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Abstract
For a certain class of power series, infinite products, and Lambert type series, we establish a
necessary and sufficient condition for the infinite set consisting of their values, as well as their
derivatives of any order at any algebraic points except their poles and zeroes, to be algebraically
independent. As its corollary, we construct an example of an infinite family of entire functions
of two variables with the following property: Their values and their partial derivatives of any
order at any distinct algebraic points with nonzero components are algebraically independent.

1. Introduction and results

First we consider the algebraic independence of a class of functions
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where d is an integer greater than 1. We note that F,,,(x;z) (m > 1) and G(y; z) converge
at any point (x,y,z) € C? with |z] < 1 and H(x, y;z) converges at any point (x,y,z) € C>
with |z] < 1 such that 1 — yzdk # 0 for any k > 0. In the previous works, the algebraic

independence of the values at algebraic numbers of the functions above was treated mainly
in the following two cases:

(A) The case where x = y = 1 and z runs through a finite set of algebraic numbers.
(B) The case where x, y run through infinite sets of algebraic numbers and z is fixed.
For the case (A), let f(z) = Fi(l;2) = X2 “, g9(2) = G(1;2) = [1;,(1 - z%), and
h(z) = H(,1;2) = 2,24 /(1 — z%). Using the functional equations f(z) = f(z%) + z,
g(z) = (1 = 2)g(z%), and h(z) = h(z%) + z/(1 - z), Mahler [5] proved that the values f(a), g(a),
and h(a) are transcendental for any algebraic number a with O < |a| < 1. Moreover, applying
the theory of Mahler functions of r variables, we can show that, if ay, ..., a, are multiplica-
tively independent algebraic numbers with 0 < |a;] < 1 (1 < i < r), then each of the sets
{f(@ay),..., f@a)}, {g(ar),...,g(a;)}, and {h(ay), ..., h(a,)} is algebraically independent (cf.
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Nishioka [7, pp. 106—107]). On the other hand, the values of f(z), g(z), and h(z) at multi-
plicatively dependent algebraic numbers can be algebraically dependent. Let @X be the set
of nonzero algebraic numbers. By the functional equations above we have f(a) — f(a?),
g(a)/g(a®), h(a) — h(a®) € Q" for any algebraic number a with 0 < |a| < 1, which im-
plies that each of the sets { f(a), f' (@}, {g9(a), g(a®)}, and {h(a), h(a®)} is algebraically depen-
dent. For the function f(z), Loxton and van der Poorten [4, Theorem 3] obtained a neces-
sary and sufficient condition on algebraic numbers ay, ..., a, for the values f(a,),..., f(a,)
to be algebraically independent. However, for the functions g(z) and h(z), there are no
known results on the algebraic independence of the values at multiplicatively dependent al-
gebraic numbers so far, except for the following two results, involving y = —1, on A(z) and
h™ () =H1,-1;2) = X2, A /(1 + zdk) obtained by Bundschuh and Viinanen.

Theorem 1.1 (Bundschuh and Vééninen [1, Theorem 2]). Let a be an algebraic number
with 0 < |a| < 1 and let my, ..., m, be positive integers satisfying
Mad® (1<i<j<nr.
mj
Then, for each choice of r signs, the r values h(xa™), ..., h(xa™) are algebraically inde-
pendent, and the same holds for h~(xa™), ..., h™(xa™).

Theorem 1.2 (Bundschuh and Viddnénen [1, Theorem 4]). Suppose d > 3. Let a be an
algebraic number with 0 < |a| < 1 and let my, ..., m, be positive integers satisfying

Migod® (1<i<j<r).
m;

Then the 2r values h(a™), ..., h(a™), h=(@™),...,h™(a™) are algebraically independent.

For the case (B), we fix an algebraic number a with O < |a| < 1. Let m be a positive integer
and let F,,(x) = Fp(x;a) = X2, a™ ¥k n this case, Nishioka [6] proved the following
theorem, which deals with the values of the entire function F,,(x) as well as its all successive
derivatives at any nonzero distinct algebraic numbers.

Theorem 1.3 (Nishioka [6, Theorem 7]). For each fixed positive integer m, the infinite
set {F ,S?(af) | a € @X, [ > 0} is algebraically independent.

Remark 1.4. For varying m, the infinite set {F,ﬁ?(a/) | @ € @X, [ >0, m> 1} is alge-

braically dependent, since aF (@) + a = Fi(a) for any nonzero algebraic number a.

In contrast with Theorem 1.3, the values of G(y) = [, (1 — a"ky) or H(x,y) =
2o a /(1 — a®y) are not always algebraically independent even at distinct algebraic
points except the zeroes of G(y) and the poles of H(x, y) as shown below. Let 8 be a nonzero
algebraic number with 8 ¢ {a® | k > 0} and let Y1, -..,Ya be the d-th roots of 5. Then
the sets {G(B), G(y1),...,G(yy)} and {H(1,B), H(1,y1),...,H(1,y,4)} are respectively alge-
braically dependent, since (1 — aB) [12, G(y,) = G(B) and 32, y;H(1, ;) + adB/(1 — aB) =
dBH(1,p).

If we replace the {d*}=0, appearing in F,,(x;z), C(y; z), and H(x,y;z) at the beginning,
with a linear recurrence which is not a geometric progression and satisfies suitable con-
ditions, then the situation on the algebraic independence of the values at algebraic points
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becomes quite different. Let {R;}>0 be a linear recurrence of nonnegative integers satisfying
(1.3) Riin = CiRpyp1 + -+ + R (k> 0),

where n > 2, Ry,...,R,_; are not all zero, and cy,...,c, are nonnegative integers with
cn # 0. Define the polynomial associated with (1.3) by

(1.4) OX) =X"—c1 X" = —¢,.

