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Abstract
We introduce the notion of para-real forms of para-Hermitian symmetric spaces and classify
para-real forms of absolutely simple para-Hermitian symmetric spaces of hyperbolic orbit type.

1. Introduction

Let G/L be a para-Hermitian symmetric space and let / be its para-complex structure.
We will introduce the notion of para-real forms of para-Hermitian symmetric spaces. A
nonempty set R C G/L is called a para-real form, if there exists an involutive isometry
E of G/L such that E is a para-antiholomorphic and that R coincides with a connected
component of (G/L)* = Fix(G/L,Z). In addition, two para-real forms R; of G/L; and R,
of G/L, are equivalent, if there exists a homothety @ from G/L; onto G/L, such that ®
is para-holomorphic and that ®(R;) = R,. We assume that the complexification of the Lie
algebra g of G is simple and G/L can be realized as a hyperbolic orbit under the adjoint
representation of G on the Lie algebra g of G. The main result of this paper is the following
theorem:

Theorem 1.1. Any para-real form R of an absolutely simple para-Hermitian symmetric
space G /L of hyperbolic orbit type (see Definitions 2.3 and 2.4) is equivalent to one in Table
1.

Here in the first row of Table 1, the symbols G/Cs(Z) and H/Cy(Z) mean an APHS of
hyperbolic orbit type and a para-real form of G/Cs(Z), respectively. In addition, R* =
R\ {0}, R* is the set of positive numbers, and S(GL(p,R) X GL(g,R)) is the set of matrices

X O
(0 Y)eSL(p+q,R),

where X € GL(p,R), Y € GL(g,R).

We introduce the notion of para-real forms of para-Hermitian symmetric spaces similarly
to the notion of real forms of Hermitian symmetric spaces. On real forms, a number of study
have been conducted. For example, real forms of (pseudo-) Hermitian symmetric spaces
were classified under various conditions (cf. [2], [10], [19]). S. Kaneyuki and M. Kozai
introduced the notion of para-Hermitian symmetric spaces and classified them under the
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Table 1. Para-real forms of absolutely simple para-Hermitian symmetric spaces
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G/Cs(Z)

| H/Cu(Z)

| Condition

Type Al

SL(n,R)/S(GL(i,R) x GL(n — i, R))

SO(n)/(SO(@) x SO(n — 1))

2<n
1<i<((n/2)+1)

SOu(i, n — i)/(SO(i) x SO(n — i)

3<n
1<i<(@/2)+1)

4<n

S(GL(Q2i,R) X GL(2(n — i), R))

Sp(n, R)/(Sp(i, R) X Sp(n — i, R))

SL(n,R)/ SOo(k,n — k)/ e heni

S(GL(k - i,R) x GL(n — k + i, R)) (SO — i) X SO (i, — k)) ==
1<i<k-1
4<n

SL(n,R)/ SOo(k,n — k)/ 2<k<n-1

S(GL(i + j,R) X GL(n — i — j,R)) (SOy(i, j) X SO(k — i,n — k — j)) 1<i<k-1
l<j<n—k-1

SL(2n,R)/S(GL(n,R) X GL(n,R)) f;f(i(r:c])Ri ;)G/é(L'ang)/ SL(R) 1<n

SLn,R)/ 2<n

1<i<((n/2)+1)

Type Al

Sp(m)/(Sp(D) x Sp(n — i)

Spli,n = D/ (Sp(D) X Sp(n — i)

3<n

1<i<((n/2)+1)

SU*(2n)/ SO*(2n)[(SO*(2i) X SO*(2(n — i)))
(SU*(2i) x SU*(2(n — i)) x RY) 4<n
Splk,n —k)/(Sp(i) x Sptk —i,n—k)) |1<k<n-1
1<i<k-1
4<n
SU*(2n)/ Spk,n —k)/ 2<k<n-1
SUQGI+ ) xSU* QR —i— ) xR | (p, j) x Sptk —i,n — k — j)) 1<i<k-1

1<j<n—-k-1

SU*(4n)/(SU*(2n) x SU*(2n) X R*)

(SL(2n,C) x T)/SU*(2n)

2<n

(SU*(2n) x SU*(2n) x R*)/SU*(2n)

Type AIIl

SU(n, n)/(SL(n,C) x R*)

(SU(n) x SU(n) x T)/SU(n)

SOy(n,n)/SO(n,C)

(SL(n, C) x R*)/SU(n)

SO*(2n)/SO(n, C)

SUGn—)xSUn -,y xT)/
SU(i,n—1)

3<n
1<i<(@m/2)+1)

(SL(n,C) x R")/SU(i,n — i)

Sp(2n,R)/Sp(n,C)

SOy(2n,2n)/(SL(2n,R) x R*)

SUQn, 2n)/(SL(2n,C) x R*) G 2<n
Type BDI
. (SO(p) X SO(g))/ 1<p<gq
SOo(p, ¢)/(SOu(p — 1,4 — 1) XR*) (SO(p— 1) x SO(g — 1)) g E2
(SO(n) x SO(n))/SO(n) b
SOo(n,n)/(SL(n, R) X R*) $0(, ©)/SO) o
SO(n,C)/SOy(i,n — i) L<i<(m/2)+1)
(SO(i, ) X SOu(p — irq — )] I<p<q
SOo(p, q)/(SOo(p — 1, — 1) X R* 0% ) 2 A0 T AT I l<i<p-1
o(p, 9)/(SOo(p — 1,4 — 1) XR") (SOu(i— 1, j) X SOu(p— i g — j— 1)) 1;11;_1
S00(2p,2¢)/(SO0(2p — 1,2 — 1) X R*) | (SOo(p, q) X SOo(p, q))/SOo(p. q) I<p<gq
SOo(n, 1)/ (SOy(n — 1,n— 1) x R*) SO(n,C)/SO(n - 1,C)
SU(n,n) x T)/Sp(n,R) 2<n

(SL(2n,R) x R*)/Sp(n,R)
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Table 1. Para-real forms of absolutely simple para-Hermitian symmetric
spaces (continued)
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GlCe2) | H/Cu(2) | Condition
Type DIII
(SUQ2n) x T)/Sp(n)
SO(2n,C)/SO*(2n) Y
(SO*(2n) x SO*(2n))/SO" (2n) =
SO*(4n)/(SU*(2n) X R*) (SU*(2n) X R*)/Sp(n) -

(SU*(2n) x R*)/Sp(i,n — i)

1<i<(m/2)+1)

(SU*(2i,2n - 2i) x R*)/Sp(i,n — i)

2<n
1<i<((n/2)+1)

Type CI
(SU(n) x T)/SO(n) i
. (SL(n, ) x R*)/SO(n) =
P R)/(SL(m R) X R) (UG, n — i) x T)/SOo(i,n — 1) 3<n

(SL(n, R) x R¥)/SOo(i, 1 — i)

1<i<((m/2)+1)

($p(n,R) X Sp(n, R))/Sp(n, R)

$p(2n, R)/(SL(2n, R) X R*) S DS 2<n
Type CIL
(Sp(n) X Sp(n))/Sp(n)
(SU(nm) x T)/SO"(2n) Vo
(2, R+ (2, =
Sp(n, n)/(SU*(2n) X R*) (S; Zl (cl;/) S: & IE)%/)SO (2n)
2<n

(Sp(i,n — i) x Sp(i,n —0))/Sp(i,n — i)

1<i<((n/2)+1)

Type EI

Eg6)/(Spin(5,5) X R")

Sp(4)/(Sp(2) x 5p(2))

Fa4)/S00(4,5)

Sp(4.R)/$p(2,C)

Sp(4. R)/($p(2, R) x $p(2, R))

5p(2,2)/(Sp2) x $p(2))

Sp(2,2)/(Sp(1, 1) x Sp(1, 1))

3p2,2)/8p(2,C)

Type EIV

E¢(-26)/(Spin(1,9) X RY)

F4/S009)

Sp(1,3)/(Sp(1, 1) X $p(2))

F4(220)/S0O(9)

F420)/S00(1,8)

Type EV

E77y/(Eg6) X RY)

SU(8)/8p(4)

SU#4,4)/5p(4,R)

SU#4,4)/5(2,2)

SL(8,R)/Sp(4,R)

SU™(8)/5p(4)

SU*(8)/5p(2,2)

(Es2) X T)/ Faay

(Es6) X RY)/Fay

Type EIV

E7(-25)/(Eg(-26) X RY)

(E¢ xT)/F4

(Eo(-26) X R*)/F4

(Es(-26) X R")/F4_20)

SU*(8)/Sp(1,3)

SU2,6)/3p(1,3)

(Eo(-14) X T)/ Fa(-20)
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certain condition in [6]. In addition, Kaneyuki and Kozai showed the relation between the
symmetric R-spaces and para-Hermitian symmetric spaces. On para-Hermitian symmetric
spaces, it seems that there has been no study similar to real forms of Hermitian symmetric
spaces. For this reason, we try to introduce the notion of para-real forms of para-Hermitian
symmetric spaces and classify them under certain conditions.

