
Hayashi, N., Naumkin, P.I. and Sánchez-Suárez, I.
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Abstract
We study the large time asymptotic behavior of solutions to the Cauchy problem for the frac-

tional nonlinear Schrödinger equation{
i∂tu − 1

α |∂x|α u = λ |u|α u, t > 0, x ∈ R,
u (0, x) = u0 (x) , x ∈ R,

where λ > 0, the fractional derivative |∂x|α = −1 |ξ|α  , α > 5
2 . This paper is a sequel to our

previous papers [17] for 2 < α < 5
2 and [36] for α = 5

2 . We show that solutions decay in time at

the rate t−
1
α
(
log t

)− 1
α , namely that the nonlinearity acts as a dissipative term, when λ > 0. This

phenomena does not occur for the cubic problem{
i∂tu − 1

α |∂x|α u = λ |u|2 u, t > 0, x ∈ R,
u (0, x) = u0 (x) , x ∈ R,

with 0 < α ≤ 2.

1. Introduction

1. Introduction
We study the large time asymptotic behavior of solutions to the Cauchy problem for the

fractional nonlinear Schrödinger equation in one space dimension

(1.1)
{

i∂tu − 1
α
|∂x|α u = λ |u|α u, t > 0, x ∈ R,

u (0, x) = u0 (x) , x ∈ R,
where α > 5

2 and λ > 0, which corresponds to the defocusing nonlinearity. The fractional
derivative |∂x|α = −1 |ξ|α  , here and below  stands for the Fourier transformation φ̂(ξ) =

1√
2π

∫
R

e−ixξφ(x)dx, and −1 is the inverse Fourier transformation −1φ = 1√
2π

∫
R

eixξφ(ξ)dξ.
Fractional nonlinear Schrödinger equations (1.1) appeared in [32], [33] with applica-

tions in quantum mechanics. Later it was derived in various areas such as plasma physics,
optimization, finance, free boundary obstacle problems, population dynamics and mini-
mal surfaces. The case of fractional derivative |∂x| 32 has a particular relevance to the two-
dimensional water waves with surface tension (see [27], [28]). Recently fractional nonlinear
Schrödinger equations attracted much attention of many authors, (see [2], [5], [6], [9], [10],
[11], [13], [29], [30], [31] and references cited therein).

The present paper is a sequel to our previous papers [17] for 2 < α < 5
2 and [36] for α = 5

2 .
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Our purpose is to show that L∞ - norm of solutions decays in time at the rate t−
1
α
(
log t

)− 1
α ,

namely that the nonlinearity acts as a dissipative term, when λ > 0. As we know, this
phenomena does not occur for the cubic problem

(1.2)
{

i∂tu − 1
α
|∂x|α u = λ |u|2 u, t ∈ R, x ∈ R,

u (0, x) = u0 (x) , x ∈ R
in the case of 0 < α ≤ 2 and λ ∈ R. The cubic nonlinear problem (1.2) was studied in
the previous works [21], [22], [23], [26], [35], [34], where it was shown that the asymptotic
behavior of solutions is represented in the form of a solution to the linear problem modified
by the logarithmically oscillating term if λ ∈ R \ {0}, so that the L∞ - norm of solutions
decays in time at the rate t−

1
2 . The large time asymptotics for solutions of the fractional

nonlinear Schrödinger equation (1.2) with α = 1
2 was obtained in papers [21], [26], where

the derivative of order 3
4 of solutions to the linear problem

i∂tu − 2 |∂x| 12 u = 0

was used. More precisely, we have the following estimate for the case of α = 1
2

(1.3)
∥∥∥∥∥e2it|∂x | 12 u0

∥∥∥∥∥
L∞
≤ Ct−

1
2

∥∥∥∥|∂x| 34 u0

∥∥∥∥
L1
≤ Ct−

1
2 (‖x∂xu0‖L2 + ‖u0‖H1 ) .

Estimate (1.3) is valid for α ∈ (0, 1) , and the result was extended to α ∈ (0, 1) by the second
author in [35]. For a general α, in [19], it was shown that we have

(1.4)
∥∥∥∥e±it 1

α |∂x |αu0

∥∥∥∥
L∞
≤ Ct−

1+β
α

∥∥∥|∂x|−β u0
∥∥∥

L1 ,

where 0 ≤ β ≤ α−2
2 . This estimate helps us to avoid the use of the estimate of ‖ u‖L2 itself,

when proving the L∞ - time decay of small solutions in the case of small α. Indeed, in
[21] the key estimate was that of

∥∥∥∥|∂x| 12  u
∥∥∥∥

L2
, also it was used the fact that the operator

P = x∂x + 2t∂t works well for the problem, since the right-hand side of (1.3) corresponds
to ‖Pu‖L2 + ‖u‖H1 . The case of α = 2 (the cubic nonlinear Schrödinger equation itself) was
studied previously extensively (see, e.g. [4], [18] and cited therein ). Also we note that in
the case of α = 1 (the so-called half-wave equation) the asymptotics of solutions is unknown
up to now.

In the previous paper [15], by using estimate (1.4) we showed a global existence of small
solutions to the fractional nonlinear Schrödinger equation

i∂tu +
1
α
|∂x|α u = λ |u|p−1 u

for a super critical nonlinearity p > 3 and α ∈ (0, 1) . Therefore the problem with higher-
order α < 2, which is close to 2 is more difficult than that with α ∈ (0, 1) . In the case of
α ∈ (1, 2) , we need somewhat involved estimates of ‖ u‖L2 . The cases of α ∈

(
1, 3

2

)
, α = 3

2

and α ∈
(

3
2 , 2

)
were studied in papers [22], [34] and [23], respectively.

From the works [14] for α = 3 and [16] for α = 4, we find a sharp contrast between the
cases of α > 2 and 0 < α < 2. In these papers, the asymptotic behavior of solutions was
obtained for the defocusing case λ > 0 and it was shown that the nonlinearity of the order α+
1 is critical from the point of view of the large time asymptotic behavior of solutions. More
precisely, it was proved that the solutions decay in time as t−

1
α
(
log t

)− 1
α . This phenomena
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tells us that the nonlinearity acts as a dissipative term. These works were extended to the
fractional nonlinear Schrödinger equation (1.1) in [17] for α ∈

(
2, 5

2

)
and in [36] for α = 5

2 ,

respectively. So, as we stated before, the aim of the present paper is to fill the gap α ∈
(

5
2 ,∞

)
.

Our result here is closely related to the previous work [17], where we have used the function
space X̃T based on the norm

‖u‖X̃T
= sup

t∈[1,T ]

(∥∥∥ϕ̂ (t)
∥∥∥

L∞ +W−1 (t)
∥∥∥∥〈ξ̃〉−γ ϕ̂ (t)

∥∥∥∥
L∞
+ P−1 (t)

∥∥∥∂ξϕ̂ (t)
∥∥∥

L2

)
,

where

ϕ̂ (t) =  (−t) u (t) ,W (t) =
(
1 + ε̃α log 〈t〉)− 1

α , (t) = eit 1
α |∂x |α

P (t) = t
1

4α + εαt
1

2α Wα+1 (t) , ε̃ = Cε, ξ̃ = t
1
α ξ,

and ε > 0, γ > 0 are small enough. In order to get the desired a-priori estimate of the norm∥∥∥∂ξϕ̂ (t)
∥∥∥

L2 , which requires us to estimate the following norm of the nonlinearity∥∥∥∥∂ξ∗ (∣∣∣ϕ̂∣∣∣αϕ̂)∥∥∥∥
L2
,

we have to assume the condition 2 < α < 5
2 (see Lemma 3.2 in [17]), where  and its adjoint

∗ are defined in Section 2 below. Comparing with the previous work [17], in the case of
α > 5

2 we encounter the difficulty of the derivative loss, when proving an optimal estimates
for the derivatives of the operators ∗,. From Lemma 3.2 in [17], it seems difficult to get
a-priori estimate of

∥∥∥∂ξϕ̂ (t)
∥∥∥

L2 in X̃T for α > 5
2 . Therefore we introduce a different function

space XT with the norm

sup
t∈[1,T ]

(∥∥∥ϕ̂ (t)
∥∥∥

L∞ +W−1 (t)
∥∥∥∥〈ξ̃〉−γ ϕ̂ (t)

∥∥∥∥
L∞
+ P−1 (t)

∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)
∥∥∥∥

L2

)
with β ∈

(
0, 1

2

)
.An additional term

〈
ξ̃
〉β

corresponds to the regularity of solutions. Therefore
we need to change the requirement H0,1∩Hα−1,0 for the initial data used in [17] to H1,1∩Hα,0.

The main ingredient of the present paper is to show that the contraction mapping principle
works well in the function space XT . Our new point in obtaining the estimate of the norm∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)

∥∥∥∥
L2

is the L2 - estimate of the operator χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
∂−1

x  , where  =

αt∂t + ∂xx, β ∈
(
0, 1

2

)
, ω > 0 is small, and the cut off function χ1 ∈ C1 (R) is such that

χ1 (x) = 1 for |x| ≥ 2 and χ1 (x) = 0 for |x| ≤ 1. We also use known results on the L2 -
boundedness of the pseudodifferential operators to avoid some complicated computations.

We introduce some notations. Denote by Lp =
{
φ ∈ S′; ‖φ‖Lp < ∞}

the usual Lebesgue

spaces, where the norm is given by ‖φ‖Lp =
(∫
R
|φ (x)|p dx

) 1
p for 1 ≤ p < ∞ and ‖φ‖L∞ =

supx∈R |φ (x)|. The weighted Sobolev space is defined as follows

Hm,s
p =

{
ϕ ∈ S′; ‖φ‖Hm,s

p
=

∥∥∥〈x〉s 〈i∂x〉m φ
∥∥∥

Lp < ∞
}
,

where m, s ∈ R, 1 ≤ p ≤ ∞, 〈x〉 = √1 + x2, 〈i∂x〉 =
√

1 − ∂2
x. We also use the short notations

Hm,s = Hm,s
2 , Hm = Hm,0. By C(I; B), we denote the space of continuous functions from an

interval I to a Banach space B. By C we denote different positive constants.
Define G (x) = 1√

2π

∫
R

eixξ− i
α |ξ|αdξ and a constant
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b =
1√
2π

∫
R

|G (x)|α G (x) dx.

Observe that Imb < 0 (see Lemma 3.1 below).
We now present our main result.

Theorem 1.1. Let u0 ∈ H1,1 ∩ Hα,0, ‖u0‖H1,1 ≤ 100ε and inf |ξ|≤1
∣∣∣û0 (ξ)

∣∣∣ ≥ 2ε.
Then there exists ε0 > 0 such that the Cauchy problem (1.1) has a unique solution u ∈
C

(
[0,∞) ; H1,1 ∩Hα,0

)
satisfying the time decay estimate ‖u (t)‖L∞ ≤ Ct−

1
α
(
log t

)− 1
α for any

ε ∈ (0, ε0) . Moreover the asymptotics

u (t, x) = û0 (0) G
(
xt−

1
α

)
(1.5)

×
exp

(
−i Re b

α Im b log
(
1 − αλ Im b

∣∣∣û0 (0)
∣∣∣α log t

)
+ iO (ε)

)
t

1
α

(
1 − αλ Im b

∣∣∣û0 (0)
∣∣∣α log t

) 1
α

+ O
(
t−

1
α
(
log t

)− 2
α

)
is valid for t → ∞ uniformly with respect to x ∈ R.

In order to explain our strategy more clearly, we state the plan of the proof of Theorem
1.1 shortly. From (1.4), we have the smoothing property of solutions for α > 2 and if
∂

j
ξû0 (0) = 0, j = 0, 1, ..., then the time decay of solutions to the linear problem will be t−

1
2

for large α. Therefore the order of the nonlinearity α+1 is reduced to 3. This fact was used in
papers [19], [38]. In [38], the fourth order Schrödinger equation with the cubic nonlinearity

i∂tu +
1
4
|∂x|4 u = λ |u|2 u, λ ∈ R

was considered and the modified wave operator was constructed by using the method of [37]
under the the final data condition such that∥∥∥û+

∥∥∥
H4,0 +

4∑
k=0

∥∥∥|ξ|k−14 ∂k
ξû+

∥∥∥
H4,0 < ∞.

