of abelian groups on X,

e an open basis U of X,

e an equivalence relation ~y on the set F(U) for each U € 11, and
e amorphism §: 7 X F — A of sheaves of sets on X.

Suppose that we are given a Schwarz system S = (F, A, U, {~y}y,0) on X. Then we shall
refer to

e a collection (fy)yeo of local sections fi; € F(U) of the sheaf ¥ — where O is an open
covering of X whose element is contained in 2l — such that fy|w ~w fy|lw foreach U,V € O
and each W € W with W C U NV as a global object associated to S [cf. Definition 1.6] and

e an equivalence class, with respect to a certain equivalence relation defined by the ~’s
[cf. Definition 1.9, (i)], of global objects as a global structure associated to S [cf. Defini-
tion 1.9, (ii)].

Moreover, one may associate, to S, a cohomology class in the first cohomology group
H'(X, A). We shall refer to this class as the obstruction class of & [cf. Definition 1.5].

The main result of the theory of Schwarz systems, i.e., established in §1 of the present
paper, is as follows [cf. Theorem 1.7, (ii), and Theorem 1.12, (iv)].

Theorem A. Let X be a topological space and S = (F, A, W, {~y}yen,8) a Schwarz
system on X. Then the following assertions hold:

(1) It holds that there exists a global structure associated to S if and only if the obstruc-
tion class of S vanishes.

(i1) Suppose that the obstruction class of the Schwarz system S vanishes. Then the set of
global structures associated to S has a structure of I'(X, A)-torsor.

In §2 of the present paper, we reorganize the proof, by means of Schwarzian derivatives,
of the existence of complex projective structures on compact hyperbolic Riemann surfaces
given in [1, §9, (a), Corollary 2] from the point of view of Theorem A. More precisely, for
a given Riemann surface X, we construct a Schwarz system SE’( such that

(§2-a) the sheaf “A” of the Schwarz system 61;( is the invertible sheaf of holomorphic
quadratic differentials on X,

(§2-b) the morphism “6” of the Schwarz system 61;( is given by the Schwarzian deriva-
tives [cf., e.g., [1, p.164] and [1, p.167]], and

(§2-c) aglobal structure associated to 6; is essentially the same as a complex projective



SCHWARZIAN DERIVATIVES, SUGIYAMA-YASUDA LocALLY EXACT DIFFERENTIALS 315

structure [cf., e.g., [1, p.167]] on X

[cf. Theorem 2.4 and Remark 2.4.1]. In particular, if the given Riemann surface X is com-
pact and hyperbolic, then since [one verifies easily that] the first cohomology group of the
invertible sheaf of holomorphic quadratic differentials on X — that contains the obstruction
class of 65’( [cf. (§2-a)] — vanishes, it follows from Theorem A that the set of complex pro-
Jjective structures on X [cf. (§2-c)] is nonempty and has a structure of torsor under the space
of global holomorphic quadratic differentials [cf. (§2-a)] on X [cf. Corollary 2.5].

In §3 of the present paper, we reorganize the proof, by means of Sugiyama-Yasuda locally
exact differentials, of the existence of Frobenius-projective structures of level 2 on projective
smooth curves in characteristic 2 given in [6, §3] [cf. also [2, §2] and [2, §3]] from the point
of view of Theorem A. More precisely, for a given projective smooth curve X over an
algebraically closed field of characteristic 2, we construct a Schwarz system 65;2’13 whose
obstruction class vanishes such that

(§3-a) the sheaf “.A” of the Schwarz system 6?;2’P is the invertible sheaf of locally exact

differentials on X,

(§3-b) the morphism “6” of the Schwarz system CS?(’ZP is given by the Sugiyama-Yasuda
locally exact differentials [cf. [6, Definition 2.8]], and

(§3-c) a global structure associated to 63(’2’1) is essentially the same as a Frobenius-
projective structure of level 2 [cf. [2, Definition 3.1]] on X

[cf. Theorem 3.5 and Remark 3.5.1, (ii)]. In particular, it follows from Theorem A that
the set of Frobenius-projective structures of level 2 on X [cf. (§3-c)] is nonempty and has a
structure of torsor under the space of global locally exact differentials [cf. (§3-a)] on X [cf.
Corollary 3.6, (ii)].

Moreover, in the present paper, we also construct certain quasi-Schwarz systems [cf. Def-
inition 1.2] on projective smooth curves in positive characteristic. More precisely, we con-
struct,

e in §4 of the present paper, a quasi-Schwarz system on a projective smooth curve in
characteristic 2 whose global structure is essentially the same as a Frobenius-affine structure
of level 2 [cf. [3, Definition 3.1]] on the curve [cf. Theorem 4.9 and Remark 4.9.1, (ii)],

e in §5 of the present paper, a quasi-Schwarz system on a projective smooth curve in
positive characteristic whose global structure is essentially the same as a Frobenius-affine
structure of level 1 on the curve [cf. Theorem 5.5 and Remark 5.5.1, (ii)], and

e in §6 of the present paper, a quasi-Schwarz system on a projective smooth curve in pos-
itive characteristic whose global structure is essentially the same as a Frobenius-projective
structure of level 1 on the curve [cf. Theorem 6.4 and Remark 6.4.1, (ii)].

1. Schwarz Systems

In the present §1, we introduce and discuss the notion of a Schwarz system [cf. Defini-
tion 1.2 below]. Let X be a topological space.
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DerniTion 1.1. Let U be an open basis of X. Then we shall say that an open covering O
of X is a U-covering of X if the inclusion O C U holds.

Remark 1.1.1. Let U be an open basis of X and O}, O, two U-coverings of X. Then one
verifies easily that there exists a refinement of both O; and O, that forms a U-covering of X.

DeriniTion 1.2, We shall say that a collection of data
F, A, W {~ylye,0: F X F — A)

consisting of

e a sheaf F of sets on X,

a sheaf A of abelian groups on X,

e an open basis U of X,

e an equivalence relation ~; on the set F(U) for each U € 11, and
e a morphism 6: F X F — A of sheaves of sets on X

is a quasi-Schwarz system on X if, for each U € U, the following three conditions are
satisfied:

(1) The set F(U) is nonempty, and the first cohomology group H'(U, A) vanishes.
(2) For each fi, f>, f3 € F(U), the cocycle condition

OU)(f1, f3) = OU)(f1, f2) + OU)(f2, f3)
is satisfied.