Let G be a semisimple connected Lie group, let g be the Lie algebra of G, and let Z
be a semisimple element of g which satisfies all the eigenvalues of ad Z are real. Then
the adjoin orbit Ad G(Z) of G through Z is called hyperbolic orbit. It is known that the
adjoin orbit of G through an element X € g is hyperbolic orbit if and only if AdG(X) is
a para-Kihler homogeneous space (see Remark 2.2). Kaneyuki and Kozai showed a one-
to-one correspondence between effective semisimple graded Lie algebras of first kind and
semisimple para-Hermitian symmetric spaces of hyperbolic orbit type in [6]. Thus the study
of semisimple para-Hermitian symmetric spaces of hyperbolic orbit type means the study
of hyperbolic orbits of semisimple Lie groups which correspond to semisimple graded Lie
algebras of first kind.

Let (G/L, &1, g) be a simple para-Hermitian symmetric space, let g be the Lie algebra of
G, and let [ be the Lie algebra of L. Then the center 3(I) of [ is one or two dimensions over R
(cf. [9]). If 3(D) is one dimension (resp. two dimensions) over R, then we call (G/L, &1, g)
first category (resp. second category) (cf. [7]). It is known that (G/L, 5,1, g) is first cate-
gory if and only if (G/L,d,1, g) is absolutely simple. In addition (G/L,&,1,g) is second
category if and only if g is complexification of some absolutely simple Lie algebra. Thus
the study of absolutely simple para-Hermitian symmetric spaces means the study of simple
para-Hermitian symmetric spaces of first category.

A para-real form R of an absolutely simple para-Hermitian symmetric space G/L of hy-
perbolic orbit type has several features similar to real forms of Hermitian symmetric spaces.
For instance, R is a totally geodesic, Lagrangian submanifold of G/L (cf. Section 3). We
note that the fixed point set (G/L)% is generally not connected in contrast with the case of
(simple irreducible pseudo-) Hermitian symmetric spaces (cf. Example 3.1).

This paper is organized as follows. In Section 2, we provide useful symbols and recol-
lect some definitions and facts being related to fundamental proposition of para-Hermitian
symmetric spaces. Proposition 2.1 is an important fact related to absolutely simple para-
Hermitian symmetric spaces. On an absolutely simple para-Hermitian symmetric space,
a para-Hermitian metric is unique up to constant, hence our result Theorem 1.1 does not
depend on the choice of para-Hermitian metrics. In Section 3, we introduce the notion of
para-real forms of para-Hermitian symmetric spaces and define an equivalent relation of
para-real forms. Theorem 3.1 shows us a relation between para-real forms and Lie alge-
bra automorphisms. In Section 4, we construct a method for classifying para-real forms in
Lemma 4.3. In addition, we prepare several useful lemmas related to Lemma 4.3. In Sec-
tion 5, we determine para-real forms based on the way of Lemma 4.3 in some cases. As a
classical type, we consider the example of g = su(n, n). Further, as an exceptional type, we
consider the example of g = ¢7¢7). In similar ways of these, we determine every para-real
form of every absolutely simple para-Hermitian symmetric space of hyperbolic orbit type.
Consequently, we obtain Theorem 1.1.

The authors would like to express their profound gratitude to Professors Makiko Sumi
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The authors also thank the referee for valuable comments.

2. Preliminaries.

2.1. Notation. We use the following notation, where M is a manifold, G is a Lie group,
and g is a Lie algebra:

(nl) X(M): the set of vector fields on M,

(n2) T,M: the tangent space of M at p € M,

(n3) I(M, g): the group of isometries of a pseudo-Riemannian manifold (M, g),

(nd) I(M, g, p): the isotropy subgroup at a point p € M of the group of isometries I(M, g),

(n5) Aut(G), Aut(g): the groups of automorphisms of G and g, respectively,

(n6) Lie(G): the Lie algebra of G,

(n7) Inv(G), Inv(g): the sets of involutive automorphisms (involutions, as an abbreviation)
of G and g, respectively,

(n8) Ad, ad: the adjoint representations of G and g, respectively,

(n9) fla: the restriction of amap f : X — Y to asubset A C X,

(n10) ady Z := ad Z|;, for a subspace h C g and Z € g when ad Z(h) C b,

(n11) By: the Killing form of g,

(n12) Aut(g, @) = { € Aut(g) | ¢ o ¢ = ¢ o ¢} for ¢ € Aut(g),

(n13) Cs(Z2) ={x € G| Ad(x)Z = Z} for Z € Lie(G),

(n14) ¢(2) ={Xeg|[Z, X]=0}forZ € g,

(n15) Z(G), 3(g): the centers of G and g, respectively,

(n16) Gy: the identity component of G,

(n17) G7: the closed subgroup of G which consists of the fixed points of an involution o of
G,

(n18) M=, ¢f: the fixed point sets in M and g of maps E : M — M and € : g — g,
respectively,

(n19) A,: the inner automorphism of G by an element x € G,

(n20) ¢.: the differential map of a smooth map ¢ : G — G at the identity element,

(n21) 7: the action of G onto G/L defined by 7, : aL — xaL for x € G and aL € G/L,

(n22) o: the origin of G/L.

In addition, we use the notation of Lie groups and Lie algebras in [3].

2.2. Para-Hermitian symmetric spaces. We review basics of para-Hermitian symmetric
spaces.

DeriniTioN 2.1 (R [15, pp. 52-54], [11, p. 64]). (1) Let G be a connected Lie group and
let L be a closed subgroup of G. The pair (G/L, &) of a homogeneous space G/L and an
involution & of G is called a symmetric space, if the following inclusion relation holds:

(G%)yc LcGC.

(2) Let (G/L,5) be a symmetric space and let ¥ : G/L — G/L be a map defined by
X(xL) := &(x)L for xL € G/L. For any point p = xL € G/L, we define an involu-
tive diffeomorphism S, : G/L — G/L by S, := 7, o X o 7,1, which is independent of
the choice of x € G satisfying p = xL. Then we call §, the symmetry at a point p of
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(G/L,5).

(3) Let (G/L, &) be a symmetric space and let S, be the symmetry at a point p of (G/L, &).
Then a diffeomorphism ® : G/L — G/L is called an automorphism of a symmetric
space (G/L, &), if the equality ® o S, = Sg,) o @ holds.

(4) A symmetric space (G/L, &) is uniquely equipped with a G-invariant affine connection
V! which makes a map X : G/L 3 xL — &(x)L € G/L an affine transformation. We call
the connection V! the canonical affine connection on (G/L, &).

(5) A symmetric space (G/L, ) is called effective, if G is effective on G/L as a transforma-
tion group.

(6) A symmetric space (G/L, &) is called semisimple, if Lie(G) is semisimple.

Remark 2.1. If a symmetric space (G/L,J) admits a G-invariant pseudo-Riemannian
metric g, then the Levi-Civita connection induced by g coincides with the canonical affine
connection V! (cf. [15], p. 55).

DEeFINITION 2.2 (CF. [6, PP. 82—84, PP. 86—-87]). (1) Let M be a 2n-dimensional manifold.
A tensor field 7 of type (1, 1) on M is called a para-complex structure, if the following
conditions are satisfied:

(i) I? is the identity map of X(M),
(i1) for each p € M, the (+1) (resp. (—1)) -eigenspace T;M (resp. T;M) of I, is an
n-dimensional subspace of T,M,
(iii) foreach X, Y € X(M), the equality [IX,IY]—-I[IX,Y]-I[X,IY]+[X, Y] = 0 holds.
We call the pair (M, I) a para-complex manifold.
(2) Let (M, I) be a para-complex manifold and let g be a pseudo-Riemannian metric on M.
We call g a para-Hermitian metric on M, if the equality

g(IX,Y) + g(X,1Y) = 0

holds for each X, Y € X(M). We call the triplet (M, I, g) a para-Hermitian manifold.
(3) Let (M, I) and (M’,I’) be para-complex manifolds. A smooth map ® : M — M’ is
called para-holomorphic (resp. para-antiholomorphic), if the equality

((D*)p o Ip = ICD(p) © ((D*)p (reSP- (q)*)p © Ip = _ICD(p) © ((D*)p)

holds for each p € M.

(4) Let (M, I, g) be a para-Hermitian manifold. If a 2-form w defined by w(X, Y) := g(X, 1Y)
for X, Y € X(M) is closed, g is called a para-Kdhler metric.