Results of [38] was improved in [19] and the modified wave operator for equation

i∂tu +
1
α
|∂x|α u = λ |u|2 u

was constructed under the vanishing condition for the final data such that∥∥∥û+
∥∥∥

L2 +
∥∥∥∥|ξ|− α−2

2 û+
∥∥∥∥

L∞
+

∥∥∥∥|ξ|− α−4
2 ∂ξû+

∥∥∥∥
L∞

< ∞.
However due to the vanishing condition, asymptotic behavior of solutions to the initial value
problem with cubic nonlinearities is an open problem up to now.

In our result, the non vanishing condition û0 (0) � 0 implies that the solutions decay
with the rate t−

1
α , and the leading term of the asymptotics of the solutions is represented as

 (t)−1ϕ̂ (t, 0) since

u (t) =  (t) (−t) u =  (t)−1
 (−t) u ≡  (t)−1ϕ̂ (t, ξ)

=  (t)−1ϕ̂ (t, 0) + (t)−1 (
ϕ̂ (t, ξ) − ϕ̂ (t, 0)

)
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and the second term is the remainder. We let m (t) = ϕ̂ (t, 0) , then we have

 (t)−1ϕ̂ (t, 0) = m (t)−1e−it 1
α |ξ|α

which means that the asymptotics of solutions is determined by the behavior of m (t) . From
(2.1) below we have the equation

i∂tϕ̂ (t, ξ) = λt−
α
2 
∗ (∣∣∣ϕ̂∣∣∣αϕ̂) (t, ξ) .

We put ξ = 0, then

i∂tϕ̂ (t, 0) = λt−
α
2 
∗ (∣∣∣ϕ̂∣∣∣αϕ̂) (t, 0) .

Thus we arrive to the equation for m (t)

i∂tm (t) = λt−
α
2 |m (t)|α m (t)∗ (|1|α1) (t, 0) ,

where the operators  and ∗ will be defined in the next section. Taking into account their
definitions and the direct calculation, we find that


∗ (|1|α1) (t, 0) = t

α
2−1b,

where b is defined in the theorem (see Section 3). Hence we have

i∂tm (t) = λbt−1 |m (t)|α m (t) .

From this equation we have the asymptotic behavior of the solutions. Our main task is to get
the estimates of the remainder terms in our function space. We note that our result works
well for the case of Imλb < 0.

We organize the rest of the paper as follows. In Section 2 we state the factorization
techniques for (1.1), and prove L∞ and L2 - estimates for the defect operators  and ∗.
Section 3 is devoted to the asymptotics of the nonlinearity. In Section 4 we prove a-priori
estimates of local solutions u of the Cauchy problem (1.1). Finally we prove Theorem 1.1
in Section 5.

2. Preliminaries

2. Preliminaries2.1. Factorization techniques.
2.1. Factorization techniques. Denote the symbol Λ (ξ) = 1

α |ξ|α , α > 5
2 . The linear

evolution group is written as  (t) = −1e−itΛ(ξ) . The stationary point μ (x) = x |x|− α−2
α−1 is

a root of the equation Λ′ (μ) = x. Define the dilation operator tφ = t−
1
2φ

(
x
t

)
, the scaling

operator (φ) (x) = φ (μ (x)) , and the defect operator

 (t) φ =
t

1
2√
2π

∫
R

e−itS(ξ,η)φ (ξ) dξ,

where the phase function

S (ξ, η) = Λ (ξ) − Λ (η) − Λ′ (η) (ξ − η)

=
1
α

(|ξ|α − |η|α) − |η|α−2 η (ξ − η) .

Then the linear evolution group can be factorized as follows:  (t)−1φ = tMφ,

where the multiplication factor M = e−it(Λ(η)−ηΛ′(η)). Also, we define the inverse dilation
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operator −1
t φ = t

1
2φ (xt), the inverse scaling operator −1φ = φ (Λ′ (η)) and the adjoint

defect operator


∗ (t) φ =

t
1
2√
2π

∫
R

eitS(ξ,η)φ (η)Λ′′ (η) dη.

Then, the inverse evolution group  (−t) is factorized as follows:  (−t) φ =

∗M−1−1
t φ.

We define a new dependent variable ϕ̂ =  (−t) u (t) . Since  (−t) = i∂t (−t)
with  = i∂t − Λ (−i∂x) , applying the operator  (−t) to equation (1.1), and substituting
u =  (t)−1ϕ̂ = tMv, where v = ϕ̂, we get

i∂tϕ̂ = λ
∗M

−1

−1
t (|u|α u) = λ∗M

−1

−1
t (|tMv|αtMv)(2.1)

= λt−
α
2 
∗M

−1 (|Mv|αMv) = λt−
α
2 
∗ (|v|α v) .

This is our target equation.
We have the identities 1 = iξ and iξ∗ = ∗1, where 1 = M0M, and 0 =

1
tΛ′′(η)∂η. We mention that the operator  =  (t) x (−t) = x − tΛ′ (−i∂x) , Λ (ξ) = 1

α
|ξ|α

plays an important role in the large time asymptotic estimates. Note that  commutes with
, i.e. [ ,] = 0. The symbol Λ (ξ) = 1

α
|ξ|α satisfies the identity ξ∂ξΛ = αΛ. Hence[

̂ , e−itΛ(ξ)
]
= 0 with ̂ = αt∂t − ξ∂ξ. So we define the operator  = αt∂t + ∂xx. Using the

identity  (t)−1ϕ̂ = −1e−itΛ(ξ)ϕ̂, we get u =  (t)−1̂ ϕ̂. Also we have the identity
 = −iαt + ∂x and the commutator [,] = α.

2.2. Estimates for the operator  in the uniform metrics.
2.2. Estimates for the operator  in the uniform metrics. We consider the preliminary

estimates for the integrals in the following lemma. Denote η̃ = t
1
α η.

Lemma 2.1. Let α > 5
2 . Then the following estimates∫ 3η

η
3

(ξ − η)2 dξ(
1 + t |η|α−2 (ξ − η)2

)2 ≤ C |η|3 〈̃η〉− 3α
2 ,

∫
R

|ξ|2+2 j dξ(
1 + t |ξ|

(
|ξ|α−1 + |η|α−1

))2 ≤ Ct−
3+2 j
α 〈̃η〉3+2 j−2α

and ∫
R

|ξ| j dξ

1 + t |ξ|
(
|ξ|α−1 + |η|α−1

) ≤ Ct−
1+ j
α 〈̃η〉 j+1−α log 〈̃η〉

are true for all η ∈ R, t ≥ 1, j = 0, 1.

Proof. Changing the variable of integration ξ = ηz, we find∣∣∣∣∣∣∣∣
∫ 3η

η
3

(ξ − η)2 dξ(
1 + t |η|α−2 (ξ − η)2

)2

∣∣∣∣∣∣∣∣
≤ C |η|3

∫ 3

1
3

(1 − z)2 dz(
1 + t |η|α (1 − z)2

)2 ≤ C |η|3
∫ 2

− 2
3

z2dz

1 + |̃η|2α z4
≤ C |η|3 〈̃η〉− 3α

2 .
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Changing ξ = ηz and ξt
1
α = ξ̃ we have∫

R

|ξ|2+2 j dξ(
1 + t |ξ|

(
|ξ|α−1 + |η|α−1

))2

≤ C
∫ |η|

0

ξ2+2 jdξ(
1 + tξ |η|α−1

)2 +C
∫ ∞

|η|
ξ2+2 jdξ

(1 + tξα)2

≤ C |η|2 j+3
∫ 1

0

|z|2+2 j dz(
1 + |̃η|α z

)2 +Ct−
3+2 j
α

∫ ∞

|̃η|

∣∣∣̃ξ∣∣∣2+2 j 〈
ξ̃
〉−2α

dξ̃

≤ C |η|2 j+3 〈̃η〉−2α
+Ct−

3+2 j
α 〈̃η〉3+2 j−2α ≤ Ct−

3+2 j
α 〈̃η〉3+2 j−2α ,

and similarly∫
R

|ξ| j dξ

1+t |ξ|
(
|ξ|α−1+ |η|α−1

)≤C
∫ |η|

0

|ξ| j dξ

1+tξ |η|α−1 +C
∫ ∞

|η|
|ξ| j dξ
1+tξα

≤C |η| j+1
∫ 1

0

|z| j dz
1+ |̃η|α z

+Ct−
1+ j
α

∫ ∞

|̃η|

∣∣∣̃ξ∣∣∣ j 〈
ξ̃
〉−α

dξ̃

≤C |η| j+1 〈̃η〉−α log 〈̃η〉+Ct−
1+ j
α 〈̃η〉1+ j−α≤Ct−

1+ j
α 〈̃η〉 j+1−α log 〈̃η〉 .

Lemma is proved. �

We prove the estimates for the operator  in the L∞ - norm. Denote ξ̃ = ξt
1
α .

Lemma 2.2. Let α > 5
2 . Then the following estimate∣∣∣ξ jφ

∣∣∣ ≤ Ct
1
2− 1+ j

α 〈̃η〉1+ j− α2+ρ log 〈̃η〉
(
|φ (0)| +

∥∥∥∥〈ξ̃〉−ρ φ∥∥∥∥
L∞
+ t−

1
2α

∥∥∥∂ξφ∥∥∥L2

)
is true for all t ≥ 1, where j = 0, 1, ρ ≥ 0.

Proof. Define the cut off function χ1 (x) ∈ C4 (R) , such that χ1 (x) = 1 for 2
3 ≤ x ≤ 2 and

χ1 (x) = 0 for x ≥ 3 or x ≤ 1
3 , also χ2 (x) = 1 − χ1 (x). Define the kernel

Aj (t, η) =

√
t

2π

∫
1
3 |η|≤|ξ|≤3|η|

e−itS(ξ,η)χ1

(
ξ

η

)
ξ jdξ

for η � 0. Changing ξ = ηy, we get

Aj (t, η) = |η| η j

√
t

2π

∫
1
3≤|y|≤3

e−i|̃η|αG(y,1)y jχ1 (y) dy,

where G (y, 1) = Λ (y)−Λ (1)−Λ′ (1) (y − 1) .We find the asymptotics of the kernels Aj (t, η)
by applying the stationary phase method (see [12], p. 110)

(2.2)
∫
R

eirg(y) f (y) dy = eirg(y0) f (y0)

√
2π

r |g′′ (y0)|e
i π4 sgng′′(y0) + O

(
r−

3
2

)
for r → +∞, where the stationary point y0 is defined by the equation g′ (y0) = 0. Then we
find
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Aj (t, η) =
t

1
2 |η| η j√

i (α − 1) 〈̃η〉α
(
1 + O

(
〈̃η〉−α

))
,

as |̃η| → ∞. In particular we get the estimate
∣∣∣Aj (t, η)

∣∣∣ ≤ Ct
1
2 |η| j+1 〈̃η〉− α2 . Next we define

the operators

lφ =

√
t

2π

∫
R

e−itS(ξ,η)φ (ξ) χl

(
ξ

η

)
dξ

for l = 1, 2. Then we write

1ξ
jφ − Ajφ =

√
t

2π

∫
R

e−itS(ξ,η) (φ (ξ) − φ (η)) ξ jχ1

(
ξ

η

)
dξ.

We use the identity e−itS(ξ,η) = H1∂ξ
(
(ξ − η) e−itS(ξ,η)

)
with H1 =

(
1 − it (ξ − η) ∂ξS (ξ, η)

)−1
,

and integrate by parts

1ξ
jφ − Ajφ = Ct

1
2

∫
R

e−itS(ξ,η) (φ (ξ) − φ (η)) (ξ − η) ∂ξ

(
H1ξ

jχ1

(
ξ

η

))
dξ

+Ct
1
2

∫
R

e−itS(ξ,η) (ξ − η) χ1

(
ξ

η

)
H1ξ

j∂ξφ (ξ) dξ.