Throughout this paper, we assume the following condition (R) on {Ry};>o:

(R) d(x1) # 0, the ratio of any pair of distinct roots of ®(X) is not a root of unity, and
{Ri}i>0 1S not a geometric progression.

Then we have
(1.5) Ry = cp* + o(p").

where ¢ > 0 and p > 1 (see Tanaka [8, Remark 4]). In what follows, we consider the
functions

Fu(x;2) = Z HR (m=1,2,..), Gy z) = l_[(l - ysz),
k=0 k=0

and

(e kaRk
H(x,y;2) = R
kZ:(; 1 — yz

given by replacing the geometric progression {d*};so in (1.1) and (1.2) with the linear recur-
rence {R;}x>0 defined above. By (1.5), F,,(x;z) (m > 1) and G(y; z) converge at any point
(x,y,2) € C with |z] < 1 and H(x,y;z) converges at any point (x,y,z) € C* with |z] < 1
such that 1 — yz® # 0 for any k > 0. First we introduce the previous studies, including the
author’s one, on the algebraic independence of the values of these functions.

For the case (A), let

[ee]
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In contrast with the case of geometric progressions, there are no algebraic relations among
the values of the functions f(z), g(z), and h(z) at algebraic numbers such as a and a¢ with
0 <|al < 1and d > 2. Tanaka [9] proved the following

Theorem 1.5 (Tanaka [9, Theorem 5]). Suppose that {R;};>o satisfies the condition (R)
with positive initial values R, . ..,R,_. Let ay, . ..,a, be algebraic numbers with 0 < |a;| <
1 (1 <i < r)such that none of a;j/a; (1 < i < j < r)isaroot of unity. Then the 3r values
f(ay),g(a;), h(a;) (1 <i < r)are algebraically independent.

As shown in Remark 4 of [9], for some {R;}>0, algebraic relations can appear among
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the values f(a;), g(a;), h(a;) (1 < i < r) at distinct ay, ..., a, whose ratios of some pairs are
roots of unity. Extending Theorem 1.5, Tanaka [10, Theorem 1] gave a necessary and suffi-
cient condition on ay, ..., a, for the values f(a;), g(a;), h(a;) (1 < i < r) to be algebraically
independent.

For the case (B), fix an algebraic number a with 0 < |a| < 1 and let

F,(x) = F,(x;a) = Zamk"xk m=1,2,..).
=0

In this case, not only the infinite set {F/ ,(,?(a) | @ € @X, [ > 0} for each fixed m but also the
infinite set {F ,(,?(a/) | @ € @X, [ > 0, m > 1} is algebraically independent (see Tanaka [9,
Theorem 3]).

Moreover, for the functions

Gy) = Gysa) = | |1 -ay)
k=0

and

aRk xk

H(x,y) = H(x,y;a) = ,
kz(; 1 —afvy

Tanaka [11, Theorem 2] proved that the infinite set

0"H

{G(ﬁ)IﬁGB}U{W(Lﬁ)‘ﬁGB, mZO}

is algebraically independent, where 3 denotes the set of nonzero algebraic numbers different
from the zeroes of G(y). This implies that the infinite set {G™B) | B e B, m > 0}is
algebraically independent, since the derivatives of G(y) are expressed as polynomials with
integral coeflicients of G(y), H(1,y), and the partial derivatives of H(1, y) with respect to y
(see [11, Theorem 1]).

In what follows, let a4, ..., a, be algebraic numbers with 0 < |¢;] < 1 (1 < i < r). For
each i (1 <i <r), we define

Fim(x) = Fulx;a;) = Z a;"R"xk (m=1,2,...)
%=0

and

Gily) = Gy a) = | [(1 - ay).
k=0
As a special case of Main Theorem 1.8 of this paper, we can merge and extend the above-
mentioned Tanaka’s results on the algebraic independence of the values and the derivatives
of F,(x) (m > 1) and that of G(y) by considering, in place of a, the r algebraic numbers
ai,...,a, simultaneously.

Theorem 1.6. Suppose that {R;}ro satisfies the condition (R). Assume that a, . .. ,a, are
pairwise multiplicatively independent. Then the infinite set
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{rt@

lﬁiér,a/e@x,lZO,mzl}

U{Gg’”)(ﬁ)’ 1<i<r BeB, mZO}
is algebraically independent, where B; (1 < i < r) are defined by
Bi=Q \(q;™ k2 0}={eT |Gi(B) # 0}

Furthermore, the author previously treated the algebraic independence of the values at al-
gebraic numbers of a wider class of partial derivatives than Tanaka’s results on the functions
F.(x) (m > 1), G(y), and H(x,y) mentioned above.

Theorem 1.7 (The case of p = oo in Theorem 1.11 of Ide [3]). Suppose that {R;}i>0
satisfies the condition (R). Then the infinite set

{F,(,l,)(oz) a€Q, 120, m> I}U{G(,B)I,BeB}
6l+mH .
U{axlaym(a’ﬁ) QGQ,ﬁEB,lZO’mZO}

is algebraically independent.