(5) A para-Hermitian symmetric space is a quadruplet (G/L, 7, 1, g) for a symmetric space
(G/L, &) equipped with a G-invariant para-complex structure / and a G-invariant para-
Hermitian metric g.

Remark 2.2. Let (G/L, 5,1, g) be a para-Hermitian symmetric space.
(1) A 2-form w defined by w(X,Y) := g(X, 1Y) for X,Y € X(G/L) is a symplectic form. In
other words, g is a para-Kihler metric (cf. [6, p. 86]).
(2) For an arbitrary x € G, 7, is a para-holomorphic isometry of (G/L, I, g).

DeriniTiON 2.3. A real Lie algebra g is called absolutely simple, if its complexification g¢
is simple. A Lie group G and a symmetric space (G/L, &) are called absolutely simple, if
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Lie(G) is absolutely simple.

Remark 2.3. We abbreviate “absolutely simple para-Hermitian symmetric space” to
“APHS”.

Proposition 2.1 (cf. [4, p. 478], [6, pp. 89-92], [9, p. 306]). Let (G/L,5,1,g) be an APHS
and let g = Lie(G). In addition, set | = g7 and u := q~%*. Then
(1) there exists a unique element Z € 3(1) such that
(i) 1= ¢(2),
(i) I, = ad, Z.
(2) For this Z € 3(1), the followings are satisfied:
(1) Cg(Z) c L c C(2).
(1) 1= go and 1 = g_1 ® g1, where g, denotes the A-eigenspace in g of adZ (1 =0, +1).
(iii) &, = exp V-1radZ.
@iv) 3() = RZ.
(v) There exists a Cartan involution 6 of g such that 6o &, = &, o060 and that 6(Z) = —Z.
(vi) If we take an open subgroup L of Cg(Z), let I (resp. §) be the G-invariant extension
of ad, Z or —ad, Z (resp. ABg|uxu for A € R\ {0}), then (G/L,6,1,5) becomes an
APHS. In addition, Z (resp. —Z) is the element which satisfies the condition (1) for
the APHS (G/L,6,1,§), if I, = ad, Z (resp. I, = —ad, Z).

Remark 2.4. (1) We call the element Z in Proposition 2.1 the characteristic element of
an APHS (G/L,d,1,g). This is a nonzero semisimple element of g such that the set of
eigenvalues of ad Z on g is {+1, 0}.

(2) On an APHS (G/L, 5,1, g), for any G-invariant para-Hermitian metric g’ with respect
to I, there exists the nonzero real number A such that ¢’ is the G-invariant extension of
ABgluxy (cf. [18, p. 24]).

Dermnition 2.4, We call an APHS (G/L, &, 1, g) hyperbolic orbit type, if L coincides with
Cs(2) for the characteristic element Z of G/L. In other words, G/L is the adjoint orbit
through Z.

2.3. Para-holomorphic isometries.

Lemma 2.1 (cf. [18, p. 29]). Let (G/L, 5,1, g) be an APHS, let g := Lie(G), and let Z be
the characteristic element of (G/L,&,1,g). Put Aut(g,Z2)* = {¢ € Aut(g) | §(Z) = Z} and
Aut(g, 2)” = {¢ € Aut(g) | ¢(Z) = —Z}. Then as a disjoint union we have

Aut(g, 6.) = Aut(g, Z)" U Aut(g, 2)".

Proposition 2.2 (cf. [18, pp. 29-30)). Let (G/L, 5,1, 9) be an APHS of hyperbolic orbit
type such that Z(G) is trivial and let g := Lie(G). For an arbitrary ¢ € Aut(g, J.), there
exists the unique & € Aut(G) such that (1) (L) = L and (2) ¢, = ¢. Let ® : G/L — G/L be
a map defined by ©(xL) = éﬁ(x)L for xL € G/L. Then ® € (G/L, g, 0). In addition the map

fisom : AUt(ga 6-*) — I(G/L’ gy 0)9 ¢ [ — @

is a group isomorphism.
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Lemma 2.2. Let (G/L,d,1,9) be an APHS of hyperbolic orbit type such that Z(G) is
trivial, let g = Lie(G), and let Z be the characteristic element of (G/L,5,1,g). For ¢ €
Aut(g, 7.), © = fisom(@) is para-holomorphic (resp. para-antiholomorphic) if and only if
¢ € Aut(g, 2)* (resp. Aut(g,Z)").

Proof. We assume ¢ € Aut(g, Z)*. By Propositions 2.1 and 2.2, we have
(D)o 0 )(X) = (¢ 0 ad Z)(X) = ¢[Z, X] = ad Z($(X)) = (L, © (P.)o)(X)

for X € g% = T,G/L). By the G-invariance of I and Remark 2.2 (2), ® is para-
holomorphic. In the case of ¢ € Aut(g,Z)”, we obtain @ is para-antiholomorphic by the
similar way to the case of ¢ € Aut(g, Z)*.

Conversely, We assume @ is para-holomorphic (resp. para-antiholomorphic). By Lemma
2.1, ¢ € Aut(g, Z)* or Aut(g, Z)~. Thus ¢ € Aut(g, Z)* (resp. ¢ € Aut(g,Z)"). O

Corollary 2.1. Fori= 1,2, let (G/Cs(Z;), 51, 1;, g;) be an APHS such that Z(G) is trivial,
where Z; is the characteristic element of (G/Cg(Z;), 5, 1, g;). Put g = Lie(G). For an
arbitrary ¢ € Aut(g) which satisfies ¢(Z,) = Z, (resp. ¢(Z1) = —Z,), there exists the unique
b € Aut(G) such that (1) $(Cs(Z1)) = Cs(Zy) and (2) ¢, = ¢. Let ® : G/Cs(Z) —
G/Cs(Zy) be a map defined by ®(xCg(Z)) = @(x)C(;(Zz) for xCg(Zy) € G/Cs(Zy). Then
the map ® is a para-holomorphic isometry (resp. para-antiholomorphic isometry).

Proof. We can prove it in the similar ways to the proofs of Lemma 2 in [18, p. 29] and
Lemma 2.2. O

2.4. Affine transformations and connected components. We need the following lem-
mas to prove Theorem 3.1. We note that Lemma 2.4 is a generalization of Lemma 2.3.1
in [2, p. 42], where we do not assume the irreducibility of symmetric spaces (G;/L;, 5;)
(i=1,2)in Lemma 2.4.

Lemma 2.3 (cf. [2, pp. 44-45]). Let (G/L, &) be a symmetric space and leté € Inv(G)
such that & o & = & o 6 and that &(L) = L. Let E be a diffeomorphism of G/L defined by
Z(aL) := &)L for aL € G/L and let C, be the connected component of (G/L)Z including
the origin o. Then C, is a closed, connected, complete, totally geodesic submanifold of
(G/L, V") (with the induced topology from G/L). In addition, C, = (G‘g“ o/ ((GSe )o N L) and
C, is a symmetric space with respect 10 & gz, .

Remark 2.5. We refer to [8, p. 180] for the definition of totally giodesic submanifolds.
We note that this definition differs from one in [3, p. 79].

Lemma 2.4. Fori= 1,2, let (G;/L;, 6;) be an effective semisimple symmetric spaces and
let © be an affine diffeomorphism from (G1/L, V%) onto (G, /L, Vé) such that ®(0y) = 0;.
Then there exists the unique isomorphism ¢ from G onto G, such that

()pod1=020¢, (PL)=Ly QB)DPom =mod.

Here we denote by o; the origin of G;/L;, by Vl.l the canonical affine connection on (G;/L;, G;)
and by r; the natural projection from G; onto G;/L; fori = 1,2.
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Proof. Put M; := G;/L; for i = 1,2. We denote by 7' the action of G; onto G,/L; defined
by 7i(aly) = xaL; for x € G;, al; € G;i/L; for i = 1,2. We denote by S, the symmetry
at p; € G;/L; for i = 1,2. First, we prove the Lie group G; is isomorphic to (Aut(M;))o,
where Aut(M;) denotes the group of automorphisms of a symmetric space M;. Since M; is
connected and semisimple, Aut(M;) coincides with the group of affine transformations of
(M;, V}) and (Aut(M;))o is isomorphic to G(M;) as a Lie group, where G(M;) denotes the
group generated by {S;, o Sf] | p,q € M;} (cf. [11, p. 64, p. 84]). Moreover, G(M;) is equal to
the image T’Gi. Indeed, let p == al;, q := bL; € M;, and let X; := S, . Then we have

Sj, OS; = (T; 0% OT;_I) o (T;; 0% 072_1)

_ i
=T % To 0

© To 5y © Ty
= Tasta )"

Therefore, G(M;) c 7. Consequently, G(M;) = 7, because G(M;) = (Aut(M;)) and
TiGi c (Aut(M)))o. Since M; is effective, TiGi =~ G;. Thus G; is isomorphic to (Aut(M;))y by
the correspondence
(2.4.1) G — (Au(M))o, a — 7.