Since ∂l
ξΛ (ξ) = O

(
|ξ|α−l

)
, for l = 0, 1, 2, and ∂ξS (ξ, η) = Λ′ (ξ) − Λ′ (η) , we have∣∣∣∣∣∣χ1

(
ξ

η

)
H1ξ

j

∣∣∣∣∣∣ +
∣∣∣∣∣∣(ξ − η) ∂ξ

(
H1ξ

jχ1

(
ξ

η

))∣∣∣∣∣∣ ≤ C |η| j
1 + t |η|α−2 (ξ − η)2

in the domain 1
3 |η| ≤ |ξ| ≤ 3 |η|. Applying the Hardy and the Cauchy-Schwarz inequalities,

we find ∣∣∣1ξ
jφ − Ajφ

∣∣∣
≤ Ct

1
2 |η| j

∫
1
3 |η|≤|ξ|≤3|η|

( |φ (ξ) − φ (η)|
|ξ − η| +

∣∣∣∂ξφ (ξ)
∣∣∣) |ξ − η| dξ

1 + t |η|α−2 (ξ − η)2

≤ Ct
1
2 |η| j

∥∥∥∂ξφ∥∥∥L2 I
1
2
1 .

where

I1 =

∫
1
3 |η|≤|ξ|≤3|η|

(ξ − η)2 dξ(
1 + t |η|α−2 (ξ − η)2

)2 ≤ C |η|3 〈̃η〉− 3
2α

by Lemma 2.1. Thus by estimate
∣∣∣Aj (t, η)

∣∣∣ ≤ Ct
1
2 |η| j+1 〈̃η〉− α2 we get∣∣∣1ξ

jφ
∣∣∣ ≤ ∣∣∣Ajφ

∣∣∣ +Ct
1
2 |η| j+ 3

2 〈̃η〉− 3
4α

∥∥∥∂ξφ∥∥∥L2

≤ Ct
1
2 |η| j+1 〈̃η〉− α2 |φ| +Ct

1
2 |η| j+ 3

2 〈̃η〉− 3
4α

∥∥∥∂ξφ∥∥∥L2

≤ Ct
1
2− 1+ j

α 〈̃η〉1+ j− α2+ρ
∥∥∥∥〈ξ̃〉−ρ φ∥∥∥∥

L∞
+Ct

1
2− j

α− 3
2α 〈̃η〉 3

2+ j− 3
4α

∥∥∥∂ξφ∥∥∥L2

≤ Ct
1
2− 1+ j

α 〈̃η〉1+ j− α2+ρ
(∥∥∥∥〈ξ̃〉−ρ φ∥∥∥∥

L∞
+ t−

1
2α

∥∥∥∂ξφ∥∥∥L2

)
.

In the term 2ξ
jφ, we use the identity e−itS(ξ,η) = H2∂ξ

(
ξe−itS(ξ,η)

)
with H2 =
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1 − itξ∂ξS (ξ, η)

)−1
, and integrate by parts

2ξ
jφ = Ct

1
2

∫
R

e−itS(ξ,η)φ (ξ) − φ (0)
ξ

ξ2∂ξ

(
ξ jχ2

(
ξ

η

)
H2

)
dξ

+Ct
1
2

∫
R

e−itS(ξ,η)ξ jχ2

(
ξ

η

)
H2ξ∂ξφ (ξ) dξ

+Cφ (0) t
1
2

∫
R

e−itS(ξ,η)ξ∂ξ

(
ξ jχ2

(
ξ

η

)
H2

)
dξ.

Observing that ∂l
ξΛ (ξ) = O

(
|ξ|α−l

)
, for l = 0, 1, 2, and ∂ξS (ξ, η) = Λ′ (ξ) − Λ′ (η) , we have

the estimates∣∣∣∣∣∣ξ jχ2

(
ξ

η

)
H2ξ

∣∣∣∣∣∣ +
∣∣∣∣∣∣ξ2∂ξ

(
ξ jχ2

(
ξ

η

)
H2

)∣∣∣∣∣∣ ≤ C
|ξ|1+ j

1 + t |ξ|
(
|ξ|α−1 + |η|α−1

) ,
in the domains |ξ| ≤ 2

3 |η| or |ξ| ≥ 2 |η|. Then applying the Cauchy-Schwarz and Hardy
inequalities, we find

∣∣∣2ξ
jφ
∣∣∣ ≤ Ct

1
2
∥∥∥∂ξφ∥∥∥L2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
∫
R

|ξ|2+2 j dξ(
1 + t |ξ|

(
|ξ|α−1 + |η|α−1

))2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
1
2

+Ct
1
2 |φ (0)|

∫
R

|ξ| j dξ

1 + t |ξ|
(
|ξ|α−1 + |η|α−1

) .
Thus, by estimates of Lemma 2.1 we get∣∣∣2ξ

jφ
∣∣∣ ≤ Ct

1
2− 3+2 j

2α 〈̃η〉 3
2+ j−α ∥∥∥∂ξφ∥∥∥L2 +Ct

1
2− 1+ j

α 〈̃η〉 j+1−α log 〈̃η〉 |φ (0)|
≤ Ct

1
2− 1+ j

α 〈̃η〉1+ j− α2 log 〈̃η〉
(
|φ (0)| + t−

1
2α

∥∥∥∂ξφ∥∥∥L2

)
Hence the estimate of the lemma follows. Lemma 2.2 is proved. �

2.3. Estimates for ∗φ in the uniform norm.
2.3. Estimates for ∗φ in the uniform norm. Define the kernel

A∗ (t, ξ) =

√
t

2π

∫
R

eitS(ξ,η) |̃η|2−α−ρΛ′′ (η) dη,

where ρ ∈ [0, 1). Changing η̃ = t
1
α η, ξ̃ = t

1
α ξ, and then η̃ = ξ̃z, we get

A∗ (t, ξ) = t
1
α− 1

2
1√
2π

∫
R

eiS
(̃
ξ,̃η

)
|̃η|2−α−ρΛ′′ (̃η) dη̃

= t
1
α− 1

2
∣∣∣̃ξ∣∣∣1−ρ 1√

2π

∫
R

ei
∣∣∣̃ξ∣∣∣αS(1,z) |z|2−α−ρΛ′′ (z) dz.

By virtue of the formula (2.2) with r =
∣∣∣̃ξ∣∣∣α , g (z) = S (1, z) , f (z) = |z|2−α−ρΛ′′ (z) , z0 = 1,

we get

A∗ (t, ξ) = t
1
α− 1

2
∣∣∣̃ξ∣∣∣1−ρ− α2 √

i (α − 1) + O
(
t

1
α− 1

2
∣∣∣̃ξ∣∣∣1−ρ− 3

2α
)

for
∣∣∣̃ξ∣∣∣→ ∞. Hence the estimate |A∗ (t, ξ)| ≤ Ct

1
α− 1

2

〈
ξ̃
〉1− α2−ρ follows.
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In the next lemma, we find the asymptotics of ∗φ.

Lemma 2.3. The estimate∥∥∥∥∗ (t) φ − A∗ (t, ξ)
∣∣∣̃ξ∣∣∣α−2+ρ

φ (ξ)
∥∥∥∥

L∞

≤ Ct−
1

2α+
ρ
α

(∥∥∥∥√Λ′′ |η|−1+ρ φ (η)
∥∥∥∥

L2
+

∥∥∥∥√Λ′′ |η|ρ ∂ηφ (η)
∥∥∥∥

L2

)
.

is true for all t ≥ 1, where ρ ∈ [0, 1) .

Proof. We write


∗ (t) φ =

√
t

2π

∫
R

eitS(ξ,η)φ (η)Λ′′ (η) dη

=

√
t

2π

∫
R

eit(Λ(ξ)−ξx−G(x))
∣∣∣∣t 1

α μ (x)
∣∣∣∣2−α−ρ ψ (μ (x)) dx = 

∗
ψ,

where ψ (η) = |̃η|−2+α+ρ φ (η) and the operator


∗
ψ =

√
t

2π

∫
R

eit(Λ(ξ)−ξx−G(x))
∣∣∣∣t 1

α μ (x)
∣∣∣∣2−α−ρ (ψ) (x) dx.

We substitute

(ψ) (x) = ψ (μ (x)) =
t√
2π

∫
R

eitxηψ̂1 (tη) dη = ψ1 (x) ,

to the above identity to obtain the representation


∗
ψ =

√
t

2π

∫
R

eit(Λ(ξ)−ξx−G(x))
∣∣∣∣t 1

α μ (x)
∣∣∣∣2−α−ρ ψ1 (x) dx

=
t√
2π

∫
R

dηψ̂1 (tη)

√
t

2π

∫
R

eit(Λ(ξ)−(ξ−η)x−G(x))
∣∣∣∣t 1

α μ (x)
∣∣∣∣2−α−ρ dx

=
t√
2π

∫
R

eit(Λ(ξ)−Λ(ξ−η))A∗ (t, ξ − η) ψ̂1 (tη) dη,

where the kernel

A∗ (t, ξ) =

√
t

2π

∫
R

eit(Λ(ξ)−ξx−G(x))
∣∣∣∣t 1

α μ (x)
∣∣∣∣2−α−ρ dx

=

√
t

2π

∫
R

eitS(ξ,η) |̃η|2−α−ρΛ′′ (η) dη.

Since

ψ (ξ) = ψ1
(
Λ′ (ξ)

)
=

t√
2π

∫
R

eitΛ′(ξ)ηψ̂1 (tη) dη,

so we obtain


∗
ψ − A∗ (t, ξ)ψ

=
t√
2π

∫
R

(
eit(Λ(ξ)−Λ(ξ−η))A∗ (t, ξ − η) − eitηΛ′(ξ)A∗ (t, ξ)

)
ψ̂1 (tη) dη
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=
t√
2π

∫
|η|≥δ

(
eit(Λ(ξ)−Λ(ξ−η))A∗ (t, ξ − η) − eitηΛ′(ξ)A∗ (t, ξ)

)
ψ̂1 (tη) dη

+
t√
2π

∫
|η|≤δ

(
eit(Λ(ξ)−Λ(ξ−η)) − eitηΛ′(ξ)

)
A∗ (t, ξ − η) ψ̂1 (tη) dη

+
t√
2π

∫
|η|≤δ

eitηΛ′(ξ) (A∗ (t, ξ − η) − A∗ (t, ξ)) ψ̂1 (tη) dη = I1 + I2 + I3,

where δ = t−
1
α .

By the estimate |A∗ (t, ξ)| ≤ Ct
1
α− 1

2

〈
ξ̃
〉1− α2−ρ, we get

|I1| ≤ Ct
∫
|η|≥δ

(|A∗ (t, ξ − η)| + |A∗ (t, ξ)|)
∣∣∣ψ̂1 (tη)

∣∣∣ dη
≤ Ct

1
α+

1
2

∫
|η|≥δ

∣∣∣ψ̂1 (tη)
∣∣∣ dη ≤ Ct

1
α− 1

2
∥∥∥ψ̂1

∥∥∥
L1(|η|≥δt)

≤ Ct
1
α− 1

2
∥∥∥η−1

∥∥∥
L2(|η|≥δt)

∥∥∥ηψ̂1
∥∥∥

L2(|η|≥δt)
≤ Ct

1
α− 1

2+
ρ
α t1− 2

α (δt)−
1
2
∥∥∥ηψ̂1

∥∥∥
L2(|η|≥δt)

≤ Ct−
1

2α+
ρ
α

(∥∥∥∥√Λ′′ |η|−1+ρ φ (η)
∥∥∥∥

L2
+

∥∥∥∥√Λ′′ |η|ρ ∂ηφ (η)
∥∥∥∥

L2

)
.

since ∥∥∥ηψ̂1 (η)
∥∥∥

L2

= ‖∂xψ‖L2 =

(∫
|∂xψ (μ (x))|2 dx

) 1
2

=

(∫ ∣∣∣∂μψ (μ (x))
∣∣∣2 μ′ (x) dμ

) 1
2

=

(∫ ∣∣∣∂μψ (μ (x))
∣∣∣2 1
Λ′′ (μ)

dμ
) 1

2

=

∥∥∥∥∥∥ 1√
Λ′′

∂η
(
|̃η|α−2+ρ φ (η)

)∥∥∥∥∥∥
L2

= t1− 2
α+

ρ
α

∥∥∥∥∥∥ 1√
Λ′′

∂η
(
|η|α−2+ρ φ (η)

)∥∥∥∥∥∥
L2

≤ Ct1− 2
α+

ρ
α

(∥∥∥∥√Λ′′ |η|−1+ρ φ (η)
∥∥∥∥

L2
+

∥∥∥∥√Λ′′ |η|ρ ∂ηφ (η)
∥∥∥∥

L2

)
.