In this paper we merge the cases (A) and (B) above by extending Theorem 1.7. In addition
to the functions F,,(x) and G;(y) above, we define

0 akak
Hi(x,y) = H(x,y; a)) = Z —
im0 1 —a'y

for each i (1 < i < r). Then the infinite set

T; Z:{Ff’l,)n(a) ae@x’ (>0, m> I}U{Gi(ﬂ) | B € B;}
l+m
U{glalim(aﬁ) G’EQ ﬁEBl,l>O m>0}

is algebraically independent for each i (1 < i < r) by Theorem 1.7. The main aim of this
paper is to obtain the necessary and sufficient condition on algebraic numbers ay, ..., a, for
the infinite set 7 := U!_, 7; to be algebraically independent.

Suppose here that a; and a; are multiplicatively dependent for some i, jwith 1 <i < j<r.
Then it is easily seen that the infinite set 7 is algebraically dependent. Indeed, assuming
a?‘ = agz for some positive integers d; and d,, we have Fy 4 (o) = F» 4, (@) for any nonzero
algebraic number a, which implies that the infinite set 7 is algebraically dependent. In
addition, algebraic relations also appear respectively among the values at several algebraic
numbers of G;(y) (i = 1,2) and those of H;(1,y) (i = 1,2) in this case. To see this, let ¢;
(i = 1,2) be a primitive d;-th root of unity. Then we have

di—1

]_[ G1(§ dz) _ ]_[(1 lek a’ldz) _ ]_[(1 dzRL dldz) _ 1_[ G ({zyd‘)-
i=0

Taking the logarithmic derivative of this equation and using the relations H;(1,y) =
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-Gi(y)/Gi(y) (i = 1,2), we obtain

di—1 d,—1
D doliyH (1, Gy = ) diggy® Ha(1, Gy™).
i=0 =0

Hence, if a nonzero algebraic number f3 satisfies /3" € By (0 <i < d; — 1) and (éﬁdl € B
(0 < j < dr—1), then the d; +d elements G1(£I %), Go(ZIpM) (0 < i < di—1, 0 < j < dr—1)
of T are algebraically dependent and so are the dy + d, elements H,(1,¢ iﬁ@), H>(1, {gﬁdl)
(0<i<di—1,0< j<dy,—1)of T. Therefore the infinite set 7 is algebraically independent
only if ay, ..., a, are pairwise multiplicatively independent. The main result of this paper is
the following

Main Theorem 1.8. Suppose that {R;}i>o satisfies the condition (R). Then the infinite set

7 ={ro

lsiSr,a/e@X,lZO,mzl}U{Gi(ﬂ)llsiSr,ﬂeBi}

6l+mHi . —x

U (@, |1<i<r,acQ ,BeB;, >0, m=>0
oxloym

is algebraically independent if and only if a1, . .., a, are pairwise multiplicatively indepen-

dent.

In Section 3, we prove the if part of Main Theorem 1.8, namely the following

Theorem 1.9. Suppose that {R;}i>o satisfies the condition (R). Assume that ay, . ..,a, are
pairwise multiplicatively independent. Then the infinite set T is algebraically independent.

Clearly, Theorem 1.9 implies Theorem 1.7. In the previous paper [3, Theorem 1.7], using
Theorem 1.7, the author established an algebraic independence result for the values and the
partial derivatives of a certain entire function of two variables. Here we shall extend it by
applying Theorem 1.9 instead of Theorem 1.7. For each i (1 < i < r), define

Oi(x.y) = GiyHitny) = Y af' st [ [(1-ay).
k=0 k=0,
K £k
Then ©;(x, y) (1 < i < r) are entire functions on C2. Let

Rkl +R1(2 xkl

_ 90, i |
.:‘i(xa y) = —a (x9 !J) = Gl(y) Z R R (1 S i S I"),
' k0. (1= y)(1 = a; )

1#k2

As a corollary to Theorem 1.12 below, we obtain the following

Theorem 1.10. Let {Ri}is0 and ay, . . .,a, be as in Theorem 1.9. Assume in addition that
{Ri}is0 is strictly increasing. Then the infinite set

al+mEi —x —x
{ala () 15i§r,aeQ,,8€Q,lZO,m20}
x! Oy

is algebraically independent.
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Using Theorem 1.10, we exhibit a concrete example of an infinite family of entire func-
tions of two variables having the property that the infinite set consisting of their values and
their partial derivatives of any order at any distinct algebraic points (@, 8) with @, # 0 is
algebraically independent.

ExampiE 1.11. Let {F;}i>0 be the Fibonacci numbers defined by
Fo=0, Fi=1, Fro=Fu+F (k>0).
Letting a; = 27137 and regarding {Fyi2}x>0 as {Rx}k=0, we define

_ 00 o _(2 . 3i)—Fk] —szxk1—2
Zix,y) = 1—(2-3) Tt : ,
(ey) (B( @3 y)) 2 (1= (2-3) Tuy)(I - 2-3) )

ki,ka>2,
ky £k,

for any positive integer i. Then by Theorem 1.10 the infinite family {E;(x, y)};>; has the
above-mentioned property, namely the infinite set

a[+m'—~
(T

z>1a/eQ ﬁeQ mZO}
is algebraically independent.
For each i (1 < i < r) and for each nonzero algebraic number f, let
Nig=#k>0|a™ =p) = org Gi(y).
Y=

We note that N;g = 0 if and only if 8 € B;. Applying Theorem 1.9, we prove in Section 3
the following

Theorem 1.12. Let {Ry}i>0 and ay, . .., a, be as in Theorem 1.9. Then the infinite set

{ro@

1sigr,ae@x,120,mzl}u{GﬁNfﬁ)(ﬂ)|15i5r,ﬁe@x}

l+m
U{gla®m( ﬂ)’1<l<l" aEQ ,BEQ [ >0, m>N,;g}

is algebraically independent.