Secondly, we get the following equation:
(2.4.2) QoX od =3,

Indeed, by the definition of %;, we have X;(0;) = 0;. Then the differential map (;). at the
origin o; equals —id on T, M;. Therefore, (P o X, o o1, = (X,). on T,,(M>). Moreover, by
the assumption, we have (® o £; o ®!)(0,) = Z,(0,). Thus we obtain Equation (2.4.2) by
Lemma 6 in [14, p. 820].

Thirdly, we give the unique isomorphism ¢3 from G onto G, which satisfies (1), (2), and
(3). We define the homeomorphism

Ao : Aut(M,) — Aut(M,), ¥ — @ o ¥ o !
with respect to the compact-open topology. Furthermore, its restriction
Ao : (Aut(M)))g —> (Aut(Mp))o, 7h +— ®o 7)o !

is a Lie group isomorphism. Since 7’ in (2.4.1) is an isomorphism, we obtain the isomor-
phism

¢ : G| — Gy, ar— ()7 (As(T))).

We prove  satisfies (1), (2), and (3).
For any a; € G|, there exists an element a, € G, such that o7} o @' = 72|
dlar) = ay.

(1) Since &7 is an involutive automorphism of G;, we have

1.e.,

i i
;o Ty, © 2= T an)
Thus we have

(I)oTIA

ai(ar)

oCI)_I:(I)o(ZloT}“oZl)o(D_l
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242 -
¢4 )Zzod)oril o® 10222220752022:7'?72(“2).

Consequently, we have
(@ od)a) = (@) (Ap(th o) = @) (@ oth 0 D) = 6a(ar) = (6 0 $)ay).

Thus (1) holds.
(3) It is obtained by

m(d(ar)) = mo(ax) = 1., (02) = (D o 7, 0 @) (02) = D(7,, (01)) = D(i(ar)).

(2) For all a; € Ly, it follows that m:(d(a;)) = P(mi(a;)) = P(o;) = 05. As a result,
#(L1) c Ly. On the other hand, we have 71(¢"(a2)) = ' (m2(az)) = P (0,) = 0, for any
a, € L. Thus ¢~'(L,) = L;. Hence (2) holds.

The uniqueness of ¢ can be proven in a similar way to the proof of Lemma 2.3.1 in [2,
pp. 42-43]. O

3. Relation between para-real forms and Lie algebra automorphisms.

3.1. Para-real forms. In this subsection, we define a para-real form of a para-Hermitian
symmetric space.

DermiTion 3.1. For a para-Hermitian symmetric space (G/L, J, I, g), a nonempty subset
R c G/Lis called a para-real form of G/L, if there exists an involutive isometry Z of G/L
such that = is para-antiholomorphic and that R coincides with a connected component of
(G/L)=.

Lemma 3.1. Let (G/L,5,1,9) be an APHS of hyperbolic orbit type and let w be the
closed 2-form defined by w(X,Y) := g(X,1Y) for X,Y € X(G/L). Let 2 be an involutive
para-antiholomorphic isometry of G/L which satisfies E(0) = o and let R be a para-real
form of G /L with respect to E containing the origin o. In addition, we assume that Z(G) is
trivial. Then R is a closed, connected, complete, totally geodesic, Lagrangian submanifold
of the symplectic, pseudo-Riemmanian manifold (G/L, g, w).

Proof. Put M := G/L. By Proposition 2.2, there exists £ € Aut(G) such that 5 o & = o &
and that Z(al) = g(a)L for al. € G/L. Thus R is a closed, connected, complete, totally
geodesic submanifold of M by Lemma 2.3. By Remark 2.2 (1), w is a symplectic form of
M. We prove the equalities

1
dimT,R = 3 dimT,M, g,(T,R,I,(T,R)) = {0}
for any p € R. Since Z? = id, we have
T,M=T,M&T,M.

Here T; M (resp. T, M) denotes the (+1) (resp. (-1)) -eigenspace of (E,), in T,M. We
obtain the equalities

I(TiM) =T, M, 1(T,M)=T;M



ParA-REAL Forms oF PARA-HERMITIAN SYMMETRIC SPACES 569

because Z is para-antiholomorphic. Therefore, T; M = T,R yields dimT,R = (1/2)dimT ,M
and g,(T,R, I,(T,R)) = {0}. Thus Lemma 3.1 holds. O

ExawmpLe 3.1. Let G := SL(2,R), let g be its Lie algebra sl(2, R), and let

-1 0
11’1 = ( 0 1) S 5[(2, R)

The map & : G 3 a+ I, al,; € G is an involution of G. Then we have

o= {(g 1(/)x)

Set Z := (=1/2)I;; € g and u := g~%. Then we obtain an APHS (G/G?,&,1,g), where I
is the G-invariant extension of ad, Z and g is the G-invariant extension of Bgy|,x,. We note
that this Z is the characteristic element of the APHS (G/G?, 6,1, g) and G7 coincides with
Cs(2). A )
We construct a para-real form of the APHS. We define an involution & of G by &(a) :=
Ji1aJy for a € G, where
J1’1 = ((1) (1)) .

This & satisfies £(G%) = G7 and €,(Z) = —Z. Thus we define a map = : G/G7 — G/G7 by

xER\{O}}.

E2(aG%) = &a)G”

for aG” € G/G?. Then the map Z is a para-antiholomorphic isometry because (Z.), = &.|,
and £,(Z) = —Z. Then (G/G)Z is given by

(G/GT)E = {(x M)Ga—
y x

Thus (G/G?)= has two connected components. Each connected component of (G/G?)* is
a para-real form of the APHS (G/G%,&,1,9). We note that G/G? is a hyperboloid of one
sheet and (G/G%)= equals a hyperbola in G/G7.

xz—yzzl,x,yeR}.

3.2. Equivalence relations on R(G) and dR(g). We assume that G is an absolutely sim-
ple connected Lie group. Let R(G) denote the set of pairs (G/L,R) of an APHS G/L of
hyperbolic orbit type and a para-real form R of G/L. We define an equivalence relation on
R(G) as follows:

DermtTion 3.2. We call two elements (G/Ly, Ry) and (G/L;, Ry) € R(G) are equivalent,

which is denoted by (G/L,R;) = (G/L,,R,) or (G/Ly,Ry) 2 (G/Ly, Ry), if there exists a
homothety @ from G/L; onto G/L, such that ® is para-holomorphic, and that ®(R;) = R;.

Let g be an absolutely simple Lie algebra. Let dR(g) denote the set of pairs (Z,¢) of a
nonzero semisimple element Z of g and an involution & of g with £(Z) = —Z, where the set of
eigenvalues of ad Z on g is {0, £1}. We define an equivalence relation on dR(g) as follows:
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DeriniTion 3.3. We call two elements (Z,, 1) and (Z;, &) € dR(g) are equivalent, which
denoted by (Z,¢1) ~ (£,&) or (Z1,&1) £ (Z,,&,), if there exists ¢ € Aut(g) such that
po& =& o¢andthat 9(Z)) = 2.

3.3. A correspondence between dR(g)/~ and R(G)/~. We fix an absolutely simple
connected Lie group G with trivial center. In this subsection, we define a bijection F from
dR(g)/~ onto R(G)/=, where g is the Lie algebra of G. First, we construct an element
(G/L,R) € R(G) from (Z,¢) € dR(g). Take an arbitrary (Z, ¢) € dR(g), we obtain the direct
sum decomposition g = go®g-; g, with respect to ad Z, where g, denotes the A-eigenspace
ofadZ of g (1 = 0,%1). Put & = A xpVoinz and o := &.. Then we get the following
equalities

0" =g0=6(2), u=g"7"=g1®g.

Since Z is a semisimple element of g such that all the eigenvalues of ad Z are real, we ob-
tain an APHS (G/Cs(2), 6,1, g) such that the element Z is the characteristic element of
(G/Cs(2),5,1,g9) by Theorem 3.7 in [6]. Here I (resp. g) is the G-invariant extension of
ad, Z (resp. Bgluxu) (cf. Proposition 2.1). By Lemma 2.1 and Proposition 2.2, £ induces the
unique involutive isometry = = fisom(£) of (G/Cg(2), b, 1, g) satisfying Z(0) = 0. More-
over, by Lemma 2.2, = is para-antiholomorphic. Set R, be the connected component of
(G/Cg(2))F containing the origin o. Then this R, is a para-real form of G/Cg(Z). Thus

(G/C6(2),R,) € R(G).
Consequently, we define a map
f1dR(@) — R(G), (Z,&) — (G/Cs(2), R,).