Next by the Taylor formula we find

Λ (ξ) − Λ (ξ − η) − ηΛ′ (ξ) =
∫ ξ

ξ−η
(ξ − η − z)Λ′′ (z) dz = O

(
t

2
α−1η2

∣∣∣̃ξ∣∣∣α−2
)

in domain |η| ≤ 1. Hence ∣∣∣eit(Λ(ξ)−Λ(ξ−η)) − eitηΛ′(ξ)
∣∣∣ ≤ Ct

1
α |η|

∣∣∣̃ξ∣∣∣ α2−1

for |η| ≤ 1. Then since |A∗ (t, ξ)| ≤ Ct
1
α− 1

2

〈
ξ̃
〉1− α2−ρ , we obtain

|I2| ≤ Ct
∫
|η|≤δ

∣∣∣eit(Λ(ξ)−Λ(ξ−η)) − eitηΛ′(ξ)
∣∣∣ |A∗ (t, ξ − η)|

∣∣∣ψ̂1 (tη)
∣∣∣ dη

≤ Ct
2
α+

1
2
∣∣∣̃ξ∣∣∣ α2−1 〈

ξ̃
〉1− α2−ρ

∫
|η|≤δ
|η|

∣∣∣ψ̂1 (ηt)
∣∣∣ dη

≤ Ct
2
α− 3

2
∥∥∥ηψ̂1 (η)

∥∥∥
L1(|η|≤δt) ≤ Ct

2
α−1δ

1
2
∥∥∥ηψ̂1

∥∥∥
L2(|η|≤δt)
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≤ Ct−
1

2α+
ρ
α

(∥∥∥∥√Λ′′ |η|−1+ρ φ (η)
∥∥∥∥

L2
+

∥∥∥∥√Λ′′ |η|ρ ∂ηφ (η)
∥∥∥∥

L2

)
.

Finally by the estimate |A∗ (t, ξ − η) − A∗ (t, ξ)| ≤ Ct
2
α− 1

2 |η|
〈
ξ̃
〉− α2−ρ we get

|I3| ≤ Ct
∫
|η|≤δ
|A∗ (t, ξ − η) − A∗ (t, ξ)|

∣∣∣ψ̂1 (tη)
∣∣∣ dη

≤ Ct
2
α+

1
2

〈
ξ̃
〉− α2−ρ ∫

|η|≤δ
|η|

∣∣∣ψ̂1 (tη)
∣∣∣ dη

≤ Ct
2
α− 3

2

〈
ξ̃
〉− α2−ρ ∫

|η|≤δt
|η|

∣∣∣ψ̂1 (η)
∣∣∣ dη

≤ Ct
2
α− 3

2

〈
ξ̃
〉− α2−ρ (δt)

1
2
∥∥∥ηψ̂1

∥∥∥
L2(|η|≤δt) ≤ Ct

2
α−1δ

1
2
∥∥∥ηψ̂1

∥∥∥
L2(|η|≤δt)

≤ Ct−
1

2α+
ρ
α

(∥∥∥∥√Λ′′ |η|−1+ρ φ (η)
∥∥∥∥

L2
+

∥∥∥∥√Λ′′ |η|ρ ∂ηφ (η)
∥∥∥∥

L2

)
.

Lemma 2.3 is proved. �

2.4. Estimates for pseudodifferential operators.
2.4. Estimates for pseudodifferential operators. An extensive literature is devoted to

the theory of pseudodifferential operators and to their L2 - bounds (see, e.g. [3], [7], [8],
[25]). We consider the following time dependent pseudodifferential operator

a (t, x,D) φ ≡
∫
R

eixξa (t, x, ξ) φ̂ (ξ) dξ

defined by the symbol a (t, x, ξ). We will use the following result (see papers [1], [35]).
Denote 〈x〉 = √1 + x2, {x} = |x|

〈x〉 .

Lemma 2.4. Let ν ∈ (0, 1) , and assume that the symbol a (t, x, ξ) satisfies

sup
x,ξ∈R,t≥1

∣∣∣{x}−ν 〈x〉ν (x∂x)k a (t, x, ξ)
∣∣∣ ≤ Cν

for k = 0, 1, 2. Then there exists a positive constant Cν such that ‖a (t, x,D) φ‖
L2

x
≤ Cν ‖φ‖L2

for all t ≥ 1.

We use Lemma 2.4 to estimate the L2 - norm of the following weighted defect operator

hφ =
t

1
2√
2π

∫
R

e−itS(ξ,η)h (t, ξ, η) φ (ξ) dξ.

Lemma 2.5. Let ν ∈ (0, 1) and h (t, ξ, η) satisfy the estimate

sup
ξ,η∈R,t≥1

∣∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η)k
h (t, ξ, η)

∣∣∣∣∣ ≤ Cν

for k = 0, 1, 2, where η̃ = t
1
α η. Then there exists a positive constant Cν such that the inequal-

ity
∥∥∥∥√Λ′′hφ

∥∥∥∥
L2
≤ Cν ‖φ‖L2 holds.

In the same manner, we get the L2 - estimate for the adjoint weighted defect operator


∗
hφ =

t
1
2√
2π

∫
R

eitS(ξ,η)h (t, ξ, η) φ (η)Λ′′ (η) dη.
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Lemma 2.6. Let ν ∈ (0, 1) and h (t, ξ, η) satisfy the estimate

sup
ξ,η∈R,t≥1

∣∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η)k
h (t, ξ, η)

∣∣∣∣∣ ≤ Cν

for k = 0, 1, 2, where η̃ = t
1
α η. Then there exists a positive constant Cν such that the inequal-

ity
∥∥∥∗hφ∥∥∥L2 ≤ Cν

∥∥∥∥√Λ′′φ∥∥∥∥
L2

holds.

2.5. Estimates for the derivatives of .
2.5. Estimates for the derivatives of . In order to get the desired estimate of∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂ηφ∥∥∥∥

L2
, we first estimate the term q1, with q (ξ, η) = ∂ξ

(
∂ηS(ξ,η)
∂ξS(ξ,η)

)
.

Lemma 2.7. The estimate
∥∥∥∥√Λ′′q1

∥∥∥∥
L2
≤ Ct

1
2α is valid for all t ≥ 1.

Proof. Define the cut of function χ1 ∈ C4 (R) such that χ1 (x) = 1 for 2
3 ≤ x ≤ 2 and

χ1 (x) = 0 for x ≤ 1
3 or x ≥ 3, also χ2 (x) = 1 − χ1 (x). Then we represent

q1 =
t

1
2√
2π

∫
R

e−itS(ξ,η)q (ξ, η)χ1

(
ξ

η

)
dξ +

t
1
2√
2π

∫
R

e−itS(ξ,η)q (ξ, η)χ2

(
ξ

η

)
dξ = I1 + I2.

In the first term I1 we use the identity e−itS(ξ,η) = H1∂ξ
(
(ξ − η) e−itS(ξ,η)

)
with H1 =(

1 − it (ξ − η) ∂ξS (ξ, η)
)−1

, and integrate by parts

I1 =
t

1
2√
2π

∫
R

e−itS(ξ,η)q (ξ, η) χ1

(
ξ

η

)
dξ

= − t
1
2√
2π

∫
R

e−itS(ξ,η) (ξ − η) ∂ξ

(
H1q (ξ, η)χ1

(
ξ

η

))
dξ.

Since

q (ξ, η) = ∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

)
= ∂ξ

⎛⎜⎜⎜⎜⎜⎜⎜⎝ Λ′′ (η)∫ 1
0 Λ

′′ (ξ + z (η − ξ)) dz

⎞⎟⎟⎟⎟⎟⎟⎟⎠
= O

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Λ′′ (η)

∫ 1
0 Λ

′′′ (ξ + z (η − ξ)) (1 − z) dz(∫ 1
0 Λ

′′ (ξ + z (η − ξ)) dz
)2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ = O
(
1
η

)

in the domain 1
3 ≤ ξ

η
≤ 3, then we have∣∣∣∣∣∣(ξ − η) ∂ξ

(
H1q (ξ, η) χ1

(
ξ

η

))∣∣∣∣∣∣ = O
(
(ξ − η) ∂ξ

(
H1O

(
1
η

)
χ1

(
ξ

η

)))
≤ C |η|−1

1 + t |η|α−2 (ξ − η)2

in the domain 1
3 ≤ ξ

η
≤ 3. Thus, changing ξ = ηy, we obtain

|I1| =
∣∣∣∣∣∣∣ t

1
2√
2π

∫
R

e−itS(ξ,η) (ξ − η) ∂ξ

(
H1q (ξ, η) χ1

(
ξ

η

))
dξ

∣∣∣∣∣∣∣
≤ Ct

1
2 |η|−1

∫
1
3≤ ξ

η≤3

dξ

1 + t |η|α−2 (ξ − η)2

≤ Ct
1
2

∫
1
3≤y≤3

dy

1 + |̃η|α (y − 1)2 ≤ Ct
1
2 〈̃η〉− α2 .
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Therefore, we get∥∥∥∥√Λ′′I1

∥∥∥∥
L2
≤ Ct

1
2

∥∥∥∥|η| α−2
2 〈̃η〉− α2

∥∥∥∥
L2
≤ Ct

1
2α

(∫ ∞

0
η̃α−2 〈̃η〉−α dη̃

) 1
2

≤ Ct
1

2α .

In the second integral I2 we use the identity e−itS(ξ,η) = H2∂ξ
(
ξe−itS(ξ,η)

)
with H2 =(

1 − itξ∂ξS (ξ, η)
)−1

, integrating by parts, we find

I2 =
t

1
2√
2π

∫
R

e−itS(ξ,η)q (ξ, η)χ2

(
ξ

η

)
dξ = − t

1
2√
2π

∫
R

e−itS(ξ,η)ξ∂ξ

(
H2q (ξ, η)χ2

(
ξ

η

))
dξ.

We have

∂ηS (ξ, η) = −Λ′′ (η) (ξ − η) = − (α − 1) |η|α−2 (ξ − η)

and

∂ξS (ξ, η) = Λ′ (ξ) − Λ′ (η) = |ξ|α−2 ξ − |η|α−2 η,

then

q (ξ, η) = ∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

)
= O

(
∂ξ

( |η|α−2 (ξ − η)

|ξ|α−2 ξ − |η|α−2 η

))
= O

(
1

|ξ| + |η|
)

for ξ
η
≤ 2

3 , or ξ
η
≥ 2. Hence∣∣∣∣∣∣ξ∂ξ

(
H2q (ξ, η) χ2

(
ξ

η

))∣∣∣∣∣∣ ≤ C (|ξ| + |η|)−1

1 + t |ξ|
(
|ξ|α−1 + |η|α−1

) ≤ Ct
1
α

(∣∣∣̃ξ∣∣∣ + |̃η|)−1

1 +
∣∣∣̃ξ∣∣∣ (∣∣∣̃ξ∣∣∣α−1

+ |̃η|α−1
) .

Thus, changing ξ̃ = η̃y, we obtain

|I2| ≤ Ct
1
2

∫
R

(∣∣∣̃ξ∣∣∣ + |̃η|)−1
dξ̃

1 +
∣∣∣̃ξ∣∣∣ (∣∣∣̃ξ∣∣∣α−1

+ |̃η|α−1
) ≤ Ct

1
2

∫
R

〈y〉−1 dy

1 + |̃η|α |y| 〈y〉α−1 ≤ Ct
1
2 {̃η}−μ 〈̃η〉μ−α

with small μ > 0. Therefore, we get∥∥∥∥√Λ′′I2

∥∥∥∥
L2
≤ Ct

1
2

∥∥∥∥|η| α−2
2 {̃η}−μ 〈̃η〉μ−α

∥∥∥∥
L2
≤ Ct

1
2α

(∫ ∞

0
{̃η}α−2−2μ 〈̃η〉2μ−α−2 dη̃

) 1
2

≤ Ct
1

2α .

Lemma 2.7 is proved. �

We estimate the derivative of .

Lemma 2.8. The estimate∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂ηφ∥∥∥∥
L2
≤ C

∥∥∥∂ξφ∥∥∥L2 +Ct
1

2α |φ (0)|
is valid for all t ≥ 1, where 0 < ν < 1.
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Proof. We integrate by parts

∂ηφ = −it
t

1
2√
2π

∫
R

e−itS(ξ,η)∂ηS (ξ, η) φ (ξ) dξ

= − t
1
2√
2π

∫
R

e−itS(ξ,η) ∂ηS (ξ, η)
∂ξS (ξ, η)

∂ξφ (ξ) dξ

− t
1
2√
2π

∫
R

e−itS(ξ,η)φ (ξ) − φ (0)
ξ

(
ξ∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

))
dξ

− t
1
2√
2π
φ (0)

∫
R

e−itS(ξ,η)∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

)
dξ.