(3) For each fy € F(U), the map F(U) — A(U) of sets given by sending f € F(U)
to O(U)(f, fo) € A(U) factors through the natural quotient map F(U) -» F(U)/ ~y, and,
moreover, the resulting map F(U)/ ~y— A(U) is injective:

FU) U)(=.fo) AU)

7
7
7~
b
(O3
~U

F)/

Moreover, we shall say that a quasi-Schwarz system (F, A, W, {~y}yen,0: FXF — A)isa
Schwarz system if the following condition is satisfied:

(4) ForeachU e W, x e U, f € F(U), and a € A(U), there exist V € Wand g € F(V)
such that x € V C U, and, moreover, the equality 8(V)(g, flv) = aly holds.

Remark 1.2.1. Let (F, A, W, {~y}yeu, 0) be a quasi-Schwarz system on X, U an element
of U, and f;, f> € F(U) local sections of the sheaf 7. Then it follows from condition (2) of
Definition 1.2 that

(1) the equalities &(U)(f1, f1) = 0, (U)(f1, f2) = =6(U)(f2, f1) hold.

In particular, it follows from condition (3) of Definition 1.2 that
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(i) it holds that f; ~y f> if and only if 8(U)(fi, f>) = O.

In the remainder of the present §1, let © = (F, A, U, {~y}yeu, 0) be a quasi-Schwarz
system on X.

DermiTion 1.3. Let O be a U-covering of X and (fy)yeo a collection of local sections
fu € F(U) of the sheaf 7. Then we shall refer to the image in the first cohomology
group H'(X, A) of the element of the first Cech cohomology group H'(9, A) determined
[cf. condition (2) of Definition 1.2] by the collection (&(U N V)(fulunv, fvlunv))u.veo of lo-
cal sections 8(U N V)(fulunv, frvlunv) € AU N V) of the sheaf A as the cohomology class
determined by (fu)y.

Lemma 1.4. Let Oy, O, be U-coverings of X and (fy)veo,, (gv)ven, collections of local
sections fy € F(U), gy € F(V) of the sheaf F. Then the cohomology class determined by
(fu)u coincides with the cohomology class determined by (gy)y.

Proof. Let us first observe that one verifies easily that, to verify Lemma 1.4, we may
assume without loss of generality — by replacing Oy and O, by a refinement of both O
and O, that forms a U-covering of X [cf. Remark 1.1.1] — that O, = O,. For each U € Oy,

write ay = 0(U)(fy, gu) € A(U). Then it follows from condition (2) of Definition 1.2 and
Remark 1.2.1, (i), that, for each U, V € Oy, the equalities

U N VY(fuluavs fvluav)

= 0(U N V)(fulunv, gulunv) + 80U N V)(guluav, gvlvav) + 68U N V)(gvluav, frluav)

= aylunv + 60U N V)(guluav, gvlunv) — avlvay

hold. Thus, the cohomology class determined by (f/)y coincides with the cohomology class
determined by (gy)y, as desired. This completes the proof of Lemma 1.4. |

DeriNiTIoN 1.5. We shall refer to the cohomology class in H'(X, A) determined by some
[cf. Lemma 1.4] collection of local sections of the sheaf 7 with respect to some U-covering
of X [cf. condition (1) of Definition 1.2] as the obstruction class of .

Dermnition 1.6. We shall say that a collection (fy)yeo of local sections f; € F(U) of the
sheaf 7 — where O is a H-covering of X — is a global object associated to & if, for each
U,V € Oand each W € U with W C U NV, the local section fylw € F(W) is equivalent
— 1.e., with respect to the equivalence relation ~y — to the local section fy|y € F(W). We
shall write

I'x, ©)
for the set of global objects associated to S.
The first main result of the theory of Schwarz systems is as follows.

Theorem 1.7. Let X be a topological space and S = (F, A, U, {~y}yen,0) a quasi-
Schwarz system on X. Then the following assertions hold.:

(1) Ifthe set I'(X, ©) is nonempty, then the obstruction class of the quasi-Schwarz system
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S vanishes.

(i1) Suppose that the quasi-Schwarz system S is a Schwarz system. Then it holds that
the set I'(X, ©) is nonempty if and only if the obstruction class of the Schwarz system S
vanishes.

Proof. First, we verify assertion (i). Let (fy)yeo € I'(X, S) be a global object associated
to © — where O is a U-covering of X. Then it is immediate that, to verify assertion (i),
it suffices to show that the cohomology class determined by (fy)y vanishes. On the other
hand, this follows from Remark 1.2.1, (ii). This completes the proof of assertion (i).

Next, we verify assertion (ii). The necessity follows from assertion (i). To verify the
sufficiency, suppose that the obstruction class of S vanishes. Let (fy)yen be a collection
of local sections fy € F(U) of the sheaf F [cf. condition (1) of Definition 1.2]. Then
since [we have assumed that] the obstruction class of S vanishes, there exists a local section
ay € A(U) of the sheaf A for each U € U such that, for each U, V € U, the equality

U N V)(fuluav, fvluav) = avlunv — avluav

holds [cf. condition (1) of Definition 1.2]. Now since [we have assumed that] S is a Schwarz
system, it follows from condition (4) of Definition 1.2 that there exist a 2-covering O of X
and, for each U € O, an element U € U and a local section gy € F(U) of the sheaf F such
that U ¢ U , and, moreover, —agly = 6(U)(gu, fglv). Then it follows from condition (2) of
Definition 1.2 and Remark 1.2.1, (i), that, for each U, V € O, the equalities

U N V)(guluav, gvivay)
= 0(U N V)(gulunav, fgluav) + 80U N V)(fgluavs frluav) + 0CU 0 V)(fyluavs gvluay)
= —aglunv + (aglgay — aylgai)luav + agluay = 0
hold. Thus, it follows from Remark 1.2.1, (ii), that gy|lw ~w gvlw for each W e U with

W C U NV, i.e., that the collection (gy)yeo forms a global object associated to S. This
completes the proof of assertion (ii), hence also of Theorem 1.7. O

Corollary 1.8. Suppose that the quasi-Schwarz system S is a Schwarz system, and that
the first cohomology group H' (X, A) vanishes. Then the set T'(X, S) is nonempty.

Proof. This is a formal consequence of Theorem 1.7, (ii). O

DEerFNITION 1.9.

(i) We shall define an equivalence relation ~g on the set I'(X, ©) as follows: Let (fy)yeo;,,
(gv)veo, € I'(X, S) be two global objects associated to S — where Oy, O, are U-coverings
of X. Then we shall write (fy)uv ~s (gv)v if fulw ~w gvlw for each U € Oy, V € O,
WelwithwWcUnV.