RemaArk 3.1. Let (Z, &) € dR(9) and let (G/Cs(2),R,) = f(Z,&). By Lemma 2.3, R, is a
symmetric space.

We denote by [(Z, &)] (resp. [(G/Cs(Z), R)]) the equivalence class of (Z, &) € dR(g) (resp.
(G/Cs(2),R) € R(G)).

Lemma 3.2. Let (Z,, &), (Z2, &) € dR(9). If (Z1,&1) ~ (£2,&2), then f(Z,,&1) = [(Z2,6).
Proof. By Definition 3.3, there exists ¢ € Aut(g) such that ¢(Z;) = Z, and that
(3.3.1) poéi=&09¢.

By Corollary 2.1, there exists the unique ¢ € Aut(G) such that $(C;(Z;)) = C;(Z,) and that
$. = ¢. In addition, we obtain a para-holomorphic isometry

D : G/C6(Z1) — G/C6(Za), aCo(Zy) — $a)Co(Zy)

which satisfies ®(0;) = 0,, where o; is the origin of G/Cs(Z;) (i = 1,2). Fori = 1,2, put
E; = fisom(&) and (G/Cq(Z), R)) = f(Z;,&;). By Equation (3.3.1), we have ®oE| = E o D.
Then for an arbitrary p € Ry,

Eo(D(p)) = ©(Ei(p) = D(p).
Hence ®(R)) C (G/Cs(Z»))*>. Moreover, ®(R;) = R, because ®(01) = 0,. Therefore
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[}
f(Z1,&) = [(Z2,6). |

We define a map F : dR(g)/~ — R(G)/~ by

F:[(Z,O)] — [f(Z,&)].
By Lemma 3.2, the map F is well-defined.

Lemma 3.3. For any (G/L, Q) € R(G), there exists (Z,&) such that L = Cg(Z) and that
(G/L, Q) = f(Z,&).

Proof. Take an arbitrary (G/L, Q) € R(G), where Q is a para-real form with respect to an
involutive para-antiholomorphic isometry = of G/L. Since G/L is an APHS of hyperbolic
orbit type, L can be expressed as Cs(Z) for a nonzero semisimple element Z of g which
satisfies the eigenvalues of ad Z on g are +1,0. Since Q is a nonempty set, there exists an
element aC(Z) € Q (a € G). Put &, := 7,' 0o E o 7, then E, is also an involutive para-
antiholomorphic isometry of G/Cg(Z) which satisfies Z,(0) = o because of Remark 2.2 (2).
Furthermore, Z,(7,'(p)) = 7, (Z(p)) = 7, (p) for p € Q. Hence 7,'(Q) coincides with the
para-real form R, of G/Cg(Z) with respect to =, containing the origin o. Therefore, we have

(G/Ca(2).R,) = (G/C6(2). Q)

by Remark 2.2 (2). On account of Proposition 2.2 and Lemma 2.2, there exists the unique
& € Aut™ (g, Z) such that

E, = fisom(é:)'
Moreover, ¢ is an involution because Z, is an involution. Therefore, (Z, £) € dR(g) and

f(Z,8) =(G/Cg(Z),Ro) = (G/Cs(2), Q). O

Theorem 3.1. The map F : dR(g)/~ — R(G) /=, [(Z,&)] » [f(Z,&)] is a bijection.

Proof. By Lemma 3.3, F is surjective. We prove that F is injective. For i = 1,2, let
(Z;, &) € dR(g). We assume that

(G/C(Z1),Ry) = f(Z1,&1) = f(Z2,Ry) = (G/C5(£2), Ry).

Here R; is a para-real form of G/Cg(Z;) with respect to Z; := fisom(&;) containing the origin
o; of G/Cs(Z;) for i = 1,2. By Definition 3.2, there exists a para-holomorphic homothety
@’ from G/Cs(Zy) onto G/Cg(Z,) such that ®'(R;) = R,. We make a para-holomorphic
homothety ® from G/Cg(Z;) onto G/Cg(Z,) which satisfies

(3.3.2) D(R)) = Ry, D(01) = 03.

By Proposition 2.2, there exists the unique & € Inv(G) such that (&), = & and that
Ex(aCq(Z) = £(a)Cq(2Zy) for aCg(Zy) € G/Cg(Zy). Fori = 1,2, set i = Ay oy,
and o := (67).. Since &(Z;) = —Z;, we have

iooi=0;0& (i=1,2).

Thus we have & o 6, = G5 o & because G is connected. On account of Lemma 2.3, we
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obtain the equality
Ry = (G2)0/((G)o N Ci(Zy)).

Since @’(0;) € R,, there exists an element a € (Géz)o such that ®’(0,) = a"'C5(Z,). Then
we obtain a para-holomorphic homothety ® : G/Cg(Z,) — G/Cs(Z,) which satisfies (3.3.2)
by setting © := TZ o®’, where 72 is the action of G onto G/C(Z,) defined by Ti(bCG(Zz)) =
xbCq(Z,) for x € G, bCi;(Z») € G/Cs(Z,). Moreover, @ is an affine transformation with
respect to the canonical affine connections of G/Cs(Z,) and G/Cs(Z,) (cf. Remark 2.1).
Then G/Cg(Z;) is effective because Z(G) is trivial (i = 1,2). Thus by Equation (3.3.2) and
Lemma 2.4, there exists the unique # € Aut(G) such that

(3.3.3) ()podi =020, (i) dCs(Z)) =C(Z), (i) P@om =mod.
Here 7; is the natural projection from G onto G/Cg(Z;). Put ¢ = gﬁ* Then we have
¢ 00|l =030 ¢

Thus we have ¢(Z;) € 3(g”?). Since @ is para-holomorphic, we have ¢(Z;) = Z, by Proposi-
tion 2.1 (2) (iv). At the end of the proof, we prove the equation

po&i=&00¢.
Set u; := g7 for i = 1,2. Since & o 0; = 0 0 &;, we obtain the direct sum decomposition
(3.3.4) u = ey,
where 1 = {X € 1; | £(X) = £X}, respectively. Then
T,(G/Co(Z) = wi, To(R) =1, Byuj,u;)={0).

Therefore, Equation (3.3.2) and Equation (3.3.3) (iii) imply ¢(u]) = uj. Moreover, we have
¢(uy) = u; because ¢(u;) = 1y, Equation (3.3.4), and B, is non-degenerate on u; (i = 1,2).
Hence we get the equation ¢ 0 §; = & o ¢ on u; = uj @ u;. Since g is absolutely simple,
g1 = [up,u;] ® vy (cf. [15], p. 56). Therefore, we get the equation ¢ o &} = & o ¢ on g and
the relation

Z1,6) L (22, &).

Hence F is injective. m|

Lemma 3.4. Let (G/Cs(Z),5,1,g) be an APHS of hyperbolic orbit type with respect to
the characteristic element Z, where it is not necessary to assume that the center of G is
trivial. Set G := G/Z(G).

(D) (G/(CG(Z)),&, 1,§) is an APHS of hyperbolic orbit type with respect to the charac-
teristic element Z, where & is an involution of G defined by aZ(G) ~ &(a)Z(G) for
aZ(G) € G, and I (resp. §) is the G-invariant extension of 1, (resp. g,).

2) G/ (Cs(2)), 6, 1, §) is para-holomorphic isometric isomorphic to (G/Cg(Z), 7,1, g).

(3) There is a bijection from R(G)/=~ onto R(G)/=~.

Proof. (1) Set g := Lie(G). Since G is simple, Z(G) is discrete subgroup of G. Thus Lie(G)
coincides with g. In addition, we have Z(G) ¢ C5(Z). Set L := C;(Z) and L := L/Z(G). We



ParA-REAL Forms oF PARA-HERMITIAN SYMMETRIC SPACES 573

note that L = C(Z). First, we prove that (G/L, &) is a symmetric space. Since 6(Z(G)) C
Z(G), we define an involution & of G by aZ(G) — 6(a)Z(G). It is clear that L c G©.
We denote by 7 the natural projection from G onto G. Then we have G = 7(G”) and
(G%)o = m((G%)y). Thus we have (G%)y c L ¢ G°. Hence (G/L, &) is a symmetric space.
Second, we prove that the symmetric space (G/L, &) becomes an APHS. By Proposition 2.1
and Remark 2.4 (2), we have I, = ad;+. Z and g, = ABg|y¢.xq-o- (4 € R\ {0}). By definition
of &, we have &, = .. Thus we have T,(G/L) = T;(G/L), where o (resp. ) is the origin
of G/L (resp. G/L). Therefore, (G/L,5,1,§) is an APHS with respect to the characteristic
element Z, where I (resp. §) is the G-invariant extension of [, := I, (resp. §; := g,). Hence
(1) holds.
(2) Since n(L) C L, we define a map

I, : G/L - G/L, aLw n(a)L.