Hence

{̃η}ν 〈̃η〉−ν ∂ηφ = t
1
2√
2π

∫
R

e−itS(ξ,η)q1 (t, ξ, η) ∂ξφ (ξ) dξ

+
t

1
2√
2π

∫
R

e−itS(ξ,η)φ (ξ) − φ (0)
ξ

q2 (t, ξ, η) dξ

− φ (0) {̃η}ν 〈̃η〉−ν t
1
2√
2π

∫
R

e−itS(ξ,η)q3 (ξ, η) dξ,

= q1∂ξφ + q2

φ (ξ) − φ (0)
ξ

+ φ (0)q3 ,

where

q1 (t, ξ, η) = − {̃η}ν 〈̃η〉−ν ∂ηS (ξ, η)
∂ξS (ξ, η)

,

q2 (t, ξ, η) = − {̃η}ν 〈̃η〉−ν
(
ξ∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

))
,

q3 (t, ξ, η) = ∂ξ

(
∂ηS (ξ, η)
∂ξS (ξ, η)

)
.

Since

∂ξS (ξ, η) = Λ′ (ξ) − Λ′ (η) , ∂ηS (ξ, η) = Λ′′ (η) (η − ξ) , ∂ j
ξΛ (ξ) = O

(
|ξ|α− j

)
,

we find

q1 (t, ξ, η) = − {̃η}ν 〈̃η〉−ν Λ
′′ (η) (η − ξ)
Λ′ (ξ) − Λ′ (η)

= O
(
{̃η}ν 〈̃η〉−ν

)
and

q2 (t, ξ, η) = − {̃η}ν 〈̃η〉−ν ξ∂ξ Λ
′′ (η) (η − ξ)
Λ′ (ξ) − Λ′ (η)

= O
(
{̃η}ν 〈̃η〉−ν

)
.

Thus, we have the estimates∣∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η)k
q1 (t, ξ, η)

∣∣∣∣∣ + ∣∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η)k
q2 (t, ξ, η)

∣∣∣∣∣
= O

(
{̃η}−ν 〈̃η〉ν

(
η∂η

)k {̃η}ν 〈̃η〉−ν
)
≤ C.
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Therefore, using Lemma 2.5 we get
∥∥∥∥√Λ′′q1∂ξφ

∥∥∥∥
L2
≤ C

∥∥∥∂ξφ∥∥∥L2 and by the Hardy inequal-
ity ∥∥∥∥∥√Λ′′q2

φ (ξ) − φ (0)
ξ

∥∥∥∥∥
L2
≤

∥∥∥∥∥φ (ξ) − φ (0)
ξ

∥∥∥∥∥
L2
≤ C

∥∥∥∂ξφ∥∥∥L2 .

Also by Lemma 2.7 we obtain
∥∥∥∥√Λ′′q31

∥∥∥∥
L2
≤ Ct

1
2α . Lemma 2.8 is proved. �

2.6. Estimates for the derivative of ∗.
2.6. Estimates for the derivative of ∗. We now estimate the derivative of the adjoint

defect operator in the domain
∣∣∣̃ξ∣∣∣ ≤ N = 2

ω
, with ω > 0 (we will choose sufficiently small

ω > 0 below in the proof of Lemma 4.1).

Lemma 2.9. The estimate∥∥∥∂ξ∗φ∥∥∥L2
ξ

(∣∣∣̃ξ∣∣∣≤N
)≤C

∥∥∥∥√Λ′′ 〈̃η〉ν ∂ηφ∥∥∥∥
L2
η(|̃η|≥2N)

+C
∥∥∥∥∥√Λ′′ 〈̃η〉ν 1

η
φ

∥∥∥∥∥
L2
η(|̃η|≥2N)

+Ct
3

2α− 1
2 ‖φ‖L∞η (|̃η|≤3N)

is true for all t ≥ 1, where 0 < ν < 1.

Proof. Define the cut-off function χ3 ∈ C1 (R) such that χ3 (x) = 1 for |x| ≤ 2N and
χ3 (x) = 0 for |x| ≥ 3N, also χ4 (x) = 1 − χ3 (x) . We write

∂ξ
∗φ = ∂ξ∗φχ3 (̃η) + ∂ξ∗φχ4 (̃η)

We estimate the first summand by using the inequality ‖∗φ‖L2 =
∥∥∥∥√Λ′′φ∥∥∥∥

L2
. We get∥∥∥∂ξ∗φχ3 (̃η)

∥∥∥
L2

(∣∣∣̃ξ∣∣∣≤N
) ≤ Ct

∥∥∥|ξ|α−1

∗φχ3 (̃η)

∥∥∥
L2

(∣∣∣̃ξ∣∣∣≤N
)

+Ct
∥∥∥∗ |η|α−1 φχ3 (̃η)

∥∥∥
L2

(∣∣∣̃ξ∣∣∣≤N
)

≤ Ct
1
α ‖∗φχ3 (̃η)‖L2 +Ct

∥∥∥∗ |η|α−1 φχ3 (̃η)
∥∥∥

L2

≤ Ct
1
α

∥∥∥∥√Λ′′φ∥∥∥∥
L2(|̃η|≤3N)

+Ct
∥∥∥∥√Λ′′ |η|α−1 φ

∥∥∥∥
L2(|̃η|≤3N)

≤ Ct
3

2α− 1
2 ‖φ‖L∞(|̃η|≤3N) .

In the second one we integrate by parts

χ3

(
2ξ̃

)
∂ξ

∗φχ4 (̃η)

=
t

1
2χ3

(
2ξ̃

)
√

2π

∫
R

eitS(ξ,η)it∂ξS (ξ, η) χ4 (̃η) φ (η)Λ′′ (η) dη

= − t
1
2√
2π

∫
R

eitS(ξ,η) 〈̃η〉−ν χ3

(
2ξ̃

) ∂ξS (ξ, η)
∂ηS (ξ, η)

χ4 (̃η) 〈̃η〉ν ∂ηφ (η)Λ′′ (η) dη

− t
1
2√
2π

∫
R

eitS(ξ,η)
〈̃η〉−ν χ3

(
2ξ̃

)
Λ′′ (η)

η∂η

(
∂ξS (ξ, η)Λ′′ (η)

∂ηS (ξ, η)
χ4 (̃η)

)
〈̃η〉ν φ (η)

η
Λ′′ (η) dη

= 
∗
h3
χ̃ (̃η) 〈̃η〉ν ∂ηφ + ∗h4

χ̃ (̃η) 〈̃η〉ν φ (η)
η

,

where

h3 (t, ξ, η) = −χ3

(
2ξ̃

)
〈̃η〉−ν ∂ξS (ξ, η)

∂ηS (ξ, η)
χ4 (̃η) ,
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h4 (t, ξ, η) = −χ3

(
2ξ̃

) 〈̃η〉−ν
Λ′′ (η)

η∂η

(
∂ξS (ξ, η)Λ′′ (η)

∂ηS (ξ, η)
χ4 (̃η)

)
,

and χ̃ (x) = 0 for |x| < 2N, χ̃ (x) = 1 for |x| ≥ 2N.
Note that hk (t, ξ, η) , k = 3, 4 satisfy the estimates∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η) j

h3 (t, ξ, η)
∣∣∣∣

=

∣∣∣∣∣∣∣∣{̃η}−ν 〈̃η〉ν
(
η∂η

) j 〈̃η〉−ν
χ3

(
2ξ̃

)
∂ξS (ξ, η)

∂ηS (ξ, η)
χ4 (̃η)

∣∣∣∣∣∣∣∣
= O

( |η|α−1

|η|α−1χ1

(
ξ

η

)
χ4 (̃η)

)
≤ C,

and ∣∣∣∣{̃η}−ν 〈̃η〉ν (η∂η) j
h4 (t, ξ, η)

∣∣∣∣
≤

∣∣∣∣∣∣∣∣{̃η}−ν 〈̃η〉ν
(
η∂η

) j 〈̃η〉−ν χ3

(
2ξ̃

)
Λ′′ (η)

η∂η

(
∂ξS (ξ, η)Λ′′ (η)

∂ηS (ξ, η)
χ4 (̃η)

)∣∣∣∣∣∣∣∣
= O

( |η|α−1

|η|α−1χ3

(
2ξ̃

)
χ4 (̃η)

)
≤ C,

for all ξ, η ∈ R, t ≥ 1, j = 0, 1, 2, where ν ∈ (0, 1) . Then by Lemma 2.6 we get∥∥∥∗h3
χ̃ (̃η) 〈̃η〉ν ∂ηφ

∥∥∥
L2 ≤ C

∥∥∥∥∥∣∣∣Λ′′∣∣∣ 1
2 χ̃ (̃η) 〈̃η〉ν ∂ηφ

∥∥∥∥∥
L2
≤ C

∥∥∥∥∥∣∣∣Λ′′∣∣∣ 1
2 〈̃η〉ν ∂ηφ

∥∥∥∥∥
L2(|̃η|≥2N)

and∥∥∥∥∥∗h4
χ̃ (̃η) 〈̃η〉ν φ (η)

η

∥∥∥∥∥
L2
≤ C

∥∥∥∥∥∣∣∣Λ′′∣∣∣ 1
2 χ̃ (̃η) 〈̃η〉ν φ (η)

η

∥∥∥∥∥
L2
≤ C

∥∥∥∥∥∣∣∣Λ′′∣∣∣ 1
2 〈̃η〉ν φ (η)

η

∥∥∥∥∥
L2(|̃η|≥2N)

.

Lemma 2.9 is proved. �

3. Asymptotics of the nonlinearity

3. Asymptotics of the nonlinearity
Define the norm

‖u‖XT
= sup

t∈[1,T ]

(∥∥∥ϕ̂ (t)
∥∥∥

L∞ +W−1
∥∥∥∥〈ξ̃〉−γ ϕ̂ (t)

∥∥∥∥
L∞
+ P−1 (t)

∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)
∥∥∥∥

L2

)
,

where

ϕ̂ (t) =  (−t) u (t) ,W (t) =
(
1 + ε̃α log 〈t〉)− 1

α , P (t) = t
1

4α + εαt
1

2α Wα+1 (t) ,

ε̃ = Cε, ε > 0, ξ̃ = ξt
1
α , γ > 0, β ∈

[
0,

1
2

)
.

Denote

B (t, ξ) = t1− α2 ∗ (|1|α1) ,

where 1 =
√

t
2π

∫
R

e−itS(ξ,η)dξ, b = B (t, 0) . Changing ξ̃ = ξt
1
α , η̃ = ηt

1
α we get
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1 = t
1
2− 1

α
1√
2π

e−i(1− 1
α )|̃η|α

∫
R

ei|̃η|α−2η̃ξ− i
α |ξ|αdξ,

and changing η̃ = μ
(
x̂
)
, x̂ = xt1− 1

α we get

B (t, ξ) = B
(̃
ξ
)
=

1√
2π

e
i
α

∣∣∣̃ξ∣∣∣α ∫
R

e−ĩξ x̂
∣∣∣G (

x̂
)∣∣∣α G

(
x̂
)

dx̂,

where G
(
x̂
)
= 1√

2π

∫
R

eiξ x̂− i
α |ξ|αdξ is an even function. Hence we have

B
(̃
ξ
)
=

2√
2π

e
i
α

∣∣∣̃ξ∣∣∣α ∫ ∞

0
cos

(̃
ξx

)
|G (x)|α G (x) dx.

As in [17], we estimate B in the next lemma. For convenience of the reader we give the
proof.

Lemma 3.1. The estimate ‖B‖L∞ ≤ C holds and numeric computations say that if we let
b = b (α) , then

Im b (α) < 0 for any α > 2, lim
α→∞ Im b (α) = 0

Re b (α) > 0 for any α > 2, lim
α→∞Re b (α) = 0

are true.

Proof. By Lemma 2.3 with ρ = 1
4 we get

|∗ (|1|α1)| ≤ Ct
1
α− 1

2
∣∣∣̃ξ∣∣∣ α2−1 |1|α+1

+Ct−
1

2α+
ρ
α

(∥∥∥|η| α2−2+ρ (|1|α1)
∥∥∥

L2 +
∥∥∥|η| α2−1+ρ ∂η (|1|α1)

∥∥∥
L2

)
≤ Ct

1
α− 1

2
∥∥∥〈̃η〉 α2−1 |1|α+1

∥∥∥
L∞

+Ct
2
α− 1

2− 1
2α

∥∥∥∥|̃η| α2−2+ 1
4 |1|α+1

∥∥∥∥
L2

+Ct−
1

2α

∥∥∥∥〈̃η〉 1
2 |1|α

∥∥∥∥
L∞

∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂η1
∥∥∥∥

L2

≤ Ct
1
α− 1

2
∥∥∥〈̃η〉 α2−1 |1|α+1

∥∥∥
L∞

+Ct
2
α− 1

2− 1
2α

∥∥∥∥〈̃η〉 α2−1+ 1
4 |1|α+1

∥∥∥∥
L∞

∥∥∥∥{̃η} α2−2+ 1
4 〈̃η〉−1

∥∥∥∥
L2

+Ct−
1

2α

∥∥∥∥〈̃η〉 1
2 |1|α

∥∥∥∥
L∞

∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂η1
∥∥∥∥

L2
.