Theorem 1.10 is an immediate corollary to Theorem 1.12. Indeed, if {Ry}i>0 is strictly
increasing, then N;z < 1 forany i (1 < i < r)and g € @X. Thus, if {Ry}i>0 is strictly
increasing, then the infinite set

8Z+m®i . —X —X
9xay m(a/,,B) 1<i<raeQ ,BeQ,[>20,m=>1

al+m'—
—{ g @)

lsiSr,ae@X,,Be@X,lZO,mZO}

is a subset of the infinite set treated in Theorem 1.12, and hence it is algebraically indepen-
dent.

In the rest of this section we introduce another result on the algebraic independence of
the values and the partial derivatives of F;,,(x), Gi(y), and H;(x,y). Assume here that none
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of aj/aj (1 < i < j < r)isaroot of unity. In this case, we cannot deduce the algebraic
independency of the infinite set 7 given in Main Theorem 1.8 itself since ay, ..., a, are not
always pairwise multiplicatively independent. On the other hand, we see by Theorem 1.5
that, if 1 € B; (1 <i < r), then the 3r elements F;;(1),G;(1), Hi(1,1) (1 <i <r)of T are
algebraically independent. Here we can extend Theorem 1.5 to the following Theorem 1.13,
whose proof will be provided in Section 3.

Theorem 1.13. Suppose that {R;}i>0 satisfies the condition (R). Assume that none of a;/a;
(1 <i < j<r)isaroot of unity. Let my be a positive integer. For each i (1 <i <), let 5;
and B} be any elements of B;. Then the infinite subset

{ngm(a) 1<i<racQ, ZZO}U{Gi(ﬂi)IlsiSr}
l+mH .
U{alam ISiSr,a/eQX,lZo,mzo}

of T is algebraically independent.

2. Lemmas

In the next section we prove Theorems 1.9, 1.12, and 1.13. In this section we state only
the lemmas that are used in the proofs of Theorems 1.9 and 1.13, since the proof of Theo-
rem 1.12 is based on the previous paper of the author [3, Theorem 1.7]. Let F(zy,...,z,)
and F[[zi,...,z,]] denote the field of rational functions and the ring of formal power series
in variables zy, ..., z, with coefficients in a field F, respectively, and F* the multiplicative
group of nonzero elements of F.

Lemma 2.1 (Nishioka [6]). Let L be a subfield of C and let
f(z) € C[[Zl’ e ,Zn]] m L(Zl’ e ’Z}’l)

Then there exist polynomials A(z), B(z) € L[z, ..., 2,] such that
f(z) =A(2)/B(z), B(0)#+0.

Let Q = (w;;) be an n X n matrix with nonnegative integer entries. Then the maximum p
of the absolute values of the eigenvalues of Q is itself an eigenvalue of Q (cf. Gantmacher
[2, p. 66]). We define a multiplicative transformation Q: C" — C" by

n

@2.1) ]_[z“’" ]_[z“’z’ d 127

j=1

for any z = (z1,...,2,) € C". Then the iterates Qkz (k=0,1,2,...) are well-defined. Let
a = (ay,...,a,) be a point with a1, ..., @, nonzero algebraic numbers. We assume the
following four conditions on Q and c.
(I) Q is nonsingular and none of its eigenvalues is a root of unity, so that p > 1.
(II) Every entry of the matrix QF is O(p¥) as k tends to infinity.
(IIT) If we put Qfax = (cx(lk), e a,(f)), then

log |a/§k)| < —cpk (1<i<n)
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for all sufficiently large k, where c is a positive constant.
(IV) For any nonzero f(z) € C[[zi,...,z,]] which converges in some neighborhood of
the origin of C”, there are infinitely many positive integers k such that f(Q*a) # 0.

Lemma 2.2 (Nishioka [6]). Let C be a field and Q) an n X n matrix with nonnegative
integer entries satisfying the condition (1). Then, if an element f(z) of the quotient field of
Cllz1, .- -,z4]] satisfies the constant coefficient equation

f(Qz)=af(z)+b (a,b e ),
then f(z) € C.

Lemma 2.3 (The case of p = oo in Theorem 4.3 of Ide [3]). Let K be a number field
and Q an n X n matrix with nonnegative integer entries. Let f;j(z),gn(z) € K[[z1,...,24]]
(1<i<l,1<j<n@), 1 <h<m)withgy0) #0 (1 <h <m). Suppose that they converge
in an n-polydisc U around the origin of C" and satisfy the functional equations

Ji(z) = Aifi(Qz) + bi(z) (1<i<])

and
gn(z) = en(2)gn(Q2z) (1 <h<m),
where
fi(z) ="(fu(2), ..., fui)(2)),
a;
i a 0 » .3 0
A= . , aidy €Q, a;#0, a; _, #0,
0] 0]
vt Dnyni-1 G
bi(z) = t(bil(z), cee ,bin(i)(z)) € @(Zl’ e ,Zn)n(i) (I<i<gh,
and ep(z) € Qzy,...,z20) (1 < h < m). Let & = (ay,...,a,) be a point in U whose

components are nonzero algebraic numbers. Assume that Q and o satisfy the conditions (I)—
(IV). Assume further that bij(Qka) (1<i<l, 1< j<n()) ande(Qa) (1 <h < m)are
defined and e,(Q*a) # 0 (1 < h < m) for all k > 0. Then, iffilay (1 <i <[, 1< j<n()
and gp(ax) (1 < h < m) are algebraically dependent, then at least one of the following two
conditions holds:

(1) There exist a nonempty subset {iy,...,i,} of {1,...,1} and nonzero algebraic num-
bers cy,...,c, such that
ai] R air
and

f(2)=cifii(z) + -+ e fi1(2) € Qi .- ., 20)-

Moreover, f(z) satisfies the functional equation
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f(z) =a; f(Qz) + c1bj1(z) + -+ + ¢,b; 1(2).