It is clear that the map I1; is a diffeomorphism satisfying I1; (o) = 6. By definitions of G and
7, the differential map .. coincides with identity map of g. Thus we have

(3.3.5) (Iz))o 0 1, = I~6 o ((IT1)+)o,

because I, = I; and T,(G/L) = T5(G/L). We denote by 7 (resp. T) the action of G onto
G/L defined by 7, : G/L > bL + abL € G/L for a € G (resp. G onto G/L defined by
7, :G/L > bL — abL € G/L for a € G). Then we have

o7, = %lr(a) oIl

for a € G because 7 is a homomorphism. Thus Equation (3.3.5), G-invariance of /, and G-
invariance of 7 imply that the map I1 is para-holomorphic. Moreover, §5 = g, = ABgly-o-xq-o-
(A € R\ {0}), G-invariance of ¢, and G-invariance of § imply that the map I1; is an isometry.
Hence (2) holds.

(3) Let (G/Lp,R) € R(G). By the Definition 3.1, there exists an involutive para-
antiholomorphic isometry = of G/Lg such that R coincides with a connected component
of (G/Ly)=. Set Ly := Ly/Z(G) and Z = TI;, 0 Z o Hzol. Then Z is an involutive para-
antiholomorphic isometry of G/Ly because I, is para-holomorphic isometry. For any
p € R, we have

S, (p)) = (g, 0 E o T))TL(p)) = T, (E(p)) = M, (p).

Thus I1,,(R) C (G/Lo)=. Moreover, I1.,(R) is a para-real form of G/L, with respect to
containing Il (p) for p € R because R is para-real form of G/Ly and Il is a diffeomor-
phism. Consequently, we define a map

fo: R(G) — R(G) (G/Lo,R) = (G/Lo, T, (R)).

Then the map fy is a surjection. Indeed, for (G/Lo,R) € R(G), we have (G/Ly, HL} (R)) €
R(G). Thus we have fy(G/Lo,11;(R)) = (G/Lo,R). For (G/Li,R),(G/L,Ry) € R(G),
we prove that (G/Li,R;) =~ (G/Ly,Ry) if and only if fo(G/Li,Ry) = fo(G/Ly,R;). We
assume that (G/Ly,R;) 2 (G/Ly,Ry). ThenII, o ® o HZII is a para-holomorphic homothety
from I1;, (G/L,) onto II;,(G/L,) because II;, is a para-holomorphic isometry (i = 1,2).
Moreover, we have
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(I, o ® o HZ,])(HLl (Ry)) = Iz, o ®)(Ry) = I, (Ry).

Thus we have fo(G/Li,R1) = fo(G/Ls, Ry). Conversely, if fo(G/Li,R)) % fo(G/La, Ra),
then szl o @ o Il;, is a para-holomorphic homothety from G/L; onto G/L, which satisfies
(HZZ1 o @' oIl )(R;) = R». Consequently, we define a map

Fo: R(G)/= — R(G)/=, [(G/L,R)]+ [fo(G/L,R)].

Here the map F is well-defined and a bijection. Hence (3) holds. |

In order to prove Theorem 1.1, it is enough to determine dR(g)/~ by Theorem 3.1 and
Lemma 3.4.

4. A way to the determination of dR(g)/~.

4.1. Noncompact real forms of complex simple Lie algebras. In this subsection, we
review the construction of a noncompact real form of a complex simple Lie algebra. Let gc
be a complex simple Lie algebra, let ¢c be a Cartan subalgebra of g¢, and let 4 be the root
system of gc with respect to ¢c. For each a € 4, there exists the unique element H, € ¢c such
that By (H, H,) = a(H) for all H € cc. There exists a basis, called a Weyl basis, {X, | « € 4}
of g mod ¢ such that
(1) [H,X,] = a(H)X, forany H € ccand @ € 4,

(2) [X4,X-o] = H, for any « € 4,

(3) [Xo, Xgl =0ifa+B#0and a +f ¢ 4,

4) [Xo, Xg] = NopXopif a+p € 4.

Here each element of {N,z | @, B, + 8 € 4} is a nonzero real number and N,g = —~N_, g
holds for any @, € 4 with @ + 8 € 4. A Weyl basis gives rise to a compact real form g, of
gc as follows:

Oy = V=1cg @ spanp{X, — X_o | @ € 4} @ spang {V-1(X, + X_,) | @ € 4}.

Here ¢z = spang{H, | @ € 4} (cf. [3, p. 182]). Let 6 € Inv(gc) with 6(g,) = g,. We
decompose

g, =teV-Ip

as the direct sum of f := gz and V-1p = g;g. Then we get a noncompact real form g of g¢
by

g=t®p.

It is known that g = t® p is the Cartan decomposition with respect to 6|,.
According to the above procedure, we obtain noncompact real forms of gc. Conversely,
we obtain every noncompact real form of gc as above (cf. [3, p. 235]).

4.2. A way of the determination of dR(g)/~. In this subsection, we introduce a way to
determine dR(g)/~ for every absolutely simple Lie algebra g.

First, we review symmetric pairs of Lie algebras. Let g be a real Lie algebra and let
& € Inv(g). Then we call (g, ¢%) a symmetric pair with respect to & We call two symmetric
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pairs (g, %) and (¢, g’¢') are isomorphic, if there exists a Lie algebra isomorphism ¢ from g
onto g’ such that g o Eo0 ¢! = &'

Remark 4.1. (1) The classification of symmetric pairs was given by M. Berger in Tableau
Il of [1] up to isomorphism when g is simple. Thus for any involution ¢ of a simple Lie
algebra, there exists the unique symmetric pair (g, b) such that (g, )) appears in Tableau
II of [1] and that the symmetric pair (g, ¢%) is isomorphic to (g, b).
(2) Let g be an absolutely simple Lie algebra and let (Z, &), (Z',¢£") € dR(g). We assume
that symmetric pairs (g, o¢) and (g, ¢¢') are not isomorphic each other. Then for any
¢ € Aut(g), ¢ o £ o ¢p~! # & . By Definition 3.3, we have (Z, &) » (Z,&).

Let 6 be a Cartan involution of g which satisfies £ 0 8 = 6 o £&. We obtain the Cartan
decomposition g = @ p with respect to 6. Set D = g and m := g¢. Itis clear that 6¢ := o &
is also an involution of g. Thus we obtain another direct sum decomposition g = h* & m*
with respect to 6¢. Here

b ={XeglO6(X) =X}, m’={Xeg|OX)=-X}
We note the following relations:
Y=@Onhemnp), m=@OHNp)&mni).

The symmetric pair (g, ) is called the associated symmetric pair of (g,}) (cf. [16, p.436]).

We review a restricted root system (cf. [16, 17]). Let a be a maximal abelian subspace in
m N p and let 4(g, a) be the restricted root system of g with respect to a. For @ € 4(g, a),
we denote by g, the root subspace of g with respect to @. Then we have 6£(g,) C g, for
any @ € 4(g,a). Thus we obtain the direct sum decomposition g, = g @ g,, where g}
(resp. g,) is the (+1) (resp. (—1)) -eigenspace of 6¢|,,. We note that g7 = h* N g,. Set
A% a) = {a € A(g,a) | g # {0}}. It is clear that 4(h“, a) is a root system. Then we call
A(H?, a) a restricted root system of h* with respect to a.

Lemma 4.1. Let g be an absolutely simple Lie algebra and let 0 be a Cartan involution
of a. For any (Zy,&y) € dR(g), there exists a pair (Z,&) € dR(g) such that

(1) §0b=060¢,

(2) (Zo,&0) ~ (Z,8),

(3) Z e W', a)).

Here ) := of, m = g%, g = t® p is the Cartan decomposition with respect to 6, and
b = (h Nt ® (m N p). In addition, a is a maximal abelian subspace in m N p, A'(H?, a)
is a fundamental system of the restricted root system A(h%, a), and W(A'(H%, a)) = {X €
ala(X) >0 forall a € A'(H?, a)}.

Proof. First, we construct a Cartan involution 6, of g which satisfies
(4.2.1) 0o o0&y =&y 06y, 60(Zo) = —Zp.

Put o := exp V-1rad Z, € Inv(g). By definition of dR(g), & € Aut(g, Zy)” NInv(g). Lemma
2.1 implies that éyoo = 0 0&j. On account of Lemma 2.7 in [13, p. 71], there exists a Cartan
involution 6, of g such that

OBpoép=E&0by, Bpoo =006
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Thus 6y € Aut(g, o). Since Zj is a semisimple element of g such that every eigenvalue of
ad Z on g is real and by Lemma 2.1, 6y(Zy) = —Zp.