By Lemma 2.2 with j = 0 we have |1| ≤ Ct
1
2− 1

α 〈̃η〉1− α2 and by virtue of Lemma 2.8∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂η1
∥∥∥∥

L2
≤ Ct

1
2α .

Hence

|∗ (|1|α1)| ≤ Ct−1+ α2

which implies ‖B‖L∞ ≤ C.
Next we consider

B
(̃
ξ
)
=

2√
2π

e
i
α

∣∣∣̃ξ∣∣∣α ∫ ∞

0
cos

(̃
ξx

)
|G (x)|α G (x) dx.
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We see that the integral B
(̃
ξ
)

is a continuous function. Therefore it is sufficient to estimate
b = b (α) = B (0) = 2√

2π

∫ ∞
0 |G (x)|α G (x) dx. For 0 < x ≤ 10 we rotate the contour of

integration ξ = ye−
π

2α i, then

G (x) ≈ G1 (x) ≡ 1√
2π

e−i π
2α

∫ ∞

0

(
exyei π2 − π

2α i
+ e−xyei π2 − π

2α i
)

e−
1
α y

α

dy,

where ≈ denotes an approximation with some remainder. For x ≥ 10 we substitute the

asymptotics G (x) ≈ G2 (x) ≡ |x| 2−α
2α−2√

(α−1)i
ei α−1

α |x|
α
α−1 . Hence we find

b (α) ≈ 2√
2π

∫ 10

0
|G1 (x)|α G1 (x) dx +

2√
2π

∫ 100

10
|G2 (x)|α G2 (x) dx.

It is easy to compute Imb (2) = 0 and Reb (2) > 0.25 > 0. By numeric computations we
obtain Lemma 3.1. �

In the next lemma we prove the asymptotics of the nonlinearity in the equation (2.1).

Lemma 3.2. Suppose that ‖u‖XT
≤ Cε. Then the estimates

|∗ |v|α v| ≤ Ct
α
2−1εα+1Wα+1

and ∣∣∣(∗ |v|α v) (0) − t
α
2−1B (0) |m|α m

∣∣∣ ≤ Ct
α
2−1εα+1+νWα+1+ν

are true for all t ∈ [1, T ], where v = ϕ̂, m = ϕ̂ (t, 0) , W (t) =
(
1 + ε̃α log 〈t〉)− 1

α , and
0 < ν < 3

16 .

Proof. It follows from Lemma 2.3 with φ = |v|α v, ρ = 1
4 that

|∗ |v|α v| ≤ Ct
1
α− 1

2
∥∥∥〈̃η〉 α2−1 |v|α+1

∥∥∥
L∞

+Ct
1
α− 1

2+
1

2α

∥∥∥∥〈̃η〉 α2−1+ 1
4 |v|α+1

∥∥∥∥
L∞

∥∥∥∥{̃η} α2−2+ 1
4 〈̃η〉−1

∥∥∥∥
L2

+Ct−
1

2α

∥∥∥∥〈̃η〉 1
2 |v|α

∥∥∥∥
L∞

∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂ηv
∥∥∥∥

L2
.

By Lemma 2.8 we have∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂ηv
∥∥∥∥

L2
=

∥∥∥∥√Λ′′ {̃η} 1
4 〈̃η〉− 1

4 ∂ηϕ̂
∥∥∥∥

L2

≤ C
∥∥∥∂ξϕ̂∥∥∥L2 +Ct

1
2α

∣∣∣̂ϕ (0)
∣∣∣ ≤ C

∥∥∥∥〈ξ̃〉β ∂ξϕ̂∥∥∥∥
L2
+Ct

1
2α

∣∣∣̂ϕ (0)
∣∣∣

≤ CεP (t) +Ct
1

2α εW ≤ Ct
1

2α εW,

where P (t) = t
1

4α + εαt
1

2α Wα+1 (t) . We again use Lemma 2.2 with j = 0 γ > 0 small, to get

〈̃η〉 α2−1+ 1
4 |v|α+1 = 〈̃η〉 α2−1+ 1

4
∣∣∣ϕ̂∣∣∣α+1

≤ Ct
α
2− 1

α− 1
2 〈̃η〉α− α

2
2 +(α+1)γ+ 1

4

(∣∣∣̂ϕ (0)
∣∣∣ + ∥∥∥∥〈ξ̃〉−γ ϕ̂∥∥∥∥

L∞
+ t−

1
2α

∥∥∥∂ξϕ̂∥∥∥L2

)α+1

≤ Ct
α
2− 1

α− 1
2 εα+1Wα+1

which implies
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4 |v|α+1

∥∥∥∥
L∞
≤ Ct

α
2− 1

α− 1
2 εα+1Wα+1

and similarly∥∥∥〈̃η〉 α2−1 |v|α+1
∥∥∥

L∞ ≤ Ct
α
2− 1

α− 1
2 εα+1Wα+1,

∥∥∥∥〈̃η〉 1
2 |v|α

∥∥∥∥
L∞
≤ Ct

α
2−1εαWα.

We also have ∥∥∥∥{̃η} α2−2+ 1
4 〈̃η〉−1

∥∥∥∥
L2
≤ Ct−

1
2α .

Therefore

|∗ |v|α v| ≤ Ct
α
2−1εα+1Wα+1.

Thus the first estimate of the lemma is true.
Next, by Lemma 2.3 with φ = |v|α v − |m|αm, since φ (0) = 0, we get∣∣∣(∗ |v|α v) (0) − t

α
2−1B (0) |m|α m

∣∣∣ = |(∗ (|v|α v − |m|αm)) (0)|
≤ Ct

1
α− 1

2+
1

2α
∥∥∥〈̃η〉 α2−1+ν (|v|α v − |m|αm)

∥∥∥
L∞

∥∥∥{̃η} α2−2+ν 〈̃η〉−1
∥∥∥

L2

+Ct−
1

2α
∥∥∥〈̃η〉2ν (|v|α + |m|α)

∥∥∥
L∞

∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂η (v −m)
∥∥∥∥

L2

+Ct−
1

2α

∥∥∥∥〈̃η〉2ν (|v|α−1 + |m|α−1
)∥∥∥∥

L∞

∥∥∥〈̃η〉−ν (v −m)
∥∥∥

L∞

×
∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂η (v +m)

∥∥∥∥
L2
=

3∑
k=1

Ik.

Since ∣∣∣̂ϕ − m
∣∣∣ 1
ν =

∫ ξ

0
∂ξ

∣∣∣̂ϕ (ξ) − m
∣∣∣ 1
ν dξ ≤ C

∣∣∣∥∥∥ϕ̂∥∥∥L∞ + |m|
∣∣∣ 1
ν−1 |ξ| 12

∥∥∥∂ξϕ̂∥∥∥ 1
2

L2

we find

(3.1)
∣∣∣̂ϕ − m

∣∣∣ ≤ C
∣∣∣∥∥∥ϕ̂∥∥∥L∞ + |m|

∣∣∣1−ν (|ξ| 12 ∥∥∥∂ξϕ̂∥∥∥L2

)ν
.

By Lemma 2.2 we have the estimate∣∣∣ (t) |ξ| j φ
∣∣∣ ≤ Ct

1
2− j+1

α 〈̃η〉1+ j− α2+ρ
(
|φ (0)| +

∥∥∥∥〈ξ̃〉−ρ φ∥∥∥∥
L∞
+ t−

1
2α

∥∥∥∂ξφ∥∥∥L2

)
is true for all t ≥ 1, where j = 0, 1, ρ ≥ 0. Then taking j = 0, φ =

(
ϕ̂ − m

)
we get∣∣∣〈̃η〉−ν (

ϕ̂ − m
)∣∣∣ ≤ Ct

1
2− 1

α 〈̃η〉1− α2+ρ−ν
(∥∥∥∥〈ξ̃〉−ρ (ϕ̂ − m

)∥∥∥∥
L∞
+ t−

1
2α

∥∥∥∂ξϕ̂∥∥∥L2

)
By (3.1) and

‖u‖XT
= sup

t∈[1,T ]

(∥∥∥ϕ̂ (t)
∥∥∥

L∞ +W−1 (t)
∥∥∥∥〈ξ̃〉−γ ϕ̂ (t)

∥∥∥∥
L∞
+ P−1 (t)

∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)
∥∥∥∥

L2

)
,

where

ϕ̂ (t) =  (−t) u (t) ,W (t) =
(
1 + ε̃α log 〈t〉)− 1

α , P (t) = t
1

4α + εαt
1

2α Wα+1 (t) ,

ε̃ = Cε, ε > 0, ξ̃ = ξt
1
α , γ > 0, β ∈

[
0,

1
2

)
,
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we have with ρ = ν
2∥∥∥∥∥〈ξ̃〉− ν

2 (
ϕ̂ − m

)∥∥∥∥∥
L∞
≤ C

∣∣∣∥∥∥ϕ̂∥∥∥L∞ + |m|
∣∣∣1−ν 〈ξ̃〉− ν

2 |ξ| ν2
∥∥∥∂ξϕ̂∥∥∥νL2

≤ CεW1−ν 〈ξ̃〉− ν
2 |ξ| ν2

(
t

1
4α + εαt

1
2α Wα+1 (t)

)ν
≤ CεW1−ν 〈ξ̃〉− ν

2
∣∣∣̃ξ∣∣∣ ν2 t−

ν
2α

(
t

1
4α + εαt

1
2α Wα+1 (t)

)ν
≤ CεW1−ν (t− 1

4α + εαWα+1 (t)
)ν

Then ∣∣∣〈̃η〉−ν (
ϕ̂ − m

)∣∣∣ ≤ Cεt
1
2− 1

α

(
W1−νt−

ν
4α + εανWαν+νW1−ν) ≤ Ct

1
2− 1

α ε1+ανW1+αν

since

t−
ν

4α ≤ C
(
log 〈t〉)− αν+να ≤ Cε̃αν+ν

(̃
εα log 〈t〉)− αν+να ≤ Cεαν

(
1 + ε̃α log 〈t〉)− αν+να ≤ CεανWαν+ν

for large t. Therefore∥∥∥〈̃η〉−ν (v −m)
∥∥∥

L∞ =
∥∥∥〈̃η〉−ν (

ϕ̂ − m
)∥∥∥

L∞ ≤ Ct
1
2− 1

α ε1+ανW1+αν.(3.2)

We have

I1 ≤ Ct
1
α− 1

2
∥∥∥〈̃η〉 α2−1+ν (|v|α v − |m|αm)

∥∥∥
L∞

≤ Ct
1
α− 1

2
∥∥∥〈̃η〉 α2−1+2ν (|v|α + |m|α)

∥∥∥
L∞

∥∥∥〈̃η〉−ν (v −m)
∥∥∥

L∞ .

By Lemma 2.2 with j = 0, ρ small and (3.2), we find the above is

I1 ≤ Cε1+ανW1+αν
∥∥∥〈̃η〉 α2−1+2ν (|v|α + |m|α)

∥∥∥
L∞

≤ Cε1+α+ανt−1+ α2 W1+α+αν
∥∥∥∥〈̃η〉 α2−1+2ν+(1− α2+ρ)α

∥∥∥∥
L∞

≤ Ct−1+ α2 ε1+α+ανW1+α+αν

if 0 < ν < 1
2

(
α
2 − 1

)
(α − 1) − αρ. We consider I2. By Lemma 2.8∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂η (v −m)

∥∥∥∥
L2
≤ C

∥∥∥∂ξϕ̂∥∥∥L2 ≤ Ct
1

2α εαWα+1

and ∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂η (v +m)
∥∥∥∥

L2
≤ Ct

1
2α εW.

Applying Lemma 2.2 with σ = 0, we have∥∥∥〈̃η〉2ν (|v|α + |m|α)
∥∥∥

L∞ ≤ Ct
α
2−1εαWα

and ∥∥∥∥〈̃η〉2ν (|v|α−1 + |m|α−1
)∥∥∥∥

L∞
≤ Ct

α
2+

1
α− 3

2 εα−1Wα−1.