(ii) There exist integers d,, . . . ,d,,, not all zero, and g(z) € Q(z1, . .., 20)" such that

m
9(2) = []_[ eh(zf’h) 9(Q2).
h=1
In the rest of this section and in the next section, let
cc 1 0 - 0
(6 0 1
(2.2) Q= + * 0
Do 1
¢, 0 o - 0

where ¢y, ..., c, are the coeflicients of the polynomial ®(X) defined by (1.4).

Lemma 2.4 (Tanaka [8, Lemma 4, Proof of Theorem 2]). Suppose that ®(+1) # 0 and
the ratio of any pair of distinct roots of ®(X) is not a root of unity. Let y1,...,7Ys be multi-
plicatively independent algebraic numbers with 0 < |y;| <1 (1 < j < s). Let p be a positive
integer and put

Q, = diag(Q’,..., Q).

—_———
Then the matrix Q, and the point
~y=0,..., Ly, Lo o 1L,y
1 1
n— n—

satisfy the conditions (1)—(IV).

Let {Ri}i>0 be a linear recurrence of nonnegative integers satisfying (1.3). We define a
monomial

(2.3) P(z) =2t g

which is denoted similarly to (2.1) by

2.4) P(z) = (R,-1,...,R0)z.

It follows from (1.3), (2.1), (2.2), and (2.4) that

(2.5) PQtz) = (k> 0).

In what follows, let C be an algebraically closed field of characteristic 0.

Lemma 2.5 (Tanaka [9]). Suppose that {Ry}so satisfies the condition (R) stated in Sec-

tion 1. Assume that f(z) € Cllzi, .-zl satisfies the functional equation of the form
p+q-1
f2) = af@2)+ ) OUPQ}2)),
k=q

where a # 0 is an element of C, p > 0, ¢ > 0 are integers, and Qr(X) € C(X) (g <
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k < p+q—1)are defined at X = 0. Then, if f(z) € C(z1,...,20), then f(z) € C and
O(X)=0k0)(g<k<p+g-1).

Lemma 2.6 (Tanaka [9]). Suppose that {Ry}so satisfies the condition (R) stated in Sec-
tion 1. Assume that g(z) is a nonzero element of the quotient field of C||z1, . . ., z,]] satisfying
the functional equation of the form

p+q—1

9(z) = ( [ expeiz)

k=q

g(Qf2),

where p,q, and Qi(X) are as in Lemma 2.5. Assume further that Q;(0) # 0. Then, if
— —=X
g(z) € C(z1,...,22)", then g(z) € C and Qu(X) = Qx(0) (g <k < p+q - 1).
3. Proofs of Theorems 1.9, 1.12, and 1.13
In this section we provide all the proofs announced in the first section.

Proof of Theorem 1.9. Let L be any positive integer and a1, ..., @, any nonzero distinct
algebraic numbers. Foreach i (1 <i <), let ,8(1), cees g) be any distinct elements of ;. It
is enough to show that the finite set

3.1) {é%ﬁm)lsisnOsLmshlsASL}
U{Gi(ﬁ}j)) 1<i<r lsusL}
al+mH, )
U LB 1<i<r0<lm<L 1<Au<lL
axlaym H

is algebraically independent. There exist multiplicatively independent algebraic numbers
Y15 Ys With 0 < |yj| < 1 (1 < j < s) such that

(3.2) a=g [¥) asisn.
j=1

where ¢; (1 <i < r) are roots of unity and d;; (1 <i <r, 1 < j < s) are nonnegative integers
(cf. Loxton and van der Poorten [4], Nishioka [7]). Since ay,...,a, are pairwise multi-
plicatively independent, we see that, if 1 < i < j < r, then (d;1,...,d;s) and (dj1,...,ds)
are non-proportional, namely (dj; : -+ : dis) # (dj; : -+ : djs) in P*~1(Q). Take a posi-
tive integer N such that {fv = 1 forany i (1 <i < r). We can choose a positive integer p
and a nonnegative integer g such that Ry,, = Ry (mod N) for any k > q. Let yji,...,yjn
(I £ j < s) be variables and let y; = (yj1,...,yj) (1 < j <8,y = (y1,...,y,). Put
ﬁg) =0(1 <i<r). Wedefine

P B m+1

e S g T P@yt )