(i) We shall refer to an equivalence class with respect to the equivalence relation ~¢ as
a global structure associated to S. We shall write

I.(X,8) €TX, )/ ~2

for the set of global structures associated to S.
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Lemma 1.10. Let (fy)veo,, (9v)ven, € I'(X, ©) be two global objects associated to S —
where Oy, O, are U-coverings of X — and O a refinement of both Oy and O, that forms
a U-covering of X. Moreover, let 772 O — Oy, 7,0 O — Oy be maps of sets such that
UCtpU),V Cty(V)foreach U, V € O. Then the following assertions hold:

() Let U be an element of O. Then the element O(U)(fz,w)lu, 9=, w)lv) € A(U) does not
depend on the choices of the maps 7y, T,.

(i1) The collection

OO fr,)lv» Gr,nlv)) yeo

of local sections O(U)(fr,w)lu» 9=, )lv) € A(U) of the sheaf A arises from a global section
of the sheaf A.

(iii)) The global section of the sheaf A of (ii) does not depend on the choices of the
refinement O and the maps 7y, T,.

Proof. First, we verify assertion (i). Let T}Z O — Op, 7,0 © - O, be maps of sets
such that U C T}(U), V C T;(V) for each U, V € O. Then since (fy)veo,, (gv)veo, are
global objects associated to S, the equivalences fr. v ~v fr}(U)ly, gr,lv ~v grwlu
hold for each U € O. Thus, assertion (i) follows from condition (3) of Definition 1.2 and
Remark 1.2.1, (i). This completes the proof of assertion (i).

Next, we verify assertion (ii). Let U, V be elements of O. Then it follows from condition
(2) of Definition 1.2 that the equality

OU)(fr,wlus gy nlluny = OV fr,onlvs Ge,onv)lunv
= 0(U N V)(fr,wluavs fr,onluav) + 0CU 0 Vg, wluavs gr,anlunv)

holds. On the other hand, since (fuy)veo,, (9v)veo, are global objects associated to S, the
equivalences fo(U)lW ~W fo(V)lW’ g‘rg(U)|W ~W ng(V)|W hold foreach W € Uwith W C UNV.
Thus, it follows from Remark 1.2.1, (ii), that the equalities (U N V)(fz,w)lunv, fryvluav) =
U NV)(gr,w)lunvs gz, )lunv) = 0 hold. In particular, one may conclude that the collection
of local sections of the sheaf .4 under consideration arises from a global section of the sheaf
A, as desired. This completes the proof of assertion (ii). Assertion (iii) follows immediately
from assertion (i), together with the various definitions involved. This completes the proof
of Lemma 1.10. O

Dermition 1.11. Let f, g € I'(X, ) be two global objects associated to S. Then it follows
from Lemma 1.10, (i), (ii), (iii) [cf. also Remark 1.1.1], that the pair (f,g) determines a
global section of the sheaf .A. We shall write 6z(f, g) € I'(X,.A) for this global section of
the sheaf A.

The second main result of the theory of Schwarz systems is as follows.

Theorem 1.12. Let X be a topological space and S = (F, A, 0, {~y}yeu, ) a quasi-
Schwarz system on X. Suppose that the set I'(X, ©) is nonempty [which thus implies that
the obstruction class of the quasi-Schwarz system © vanishes — cf. Theorem 1.7, (1)]. Let
Jo € I'(X, ©) be a global object associated to S. Then the following assertions hold:
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(1) The assignment “(f,g) — 0c(f,g)” determines a map
Oz:T.(X, ) xI').(X,S) ——=T(X, A).

(i1) The assignment “f  0z(f, fo)” determines an injective map
Oz(—, fo): I')o(X, ©)——T(X, A).

If, moreover, the quasi-Schwarz system S is a Schwarz system, then this injective map is
bijective:

0z(=, fo): I')n(X, ©) ——=T(X, A).

(iii) Suppose that the quasi-Schwarz system S is a Schwarz system. Then the map
IN.(X,e)xI'X, A) ——=T',.(X,S)

defined by the assignment “(f,a) = t5,(6z(f, fo) + a)” — where we write iy, for the inverse
of the bijective map of the second display of (i1) — determines an action of the abelian group
I'(X, A) on the setT';.(X, ©).

(iv) Suppose that the quasi-Schwarz system S is a Schwarz system. Then the action of
(iii) determines a structure of I'(X, A)-torsor on the setT'; (X, ©).

Proof. Assertion (i) follows immediately from condition (3) of Definition 1.2 and Re-
mark 1.2.1, (i). Assertion (ii) follows immediately from conditions (3), (4) of Definition 1.2
[cf. also the fact that A is a sheaf on X]. Assertions (iii), (iv) follow immediately from the
various definitions involved. |

2. Schwarz Systems by Schwarzian Derivatives

In the present §2, let us reorganize the proof of the existence of complex projective struc-
tures on compact hyperbolic Riemann surfaces given in [1, §9, (a), Corollary 2] in terms of
the notion of a Schwarz system. Let X be a connected Riemann surface. Write P! for the
Riemann sphere and C C P! for the complex plane.

DeriniTioN 2.1. We shall write Uy for the set of open subspaces of X biholomorphic to the
complex upper half-plane. Note that it follows from the well-known classification of simply
connected Riemann surfaces that the set Uy forms an open basis of X.

DEFINITION 2.2.

(i) We shall write C)’? for the sheaf of sets on X that assigns, to an open subspace U C X,
the set of locally biholomorphic maps U — C.

(i) We shall write D% for the invertible sheaf of holomorphic differentials on X.

(iii)) Let U be an element of Uy. Then we shall define an equivalence relation ~‘3 on

the set C?(U ) as follows: Let fi, f> € C;?(U ) be local sections of the sheaf C;?. Then we
shall write f ~’3 J> if there exists an automorphism ¢ of the complex plane C such that the
diagram
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U

X

C - C

is commutative.

(iv) We shall write 9?: C)’? X C)’? - D? for the morphism defined as follows: Let U € X
be an open subspace of X and f;, f» € C?(U ) local sections of the sheaf C)/?. Thus, there
exists an open covering © of U such that, for each V € O, both fi|y and f>|y are injective,
Which thus implies that the restrictions fi|y, f>|y determine biholomorphic maps V > fV),
V = f(V), respectively. For each V € O and each posmve integer n, write f(") V->C

for the composite of the b1h010m0rph1c map foly: V — f»(V) and the n-th derivative of the

holomorphic function fz(V) Sv w Con f,(V) (€ C). Then HA(U )(f1, f2) is defined to be

the element of DQ(U ) determined by the collection of local sections

(2)
—~=dflv € DR(Y)
\4

[cf. the differential operator 6, of [1, p.164]].

