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Abstract
Following Getzler’s idea from the geometric viewpoint as to symbol calculus on a spin man-

ifold, we introduce a new symbol calculus of H-pseudodifferential operators on a contact Rie-
mannian manifold with contact distribution H. An explicit formula for the top grading part of
the symbol of the composite of H-differential operators is presented.

0. Introduction

0. Introduction
On a spin manifold, Getzler [7] introduced a new symbol calculus of pseudodifferential

operators by unifying two kinds of ideas: that of Widom ([14], [15]) about symbol calculus
on Riemannian manifold and that of Alvarez-Gaumé ([1]) who used the Clifford variables
to propose a suitable filtration of symbol space. Getzler’s symbol calculus simplifies the
calculation of the principal part, or the top grading part (cf. [4], (2.10)), of the composite of
symbols ([7, Theorems 2.7 and 3.5]) and consequently provides a remarkably short proof of
the Atiyah-Singer index theorem for the Dirac operator ([7, §3], [8], [1]).

In this paper, on a contact Riemannian manifold with contact distribution H, following
Getzler’s idea we will introduce a similar symbol calculus of H-pseudodifferential operators,
which will turn out to be an effective tool for understanding the contact Riemannian struc-
ture from the viewpoint of calculus. The manifold possesses a canonical Spinc structure, the
Clifford variables associated with which provide similarly a filtration of symbol space, so
that Getzler’s idea can be applicable. The main result in this paper is Theorem 3.5, which
expressly offers an explicit formula for the top grading part of the composite of polynomial
symbols, that is, the symbols of H-differential operators. In the spin manifold case its coun-
terpart is [7, Theorem 2.7], which was certified by using the Campbell-Hausdorff formula.
To prove Theorem 3.5, we will employ not the CH formula but the formula (1.1), which
gives an explicit expression of the connection coefficients of the hermitian Tanno connec-
tion. The CH formula is so daunting that Benameur-Heitsch [4], who applied Getzler’s idea
to the case of foliated spin manifold, used Atiyah-Bott-Patodi’s formula [2, Proposition 3.7]
for the proof of [4, Theorem 4.6] which is a foliation version of [7, Theorem 2.7]. Their idea
certainly led us to the application of (1.1), but the proof itself of the formula (3.10), which
is an essential part of Theorem 3.5, does not follow their strategy in [4, §4]. Our approach
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in this paper is quite straightforward and may be applied also to Getzler’s case ([7]) and
Benameur-Heitsch’s case ([4]).

We want to comment briefly on an extension of Theorem 3.5 to general symbols. In the
spin manifold case, a composition formula for general symbols was derived almost auto-
matically from the one for polynomial symbols and Widom’s formula ([14], [15]). It will be
then natural to expect that, in the contact Riemannian manifold case, so can be a composi-
tion formula for general symbols from Theorem 3.5 and Beals-Greiner’s formula ([3]). But
the situation is not so simple and it seems to be difficult at present to extend Theorem 3.5
directly to the case of general symbol. In §4, using Beals-Greiner’s formula we give another
proof of Theorem 3.5, the method of which will be natural but may not work in the case
of general symbol. The study of this paper started with a desire to investigate the Toeplitz
operator (e.g. [9]), which is a pseudodifferential operator of degree 0, from the viewpoint of
Getzler’s symbol calculus, and even more effort toward the case of general symbols will be
needed.

1. Preliminaries: contact Riemannian manifold and the canonical Spinc structure

1. Preliminaries: contact Riemannian manifold and the canonical Spinc structure
Let M = (M, e0, e0, J, g) be a (2n + 1)-dimensional contact Riemannian manifold. Here

e0 is a contact 1-form and e0 is the unique vector field satisfying e0� e0 := e0(e0) = 1,
e0� de0 := de0(e0, ) = 0, and (J, g) is a pair of (1, 1)-tensor field and Riemannian metric
satisfying g(e0, X) = e0(X), g(X, JY) = −de0(X, Y) := −X(e0(Y))− Y(e0(X))+ e0([X, Y]) and
J2X = −X + e0(X)e0. Referring to [10], [11] and [12], we will briefly review some basic
properties of the hermitian Tanno connection and the canonical Spinc structure on M, which
are tools crucial for our study.

We set H = ker e0, H± = {X ∈ CH | JX = ±√−1 X} (CH := H ⊗ C). Without the
assumption that J is integrable (i.e., [Γ(H+), Γ(H+)] ⊂ Γ(H+)), we will equip M with the
hermitian Tanno connection �∇ ([10]), which is known to be appropriate for the study of
such a manifold and is characterized by the following conditions:

�∇e0 = 0, �∇g = 0, �∇J = 0,
π+T (�∇)(Z,W) = 0 (Z ∈ H+, W ∈ CT M),

where T (�∇) is the torsion tensor and π+ : CT M = Ce0 ⊕ H+ ⊕ H− → H+ is the natural
projection (cf. [10, Lemma 1.1], [12, §2]). We know that it coincides with the Tanaka-
Webster connection ([6, §1.2]) provided that J is integrable. Near each point P ∈ M, we
always take a local unitary frame eC• = (eC0 , e

C

1 , . . . , e
C

n , e
C

1̄
, . . . , eCn̄ ) of CT M (eC0 := e0, eCᾱ =

eCα ∈ H−, g(eCα, e
C

β̄
) = δαβ, 1 ≤ α, β ≤ n) which is �∇-parallel along all the �∇-geodesics from

P. Its dual frame is denoted by e•
C
= (e0

C
, e1
C
, . . . , en

C
, e1̄
C
, . . . , en̄

C
) (hence, e0

C
= e0). We assume

that the Greek indices α, β, . . . vary from 1 to n, so that

g = e0
C
⊗ e0
C
+
∑(

eα
C
⊗ eᾱ
C
+ eᾱ
C
⊗ eα
C

)
and the connection �∇ can be expressed as

�∇eC0 = 0, �∇eCβ =
∑

eCα · ω(�∇)αβ ,
�∇eC

β̄
=
∑

eCᾱ · ω(�∇)ᾱ
β̄
, ω(�∇)ᾱ

β̄
= −ω(�∇)βα.
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The associated orthonormal frames e• = (e0, e1, · · · , e2n), e• = (e0, e1, · · · , e2n) with respect
to the underlying Riemannian metric are given by

eα =
eCα + eCᾱ√

2
, en+α = Jeα, eα =

eα
C
+ eᾱ
C√

2
, en+α = −Jeα.