Hence we get

I2 ≤ Ct−1+ α2 ε2αW2α+1 ≤ Ct−1+ α2 ε1+α+νW1+α+ν

Similarly,
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I3 ≤ Ct−1+ α2 ε1+α+ανW1+α+αν

Thus, we get the second estimate of the lemma. Lemma 3.2 is proved. �

We now prove the asymptotics for the solutions.

Lemma 3.3. Suppose that ‖u‖X∞ ≤ Cε. Then the asymptotics

u (t, x) = m (1) G
(
xt−

1
α

)
×

exp
(
−i Re b

α Im b log
(
1 − αλ Im b |m (1)|α log t

))
t

1
α
(
1 − αλ Im b |m (1)|α log t

) 1
α

+ O
(
t−

1
α
(
log t

)−1− 1
α

)
is valid for large t uniformly with respect to x ∈ R.

Proof. By Lemma 2.2 we find∥∥∥tM
(
ϕ̂ − m

)∥∥∥
L∞ ≤ Ct−

3
2α

∥∥∥∂ξϕ̂∥∥∥L2 ≤ Ct−
1
α ε

(
log 〈t〉)−1− 1

α .

Therefore, we have

u (t) = mtM1 + O
(
εt−

1
α
(
log 〈t〉)−1− 1

α

)
for t → ∞. We see that

tM1 = t−
1
α

1√
2π

∫
R

ei x̂
t ξ− i

α |ξ|αdξ = t−
1
αG

(
x̂t−1

)
= t−

1
αG

(
xt−

1
α

)
,

where G (x) = 1√
2π

∫
R

eiξx− i
α |ξ|αdξ. By Lemma 3.2, we get from equation (2.1) at ξ = 0

im′ = λt−1b |m|α m + O
(
t−1εα+1+νWα+1+ν

)
.

Thus

∂t |m|−α = −αλt−1Imb + O
(
t−1ε1+νW1+ν

)
.

Observe that Imb < 0. Integrating with respect to time we find

|m (t)|−α = |m (1)|−α − αλImb log t + O
(
ε1+ν (log 〈t〉)1− 1+ν

α

)
from which it follows that

|m (t)|α = |m (1)|α(
1 − αλImb |m (1)|α log t

) (
1 + O

(
ε1+ν (log 〈t〉)− 1+ν

α

)) .
Namely we have

|m (t)| = |m (1)|(
1 − αλImb |m (1)|α log t

) 1
α

(
1 + O

(
ε1+ν (log 〈t〉)− 1+ν

α

))
.

Also

∂t arg m = −λt−1 |m|α Reb + O
(
t−1εα+νWα+ν

)
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= −λt−1 |m (1)|α Reb(
1 − αλImb |m (1)|α log t

) (
1 + O

(
ε1+ν (log 〈t〉)− 1+ν

α

))
+O

(
t−1εα+νWα+ν

)
Integration with respect to the time yields

arg m (t) = arg m (1) − Reb
αImb

log
(
1 − αλImb |m (1)|α log t

)
+ O

(
ε1+ν

)
.

Therefore, we get

u (t) = mtM1 + O
(
t−

1
α
(
log 〈t〉)−1− 1

α

)
= m (1) G

(
xt−

1
α

) exp
(
−i Reb

αImb log
(
1 − αλImb |m (1)|α log t

)
+ iO (ε)

)
t

1
α
(
1 − αλImb |m (1)|α log t

) 1
α

+ O
(
t−

1
α
(
log 〈t〉)− 2

α

)
for large t. Lemma 3.3 is proved. �

4. A priori estimates

4. A priori estimates
First, we state the local existence of solutions to the Cauchy problem (1.1) in the func-

tional space H1,1 ∩Hα,0 (see [17]).

Theorem 4.1. We assume that the initial data u0 ∈ H1,1 ∩ Hα,0 are such that ‖u0‖H1,1 ≤
Cε, and

∣∣∣û0 (0)
∣∣∣ ≥ 2ε. Then there exists a time T such that the estimates ‖u‖XT

≤ Cε and
inft∈[0,T ]

∣∣∣̂ϕ (t, 0)
∣∣∣ ≥ ε are true. Furthermore if ε is small, then we can take T > 1.

In order to prove the global result, we need to obtain a priori estimates of solutions uni-
formly with respect to T ≥ 1 in the norm ‖u‖XT

.

Lemma 4.1. There exist ε0 > 0, and a constant C > 0 such that if the initial data
u0 ∈ H1,1 ∩ Hα,0 are such that ‖u0‖H1,1 ≤ Cε and inf |ξ|≤1

∣∣∣û0 (0)
∣∣∣ ≥ 2ε with ε ∈ (0, ε0) , then

the estimate ‖u‖XT
< Cε is true for all T > 1.

Proof. We proceed by a contradiction. By continuity of the norm ‖u‖XT
with respect to T,

we can find the maximal time T > 1 such that ‖u‖XT
= Cε. Let us estimate the norm∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)

∥∥∥∥
L2
=

∥∥∥∥∥〈t
1
α ∂x

〉β
 u

∥∥∥∥∥
L2
.

Define χ1 ∈ C1 (R) such that χ1 (x) = 1 for |x| ≥ 2 and χ1 (x) = 0 for |x| ≤ 1, also
χ0 (x) = 1 − χ1 (x) . Then we consider the operators Ω j = χ j

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
. By the

identity  = −iαt + ∂x , where  = αt∂t + ∂xx, we have∥∥∥∥∥〈t
1
α ∂x

〉β
 u

∥∥∥∥∥
L2
≤ ‖Ω0 u‖L2 + ‖Ω1 u‖L2(4.1)

≤ ‖Ω0 u‖L2 + αt
∥∥∥Ω1∂

−1
x u

∥∥∥
L2 +

∥∥∥Ω1∂
−1
x u

∥∥∥
L2 .

Let us estimate the first summand
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‖Ω0 u‖L2 =
∥∥∥∥χ0

(
ωξ̃

) 〈
ωξ̃

〉β
∂ξϕ̂

∥∥∥∥
L2
≤

∥∥∥∥〈ωξ̃〉β ∂ξϕ̂∥∥∥∥
L2

(∣∣∣̃ξ∣∣∣≤ 2
ω

) .
Differentiating (2.1) with respect to ξ, multiplying both sides of (2.1) by χ0

(
ωξ̃

) 〈
ωξ̃

〉β
, we

get

i∂t

(
χ0

(
ωξ̃

) 〈
ωξ̃

〉β
∂ξϕ̂

)
= i

(
∂ξϕ̂

)
∂t

(
χ0

(
ωξ̃

) 〈
ωξ̃

〉β)
+λt−

α
2 χ0

(
ωξ̃

) 〈
ωξ̃

〉β
∂ξ

∗ (|v|α v) .
By Lemma 2.9 we have∥∥∥∂ξ∗ (|v|α v)

∥∥∥
L2

(∣∣∣̃ξ∣∣∣≤N
) ≤ C

∥∥∥∥√Λ′′ 〈̃η〉ν |v|α ∂ηv∥∥∥∥
L2(|̃η|≥2N)

(4.2)

+C
∥∥∥∥∥√Λ′′ 〈̃η〉ν 1

η
|v|α+1

∥∥∥∥∥
L2(|̃η|≥2N)

+Ct
3

2α− 1
2
∥∥∥|v|α+1

∥∥∥
L∞(|̃η|≤3N) .

Using Lemma 2.2 we get

〈̃η〉 α2−1−2γ |v| ≤ Ct
1
2− α2

(∥∥∥∥〈ξ̃〉−γ ϕ̂∥∥∥∥
L∞
+ t−

1
2α

∥∥∥∂ξϕ̂∥∥∥L2

)
≤ Ct

1
2− 1

α εW

We take 0 < ν < min
(
α
2 − 1, 1

)
to find that

(4.3) 〈̃η〉ν |v| ≤ Ct
1
2− 1

α εW.

and by Lemma 2.8 ∥∥∥∥√Λ′′ {̃η}ν 〈̃η〉−ν ∂ηv∥∥∥∥
L2
≤ Cεt

1
2α W.

Hence

(4.4)
∥∥∥∥√Λ′′ 〈̃η〉ν |v|α ∂ηv∥∥∥∥

L2(|̃η|≥2N)
≤ Cεα+1Wα+1t

α
2−1+ 1

2α .

We now consider the second term of (4.2) to have∥∥∥∥∥√Λ′′ 〈̃η〉ν 1
η
|v|α+1

∥∥∥∥∥
L2
η(|̃η|≥2N)

=
∥∥∥ηα

2−2 〈̃η〉ν |v|α+1
∥∥∥

L2
η(|̃η|≥2N)(4.5)

≤ Ct−
1
2+

2
α− 1

2α
∥∥∥〈̃η〉 α2−2+ν |v|α+1

∥∥∥
L2
η̃

≤ Ct−
1
2+

2
α+( 1

2− 1
α )(α+1)− 1

2α εα+1Wα+1
∥∥∥∥〈̃η〉 α2−2+ν+(1− α2+2γ)(α+1)

∥∥∥∥
L2
η̃

= Ct−1+ α2+
1

2α εα+1Wα+1
∥∥∥∥〈̃η〉 α2−2+ν+(1− α2+2γ)(α+1)

∥∥∥∥
L2
η̃

≤ Cεα+1Wα+1t
α
2−1+ 1

2α

since
α

2
− 2 + ν +

(
1 − α

2
+ 2γ

)
(α + 1) < −1

2
for ν < 1. We have from (4.3)

(4.6) Ct
3

2α− 1
2
∥∥∥|v|α+1

∥∥∥
L∞(|̃η|≤3N) ≤ Ct

α
2−1+ 1

2α εα+1Wα+1.

We apply (4.4)-(4.6) to (4.2) to get
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∥∥∥

L2
(∣∣∣̃ξ∣∣∣≤ 2

ω

) ≤ Cεα+1Wα+1t
α
2−1+ 1

2α .

Therefore we find
d
dt

∥∥∥∥χ0

(
ωξ̃

) 〈
ωξ̃

〉β
∂ξϕ̂

∥∥∥∥
L2
≤ Cωt−1

∥∥∥∥〈ξ̃〉β ∂ξϕ̂∥∥∥∥
L2
+Cεα+1Wα+1t−1+ 1

2α

≤ Cεα+1Wα+1t−1+ 1
2α ,

where we used the fact that ω > 0 is sufficiently small. Integrating in time we obtain

‖Ω0 u‖L2 =
∥∥∥∥χ0

(
ωξ̃

) 〈
ωξ̃

〉β
∂ξϕ̂

∥∥∥∥
L2

≤ Cε +Cεα+1
∫ t

0
τ

1
2α−1Wα+1 (τ) dτ

≤ Cε +Cεα+1
∫ √

t

0
τ

1
2α−1dτ +Cεα+1Wα+1

(
t

1
2

) ∫ t

√
t
τ

1
2α−1dτ

≤ Cε +Cεα+1t
1

4α +Cεα+1t
1

2α Wα+1 (t) < CεP (t) ,

for all t ∈ [1, T ], if ε > 0 is sufficiently small.
Next by (2.1) we have

t
∥∥∥Ω1∂

−1
x u

∥∥∥
L2 ≤ Ct

∥∥∥Ω1∂
−1
x |u|α u

∥∥∥
L2

≤ Ct
∥∥∥∥∥χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
∂−1

x |u|α u
∥∥∥∥∥

L2

= Ct
∥∥∥∥∥χ1

(
ωt

1
α ξ

) 〈
ωt

1
α ξ

〉β
ξ−1

 |u|α u
∥∥∥∥∥

L2

≤ Ct1+ 1
α ‖|u|α u‖L2 = Ct1+ 1

α ‖ (−t) |u|α u‖L2

= Ct1+ 1
α− α2 ‖∗ (|v|α v)‖L2 ≤ t1+ 1

α− α2
∥∥∥∥√Λ′′ |v|α+1

∥∥∥∥
L2

where we have used  (−t) |u|α u = λt−
α
2 ∗ (|v|α v). By Lemma 2.2 with σ = 0 we have

the estimate |v| ≤ Cεt
1
2− 1

α 〈̃η〉1− α2+γ W. Also
(
1 − α

2

)
(α + 1)+ α−2

2 < − 1
2 for α > 5

2 . Therefore

t1+ 1
α− α2

∥∥∥∥√Λ′′ |v|α+1
∥∥∥∥

L2

≤ Cεα+1Wα+1t
1
2

∥∥∥∥√Λ′′ 〈̃η〉(1− α2+γ)(α+1)
∥∥∥∥

L2

≤ Cεα+1Wα+1t
1

2α

∥∥∥∥|̃η| α−2
2 〈̃η〉(1− α2+γ)(α+1)

∥∥∥∥
L2
η̃

≤ Cεα+1Wα+1t
1

2α < CεP (t) ,

which implies

(4.7) t
∥∥∥Ω1∂

−1
x u

∥∥∥
L2 ≤ Ct1+ 1

α ‖|u|α u‖L2 < CεP (t) .