DEerINITION 2.3.

(i) We shall write Cf; for the sheaf of sets on X that assigns, to an open subspace U C X,
the set of locally biholomorphic maps U — P!,

(i) We shall write D¥ - D% ®o, Dy for the invertible sheaf of holomorphic quadratic
differentials on X.

(iii)) Let U be an element of Uy. Then we shall define an equivalence relation ~Z on the
set CR(U) as follows: Let fi, f> € CR(U) be local sections of the sheaf C}. Then we shall
write fi ~, f» if there exists an automorphism ¢ of the Riemann sphere P! such that the

diagram
pl ————P

1s commutative.

(iv) We shall write 6% : C¥ x C¥ — D¥ for the morphism defined as follows: Let U C X
be an open subspace of X and fi, f» € C};(U) local sections of the sheaf Cf(’. Thus, there
exists an open covering O of U such that, for each V € O, both fi|y and f>|y are injective —
which thus implies that the restrictions fi|y, f>|y determine biholomorphic maps V = fi(V),
7N f2(V), respectively — and, moreover, neither {0, co} C f1(V) nor {0, oo} C f>(V) holds.
Foreachi € {I,2} and V € O, write F;y: V — P! for the map obtained by forming f;|y
(respectively, fi‘llv) if co ¢ f1(V) (respectively, oo € f1(V)) — which thus implies that
the map F;y gives a biholomorphic map from V onto an open subspace of the complex
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plane C C P'. For each V € O and each positive integer n, write F 8'): V — C for the
composite of the biholomorphic map Fpy: V > F>y(V) and the n-th derivative of the

-1
holomorphic function F; y(V) Fi>v %4 F—1>V Con F,y(V) (€ C). Then 9§(U)( f1, f2) is defined
to be the element of D§(U ) determined [cf. the discussion of the paragraph that contains the
displayed equality (4) of [1, p.166] and the discussion surrounding the displayed equality
(6) of [1, p.169]] by the collection of local sections

2FFY) - 3(F\))
(1
2(F\))

dFyy ® dF,y € DY(V)

[cf. the Schwarzian derivative 6, of [1, p.164] and [1, p.167]].

Theorem 2.4. Let X be a connected Riemann surface. Then, for each 0 € {A, P}, the
collection of data

def
S = (CR. DX, Uy, {~Dlvewy. 6%)

[cf. Definition 2.1, Definition 2.2, Definition 2.3] forms a Schwarz system.

Proof. Let us first observe that one verifies immediately that G satisfies condition (1) of
Definition 1.2. Moreover, it follows from the discussion surrounding the displayed equality
(6) of [1, p.169] that SY satisfies condition (2) of Definition 1.2. In particular, it follows
from the discussion of the paragraph that contains the displayed equality (4) of [1, p.166]
that SY satisfies condition (3) of Definition 1.2. Finally, it follows from the discussion of
the first paragraph of the proof of [1, p.170, Theorem 19] that G5 satisfies condition (4) of
Definition 1.2. This completes the proof of Theorem 2.4. |

Remark 2.4.1. One verifies easily that a global structure associated to 6§ (respectively,
6§) [cf. Theorem 2.4] is essentially the same as a complex affine structure (respectively,
complex projective structure) on the Riemann surface X [cf., e.g., [1, p.167]].

Corollary 2.5. Suppose that the Riemann surface X is compact and hyperbolic. Then
there exists a complex projective structure on X. Moreover, the set of complex projective
structures on X has a structure of I'(X, Di)-torsor.

Proof. Since X is compact and hyperbolic, it follows that the invertible sheaf Df(‘ of holo-
morphic differentials on X is of positive degree, which implies that deg(Di) =2 deg(D?) >
deg(D’;). Thus, it follows from the Serre duality theorem that the first cohomology group
H'(X, Di) vanishes. Thus, the conclusion of Corollary 2.5 is, in light of Theorem 2.4, a
formal consequence of Corollary 1.8 and Theorem 1.12, (iv). This completes the proof of
Corollary 2.5. |

Remark 2.5.1. Note that it is well-known [cf., e.g., [1, §9, (e)]] that one may omit the
assumption that X is compact and hyperbolic in the statement of Corollary 2.5. Put another
way, for an arbitrary connected Riemann surface, the set of complex projective structures
is nonempty and has a structure of torsor under the space of global holomorphic quadratic
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differentials.

3. Schwarz Systems by Sugiyama-Yasuda Locally Exact Differentials

In the present §3, let us reorganize the proof of the existence of Frobenius-projective
structures of level 2 on projective smooth curves in characteristic 2 given in [6, §3] [cf. also
[2, §2] and [2, §3]] in terms of the notion of a Schwarz system.

In the present §3, let p be a prime number, N a positive integer, k an algebraically closed
field of characteristic p, and X a projective smooth curve over k. Write Ky for the function
field of X, P, for the projective line over k, and A} C P} for the affine line over k. Let us
fix a regular function ¢ on A}( that determines an isomorphism A}c — Spec(k[t]) of schemes
over k. Thus, one verifies easily that, for each nonempty open subscheme U C X of X, this
fixed regular function ¢ on A,l determines, by considering the image of ¢ in Ky, a bijective
map between

e the set of dominant morphisms U — P,i over k and
e the complement Ky \ k of k in Ky.

Let us identify these two sets by means of this bijective map. Now observe that one also
verifies easily that this bijective map restricts to a bijective map between

o the subset of generically étale morphisms U — ]P’,i over k and
o the complement Ky \ K of K} in K.

Write 0 € A, (C P}) for the closed point of A; [and of P;] that forms the zero of the fixed
regular function # on A!, co € ]P)i for the closed point of P}C that forms the complement of
A,i in P,i [or, equivalently, forms the pole of the meromorphic function 7 on ]P,i], Q) for the

Ox-module of differentials on X, Q}<X for the sheaf on X of meromorphic differentials on X,

@ for the absolute Frobenius endomorphism of X, and By o Im(®.d: ©.0x — dD*Q;() for

the Ox-module of locally exact differentials on X, i.e., the locally free coherent Ox-module
of rank p — 1 obtained by forming the image of the homomorphism ®,.0y — ®.Q} of
Ox-modules determined by the exterior differentiation operator d: Ox — Q)'(.