Certainly these frames are also �∇-parallel along the �∇-geodesics from P. We denote the
�∇-exponential map from P by exp = exp

P
: TPM → M, and, as coordinates near P, we

always adopt the associated �∇-normal coordinates x = t(x0, x1 . . . , x2n) with ∂/∂x j = e j at
0 = P. Then [10, (2.2)] says that there is a Taylor expansion

ω(�∇)αβ (∂/∂x j) = −
∞∑
	=1

	

(	 + 1)!

∑
x j1 · · · x j	

∂	−1F(�∇)αβ (∂/∂x j, ∂/∂x j1 )

∂x j2 · · · ∂x j	
(0),(1.1)

where F(�∇) is the curvature 2-form of �∇. Further, if we set

e• = (∂/∂x•) · v•, e• = (dx•) · v• (i.e., e j =
∑
vk j ∂/∂xk, etc.),(1.2)

then the matrix-valued functions v•, v• are also expanded explicitly: Let us set z0 = x0,
zα = (xα + ixn+α)/

√
2, zᾱ = zα, ∂/∂z0 = ∂/∂x0, ∂/∂zα = (∂/∂xα − i∂/∂xn+α)/

√
2, ∂/∂zᾱ =

∂/∂zα and (∂/∂z•) = (∂/∂z0, . . . , ∂/∂zn, ∂/∂z1̄, . . . , ∂/∂zn̄). Then, in [10, (2.4)] we expressed
accurately the Taylor expansions of the complex ones V•, V• defined by eC• = (∂/∂z•) · V•,
e•
C
= (dz•) · V•. For later use, we will record here the beginnings of that of V•, instead of

that of v•:

V• =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 zβ̄
i
2

(0, β)-th entry
zβ −i

2
(0, β̄)-th entry∑

zγ̄
̃ᾱ0γ̄

2
(α, 0)-th entry

En z0
−̃ᾱ0β̄

2 +
∑

zγ̄
−̃ᾱγ̄β̄

2
(α, β̄)-th entry∑

zγ
̃α0γ

2
(ᾱ, 0)-th entry

z0
−̃α0β

2 +
∑

zγ
−̃αγβ

2
(ᾱ, β)-th entry

En

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ O(|z|2),(1.3)

where we set ̃αγβ = g(T (�∇)(eCγ , e
C

β ), eCα)(0), etc.
Next, referring to [12, §2], let us recall that the hermitian vector bundle (H, g|H , J|H)

yields the canonical Spinc structure over M with spinor bundle

�Sc = ∧0,∗
H T ∗M := {ω ∈ ∧∗CT ∗M | X�ω = 0 (X ∈ Re0 ∪ H+)}

accompanied with the Clifford action of Cl(T ∗M) given by

e0
C
� = (−1)∗+1i, eα

C
� = √2 eᾱ

C
∧, eᾱ

C
� = −√2 eᾱ

C
∨ ,(1.4)

where we set eᾱ
C
∨ = eCᾱ�. Obviously the spinor metric coincides with the canonical one on

the right hand side, i.e., g�Sc
= g∧

0,∗
H , and [12, Proposition 2.4] says that so does the spinor

connection, that is,

∇�Sc
= �∇∧0,∗

H , ω(�∇∧0,∗
H ) :=

∑
ω(�∇)αβ · eᾱC ∧ eβ̄

C
∨ .

Hence the curvature 2-form F(∇�Sc
) = F(�∇∧0,∗

H ) is expressed as

F(�∇∧0,∗
H )(X, Y) =

∑
F(�∇)αβ (X, Y) eᾱ

C
∧ eβ̄
C
∨ .(1.5)
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2. Intrinsic symbol spaces ∞
H

, ∞H and H-pseudodifferential operators

2. Intrinsic symbol spaces ∞
H

, ∞H and H-pseudodifferential operators
Let us take a hermitian vector bundle (E, gE) over M with connection ∇E and set

F = �Sc ⊗ E = ∧0,∗
H T ∗M ⊗ E

with canonically defined metric and connection (gF ,∇F). In this section, we will introduce
two kinds of End(F)-valued symbol spaces and associated H-pseudodifferential operators.

We set

H
m = H

m (M; End(F)) = { f ∈ C∞(π∗End(F)\{0}) | f (P, λT ) = λm f (P, T )},
where π : T ∗M → M is the projection and λT denotes the Heisenberg dilation

T ∗M = Re0 ⊕ H∗ � T = (T 0, T H) �→ λT := (λ2T 0, λT H).

By using the ∇F-parallel transport along the �∇-geodesic from P′ to P

 P
P′ = ∇F (P, P′) : FP′ → FP,(2.1)

the bundle F is trivialized on a neighborhood UP of P as

F
∣∣∣
UP
� UP × FP, f (P′)↔ (P′,  P

P′ f (P′)).(2.2)

Together with the trivialization

T ∗UP � UP × T ∗
P

M = (UP × R2n+1, (x, σ)), e•(x)·σ↔ (x, e•(0)·σ) = (x, σ),(2.3)

it induces naturally a local expression of q ∈ C∞(π∗End(F)), which we denote by

q(P,e•)(x, σ) ∈ End(FP).

The parallel transports for T M, T ∗M, etc., are similarly defined and denoted also by  P
P′ :

therefore,  Pexp(x)e
•(x) = e•(0).