ﬁmy(xv y) R Z 1 _ (i) «Ry K P Qk Ndii
k=q B G =y P&y )%

(1<i<r0<m<L 0<u<lL)

and
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(e8] s
guw) = [ (1= [ ] P@lyp®) a<isrnispsi),
j=1

k=q

where Q) and P(z) are given by (2.2) and (2.3), respectively. Moreover, define

al im
Simau(Y) = —;l”(aa;y) (1<i<r0<lm<L 1<A<L 0<u<L).
x
Letting
~y=,...., Ly, ..., L ..., Ly,
— S——
n—1 n—1

we see by (2.5) and (3.2) that

FO (@)= fimo)eQ (I1<i<r0<lm<L 1<A<L),

im+1
al+m Hi
Oxloy™

(@) = m fimau(v) €Q (1<i<r, 0<Lm<L 1<Au<l),

and

G gum €T (<i<rl<p<l).
Hence the algebraic independency of the finite set (3.1) is equivalent to that of
(3.3) {fimpuY 11 <i<r,0<Im<L 1<A<L 0<u<lL}
Ulg( 11 <i<r 1<p<lL}
Let

Q, = diag(Q, ... ,Q’f).
—_——

N

Noting that Qoy = (Qy, ..., Q"y;), we have
Simp (5 Y) = X fiu (6 Qoy) + bi(x;y) (1<i<r,0<m<L 0<u<L),

where
e R ‘ B m+1
b ) = [+§q lxk & I P(Qfy;)%
imu (X3 Y) = D R 115 koo \di;
k=q 1 —Bu¢; l—Ij=1 P(Qlyj) Y

1<i<r,0<m<L 0<u<l).

Hence, for each iym, A, u (1 <i<r,0<m<L, 1 <A<L,0<uc< L) the functions
Simau(y) (0 < I < L) satisfy the functional equation

(34) .fim/l,u(y) = A/lfim/ly(QZy) + bim/ly(y)e
where

.fim/ly(y) = t(inm/l,u(y)’ ﬁlm/l,u(y)v LR fiLm/l,u(y))s

b imp

/ iy 9
bima(y) = bimﬂ(w;y),w(aﬂ;y),..., Tl (@;9)),
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and

p

a
pl
p—1 P

pa, @, 0
Ay = Zpai_]
* Lpa/f1 o)

Moreover, for each i,u (1 <i < r, 1 < u < L), the function g;,(y) satisfies the functional
equation

p+q-1

(3.5) gw(y)—[]_[( %’“]‘[P(Q y)" )

Now we assume on the contrary that the finite set (3.3) is algebraically dependent. Then by
Lemmas 2.3 and 2.4 together with the functional equations (3.4) and (3.5), at least one of
the following two cases arises:

Jiu (sz)

(1) There exist a nonempty subset {A;,...,4,} of {I,..., L}, algebraic numbers c;
(1Sisr’0§mSL’OSM<L1S0<v)n0tallzeroandf(y)e
Q[[y]11 N Q(y) such that

(3.6) a =...=a"
and

f(y) = aﬁl f(sz) + Z Cimy(rbim,u(a/lg; y)

i,m,u,o

(i1) There exist integers e, (1 <i<r, 1 <u < L), not all zero, and g(y) € @(y)>< such

that
prq-1
(3.7) 9(y) = { [TT10-s0e 1_[ P(Q y,>"~) ().
k=q iu
Suppose first that the case (i) arises. By (3.6) we have v < p since ay, ..., a  are distinct.

Changing the indices A (1 < A < L) if necessary, we may assume that 4, = o (1 < o < v).
Then f(y) satisfies the functional equation

p+q-1 {Rk H 1 P(Q y/)d‘/ m+1
(3.8) fy) =l f(Qy) + Cim aa'fr[ i - ] .
e kz;‘ i,,;,w MR\ 1= B0, P(Qky)

Let M be any positive integer and let
Yi =Wt Yjn) = (Z}yj,...,z,[y’) (1<j<s).
Note that, by Lemma 2.1, the denominator of
frz)=f&M, .M

does not vanish and so f*(z) € @[[z]] N @(z). Then the functional equation (3.8) is special-
ized to
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prq-1 Ry k A\D; m+l
2Rk z)P,
f*(Z) = a/pf*(gpz) + Cim,ua'ak (
s kz;‘ ,; ~ B R PO )P

where D, := Z;zl diij >0 (1 <i<r). Hence, by Lemma 2.5, we see that

m+1
oo CIE
(3.9) Cimpo @ | —— | =0
Z H 1— B}(tl) élek XDi

(R NTRog

forany k(g <k<p+gq—-1). Foreachk (g <k < p+g—1), we define

Ou(X) = Z Cim;m'a'(]j-(

i,m,u,o

gz'Rk Xd,-

m+1

W) € Q(X1, ..., Xy),

where X% = Xd"1 df‘ (1 < i < r). Then the left-hand side of (3.9) is equal to
Ox(XM, ..., XM"). We assert that Qy(X) = O forany k (g < k < p + g — 1). Indeed, if
Op(X) # 0 for some k’, then there exist nonzero polynomials A(X)), B(X) € Q[X 1oy Xl
with B(0) = 1 such that Qp(X) = A(X)/B(X). We take M so large that M >
max; <<, degX,_A(X ). Then, by the uniqueness of the M-ary expression for nonnegative
integers, we see that AXM, ..., XM £ 0. Hence Qp (XM, ..., X™") # 0, which contradicts
(3.9). Foreachi(l <i<r)andk (g <k < p+¢g— 1), define

m+1
Y
Qik(Y) = Z Cim,u(ra'k [ ﬁ(l)Y) .

mp.o

Then Qy(Y) € YQ[[Y]1(1<i<r, g<k<p+q—1)and

Qu(X) = D 0w XM =0 (g<k<p+q-1.
i=1
Since d; = (di1,...,d;;) and d; = (d1, . ..,ds) are non-proportional for any i, j with 1 <i <
Jj < r, we see that Q; (& ka di) = () and hence