Dermntrion 3.1. We shall write Uy for the set of affine open subschemes U C X of X such
that there exists an étale morphism U — A,i over k. Note that it follows from the smoothness
of X that the set Uy forms an open basis of X.

DEerINITION 3.2.

(i) We shall write Pf(‘ for the sheaf of sets on X that assigns, to an open subscheme
U C X, the set of étale morphisms U — P, over k.

(i) Let U be an element of Uy. Then we shall define an equivalence relation ~Z’N’P on

the set Pf(t(U) as follows: Let fi, f>» € Pf(t(U) be local sections of the sheaf P)é(t. Write Fj,

F; for the elements of Ky \ Kf; that correspond to the étale morphisms fi, f>: U — P}( over
k, respectively. Then we shall write f; ~’;N’P

such that aya4 # a»as, and, moreover,

/> if there exist elements a;, a;, as, as of Kx
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N N
le F2+a§
F = Sy
ay Fr+ay

Remark 3.2.1. Let U C X be an open subscheme of X and f € Pf(‘(U ) a local section of
the sheaf Pf(‘. Write F for the element of Ky \ K that corresponds to the étale morphism
f:U - Pli over k. Then one verifies easily that 1, F; ..., Fri-1 e Kx forms a basis of the

N
vector space Ky over K3 .

DeriniTion 3.3. Let U C X be an open subscheme of X and f € Pf(t(U ) a local section of
the sheaf Pf(‘. Then we shall write d;: Kx — Ky for the endomorphism of the vector space
Kx over K§ given by “differentiating with respect to f, i.e., by the assignment

p—1 p—1
a’F' ZiafF’_l
i=0 i=1
— where we write F for the element of Ky \ K} that corresponds to the étale morphism
f:U—- P,i over k, and ag, ay, ..., a,_; are elements of Ky [cf. Remark 3.2.1].

Next, let us recall the Sugiyama-Yasuda locally exact differentials defined in [6].

DerniTioN 3.4. Suppose that (p, N) = (2,2). Let U C X be an open subscheme of X and
fi. € Pf;t(U ) local sections of the sheaf Pf(‘. Write F, F, for the elements of Kx \ K§ that
correspond to the étale morphisms fi, fo: U — P,i over k, respectively. Write ay, ai, az, as
for the elements of Ky such that F = ay +ajF» +a3F3 +a3F; = A} +ATF,, where we write

Ag « aO + a2F2 and A & al + a3F2 [cf. Remark 3.2.1]. Now let us recall that it follows
from [6, Theorem 2.10] that the meromorphic differential

2 4

ar 4103+ 2 2 1 1
4F2 sz = (6f2(A0) + éfz(Al) Fy+ 6f2(A )A )6f2(F]) dF2 S Q (U)

a(fi, ) =
defined in [6, Definition 2.8] gives rise to an element of By(U). We shall write
6" (U): PY(U) X PR(U) —= Bx(U)
for the map given by sending (fi, f>) to this element of Bx(U) and
077" P x PE — By
for the morphism determined by the 6@’”’ (U)’s.

Theorem 3.5. Let k be an algebraically closed field of characteristic 2 and X a projective
smooth curve over k. Then the collection of data

2.2, def t 22,p g>2P
bX (PeeBX, qu{ }UEHX7 X )

[cf. Definition 3.1, Definition 3.2, Definition 3.4] forms a Schwarz system whose obstruction
class vanishes.
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Proof. Let us first observe that it is immediate that Gi’z’P satisfies condition (1) of Defi-
nition 1.2. Let us also observe that it follows from [6, Proposition 2.11] that Gi’z’P satisfies
condition (2) of Definition 1.2.

Next, to verify conditions (3), (4) of Definition 1.2, let U be an element of Uy and
fo € PE(U) alocal section of the sheaf P§. Then it follows from [6, Proposition 2.9, (2),
(3)] that the map Pf(‘(U) — Byx(U) of sets given by sending f € Pf(‘(U) to Qf(’z’P(U)(f, fo) €
Bx(U) factors through the natural quotient map P{(U) —» P(U)/ ~fj’2’P . Moreover,
it follows from [6, Proposition 2.9, (1)] and [6, Proposition 2.11] that the resulting map
P&U)/ ~7"— By(U) is injective. In particular, it follows immediately, in light of [6,
Theorem 2.10], from [6, Lemma 3.4] that the resulting map P;‘(U) / ~fj'2’P — Bx(U) is bi-
Jjective. This completes the proof of the assertion that Gi’zf satisfies conditions (3), (4) of
Definition 1.2, hence also of the assertion that 6?5” is a Schwarz system.

Finally, it follows from [6, Theorem 3.6] that the obstruction class of the Schwarz system
6?;2’1) vanishes, as desired. [Note that one verifies easily that the cohomology class S(X)
defined in [6, Proposition 3.3] coincides with the obstruction class of the Schwarz system
Gi’z’P in the sense of Definition 1.5 of the present paper.] This completes the proof of Theo-

rem 3.5. o

RemaRrk 3.5.1. In the situation of Theorem 3.5:

(i) One verifies easily that the existence of a global object associated to 6?5” [cf. Theo-
rem 3.5] is equivalent to the existence of a pseudo-tame rational function [cf. [6, Definition
2.2]] on the projective smooth curve X, or, equivalently [cf. [2, Remark 2.3.2]], a pseudo-
coordinate of level 2 [cf. [2, Definition 2.3]] on X.

(i) One also verifies easily from [2, Lemma 3.5, (i)] and [2, Proposition 3.7] that a
global structure associated to Gi’zf [cf. Theorem 3.5] is essentially the same as a Frobenius-
projective structure of level 2 [cf. [2, Definition 3.1]] on the projective smooth curve X.

Corollary 3.6. Suppose that p = 2. Then the following assertions hold:

(i) There exists a pseudo-tame rational function [cf. [6, Definition 2.2]] on X, or, equiv-
alently [cf. [2, Remark 2.3.2]], a pseudo-coordinate of level 2 [cf. [2, Definition 2.3]] on
X.

(i1) There exists a Frobenius-projective structure of level 2 [cf. [2, Definition 3.1]] on
X. Moreover, the set of Frobenius-projective structures of level 2 on X has a structure of
I'(X, By)-torsor.