Let us define now one of the intrinsic symbol spaces, following the ideas due to Beals-
Greiner ([3]) and Widom ([14], [15]), as

m
H = m

H (M; End(F))

=
{
q ∈ C∞(π∗End(F))

∣∣∣∣ there exist qk ∈ H
k (k ≤ m) such that,

for each P, q ∼
∑
k≤m

qk at P
}
.

Here “ q ∼ ∑
k≤m qk at P ” means that, for all multi-indices A, B and for all N > 0,∣∣∣∣∂A
x∂

B
σ

(
q(P,e•) −∑k>m−Nq(P,e•)

k

)
(0, σ)

∣∣∣∣ ≤ cABN |σ|m−|B|H−N
H (|σ|H ≥ 1)(2.4) (

|σ|H :=
{|σ0|2 +∑ j≥1 |σ j|4}1/4, |B|H := 2B0 +

∑
j≥1 Bj = B0 + |B|

)
,

where cABN = cABN(P) > 0 are bounded functions. Further we set ∞H =
⋃

m m
H , −∞H =⋂

m m
H as usual.

Lemma 2.1. The symbol space m
H coincides with the one given by Beals-Greiner [3,

§10].
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Proof. It will suffice to show that (2.4) holds not only for (0, σ) but also for any (y, σ). At
the point P(y) := exp

P
(e•(0) · y), let us check the relation between the frame (∂/∂x•, ∂/∂σ•)

induced from the coordinates (x, σ) centered at P, and the frame (∂/∂w•, ∂/∂η•) induced
from the ones (w, η) centered at P(y). We have

P(x) = P(y)(w) := exp
P(y)(e•(y) · w) : w = w(y, x) = O(|x − y|),(2.5)

e•(0) · η =  P
P(y)

P(y)
P(x) 

P(x)
P

(e•(0) · σ) : η = η(y, x, σ) = a(y, x) · σ, a(y, y) = E.

Since �∇e0 = 0, etc., obviously we have

a(y, x)−1 = ta(y, x), a(y, x)0k = a(y, x)k0 =

{
1 (k = 0),
0 (k ≥ 1),

so that

∂

∂xi
=
∑ ∂w j

∂xi

∂

∂w j
+
∑

j,k,	≥1

∂a jk

∂xi
a	kη	

∂

∂η j
,

∂

∂σi
=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂

∂η0
(i = 0),∑

j≥1

a ji
∂

∂η j
(i ≥ 1).

Consequently, for example we have

∂xi

(
q(P,e•) −

∑
k>m−N

q(P,e•)
k

)
(y, σ) =

∑ ∂w j

∂xi
∂w j

(
q(P(y),e•y) −

∑
k>m−N

q
(P(y),e•y)
k

)
(0, η)

+
∑
j,	≥1

∂a j	

∂xi
η	 ∂η j

(
q(P(y),e•y) −

∑
k>m−N

q
(P(y),e•y)
k

)
(0, η),

which satisfies such a condition as (2.4). Here the local expression q(P(y),e•y) is given by the
trivialization centered at P(y) with �∇-parallel frame e•y := 

P(y)(·)
P(y) e•(y). �

By further consideration we notice that the estimate at (2.5) is refined into

w = tv•(y)(x − y) + O(|x − y|2), x = y + v•(y)w + O(|w|2).(2.6)

Next, let us introduce a class of pseudodifferential operators on M and associated intrinsic
symbols. We adopt another trivialization

T ∗UP � UP × T ∗
P
= (UP × R2n+1, (x, ξ)), dx•(x) · ξ ↔ (x, dx•(0) · ξ) = (x, ξ),(2.7)

which gives another local expression of q ∈ C∞(π∗End(F)):

q(x, ξ) := q(P,dx•)(x, ξ) = q(P,e•)(x, σ(x, ξ)) ∈ FP,

hence, q(P, ξ) := q(0, ξ) = q(P,e•)(0, σ(0, ξ)) = q(P,e•)(0, ξ).

By (1.2) we know that the transition rule (cf. (2.7), (2.3)) between ξ and σ = σ(x, ξ) is

(dx•)(x) · ξ = e•(x) · σ(x, ξ) : σ(x, ξ) = v•(x)−1ξ = tv•(x)ξ.(2.8)

For a symbol p ∈ m
H and a smooth bump function φ on M × M which is supported in a

small neighborhood of the diagonal set and is equal to 1 on a still smaller one, we define the
H-pseudodifferential operator
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θ(p) = θφ(p) : Γ(F)→ Γ(F)

as follows: For u ∈ Γ(F), at each P ∈ M we set

(
θ(p)u

)
(P) =

1
(2π)2n+1

∫
TPM×T ∗

P
M�(x,ξ)
e−i〈x,ξ〉 p(0, ξ) uP(x) dxdξ =

1
(2π)2n+1

∫
T ∗
P

M�ξ
p(0, ξ) ûP(ξ) dξ,

uP :=
(
TPM � x �→ φ(P, exp(x))  Pexp(x)u(exp(x)) ∈ FP

)
,

where ûP is the Fourier transform of uP. The set of such operators is denoted by Opm
H . By

referring to [3, §10], it is certain that Op−∞H consists of operators with C∞-kernels and,
if we define the operator by using another bump function ψ, we have θφ(p) = θψ(p) (mod
Op−∞H ).

For an operator P : Γ(F) → Γ(F), according to Widom’s idea ([14], [15]), its intrinsic
symbol ς(P) ∈ C∞(T ∗M, π∗End(F)) is now defined by

ς(P)(P, ξ)uP = P
(
M � exp(x) �→ ei〈x,ξ〉 φ(P, exp(x))  exp(x)

P
uP
)∣∣∣∣

x=0

with uP ∈ FP. Then obviously we have

ς(θ(p)) = p (mod −∞H ), θ(ς(θ(p))) = θ(p) (mod Op−∞H ),(2.9)

m
H /

−∞
H

θ
�
ς

Opm
H /Op−∞H .