Next, we construct a pair (Z1,¢) € dR(g) which is equivalent to (Zy, &p). Since 6 and 6
are Cartan involutions of g, there exists ¢ € Aut(g) such that

(4.2.2) 0=¢obyogp .

Put Z; == ¢(Zp) and

(4.2.3) E=¢o&op .

Then &(Z)) = —Z; and Z; is also a nonzero semisimple element of g which satisfies the

eigenvalues of ad(Z;) on g are 0, +1. Thus

(Z1,€) € dR(),  (Zo,&0) L (Z4,8).

Moreover, we have & o 6 o ¢! = 6 because

(4.2.3)
(4.2.2)

£00o¢™ "= (pobgogp N o(gobhop ) o(pobopT)
=¢po&yob ofal o¢_1 (4%]) ¢ o b o¢_1
=0
Hence (1) holds.

At the end of the proof, we construct an element Z which satisfies (2) and (3) with keeping
¢ fixed. Let K, H, and H be the connected Lie subgroups of G whose Lie algebras are {,
b, and h?, respectively. Here G is the connected Lie group whose Lie algebra is g. Then
the Weyl group of 4(h?, a) coincides with Nyng(a)/Zpnk(a) = Nya(a)/Zga(a), where Ny (a)
(resp. Zy/(a)) denotes the normalizer (resp. the centralizer) of a in M (cf [17, p. 170]).
Moreover, any maximal abelian subspaces a; and a; in m N p are conjugate under the action
of HN K (cf. [16, pp. 445-446]). In addition, we have 8(Z;) = (¢ o 6y)(Zy) = —Z, because
of (4.2.1). Thus there exists k € H N K such that Ad k transfers Z; € m N p into W(4(H%, a))
because the Weyl group acts transitively on the set of Weyl chambers. Since H is connected
and h = g¢, we have Adk = £ o Adk o ¢!, Therefore, by setting Z := Ad k(Z;), we obtain
the following:

(Z.&) € dR(3),  (Zo,&0) L (20,6 " (2,8, Ze W' v, w).

They imply (2) and (3). Hence Lemma 4.1 holds. O

Lemma 4.2. Let g be an absolutely simple Lie algebra and let gc be the its complexifica-
tion. Let (Z,&) € dR(g), let 6 be a Cartan involution of g which satisfies 6 o & = £ o 0 and
0(Z) = —=Z, and let g = 1@ p be the Cartan decomposition of g with respect to 0. In addition,
seth = of, ¥ := ()N @ V-1(h N p), and (G/Cx(Z),R) = f(Z,&).

(1) The symmetric pair (b, ¢y(Z)) corresponds to the para-real form R.

(2) The symmetric pair (¥, cu(N—1Z)) corresponds to a real form of a compact Hermitian
symmetric space G,/ CG“(\/—_IZ) which corresponds to (g, cgu(\/—_lZ)), where g, =@
V-1pisa compact real form of gc.
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Proof. (1) By Lemma 2.3, we have R = (G%)y/((Gf)y N CG(Z)). Here & is the unique
automorphism of G which satisfies E(CG(Z)) = Cg(Z) and {A-‘* = & (cf. Proposition 2.2). Thus
(1) holds.

) Letm =g letg! = (hnHeV-1mnNnbH & V=1 N p)® (m N p), and let p? =
(mNp) & V-1 (m N f). Then ¢ is a real form of g¢. Let &c be the complex linear extension
of & to gc. Then we have &c(gf) = o and &9 = &l € Inv(g?). Moreover, we obtain
the Cartan decomposition g? = # @ p? with respect to &/ (cf. [16, p. 435]). Then we have
Qif =t @ V-1p? = g,. Since the element Z € m N p satisfies the set of eigenvalues of ad Z
on g is {0, £1}, the element V=1Z € V=1(m N p) c V=1p? satisfies the set of eigenvalues of
ad(\/—_IZ) on g, is {0, V-1 }. Hence (g,, cgu(\/—_IZ)) is a compact Hermitian symmetric pair
and the symmetric pair (¢, cfd(\/—_IZ)) corresponds to a real form of a compact Hermitian
symmetric space G,/ CGM(\/—_IZ) (cf. [19, pp. 294-296])). O

By Lemmas 4.1 and 4.2, we obtain the following lemma.

Lemma 4.3. Let gc be a complex simple Lie algebra. For any real form g of ac, we obtain
dR(g)/~ by the following steps.

(Step 1) Take a compact real form g, of ac and an involution 6 € Inv(ac) such that 6(g,) =
au. Set g =t @ p, where t (resp. V=1p) is the (+1) (resp. (—1)) -eigenspace of
0 in g,. Here g is a noncompact real form of gc and 0 is a Cartan involution of g
(cf. Subsection 4.1). If gc is classical type, realize § as a set of matricies. If gc is
exceptional type, realize g by the way of Subsection 4.1.

(Step 2) Take an involution & of g which satisfies 6 o ¢ = & o 0 (by Remark 4.1 (1), the
symmetric pair (g,8%) is isomorphic to a symmetric pair (8,b) which appears in
Tableau Il of [1]).

(Step 3) Decompose g = b @ m as the direct sum of b = ¢ and m = g%, and set h* =
BNt e (mnyp) For any semisimple element S € g, which satisfies that the set
of eigenvalues of adS on g, is {0, +V-1 }, if the symmetric pair (¥, ¢u(S)) does
not correspond to a real form of a compact Hermitian symmetric space G,/Cg,(S)
which corresponds to (g, ¢,,(S)), then (Z,€) ¢ dR(g) for any Z € g by Lemma 4.2
2). Here ¥ := () N E) ® V=1(h N p).

(Step 4) Take a maximal abelian subspace a in m N p.

(Step 5) Take a fundamental system AY(H?, a) of the restricted root system A(H?, a).

(Step 6) Choose all nonzero elements Z € W(4' ()% a)) == {X € a| a(X) > 0 for all a €
A (5%, a)} which satisfy that the eigenvalues of ady Z are contained in {0, £1}.

(Step 7) Choose all elements Z such that the set of eigenvalues of ad Z on g is {0, +1}, among
the elements chosen in (Step 6).

(Step 8) Determine all pairs which are equivalent to each other among the pairs (Z,&) €
dR(g) for & taken in (Step 2) and for Z chosen in (Step 7).

Repeat from (Step 2) to (Step 8) until the symmetric pairs (g, a°) exhaust the pair (g,1)
isomorphic to (g, %) in Tableau Il of [1].

Proof. By Remark 4.1 (2) and Lemmas 4.1, 4.2, Lemma 4.3 holds . |
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Remark 4.2. (1) Related to (Step 1), if g is classical type (resp. exceptional type), a Car-
tan involution 6 of g is realized explicitly in [3, pp. 451-455] (resp. [12, p. 297, p. 305]).
(2) Related to (Step 2), for any involution &, € Inv(g), there exist an involution & € Inv(g)
and ¢ € Aut(g) such that & = ¢ 0 & o ¢! and that £ 0 @ = 6 o £, where € is the Cartan
involution which fixed in (Step 1) by Lemma 4.1. Here symmetric pairs (g, ¢%) and
(g, %) are isomorphic each other.
(3) Related to (Step 4) and (Step 5), we can take an arbitrary maximal abelian subspace a in
m N p and an arbitrary fundamental system A4'(H%, a) of 4(h%, a) by the proof of Lemma
4.1.

4.3. Lemmas related to Lemma 4.3. The following lemmas enable us to carry out (Step
6) and (Step 7) in Lemma 4.3 in systematic ways.

Lemma 4.4. Let g be an absolutely simple Lie algebra. We assume that (Step 1)-(Step
5) in Lemma 4.3 have been achieved. If an element Z € W(A'(b?, a)) satisfies that the
eigenvalues of ady. Z are O or +1, then one of the following cases holds:

(1) Any eigenvalue of ady. Z is 0.
(2) The eigenvalues of ady. Z are 0, £1.
In addition, the eigenvalue of ady Z is only 0 if and only if Z € 3(b*) N a.

Proof. Related to the eigenvalues of ad;. Z, the possible cases are
(i) Only 0, (i) =1, (@i)0,1, @{v)0,—-1, (v)0,+1.

Case (1): It is clear that (i) holds if and only if Z € 3(h*) N a.

Case (ii): Since ady Z(Z) = 0 and Z # 0, the case does not occur.

Case (iii): For an arbitrary o € 4()%, a), @(Z) is one of the eigenvalues of ady. Z. Thus
a(Z) = 0 because —a € A(h?, a) and by the assumption of (iii). In particular, for every
B € A'(h%, a), B(Z) = 0. Hence, the case does not occur.