L L v . y m+1
EDIY (Z ci,wa(,]( ﬁ@y] =0

m=0 u=0 \o=1

forany i,k (1 <i<r, g<k<p+qg-1). Noting thatﬂ(’) (0 < u < L) are distinct for each i
(1 <i<r), we obtain

Zcimwa/fr =0 (@<k<p+qg-1)

o=1
forany i,mu (1 <i<r,0<m<L,0<u<L). Since v < pand since a, (1 <o <)
are distinct and nonzero, by the non-vanishing of Vandermonde determinant, we see that
Cimuor = O forany i,m,u,c (1 <i<r,0<m<L 0<u<L, 1<0<v),whichisa
contradiction.

Suppose next that the case (ii) arises. By Lemma 2.2 and the functional equations (3.5)

and (3.7), we see that g(y)/ [ 1, gi(y)" € Q. Then g(¥),g(y)™" € Qllyl] and hence, by
Lemma 2.1,
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g*(z) :: g(zllw’ . ’ZnM’ .. ’Ziwx’ .. ’ZnMS) e @('z)><

for any positive integer M. Letting y; = (yj1,...,Yjn) = (zll”j, . ,anj) (1<j<s)in(3.7),
we have

p+q—1

g =|[][](1-80P@t=”)"|g @72,
Il

where D; > 0 (1 < i < r) are as in the case (i) above. Hence, by Lemma 2.6, we see in
particular that

[a-pogfxryn=1.
Lu

Taking the logarithmic derivative of this equation and then multiplying both sides by —X,

we get
0)§R )(D
lg@)g 9D -
Let
(UgR xdi .
R(X) = Z Td eQXy,... X)),
By g X

Although D; (1 <i < r)depend on M, the maximum of the partial degrees of the numerator
of R(X) is bounded by a constant independent of M. Hence, similarly to the case (i), we
see that R(X) = 0 for any sufficiently large M. Using the fact that d; = (d;1,...,d;s) and
d; = (dji,...,djs) are non-proportional for any i, j with 1 <i < j < r, we obtain

L O)Y

Z g0y

=1

foranyi (1 <i<r). Since B(’) (1 < u < L) are distinct and nonzero foreach i (1 <i < r), we
see that e;, = 0 forany i,u (1 <i<r, 1 <u <L), whichis a contradiction. This concludes
the proof of Theorem 1.9. O

Next, using Theorem 1.9, we prove Theorem 1.12.

Proof of Theorem 1.12. Let L be any positive integer and «/, . . ., @ any nonzero distinct
algebraic numbers with @; = 1. Let £y, ..., be any nonzero distinct algebraic numbers.
To simplify our notation, we write N;,, := Nig, (1 <i <r, 1 <u < L). Itis enough to show

that the finite set

(3.10) {Ffl; @)

1<i<r,0<Im<L, ls/lsL}

U{ N”‘)(ﬁ)|1<z<r 1</1<L}

aHm+MH@
U{W( LB |1<i<r0<lLm<L, 1sA,ySL}
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is algebraically independent. Since Ry — oo as k — oo by (1.5), there exists a sufficiently
large integer k¢ such that 1 — afkﬂﬂ 00 <i<rn1<pu<Ll)forall k > k. Let ﬁk = Risk,
(k > 0). Using the linear recurrence {ﬁk}zo, we define the functions 17,-,,,,+ 1(x), C~?,-(y), @(x, Y),
and H(x, y) from those without tilde replacing R; with Ry for k > 0. Then by Theorem 2.1
of [3], the algebraic independency of the finite set (3.10) is equivalent to that of the set
corresponding to (3.10) having tilde for the functions involved. Moreover, by the equations
(3.1) and (3.2) in [3], we see that the algebraic independency of this finite set is equivalent
to that of the set corresponding to the set (3.1) having tilde for the functions involved. This
concludes the proof since Theorem 1.9 for the linear recurrence {ﬁk}kzo asserts that the last
finite set is algebraically independent. |

Finally, we prove Theorem 1.13, using the method of Tanaka [9, Proof of Theorem 5].

Proof of Theorem 1.13. Let L be any positive integer and a1, . .., @y, any nonzero distinct
algebraic numbers. It is enough to show that the finite set

(3.11) {F&&m)1si§n0§l§LlsﬂsL}UKMﬂﬂlsisﬂ

8l+m H
U{ (bﬂ)lsiSnOSLmshlsﬂsL}

la m
is algebraically independent. Let {j,y;, and d;; (1 <i <r, 1 < j < s)beasin (3.2). Then
the s-tuples (d;1, ..., d;s) (1 < i < r) are distinct since none of a;/a; (1 <i < j <r)isaroot

of unity. In what follows, let N, p, g, P(z), Q1, £, and ~ be as in the proof of Theorem 1.9.
Define

mo

fosy = Uﬁhmmw) (<i<n,
L

k=q

0 RA d;;
[T P(Q Y
(i) = 3 [ !
k:

m+1
- (1<i<r,0<m<L),
=B T2, PQy )%

and

ww>ﬂ@¢f{ﬁmw%)agsm

k=q

Then the algebraic independency of the finite set (3.11) is equivalent to that of

!
{af(a//l,'y)‘l<l<r 0<I<L, 1</l<L}

Oy,
U { (@13

1<i<r,0<lm<L, IS/ISL}U{g,-('y)IlSiSr}.