In a way similar to the idea of Getzler ([7]) (and Alvarez-Gaumé ([1])), let us define here
another symbol space m

H . By (1.4), we know that there are the identifications

End( �Sc) = End(∧0,∗
H T ∗M) � Cl(H∗) � ∧∗CH∗ ⊂ ∧∗CT ∗M,

e j1 � e j2 � · · · ↔ e j1 ∧ e j2 ∧ · · ·
( j1< j2<··· )

eα
C
�

eᾱ
C
� =

√
2 · eᾱ

C
∧

−√2 · eᾱ
C
∨ ↔ eα

C

eᾱ
C

End(F) = End(∧0,∗
H T ∗M ⊗ E) � ∧∗CH∗ ⊗ End(E).

For example, referring to (1.5), we have

F(�∇∧0,∗
H )(X, Y) = −1

2

∑
F(�∇)αβ (X, Y) eα

C
� eβ̄
C

=
1
2

∑
F(�∇)β̄ᾱ(X, Y) eα

C
∧ eβ̄
C
=:

1
2

F(�∇;∧)(X, Y),

F(∇F)(X, Y) = F(�∇∧0,∗
H )(X, Y) + F(∇E)(X, Y) =

1
2

F(�∇;∧)(X, Y) + F(∇E)(X, Y).

We set

m
H = m

H(M; End(F)) =
2n∑

k=0

m−k
H (M;∧kH∗ ⊗ End(E)))(2.10)

:=
2n∑

k=0

m−k
H ∩ C∞(T ∗M, π∗(∧kH∗ ⊗ End(E))),

the element of which is said to have grading m (according to the naming in [4]). For
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p ∈ ∞H , the H-pseudodifferential operator θ(p) ∈ Op∞H is defined by regarding p as an
element of ∞H via the canonical identification

∞H ↔ ∞H∑
m−k

H ←↩
∑

m−k
H (M;∧kH∗ ⊗ End(E)) = m

H ,

so that (2.9) holds also for m
H , etc.

3. A formula for the composition of polynomial intrinsic symbols ∈ 
∞
H

3. A formula for the composition of polynomial intrinsic symbols ∈ 
∞
H

In this section, we will focus on the space of polynomial intrinsic symbols, that is, the
space of intrinsic symbols associated with H-differential operators,

m
H = {p ∈ m

H | p(P, ξ) is a polynomial in ξ},
and study the composition

∞H × ∞H → ∞H , (p, q) �→ p ◦ q := ς(θ(p) ◦ θ(q)).(3.1)

As was mentioned in Introduction, Getzler [7, Theorem 2.7] (and Block-Fox [5, Theorem
2.1]) derived an explicit expression of such a composition on a spin manifold by means of the
Campbell-Hausdorff formula, and so did Benameur-Heitsch [4, Theorem 4.6] on a foliated
spin manifold but by means of Atiyah-Bott-Patodi’s formula [2, Proposition 3.7]. Stimulated
by the latter method, the author tries to examine the composition in the contact Riemannian
case by using the following formula (cf. (1.1)): Let (u1, u2, . . .) be a local frame of F which is
∇F-parallel along all the �∇-geodesics from P and let us set ∇Fui2 =

∑
ω(∇F)i1

i2
(∂/∂x j) ui1 ⊗

dx j. Then, at x = 0, the connection coefficients are expanded as

ω(∇F)i1
i2

(∂/∂x j) = −
∞∑
	=1

	

(	 + 1)!

∑
x j1 · · · x j	

∂	−1F(∇F)i1
i2

(∂/∂x j, ∂/∂x j1 )

∂x j2 · · · ∂x j	
(0).(3.2)

Let us start with calculating symbols of some H-differential operators.

Lemma 3.1. For X = X0 +XH =
∑

Xje j ∈ Γ(T M = Re0 ⊕H), ξ = ξ0 + ξH =
∑
ξ je j(P) ∈

T ∗
P

M = Re0(P) ⊕ H∗
P
, we have

ς(∇F
X)(P, ξ) = 〈iXP, ξ〉 = 〈iXH

P
, ξH〉︸�����︷︷�����︸

grading 1

+ 〈iX0
P
, ξ0〉︸���︷︷���︸

grading 2

:=
∑
j≥1

iX j(P) ξ j + iX0(P) ξ0.

Proof. We have φ(P, x) = 1 near x = 0, so that we may ignore the bump function φ. Since

X〈exp−1(x), ξ〉
∣∣∣∣
x=0
=

d
dt

∣∣∣∣
t=0
〈exp−1(exp(tXP)), ξ〉 = d

dt

∣∣∣∣
t=0

t〈XP, ξ〉 = 〈XP, ξ〉(3.3)

and obviously ∇F
X
(
 x
P

uP
)∣∣∣

x=0 = 0, we have

ς(∇F
X)(P, ξ)uP = ∇F

X

(
ei〈exp−1(x),ξ〉  x

P
uP
)∣∣∣∣

x=0

= X
(
i〈exp−1(x), ξ〉)∣∣∣x=0 · uP + ∇F

X
(
 x
P

uP
)∣∣∣

x=0 = 〈iXP, ξ〉 · uP,
that is, the lemma is valid. �
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Proposition 3.2. We have

ς(∇F
X∇F

Y )(P, ξ) = 〈iXH
P
, ξH〉 〈iYH

P
, ξH〉 + 1

4
F(�∇;∧)(XH

P
, YH
P

)︸�������������������������������������������������︷︷�������������������������������������������������︸
grading 2

(3.4)