Proof. These assertions are formal consequences of Theorem 1.7, (ii), and Theorem 1.12,
(iv), together with Theorem 3.5 and Remark 3.5.1. O

4. Quasi-Schwarz Systems for Frobenius-affine Structures: (p, N) = (2,2)

In the present §4, we construct a quasi-Schwarz system whose global structure is essen-
tially the same as a Frobenius-affine structure, studied in [3], of level 2 in characteristic 2.
We maintain the notational conventions introduced at the beginning of the preceding §3.
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Lemma 4.1. Let U C X be an open subscheme of X, x € U a closed point of U, f €
Pf(t(U ) a local section of the sheaf Pf(‘ such that f(x) = 0, and ag,ay,...,a,_ elements
of Kx such that (ag,ai,...,ap_1) # (0,...,0). Write F for the element of Kx \ K)’; that
corresponds to the étale morphism f: U — ]P}( over k and v.: Ky — Z for the discrete
valuation on Kx that corresponds to the closed point x and maps a uniformizer of Ox to
1 € Z. Then the equality

N N N N _
vi(ay +aj F+---+a§N71F” 1
= min{p"v.(ao), pYvi(ar) + 1,..., pNvilam_y) + p = 1}

. . AR AR |
holds. In particular, if, moreover, va, +ay F+---+ apNilF ) =1, then
N N N N
p P P “1yy _
ve(0p(ay +a F+---+apN_le ) =0

Proof. Since f € Pf(‘(U), and f(x) = 0, it is immediate that v,(F) = 1. Thus, Lemma 4.1
is immediate. O

DEeFINITION 4.2.

(i) We shall write .A‘;(t for the sheaf of sets on X that assigns, to an open subscheme
U C X, the set of étale morphisms U — A,i over k. Let us regard .Af(t as a subsheaf of 7);‘ by
means of the injective map A?}t — Pf(t induced by the natural open immersion A}c — P}c:

ét St

(i) Let U be an element of Uy. Then we shall define an equivalence relation ~Z’N’A on
the set Ag}‘(U ) as follows: Let fi, f> € A?(U) be local sections of the sheaf A;‘. Write Fy,
F, for the elements of Ky \ Kp that correspond to the étale morphisms fi, f>: U — Pl over
k, respectively. Then we shall write fi ~ f2 if there exist elements a;, a, of Ky such

that a; # 0, and, moreover,
N N
Fi=d F+d .

DeriniTion 4.3. Suppose that (p, N) = (2,2). Let U C X be an open subscheme of X and
fi, f» € AS(U) local sections of the sheaf A, Write Fy, F, for the elements of Ky \ K¥
that correspond to the étale morphisms fi, fo: U — P,i over k, respectively. Write ay, ay,
as, as for the elements of Ky such that F| = aé + a4F2 + a“F2 + a‘S‘Fg = A(2) + A%Fz, where

we write Ag o aO + azF »and A, o a1 + a3F » [cf. Remark 3.2.1]. Then we shall write

2
def as

o) (f1, o) = ﬁsz = 04(A)A0,(F1) ' dF, € Qf (),

2 +aj

22.A def d30'2 + 3

REUNSE W

= 2P (U)(fi. ) + 6. o) € Qk (V).

Fa = (04(A0)* + 04,(A1)*F2)d,(F1) ' dF,
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Lemma 4.4. Suppose that we are in the situation of Definition 4.3. Write By, B, for the
elements of Kx such that F, = Bg + B%F | [cf: Remark 3.2.1]. Then the following assertions
hold:

(i) The equality A1 By = 1 holds.
(i) The equalities 87,(F1) = A? = B;*> = 0;,(F2)™" hold.
(iii) The equality S(U)(f1, f5) = 81, (A)AT'dF, holds.

Proof. These assertions follow immediately from straightforward computations. O

Lemma 4.5. Suppose that we are in the situation of Definition 4.3. Let f3 € A?(U ) be
a local section of the sheaf Ai‘. Write F3 for the element of Kx \ Ky that corresponds to
the étale morphism f3: U — P,i over k. Write, moreover, C, Ca, D1, D, for the elements of
Kx such that F, = C(z) + C%F3 and F; = Dg + D%F3 [cf: Remark 3.2.1]. Then the following
assertions hold:

(1) The equality D1 = A1Cy holds.
(i) The equality S(U)(f1, f3) = (0(ADAT" + 81, (C1)CdF5 holds.

Proof. These assertions follow immediately from straightforward computations, together
with Lemma 4.4, (iii). O

Lemma 4.6. Suppose that we are in the situation of Definition 4.3. Let f5 € A?(U ) be a
local section of the sheaf Ai‘. Then the following assertions hold.:

() The equality 5(U)(f1, f2) = 6(U)(f2, f1) holds.
(i1) The cocycle condition
o) (f1, f3) = 6(U)(f1, f2) + 6(U)(f2, f3)
is satisfied.

(ii1) The cocycle condition

MO ) = GO ) + O )
is satisfied.

Proof. First, we verify assertion (i). Suppose that we are in the situation of Lemma 4.4.
Then it follows from Lemma 4.4 that

SU)(fo, i) = 85(B1) - By' - dFy = 04,(F2)d5,(A7") - Ay - 85,(F1)dF>
= AT204(ADAT? - Ay - AXdF; = 34, (A)AT'dF, = S(U)(fi, f).
This completes the proof of assertion (i).

Next, we verify assertion (ii). Suppose that we are in the situation of Lemma 4.5. Then it
follows from Lemma 4.4 and Lemma 4.5 that

SWU(fi, f2) + (U fo, f3) = 05, (A1) - AT - dFy + 0, (C1)Cy ' dF3
= 04(F3)05(A)) - A7 - 05 (F2)dF3 + 05,(C)Cy dF;
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= 07,(ADAT dF5 + 05, (C)Cy dF3 = S(U)(fi, f3).

This completes the proof of assertion (ii).

Finally, since 9?52’A(U ) = 9?52’P(U ) + 6(U), assertion (iii) follows from assertion (ii),
together with a similar cocycle condition for Hfgz’P [cf. [6, Proposition 2.11]]. This completes
the proof of Lemma 4.6. O

Lemma 4.7. Suppose that we are in the situation of Definition 4.3. Then the following
two conditions are equivalent:

(1) The equality 63>*(U)(fi, f2) = 0 holds.
(2) The equivalence f, ~%/’2’A f> holds.