Assume on the contrary that this finite set is algebraically dependent. Similarly to the proof

of Theorem 1.9, changing the indices A (1 < A4 < L) if necessary, we see that at least one of
the following two cases arises:

(1) There exist a positive integer v with v < L, algebraic numbers ;> (1 <i<r, 1 <

O < V), Cme (1 <i<r,0<m< L, 1< 0 <£v),notall zero, and f(y) €
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QIly]] N Q(y) such that

af =---= af
and
+g-1
(3.12) ) =a’l’f(92’y)+pi > biga; ( R*HP@ d”)

k= lO’

ptq-1 Ri 115 p Qk Ndij m+1
+ Z Z Cimo I;-[ gl II;IJ : ( Y ) 7 ] .
= BE" T, P@y)

k=q im0

il ere exist integers ¢; (1 < i < r), not all zero, an eQ such that
(i) Th ist integ (I<i<r) 11 d g(y) € Q(y)* such th

prq=1 r .
(3.13) 9(y) = [ [ ]_[(1 Bit Rk[‘[P(Qlyj ) 9(Qy).
k=q i=1

Let M be a positive integer and let

Yi=Wjts-- s Yjn) = (ziw,...,zn ) (I1<j<y).
Since (d;1,...,d;s) (1 < i < r) are distinct, we can take M so large that the following two
properties are both satisfied:
(A) D, = 25:1 diij (1 <i < r) are distinct positive integers.
B) Dy,...,D, 2mpand D, ---D, > L.
Then by (3.12), (3.13), and Lemma 2.1, at least one of the following two conditions holds:
W) fr(z)=fE&M, .MM e Q[[2]] N Q(z) satisfies

prg-1
. A
F@=af @2+ > > biga({fP@iz)P)"
k=q io0
p+q-1 . {le P(QIfZ)Di m+1
+ Z Z Cimo ¥ 7 #Ry k _\D; '
k=q im0 I_Bi{i P(le) !
(i) g"(z) =g, ..., 21, .2, ) € Q) satisfies
p+q-1 r _
g'(2) = ( [T]](1-pfPt=)" g @)=,
k=q i=1

Hence by Lemmas 2.5 and 2.6, at least one of the following two properties is satisfied:

(i) Foranyk(g<k<p+q-1),

) D gR"XD m+1
(314) Z [B (k)(g kxEHm 4 Z sz(k)[ ﬂ/{RkXD ] ]

i=1

(B (k)(éRkXD )mo + Z Ctm(k) Z (h , m)ﬁ/h(é“RkXD )h+m+])

m=0
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r oo  (min{L,h"}
B(k)(é«RAXD)mo_l_Z( Z Clm(k)( )ﬁlh—m\](ékaXD)h+l]

i=1 =0 m=0
=0,
where B;(k) = ,aa' (I <i<r)and Cy(k) = 3 _ 1clm(,a/ (1<i<r0<
m< L).

(i) Forany k(g <k<p+qg-1),
(3.15) 1_[(1 — BiRixPrye = 1.,
i=1

Suppose first that (i) is satisfied. We show that C;,,(k) = O forany i (1 <i <r),m (0 <
m< L),and k (¢ < k < p+g—1). Assume on the contrary that C,,(k') (1 <i<r,0<m <L)
are not all zero for some k’. Let S :={i € {1,...,r} | Cin(k’) (0 < m < L) are not all zero}
and leti’ € Sbe the index such that Dy < D; for any i € S\{i’}. Note that C;,,,(k") (0 <m < L)
are determined independently of M. Hence, replacing M if necessary, we may assume that
the following property (C) is satisfied in addition to the properties (A) and (B) above.

(©) S Comk)(P )87 .0,
Indeed, let m’ be the maximum of m € {0, ..., L} such that C;,,(k") # 0. Since

(x)= o™ (Z3x— )
m!

m
for each m € {0, ..., m’}, we see that
Zsz(k’ ( )ﬂ = Cow(K) ( )ﬂ:f‘ " Z Cim(K) ( )ﬂ o
m=0
Ci’m’ k [ '
= ( ,)x’”,Bi," +o(x" i) (Z 3 x > ).
m' B

Thus the property (C) is satisfied if M is sufficiently large. Noting the fact that (D; --- D, +
1)D; is not divided by any D; with i € S\ {i’}, we see by the properties (B) and (C) that the
term

L
Dy---D, /D1 -D.—m , »
[Z Ci'm(k/)( : )ﬂi,Dl br )({5" XPiryDr-Dyl
m=0 m

does not cancel in (3.14), which is a contradiction. Hence C;,,(k) =0(1 <i<r, 0 <m <
L, g <k < p+qg—1). Then, since Dy,...,D, are distinct by the property (A), we have
Bik)=0(1<i<r, qg<k<p+q-1)by(3.14). Therefore, noting that v < p, we see that
b,=0(0<i<rl1l<oc<v)iandcy,r =01 <i<r,0<m<L,1<o0 <v),whichis
also a contradiction.

Next suppose that (ii) is satisfied. Taking the logarithmic derivative of (3.15) and then
multiplying both sides by —X, we see in particular that

~ DB fixP
3L,
i=1 l—ﬁié'f XPi
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theorem is proved. o

This is a contradiction since ordy—g D,-,B,-{l.R"XDf/(l —ﬁ,[f"XDf) = D; (1 <i < r),and the
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