+ 〈iX0
P
, ξ0〉 〈iY0

P
, ξ0〉︸���������������︷︷���������������︸

grading 4

+ 〈iXH
P
, ξH〉 〈iY0

P
, ξ0〉 + 〈iX0

P
, ξ0〉 〈iYH

P
, ξH〉︸���������������������������������������������︷︷���������������������������������������������︸

grading 3

+
1
4

F(�∇;∧)(X0
P
, YH
P

) +
1
4

F(�∇;∧)(XH
P
, Y0
P
)︸������������������������������������������������︷︷������������������������������������������������︸

grading 2

+ iXP(Yx〈exp−1(x), ξH〉)︸���������������������︷︷���������������������︸
grading 1

+ iXP(Yx〈exp−1(x), ξ0〉)︸���������������������︷︷���������������������︸
grading 2

+
1
2

F(∇E)(XP, YP)︸��������������︷︷��������������︸
grading 0

and

iXH
P

(YH
x 〈exp−1(x), ξ0〉) = ξ0

2i
de0(XH

P
, YH
P

) =
ξ0

2i
de0(XP, YP),(3.5)

where we know de0 = i
∑

eα
C
∧ eᾱ
C
=
∑

eα ∧ en+α.

Proof. We have

∇F
X∇F

Y

(
ei〈exp−1(x),ξ〉  x

P
uP
)∣∣∣∣

x=0

=
(
i
(∇F

X∇F
Y 〈exp−1(x), ξ〉) ei〈exp−1(x),ξ〉  x

P
uP

+ i
(∇F

X〈exp−1(x), ξ〉) i
(∇F

Y 〈exp−1(x), ξ〉) ei〈exp−1(x),ξ〉  x
P

uP

+ i
(∇F

Y 〈exp−1(x), ξ〉) ei〈exp−1(x),ξ〉∇F
X
(
 x
P

uP
)

+ i
(∇F

X〈exp−1(x), ξ〉) ei〈exp−1(x),ξ〉∇F
Y
(
 x
P

uP
)

+ ei〈exp−1(x),ξ〉∇F
X∇F

Y
(
 x
P

uP
))∣∣∣∣

x=0

= i∇F
XP∇F

Y 〈exp−1(x), ξ〉 uP + 〈iX, ξ〉〈iY, ξ〉uP + ∇F
X∇F

Y
(
 x
P

uP
)∣∣∣∣

x=0

and, by (3.2), (2.1) and (2.2), we have

∇F
X∇F

Y
(
 x
P

uP
)∣∣∣∣

x=0
= ∇F

X∇F
Y

x
P

(∑
ai2 (P)ui2 (P)

)∣∣∣∣
x=0

(3.6)

=
∑

ai2 (P)
(
∇F

X∇F
Y ui2 (x)

)∣∣∣∣
x=0

=
∑

ai2 (P)∇F
X

(∑
i1, j

ω(∇F)i1
i2

(∂/∂x j)dx j(Y) ui1 (x)
)∣∣∣∣

x=0

=
∑

i1.i2, j, j1

ai2 (P)
{
− 1

2
X(x j1 )F(∇F)i1

i2
(∂/∂x j, ∂/∂x j1 )(0)

}
dx j(Y) ui1 (0)

= −1
2

∑
i1,i2, j

ai2 (P)F(∇F)i1
i2

(Y, X)(0) ui1 (P)

= −1
2

∑
i1,i2, j

ai2 (P)F(∇F)i1
i2

(Y, X)(0) · ui1 ⊗ u∗i2 (uP)
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= −1
2

F(∇F)(Y, X) uP =
1
2

F(∇F)(X, Y) uP

They imply

ς(∇F
X∇F

Y )(P, ξ)

= 〈iX, ξ〉〈iY, ξ〉 + 1
4

F(�∇;∧)(X, Y) + iXP(Y〈exp−1(x), ξ〉) + 1
2

F(∇E)(X, Y).

Considering the gradings of the terms, thus we obtain (3.4). Next, (2.6) says

XP(Yx〈exp−1(x), ξ〉) = d
dt

∣∣∣∣
t=0

(
Yx〈exp−1(x), ξ〉

∣∣∣∣
x=exp(tXP)

)
=

d
dt

∣∣∣∣
t=0

d
ds

∣∣∣∣
s=0
〈tXP + v•(tXP) · sYx + · · · , ξ〉 = d

dt

∣∣∣∣
t=0
〈v•(tXP) · Yx, ξ〉

= 〈 d
dt

∣∣∣∣
t=0
v•(tXP) · YP + d

dt

∣∣∣∣
t=0

Yexp(tXP), ξ〉.
Hence, by (1.3), we have

iXH
P

(YH
x 〈exp−1(x), ξ0〉 = 〈 d

dt

∣∣∣∣
t=0
v•(tXH

P
) · YH

P
, ξ0〉(3.7)

=
i
2

∑{
Xn+β(P)Yβ(P) − Xβ(P)Yn+β(P)

}
ξ0 =

ξ0

2i
de0(XP, YP).

Thus we obtain (3.5). �

Set

F (�∇;∧) = F(�∇;∧) +
2ξ0

i
de0.(3.8)

Then Proposition 3.2 yields

Corollary 3.3. Denoting the grading of ς(∇F
X)(P, ξ) by mX, we have

(ς(∇F
X) ◦ ς(∇F

Y ))(P, ξ) = 〈iXP, ξ〉 〈iYP, ξ〉 + 1
4
F (�∇;∧)(XP, YP)(3.9)

+ (terms of grading < mX + mY).

This will suggest a formula for general polynomial symbols.

Definition 3.4. For p, q ∈ ∞H , we set

F (�∇;∧)(
∂

∂ξ
,
∂

∂ξ′
)p(P, ξ)∧q(P, ξ′)

=
∑
i, j

F (�∇;∧)(∂/∂xi, ∂/∂x j)(P)
∂

∂ξi
p(P, ξ)∧ ∂

∂ξ′j
q(P, ξ′)

=
∑
i, j

{∑
α,β

F(�∇)β̄ᾱ(∂/∂xi, ∂/∂x j)(P) eα
C

(P)∧eβ̄
C

(P)∧

+
2ξ0√−1

de0(∂/∂xi, ∂/∂x j)(P)
} ∂
∂ξi

p(P, ξ)∧ ∂

∂ξ′j
q(P, ξ′),

e−
1
4 F (�∇;∧)( ∂

∂ξ ,
∂
∂ξ′ ) p(P, ξ)∧q(P, ξ′)

∣∣∣∣
ξ′=ξ
=

∞∑
j=0

1
j!