Proof. Let us first observe that it is immediate that condition (1) is equivalent to the
condition that @, = a3 = 0. In particular, it follows from the definition of the a;’s that
condition (1) is equivalent to the condition that there exist ay, a; € Kx such that F; =
ag + a‘l‘F 2, 1.e., condition (2), as desired. This completes the proof of Lemma 4.7. O

Lemma 4.8. Suppose that we are in the situation of Definition 4.3. Then the meromorphic
differential 0)2(’2’A(U)(f1,f2) € Q}(X(U) is contained in the submodule Q;((U) - Q}<X(U). In
particular, the assignment “03(’2’A(U )" determines a morphism of sheaves

2,2,A . ét ét 1

Proof. Let x € U be a closed point of U. Let us observe that it follows immediately
from Lemma 4.6, (iii), and Lemma 4.7 that, to verify the regularity of the meromorphic
differential Hfgz’A(U ) fi, f2) € Q}Q(U ) at x, we may assume without loss of generality — by
replacing fi, f> by suitable elements of A?(U ) equivalent, i.e., with respect to ~%]’2’A, to fi,
J2, respectively — that fi(x) = fo(x) = 0. Then it follows immediately from Lemma 4.1
that the meromorphic differential Giz’A(U ) f1, o) € Q}(X(U ) is regular at x, as desired. This
completes the proof of Lemma 4.8. |

Theorem 4.9. Let k be an algebraically closed field of characteristic 2 and X a projective
smooth curve over k. Then the collection of data

def &
SN E (AR Q. Uy, (7 M veu 6770
[cf. Definition 3.1, Definition 4.2, Definition 4.3, Lemma 4.8] forms a quasi-Schwarz system.

Proof. Let us first observe that it is immediate that 6?52"* satisfies condition (1) of Def-
inition 1.2. Let us also observe that it follows from Lemma 4.6, (iii), that 6?;2’A satisfies
condition (2) of Definition 1.2. Moreover, it follows from Lemma 4.6, (iii), and Lemma 4.7
that C‘Ji’z’A satisfies condition (3) of Definition 1.2. This completes the proof of Theorem 4.9.

O

REeMARK 4.9.1. In the situation of Theorem 4.9:

(i) One verifies easily that the existence of a global object associated to 6?;2’A [cf. Theo-
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rem 4.9] is equivalent to the existence of a Tango function of level 2 [cf. [3, Definition 2.3]]
on the projective smooth curve X.

(i1) One also verifies easily from [3, Lemma 3.5, (i)] and [3, Proposition 3.7] that a global
structure associated to 6?52"3‘ [cf. Theorem 4.9] is essentially the same as a Frobenius-affine
structure of level 2 [cf. [3, Definition 3.1]] on the projective smooth curve X.

(iii) It follows from (i), (ii) and [3, Theorem 2.9, (i)] that if X is of even genus, then there
is no global object associated to 6?;“‘, hence also no global structure associated to 6?52’A.

5. Quasi-Schwarz Systems for Frobenius-affine Structures: N =1

In the present §5, we construct a quasi-Schwarz system whose global structure is essen-
tially the same as a Frobenius-affine structure, studied in [3], of level 1. We maintain the
notational conventions introduced at the beginning of §3.

DermiTion 5.1. Let U C X be an open subscheme of X and fi, f> € .Af(t(U ) local sections
of the sheaf .Af(‘. Write F;, F» for the elements of Ky \ K)’; that correspond to the étale
morphisms fi, f,: U — P}( over k, respectively. Then we shall write

def 05,(05(F1))

W) F = € Q)

[cf. also the morphism 0§ of Definition 2.2, (iv)].

Lemma 5.2. Suppose that we are in the situation of Definition 5.1. Let f3 € A‘;’(‘(U ) be a
local section of the sheaf Af}. Then the cocycle condition
0 UL ) = OO, ) + 07O, )
is satisfied.

Proof. Write F5 for the element of Ky \ K)’; that corresponds to the étale morphism
HU—> P}( over k. Then we obtain that

05 MUY A f3) = 05 (97, (F1)) - 05 (F1)™" - dFs

= 04,87, (F2)0p(F1)) - 87, (F2) '8 (F1)™" - dF3

= (0404 (F)5(F1) + 84 (F)I (04 (F1)) - 9 (F2) 05 (Fy) ™" - dFs
= (05, (F2) - 05 (F2)™" - dF3 + 05, (9(F1) - 9p(F1)™" - dFs

= 00 MUY (o f3) + 01,(F2)Op, (05 (F1)) - 05(F1) " - 85, (F3)dF,

= 0" AU (fa 3) + 0 MUY, fo).

This completes the proof of Lemma 5.2. |

Lemma 5.3. Suppose that we are in the situation of Definition 5.1. Then the following
two conditions are equivalent:

(1) The equality 0%"*(U)(f1, f2) = O holds.
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(2) The equivalence f; ~1;]’1’A f> holds.

Proof. Write ag,ay, . ..,a,-; for the elements of Ky such that Fy = af + a[F, + -+ +
aﬁ L F g_l [cf. Remark 3.2.1]. Then let us observe that it is immediate that condition (1) is
equivalent to the condition that a = a3 = --- = a,-; = 0. In particular, it follows from
the definition of the a;’s that condition (1) is equivalent to the condition that there exist ay,
a; € Kx such that F| = a’O’ + af F,, i.e., condition (2), as desired. This completes the proof
of Lemma 5.3. O

Lemma 5.4. Suppose that we are in the situation of Definition 5.1. Then the meromorphic

differential 0" (U)(f1. f2) € Qk (U) is contained in the submodule QX(U) € QL (U). In

« P,l,A
HX

particular, the assignment (U)” determines a morphism of sheaves

PLA . gét é I

Proof. This assertion follows immediately from a similar argument to the argument ap-
plied in the proof of Lemma 4.8, together with Lemma 5.2 and Lemma 5.3. O

Theorem 5.5. Let p be a prime number, k an algebraically closed field of characteristic
p, and X a projective smooth curve over k. Then the collection of data

LA def 6t Ol LA LA
6? = (Aeag)(’ uXa {Nf/ }UEHX’gf( )

[cf. Definition 3.1, Definition 4.2, Definition 5.1, Lemma 5.4] forms a quasi-Schwarz system.

Proof. Let us first observe that it is immediate that G?LA satisfies condition (1) of Defi-
nition 1.2. Let us also observe that it follows from Lemma 5.2 that Sf(’l’A satisfies condition
(2) of Definition 1.2. Moreover, it follows from Lemma 5.2 and Lemma 5.3 that Gf(’l’A sat-
isfies condition (3) of Definition 1.2. This completes the proof of Theorem 5.5. O

REMARK 5.5.1. In the situation of Theorem 5.5:

(i) One verifies easily that the existence of a global object associated to SQ’I’A [cf.
Theorem 5.5] is equivalent to the existence of a Tango function of level 1 [cf. [3, Definition
2.3]] on the projective smooth curve X.