Next we estimate the third term
∥∥∥Ω1∂

−1
x u

∥∥∥
L2 . Using the commutator  = (α + ),

we get from (1.1)

Ω1∂
−1
x u = Ω1∂

−1
x (α + )u + i (∂tΩ1) ∂−1

x u

= αλΩ1∂
−1
x |u|α u + i∂t

(
χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β) (
∂−1

x u
)
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+ λΩ1∂
−1
x  |u|α u.

As above we have
∥∥∥Ω1∂

−1
x |u|α u

∥∥∥
L2 < Cεt−1P (t) and∥∥∥∥∥∂t

(
χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β) (
∂−1

x u
)∥∥∥∥∥

L2
≤ Cωεt−1P (t) .

Consider the third term

Ω1∂
−1
x  |u|α u

= CΩ1∂
−1
x (|u|α u) +CΩ1∂

−1
x

(
|u|α−2 u2

u
)

= CΩ1∂
−1
x

(
|u|α χ0

(
ωt

1
α ∂x

)
u

)
+CΩ1∂

−1
x

(
|u|α−2 u2χ0

(
ωt

1
α ∂x

)
u

)
+CΩ1∂

−1
x

(
|u|α χ1

(
ωt

1
α ∂x

)
u

)
+CΩ1∂

−1
x

(
|u|α−2 u2χ1

(
ωt

1
α ∂x

)
u

)
.

Then we use the identity  = αt + ∂x and∥∥∥∥χ0

(
ωt

1
α ∂x

)
 u

∥∥∥∥
L2
=

∥∥∥∥χ0

(
ωξ̃

)
 (−t) u

∥∥∥∥
L2
≤

∥∥∥∥χ0

(
ωξ̃

)
∂ξϕ̂

∥∥∥∥
L2
≤ CεP (t) ,

to get with (4.7)∥∥∥∥Ω1∂
−1
x

(
|u|α χ0

(
ωt

1
α ∂x

)
u

)∥∥∥∥
L2
≤ Ct

1
α

∥∥∥∥|u|α χ0

(
ωt

1
α ∂x

)
u

∥∥∥∥
L2

≤ Ct
1
α ‖u‖αL∞

(
t
∥∥∥∥χ0

(
ωt

1
α ∂x

)
|u|α u

∥∥∥∥
L2
+

∥∥∥∥χ0

(
ωt

1
α ∂x

)
∂x u

∥∥∥∥
L2

)
≤ C ‖u‖αL∞

(
t1+ 1

α ‖|u|α u‖L2 +
∥∥∥∥χ0

(
ωt

1
α ∂x

)
 u

∥∥∥∥
L2

)
≤ C ‖u‖αL∞

(
t1+ 1

α ‖|u|α u‖L2 + εP (t)
)
.

By Lemma 2.2 we have

‖u‖L∞ = Ct−
1
2 ‖tMv‖L∞ ≤ Ct−

1
2 ‖Mv‖L∞ ≤ Ct−

1
2 ‖v‖L∞ .

Then we get

‖u‖αL∞ ≤ Ct−
α
2 ‖v‖αL∞ ≤ Ct−1εαWα,

and in the same way as in the proof of (4.7) we find

t1+ 1
α ‖|u|α u‖L2 ≤ Ct

1
α εα+1Wα ≤ Ct

1
2α εW−1P.

Therefore ∥∥∥∥Ω1∂
−1
x

(
|u|α χ0

(
ωt

1
α ∂x

)
u

)∥∥∥∥
L2
≤ Cεα+1t−1WαP (t) .

In the same manner we find∥∥∥∥Ω1∂
−1
x

(
|u|α−2 u2χ0

(
ωt

1
α ∂x

)
u

)∥∥∥∥
L2
≤ Cεα+1t−1WαP (t) .

We represent

Ω1∂
−1
x

(
|u|α χ1

(
ωt

1
α ∂x

)
u

)
= Ω1∂

−1
x

(
|u|α ∂1−β

x χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

)
= Ω1∂

−β
x

(
|u|α χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

)
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−Ω1∂
−1
x

([
∂

1−β
x , |u|α

]
χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

)
,

where the commutator[
∂

1−β
x , φ

]
f = C

∫
R

φ (x) − φ (x − y)
y2−β f (x − y) dy.

Then in the same way as in the proof of (4.7) we obtain∥∥∥∥Ω1∂
−β
x

(
|u|α χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

)∥∥∥∥
L2

≤ Ct
β
α ‖u‖αL∞

∥∥∥∥χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

∥∥∥∥
L2

≤ C ‖u‖αL∞
∥∥∥∥∥χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
∂−1

x u
∥∥∥∥∥

L2
≤ Cεα+1t−1WαP (t) .

Next we have for the commutator∥∥∥∥[∂1−β
x , |u|α

]
f
∥∥∥∥

L2
= C

∥∥∥∥∥∥
∫
R

(|u (x)|α − |u (x − y)|α)

|y|2−β | f (x − y)| dy
∥∥∥∥∥∥

L2

≤ C

∥∥∥∥∥∥
∫
|y|≤t

1
α

(|u (x)|α − |u (x − y)|α)

|y|2−β | f (x − y)| dy
∥∥∥∥∥∥

L2

+C

∥∥∥∥∥∥
∫
|y|≥t

1
α

(|u (x)|α − |u (x − y)|α)

|y|2−β | f (x − y)| dy
∥∥∥∥∥∥

L2

= I1 + I2

with f = χ1

(
ωt

1
α ∂x

)
∂
β−1
x u. The first summand

I1 ≤ C sup
|y|≤t

1
α

sup
x

(
|u (x)|α−1+β1

∣∣∣∣∣u (x) − u (x − y)
y

∣∣∣∣∣1−β1
)

×
∥∥∥∥∥∥
∫
|y|≤t

1
α

1
|y|1−β+β1

| f (x − y)| dy
∥∥∥∥∥∥

L2

,

where 0 < β1 < β <
1
2 . By the estimate of Lemma 2.2 we have∣∣∣∂σx u (x)

∣∣∣ ≤ CεWt−
1+σ
α

〈
t

1
α |x| 1

α−1

〉1+σ− α2+γ
.

Hence

|u (x)|α−1+β1

∣∣∣∣∣u (x) − u (x − y)
y

∣∣∣∣∣1−β1

≤ C |u (x)|α−1+β1

∣∣∣∣∣∣
∫ 1

0
ux (x − yz) dz

∣∣∣∣∣∣1−β1

≤ Ct−1− 1−β1
α εαWα

〈∣∣∣∣t1− 1
α x

∣∣∣∣ 1
α−1

〉(1− α2+γ)(α−1+β1)

×
⎛⎜⎜⎜⎜⎜⎝∫ 1

0

〈∣∣∣∣t1− 1
α x − t1− 1

α yz
∣∣∣∣ 1
α−1

〉2− α2+γ
dz

⎞⎟⎟⎟⎟⎟⎠1−β1

≤ Ct−1− 1−β1
α εαWα.

Also ∥∥∥∥∥∥
∫
|y|≤t

1
α

1
|y|1−β+β1

| f (x − y)| dy
∥∥∥∥∥∥

L2

≤ C ‖ f ‖L2

∫
|y|≤t

1
α

1
|y|1−β+β1

dy ≤ Ct
1
α

(β−β1) ‖ f ‖L2 .
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Therefore

I1 ≤ Ct−1− 1
α εαWαt

β
α

∥∥∥∥χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

∥∥∥∥
L2

≤ Ct−1− 1
α εαWα

∥∥∥∥∥χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
∂−1

x u
∥∥∥∥∥

L2

≤ Cεα+1t−1− 1
α WαP (t) .

For the second summand we get

I2 ≤ C ‖u‖αL∞
∥∥∥∥∥∥
∫
|y|≥t

1
α

| f (x − y)| dy

|y|2−β
∥∥∥∥∥∥

L2

≤ C ‖u‖αL∞ ‖ f ‖L2

∫
|y|≥t

1
α

dy

|y|2−β ≤ Ct
β−1
α ‖u‖αL∞ ‖ f ‖L2

≤ Ct
β−1
α ‖u‖αL∞

∥∥∥∥χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

∥∥∥∥
L2

≤ Ct−1− 1
α εαWα

∥∥∥∥∥χ1

(
ωt

1
α ∂x

) 〈
ωt

1
α ∂x

〉β
∂−1

x u
∥∥∥∥∥

L2

≤ Cεα+1t−1− 1
α WαP (t) .

Hence ∥∥∥∥Ω1∂
−1
x

([
∂

1−β
x , |u|α

]
χ1

(
ωt

1
α ∂x

)
∂
β−1
x u

)∥∥∥∥
L2
≤ Cεα+1t−1WαP (t) .

Thus we obtain
d
dt

∥∥∥Ω1∂
−1
x u

∥∥∥
L2 ≤ Cεα+1Wα+1t−1+ 1

2α .

Integrating in time, we get
∥∥∥Ω1∂

−1
x u

∥∥∥
L2 < CεP (t) for all t ∈ [1, T ], if ε > 0 is sufficiently

small. Hence
∥∥∥∥〈ξ̃〉β ∂ξϕ̂ (t)

∥∥∥∥
L2
< CεP (t) .

Next taking equation (2.1) at ξ = 0 and applying Lemma 3.2, we get for m (t) = ϕ̂ (t, 0)

im′ = λt−1b |m|α m + O
(
t−1εα+1+νWα+1+ν

)
.

Hence ∂t |m|−α = −αλt−1Imb+O
(
t−1ε1+νW1+ν

)
. Using Imb < 0 and integrating with respect

to time, we obtain

|m (t)|−α = |m (1)|−α
(
1 − αλImb |m (1)|α log t +C |m (1)|α (

log 〈t〉)1− 1+ν
α

)
which implies that

|m (t)| = |m (1)|
(
1 − αλImb |m (1)|α log t +C |m (1)|α (

log 〈t〉)1− 1+ν
α

)− 1
α

.

We may assume that |m (1)| ≥ ε if

inf
|ξ|≤1

∣∣∣̂ϕ (0, ξ)
∣∣∣ = inf

|ξ|≤1
|u0 (ξ)| ≥ 2ε.

Therefore we obtain εW (t) ≤ |m (t)| =
∣∣∣̂ϕ (t, 0)

∣∣∣ < CεW (t) , if ε > 0 is sufficiently small. By
(3.1) it follows that ∥∥∥∥〈ξ̃〉−γ ϕ̂ (t)

∥∥∥∥
L∞
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≤ CεW (t) +C (εW (t))1−ν |ξ| 12 ν
〈
ξ̃
〉−γ ∥∥∥∂ξϕ̂∥∥∥νL2

≤ CεW (t) +C (εW (t))1−ν t−
1

2α ν (εP (t))ν < CεW (t) ,

if we take γ ≥ 1
2ν. Using Lemma 3.2 we have |∗ |v|α v| ≤ Ct

α
2−1εα+1Wα+1. Then, by (2.1) we

get
∣∣∣̂ϕt

∣∣∣ ≤ Ct−1εα+1Wα+1 for all t ∈ [1, T ] . Integrating in time we deduce that∥∥∥ϕ̂ (t)
∥∥∥

L∞ ≤ ε +Cεα+1
∫ t

1

dτ(
1 + ε̃α log 〈τ〉)1+ 1

α τ
.

Thus, we obtain
∥∥∥ϕ̂ (t)

∥∥∥
L∞ < Cε. Therefore, ‖u‖XT

< Cε, which contradicts the assumption
‖u‖XT

= Cε. Lemma 4.1 is proved. �

5. Proof of Theorem 1.1

5. Proof of Theorem 1.1
The global existence of solution u ∈ C

(
[0,∞) ; H1,1 ∩Hα,0

)
to the Cauchy problem (1.1)

satisfying a priori estimate ‖u‖X∞ ≤ Cε follows from Lemma 4.1 and the local existence
Theorem 4.1 by a standard continuation argument. Finally the asymptotics (1.5) follows
from Lemma 3.3. Thus the proof of Theorem 1.1 is complete.
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