(
− 1

4
F (�∇;∧)(

∂

∂ξ
,
∂

∂ξ′
)
) j

p(P, ξ)∧q(P, ξ′)
∣∣∣∣
ξ′=ξ

.
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Note that the summation in the last line is actually finite and the action of F (�∇;∧)( ∂
∂ξ
, ∂
∂ξ′ )

may lower the grading (cf. [13, Proposition 1.2(2)]).

The formula (3.9) then becomes

(ς(∇F
X) ◦ ς(∇F

Y ))(P, ξ) = e−
1
4 F (�∇;∧)( ∂

∂ξ ,
∂
∂ξ′ )ς(∇F

X)(P, ξ) ∧ ς(∇F
Y )(P, ξ′)

∣∣∣∣
ξ′=ξ

+ (terms of grading < mX + mY)

and the general one is given as follows.

Theorem 3.5. There exists a series of bilinear differential operators

ak : ∞H × ∞H → ∞H (k = 0, 1, 2, . . .)

such that

ak(m
H ,m′

H ) ⊂ m+m′−k
H , p ◦ q =

∞∑
k=0

ak(p, q),(3.10)

a0(p, q)(P, ξ) = e−
1
4 F (�∇;∧)( ∂

∂ξ ,
∂
∂ξ′ ) p(P, ξ) ∧ q(P, ξ′)

∣∣∣
ξ′=ξ.

In the proof certainly we will adopt Benameur-Heitsch’s idea ([4]) to use the formulas
(3.2) and (1.1), but the proof itself does not follow their strategy in [4, §4], which seems
to have some difficulty in being applied to our case. Our approach in this section is quite
straightforward and may be applied also to Getzler’s case ([7]) and Benameur-Heitsch’s case
([4]).

Now, for p ∈ ∞H , the associated H-differential operator θ(p) can be written as a finite
sum of operators such as h∇F

X1
· · · ∇F

XN
(h ∈ Γ(End(F)), X1, . . . , XN ∈ Γ(T M)), so that the

proof of Theorem 3.5 is reduced to the study of

ς(h∇F
X1
∇F

X2
· · · ∇F

XN
h′∇F

X′1
∇F

X′2
· · · ∇F

X′N′
)(P, ξ).(3.11)

Accordingly, first let us prove the following:

Proposition 3.6. For vector fields X1, X2, . . ., XN, we have

ς(∇F
X1
∇F

X2
· · · ∇F

XN
)(P, ξ)(3.12)

=
∑

0≤2k≤N

∑ N−2k∏
a=1

〈iXna , ξ〉(P)
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(P)

+ (terms of grading <
∑

mXj),⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
{n1, . . . , nN−2k, i1, . . . , ik, j1, . . . , jk} = {1, . . . ,N},

n1 < · · · < nN−2k,

j1 < · · · < jk, ib < jb

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where the subscript letters in the second line run in all the letters in the big parentheses.

Proof. On and after, ≡means that the top grading parts of both sides coincide. Since (3.3)
and (3.5) say

X1ei〈exp−1(x),ξ〉
∣∣∣∣
x=0
= X1〈i exp−1(x), ξ〉

∣∣∣∣
x=0
= 〈iX1,P, ξ〉,
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X2X1ei〈exp−1(x),ξ〉
∣∣∣∣
x=0

= X2〈i exp−1(x), ξ〉
∣∣∣∣
x=0

X1〈i exp−1(x), ξ〉
∣∣∣∣
x=0
+ X2X1〈i exp−1(x), ξ〉

∣∣∣∣
x=0

≡ 〈iX2,P, ξ〉〈iX1,P, ξ〉 + ξ0

2i
de0(X2,P, X1,P),

X3X2X1ei〈exp−1(x),ξ〉
∣∣∣∣
x=0
= 〈iX3,P, ξ〉〈iX2,P, ξ〉〈iX1,P, ξ〉

+ X3X2〈i exp−1(x), ξ〉
∣∣∣∣
x=0
〈iX1,P, ξ〉 + 〈iX2, ξ〉X3X1〈i exp−1(x), ξ〉

∣∣∣∣
x=0

+ X2X1〈i exp−1(x), ξ〉
∣∣∣∣
x=0
〈iX3,P, ξ〉 + X3X2X1〈i exp−1(x), ξ〉

∣∣∣∣
x=0

≡ 〈iX3,P, ξ〉〈iX2,P, ξ〉〈iX1,P, ξ〉 + 〈iX1,P, ξ〉ξ0

2i
de0(X3,P, X2,P)

+ 〈iX2,P, ξ〉ξ0

2i
de0(X3,P, X1,P) + 〈iX3,P, ξ〉ξ0

2i
de0(X2,P, X1,P),

inductively we know

X1X2 · · · Xmei〈exp−1(x),ξ〉
∣∣∣∣
x=0

≡
∑

k

∑ m−2k∏
a=1

〈iXna , ξ〉(P) ·
k∏

b=1

ξ0

2i
de0(Xib , Xjb)(P).︸����������������������������������������������︷︷����������������������������������������������︸⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

{n1, . . . , nm−2k, i1, . . . , ik, j1, . . . , jk} = {1, . . . ,m},
n1 < · · · < nm−2k,

j1 < · · · < jk, ib < jb

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Hence, referring also to (3.6), we have