(i1) One also verifies easily from [3, Lemma 3.5, (i)] and [3, Proposition 3.7] that a global
structure associated to SQI’A [cf. Theorem 5.5] is essentially the same as a Frobenius-affine
structure of level 1 [cf. [3, Definition 3.1]] on the projective smooth curve X.

(iii)) Let us recall from [3, Theorem 2.9, (ii)] that, for a generically étale morphism
X - P}( over k, it holds that f is a Tango function of level 1 if and only if the value n(f)
defined in [7, Definition 9] coincides with (2g — 2)/p. In particular, it follows from (i), (ii)
that if 2g — 2 is not divisible by p, then there is no global object associated to 6?1’[3‘, hence
also no global structure associated to 6Z’I’A.

RemMARK 5.5.2. Suppose that p = 2. Then one verifies easily that the morphism
oA AL x AL — QL factors through the “zero subsheaf 0 € QL” of QL. Moreover,
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it follows from [3, Remark 2.7.1] that the collection of data
¢ 1A 1A
(A0, Ux, {~ Mueny, 05 )
forms a Schwarz system whose obstruction class vanishes.

Proposition 5.6. Suppose that X is a Tango curve [cf. [3, Definition 2.8, (ii)]]. Then the
obstruction class of the quasi-Schwarz system 6;’1’A [cf. Theorem 5.5] vanishes.

Proof. This assertion follows, in light of [3, Corollary 2.11], from Theorem 1.7, (i), and
Remark 5.5.1, (1). O

6. Quasi-Schwarz Systems for Frobenius-projective Structures: N = 1

In the present §6, we construct a quasi-Schwarz system whose global structure is essen-
tially the same as a Frobenius-projective structure, studied in [2], of level 1. We maintain
the notational conventions introduced at the beginning of §3.

Dernition 6.1. We shall write Oy & Q) ®p, Q) for the invertible sheaf on X of quadratic
differentials on X and Q, for the sheaf on X of meromorphic quadratic differentials on X.

DeriniTiON 6.2, Let U C X be an open subscheme of X and fy, f; € P;‘(U ) local sections
of the sheaf Pf(‘. Write Fy, F, for the elements of Ky \ Kf; that correspond to the étale
morphisms fi, o: U — P,i over k, respectively. Then we shall write

e 28fz(Fl)afz afz(afz(Fl)) - 38]3(3]02(}71))2
oy WhL ) E ( T Fl))z

dF, ® dF; € Q[(X(U)

[cf. also the morphism 0?( of Definition 2.3, (iv)] if p # 2. We shall also write

WY fis ) € 0 € Ok (U)
if p=2.

Lemma 6.3. Suppose that we are in the situation of Definition 6.2. Then the meromorphic
quadratic differential Hf(’l’P(U)(fl,fz) € Qk,(U) is contained in the submodule Qx(U) C
Ok, (U). In particular, the assignment “9§’1’P(U )" determines a morphism of sheaves

LPp é ¢
ou'P: PE x P — Ox.

Proof. This assertion follows immediately from a similar argument to the argument ap-
plied in the proof of Lemma 4.8, together with [4, Proposition 1] and [4, Proposition 2, (i)].
O

Theorem 6.4. Let p be a prime number, k an algebraically closed field of characteristic
p, and X a projective smooth curve over k. Then the collection of data

,1,p def ét ,1,P ,1,P
S = (P, Qi Ux, {~  veny, 0y )
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[cf. Definition 3.1, Definition 3.2, Definition 6.1, Definition 6.2, Lemma 6.3] forms a quasi-
Schwarz system.

Proof. Let us first observe that it is immediate that GQI’P satisfies condition (1) of Def-
inition 1.2. Let us also observe that it follows from [4, Proposition 1] that Sf(’l’P satisfies
condition (2) of Definition 1.2. Moreover, it follows from [4, Proposition 1] and [4, Propo-
sition 2, ()] that 6?1’}) satisfies condition (3) of Definition 1.2. This completes the proof of

Theorem 6.4. O

REMARK 6.4.1. In the situation of Theorem 6.4:

(i) One verifies easily that the existence of a global object associated to GQ’I’P [cf. The-
orem 6.4] is equivalent to the existence of a pseudo-coordinate of level 1 [cf. [2, Definition
2.3]] on the projective smooth curve X.

(i1) If p # 2, then one also verifies easily from [2, Lemma 3.5, (i)] and [2, Proposition
3.7] that a global structure associated to 6’;]’1) [cf. Theorem 6.4] is essentially the same as
a Frobenius-projective structure of level 1 [cf. [2, Definition 3.1]] on the projective smooth
curve X.

ReMARK 6.4.2. Suppose that p < 3. Then one verifies easily that the morphism
9§’1’P: P x P — Qy factors through the “zero subsheaf 0 C Qx” of Qy. Moreover, it
follows from [2, Proposition 2.8, (i)] that the collection of data

é ,1.P ,1,P
(pet, 07 uX9 {NZ }UEIIX’ 0§ )

forms a Schwarz system whose obstruction class vanishes.

Proposition 6.5. Suppose that p # 2, and that X is of genus > 2. Then the following
assertions hold:

(i) There exists a global structure associated to the quasi-Schwarz system 6’;(’]’]) [cf:
Theorem 6.4].

(i1) The obstruction class of the quasi-Schwarz system Gf(’]’]) vanishes.
(iii) The quasi-Schwarz system 6’;’ P is not a Schwarz system.

Proof. Assertion (i) follows from Remark 6.4.1, (ii), and [2, Corollary 5.9, (i)]. Assertion
(i1) follows from assertion (i) and Theorem 1.7, (i). Next, we verify assertion (iii). Assume
that the quasi-Schwarz system 6’;’ P is a Schwarz system. Then it follows, in light of the
Riemann-Roch theorem, from assertion (i) and Theorem 1.12, (iv), that X has infinitely many
Frobenius-projective structures of level 1. On the other hand, it follows from [2, Remark
4.4.1, (ii)] that this infiniteness contradicts the finiteness of the morphism ﬁg,r - MW
of the final display of [5, p.1030], i.e., derived from [5, Chapter II, Theorem 2.3]. This
completes the proof of assertion (iii), hence also of Proposition 6.5. |
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