ς(∇F
X1
∇F

X2
· · · ∇F

XN
)(P, ξ) uP = ∇F

X1
∇F

X2
· · · ∇F

XN

(
ei〈exp−1(x),ξ〉 x

P
uP
)∣∣∣∣

x=0

=
∑
	

∑
Xr1 Xr2 · · · XrN−2	

(
ei〈exp−1(x),ξ〉)∣∣∣∣

x=0
∇F

Xs1
∇F

Xs2
· · ·∇F

Xs2	

(
 x
P

uP
)∣∣∣∣

x=0︸���������������������������������������������������������������������︷︷���������������������������������������������������������������������︸⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝{r1, . . . , rN−2	, s1, . . . , s2	} = {1, . . . ,N},
r1 < · · · < rN−2	, s1 < · · · < s2	

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

+ · · ·

≡
∑
k,	

∑ N−2k−2	∏
a=1

〈iXna , ξ〉(P)

·
k∏

b=1

ξ0

2i
de0(Xib , Xjb)(P)

	∏
c=1

1
4

F(�∇;∧)(Xi′c , Xj′c)(P)︸��������������������������������������������������������������������������︷︷��������������������������������������������������������������������������︸⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

{n1, . . . , nN−2k−2	, i1, . . . , ik, j1, . . . , jk, i′1, . . . , i
′
	, j′1, . . . , j′	}

= {1, . . . ,N},
n1 < · · · < nN−2k−2	,

j1 < · · · < jk, ib < jb,
j′1 < · · · < j′	, i′c < j′c

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

uP
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≡
∑

0≤2k≤N

∑ N−2k∏
a=1

〈iXna , ξ〉(P)
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(P)︸���������������������������������������������������︷︷���������������������������������������������������︸⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

grading =
∑

mX j

{n1, . . . , nN−2k, i1, . . . , ik, j1, . . . , jk} = {1, . . . ,N},
n1 < · · · < nN−2k,

j1 < · · · < jk, ib < jb

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

uP.

That is, we get the formula (3.12). �

Let us prove Theorem 3.5.

Proof of Theorem 3.5. The top grading part of (3.11) is obviously equal to that of

h(P) ∧ h′(P) ∧ ς(∇F
X1
∇F

X2
· · · ∇F

XN
∇F

X′1
∇F

X′2
· · · ∇F

X′N′
)(P, ξ).

Hence, it suffices to examine (3.11) with h = h′ = 1, and Proposition 3.6 implies that its top
grading part is equal to that of

∑
k,k′,	

∑ N−2k−	∏
a=1

〈iXna , ξ〉(P)
N′−2k′−	∏

a′=1

〈iX′n′a′ , ξ〉(P)

·
	∏

c=1

1
4
F (�∇;∧)(Xmc , X

′
m′c)(P)

·
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(P)

k′∏
b′=1

1
4
F (�∇;∧)(X′i′b′ , X

′
j′b′

)(P)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

grading =
∑

mX j +
∑

mX′
j′

{n1, . . . , nN−2k−	,m1, . . . ,m	, i1, . . . , ik, j1, . . . , jk} = {1, . . . ,N},
n1 < · · · < nN−2k−	,

j1 < · · · < jk, ib < jb,
{n′1, . . . , n′N′−2k′−	,m

′
1, . . . ,m

′
	, i
′
1, . . . , i

′
k′ , j′1, . . . , j′k′ } = {1, . . . ,N′},

n′1 < · · · < n′N′−2k′−	, m′1 < · · · < m′	,
j′1 < · · · < j′k′ , i′b < j′b

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
∑
k,k′,	

1
	!

(
− 1

4
F (�∇;∧)(em, em′)

∂

∂ξm

∂

∂ξ′m′

)	∑ N−2k∏
a=1

〈iXna , ξ〉(P)
N′−2k′∏
a′=1

〈iX′n′a′ , ξ
′〉(P)

∣∣∣∣
ξ′=ξ

·
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(P)

k′∏
b′=1

1
4
F (�∇;∧)(X′i′b′ , X

′
j′b′

)(P)

= e−
1
4 F (�∇;∧)( ∂

∂ξ ,
∂
∂ξ′ )ς(∇F

X1
· · · ∇F

XN
)(P, ξ) ∧ ς(∇F

X′1
· · · ∇F

X′N′
)(P, ξ′)

∣∣∣∣
ξ′=ξ

.

Thus we obtain the formula (3.10). By observing the above calculation, the other parts of
the theorem will be obvious now. �



Getzler’s Symbol Calculus and the Composition 811

4. The Beals-Greiner formula and Theorem 3.5

4. The Beals-Greiner formula and Theorem 3.5
Following Beals-Greiner’s study ([3, (14.22)]), we know that the composition (3.1) can

be written as

(p ◦ q)(P, ξ) =
1

(2π)2n+1

∫
TPM×T ∗

P
M�(x,η)

e−i〈x,η〉p(P,e•)(0, ξ + η) q(P,e•)(x, σ(x, ξ)) dxdη.(4.1)

This is, in fact, a kind of oscillatory integral (cf. [3, (12.17)–(12.19)]) as in the case of
classical symbol calculus, and the equality means accurately that the both sides are equal
modulo −∞H . Originally this is a formula for p, q ∈ ∞H , by which Beals-Greiner studied
the asymptotic expansion of p◦q in ∞H ([3, Theorems 14.1, 14.7 and 14.17]). In this section,
returning to the formula (4.1) (for ∞H ), we want to propose another proof of Proposition
3.6, hence, of Theorem 3.5.

As was mentioned in Introduction, in the spin manifold case (Getzler [7], Block-Fox
[5], Benameur-Heitsch [4]) a composition formula for general symbols was derived almost
automatically from the one for polynomial symbols and Widom’s formula ([14], [15]). It
will be thus natural to expect that, in the contact Riemannian manifold case, so can be
a composition formula for general intrinsic symbols ∈ ∞H from Theorem 3.5 and Beals-
Greiner’s formula ([3]). But the situation is not so simple. In [3], each term of the asymptotic
expansion of the composite is expressed as an integral formula. For polynomial symbols
each integral one can be changed into polynomial formula as we do in the bellow, but so
cannot be for general symbols. Consequently it seems to be difficult at present to extend
Theorem 3.5 to the case of general intrinsic symbol.

First, let us prove Corollary 3.3 by using the formula (4.1). Set Y =
∑

Yje j =
∑
 j∂/∂x j,

Then (2.8) implies

ς(∇F
Y )(P,dx•)(x, ξ) =

∑
i	(x)ξ	 + ω(∇F)(Y)(x),

ς(∇F
Y )(P,e•)(x, σ) =

∑
i	(x)v	k(x)σk + ω(∇F)(Y)(x) =

∑
iYk(x)σk + ω(∇F)(Y)(x).

Hence, we have

(ς(∇F
X) ◦ ς(∇F

Y ))(P, ξ)

=
1

(2π)2n+1

∫
e−i〈x,η〉ς(∇F

X)(P,e•)(0, ξ + η)ς(∇F
Y )(P,e•)(x, σ(x, ξ)) dxdη

=
1

(2π)2n+1

∫
e−i〈x,η〉ς(∇F

X)(P,e•)(0, ξ)ς(∇F
Y )(P,e•)(x, σ(x, ξ)) dxdη

+
1

(2π)2n+1

∫
e−i〈x,η〉∑ i	(0)η	 ς(∇F

Y )(P,e•)(x, σ(x, ξ)) dxdη

= ς(∇F
X)(P,e•)(0, ξ) ς(∇F

Y )(P,e•)(0, σ(0, ξ)) +
∑

i	(0)Dx	ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

= 〈iX, ξ〉(0) 〈iY, ξ〉(0) +
∑

i	(0)Dx	ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

and, referring to (3.2), (1.3), (3.7) and (3.8), we have

Dx	ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

(4.2)

= Dx	ς(∇F
Y )(P,e•)(x, ξ)

∣∣∣∣
x=0
+
∑

∂σkς(∇F
Y )(P,e•)(0, σ)

∣∣∣∣
σ=ξ

Dx	σk(x, ξ)
∣∣∣∣
x=0
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=
{∑

∂x	(Yk)(0) ξk − i
2

F(∇F)(∂/∂x	, Y)(0)
}
+
∑

Yk(0) (∂x	 v jk)(0)ξ j

=
∑

∂x	(Yk)(0) ξk +
∑

Yk(0) (∂x	 v jk)(0)ξ j − i
2

F(∇F)(∂/∂x	, Y)(0),

∑
i	(0)

{∑
Yk(0) (∂x	 v0k)(0)ξ0 − i

2
F(∇F)(∂/∂x	, Y)(0)

}
(4.3)

= iξ0

∑
X(v0k)(0) Yk(0) +

1
2

F(∇F)(X, Y)(0)

=
iξ0

2

∑{
n+β(0)β(0) − β(0)n+β(0)

}
+

1
2

F(∇F)(X, Y)(0)

=
ξ0

2i
de0(XP, YP) +

1
2

F(∇F)(X, Y)(0)

=
1
4
F (�∇;∧)(X, Y)(0) +

1
2

F(∇E)(X, Y)(0).

Thus we know that the top grading part of (ς(∇F
X) ◦ ς(∇F

Y ))(P, ξ) is equal to that of

〈iX, ξ〉(0) 〈iY, ξ〉(0) +
1
4
F (�∇;∧)(X, Y)(0).

That is, Corollary 3.3 was proved.
Next, let us prove Proposition 3.6. We assume that the formula (3.12) holds and investi-

gate ς(∇F
X1
∇F

X2
· · · ∇F

XN
∇F

XN+1
)(0, ξ). Set Y = XN+1. Then the formula (4.1) yields

ς(∇F
X1
∇F

X2
· · · ∇F

XN
∇F

XN+1
)(0, ξ) =

(
ς(∇F

X1
∇F

X2
· · · ∇F

XN
) ◦ ς(∇F

Y )
)
(0, ξ)

=
1

(2π)2n+1

∫
e−i〈x,η〉ς(∇F

X1
∇F

X2
· · · ∇F

XN
)(P,e•)(0, ξ + η)ς(∇F

Y )(P,e•)(x, σ(x, ξ)) dxdη

≡
∑

0≤2k≤N

∑ N−2k∏
a=1

〈iXna,P, ξ + Dx〉
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(0, ξ0 + Dx0 )

ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

≡
∑ N−2k∏

a=1

〈iXna,P, ξ〉 ·
N−2k∑
	=1

〈iXn	,P, ξ〉−1〈iXn	,P,Dx〉ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

·
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(0, ξ0)

≡
∑ N−2k∏

a=1

〈iXna,P, ξ〉

·
N−2k∑
	=1

〈iXn	,P, ξ〉−1
{
〈iXn	,P, ξ〉〈iYP, ξ〉 +

1
4
F (�∇;∧)(Xn	,P, Y)(P)

}

·
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(0, ξ0)

=
∑

0≤2k≤N+1

∑ N+1−2k∏
a=1

〈iXna,P, ξ〉
k∏

b=1

1
4
F (�∇;∧)(Xib , Xjb)(0, ξ0).

Here the second ≡ comes from the fact that
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1
(2π)2n+1

∫
e−i〈x,η〉

grading= 2︷�����������������︸︸�����������������︷
η0

2i
de0(Xib,P, Xjb,P) ς(∇F

Y )(P,e•)(x, σ(x, ξ)) dxη

=
1
2i

de0(Xib,P, Xjb,P) Dx0ς(∇F
Y )(P,e•)(x, σ(x, ξ))

∣∣∣∣
x=0

is of grading < 2+mY , and the third ≡ is implied by (4.2) and (4.3). Inductively Proposition
3.6 is ascertained and, hence, we may remark that Theorem 3.5 is proved also by using the
formula (4.1).
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