Case (iv): We can prove that the case does not occur by the similar way in Case (iii). O

Lemma 4.5. Let g be an absolutely simple Lie algebra. We assume that (Step 1)-(Step
5) in Lemma 4.3 have been achieved and A(h?, a) is irreducible. Let vy be the highest root
of A(h%, a) with respect to A'(h?, a). If an element Z € W(A'(h%, a)) satisfies that the set of
eigenvalues of ady. Z is {0, £1}, then

Y2) = 1.
Proof. By the assumption, for an arbitrary @ € 4(h%, a), a(Z) = 0 or +1. Thus y(Z) = 1
because v is the highest root and Z € W(4'(b%, a)). m|

Corollary 4.1. Let g be an absolutely simple Lie algebra. We assume that (Step 1)-(Step
5) in Lemma 4.3 have been achieved and A(h?, a) is irreducible. Set A (H°, a) = {ay, ..., ;).
Let {Z,,...,7;} be the dual basis of A'(b%, a) and let y be the highest root of A(b%, a). If an
element Z € W(A'(b%, a)) satisfies that the set of eigenvalues of ady. Z is {0, £1}, then there
exist Z; € {Zy, ..., 7} satisfying y(Z;) = 1 and C € 3(b%) N a such that

Z=7Z+C.
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Proof. Since 4'(h%, a) is a fundamental system of A(H?, a),

l
y= D me (WeZ oy 1 1<i<l).
i=1

We have

l
z:Zaizﬁc (Cesd)Na, L eR, 4,20, 1 <i<l).

i=1

Since {Z,, ..., Z;} is the dual basis of 4'(b%, a), we have

1
L=y(2)= ) pidi
i=1

by Lemma 4.5. Then 4; = «;(Z) is the eigenvalue of ady. Z (1 < i < [). Thus 4; = 0 or 1
because Z € W(4'(H?, a)). Thus there exists 1 < i < [ such that A; = 1 and that A, = 0, if
k # i. Hence Corollary 4.1 holds. |

We consider the case 4(h%, a) is not irreducible. As a result, it turns out that it is enough
to consider the case where A(h?, a) is the disjoint union of two irreducible root systems by
Section 5. We assume that A(h%, a) is decomposed as the disjoint union of two irreducible
root systems 4, and 4,. Fori = 1,2, let A} = {a/"l, e, a/j'(l_} be a fundamental system of 4,
let {Zi, . ’Z/i,-} be the dual basis of 4 }, and let y; be the highest root of 4; with respect to Al.l.
Under these notations, we obtain the following.

Corollary 4.2. Let g be an absolutely simple Lie algebra. If an element Z € W(A4' (b, a))
satisfies that the set of eigenvalues of ady Z is {0, £1}, then
(1) vi(Z) =0 or 1 and y(Z) +y2(Z) # 0,
(2) there exist Z,ll € {le, .. ,Z,ll} satisfying yl(Z,ll) =1, Z,i € {le, e ,Z,%z} satisfying
yz(Z,%l) =1, and C € 3(b%) N a such that

Z =27} +uzk + C,
where L,u=0or1and A+ u # 0.

Proof. We can prove it by the similar ways to the proofs of Lemma 4.5 and Corollary 4.1.
O

Lemma 4.6. Let g be an absolutely simple Lie algebra. We assume that (Step 1)-(Step 6)
in Lemma 4.3 have been achieved. The following (1), (2) and (3) are equivalent:
(1) The set of eigenvalues of ad Z on g is {0, +1}.
(2) (adizq 2)* = id.
(3) (adZ)* =adZ.

Proof. Since Z € a C p, Z is a semisimple element of g. Thus we can decompose
g = 4(Z) ®[Z, g] as a direct sum. Hence (1) holds if and only if (2) holds. It is clear that (1)
holds if and only if (3) holds. m|



580 K. SuGiMoto AND T. SHIMOKAWA

In order to carry out (Step 8) in Lemma 4.3, Lemma 4.2 and the following lemma are
useful.

DeriniTiON 4.1 (cE [6, P. 88]). Let (g,1) be a symmetric pair with respect to o and let
u = g 7. Then (g,]) is called para-Hermitian, if there exist a linear endomorphism 7 of u
and a non-degenerate symmetric bilinear form (, ) on u such that
(1) I? =id, I #id,
(2) [1,ad, 1] =0,
3) UX,Y)+(X,1Y) =0forany X, Y € u,
(4) (ad X(Y1),Y2) + (Y1,ad X(Y)) =0forany X € [, Y1, Y, € u.

Lemma 4.7. Let g be an absolutely simple Lie algebra. We assume that (Step 1)-(Step 7)
in Lemma 4.3 have been achieved.
(1) The symmetric pair (g, ¢4(2)) is para-Hermitian.
(2) The symmetric pair (b, cye(Z)) is also para-Hermitian, if the element Z is not contained
in 3(b*).
(3) The pair (¢4(2), cye(2)) is the associated symmetric pair of (¢y(Z), cy(Z)).

Proof. (1) By the assumption and Lemma 2.1 in [4, p. 477], (g, ¢,(£)) is para-Hermitian.

(2) Put 0 := exp ady. V=1xZ. Then (%, tye(Z)) is a symmetric pair with respect to o, if Z
is not contained 3(h*). Set I := (h*)” = ¢ (Z) and u* = (h*)™. By settings / := ad,« Z and
(,) = Bgluxue, (b, cpe(Z)) becomes a para-Hermitian symmetric pair with respect to / and
G-

(3) We obtain the equalities ¢,(Z) = g7, &(Z) = ¢° N g7, and ¢p(Z) = g% N g”. Thus
(¢4(2), ty(2)) and (¢4(Z), cye(Z)) are symmetric pairs with respect to 6¢ and &, respectively. It
is clear that (¢y(Z), cye(Z)) is the associated symmetric pair of (¢q(Z), ¢5(Z)). O

5. The determination of dR(g)/~.

In this section, we determine para-real forms of ASPH’s of hyperbolic orbit type. Let g be
an absolutely simple Lie algebra. According to the classification of simple para-Hermitian
symmetric pairs in [6, p. 97], we consider the case where g is one of the following:

List 1

Type g Condition
Al | sl(n,R) 2<n
All | su*(2n) 3<n
Alll | su(n,n) 3<n
BDI | so(p,q) | 1<p<gq, p+qg+2
DII | so*(4n) 3<n
CI | sp(n,R) 3<n
CIl | sp(n,n) 2<n
EI €6(6) —
EIV | eg26) —
EV ¢7(7) —
EVIL | e725 —
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We setup the following notations:
M, 4 (K) : the set of all matrices of order p X g over K (K = Cor R),
E; : the identity matrix of order [,

AXB = (A 0 0 B) for matrices A, B,

0 B)’ A/B::(A 0

Ip’q = —Ep X Eq, J=-E JE,.

5.1. An example of classical type. We consider the case of Type Alll: su(n, n).
Let gc be the complex Lie algebra sl(2n, C) and let g, := su(2n), a compact real form of
gc. Put 8 := Ad I, ,. Then we obtain the noncompact real form g of gc as follows:

(X Xz
TR X

Then we have g = t® p, where  := gﬁ is the set of matrices X; X X3 in g, which is isomorphic
to su(n) ® su(n) ® V=IR, and pi= \/—_lgf is the set of matrices ‘X, , X» in g.

We take an involution & of g which satisfies 6 o & = £ o . According to Tableau II of [1],
& is conjugate to one of the following:

&=0, &:Xr— XXeg), &L=AdJ,, &=&0&, &i=008,

&= Ad(Uppp X Igng) (1 < p,g<n—1),
é:é = é‘-‘] o Ad(-]k X ‘]k) Of] (When n= Zk, 2 < k)

X; €gl(n,C) for = 1,2,3, Tr(X, + X3) = 0,
X1, X5 : skew Hermitian

} = su(n, n).

We decompose g = I, @ m; where Iy, := g and m; := g7¢ for & (0 < [ < 6), and then

by = = su(n) ® su(n) @ V-1R,

o 2 [( (X VO] XedmByfor/=1.23.)
b V-1'X, X; X1, X5 : skew symmetric B T
X1 X5\| Xi1,X; €gl(n,C), Tr(X;) =0,
= = g[
b2 {(—Xz Xl) X1, X, : skew Hermitian s, O @R,
(X X X1, X3 € gl(n,C), Tr(Xy) =0, N
bs = {()_(2 )_(1) X, : skew Hermitian, X, : symmetric | ~ sp(n, R),
by = X1 X X1, X5 € 6l(n,C) , Tr(X;) =0, ~ s0*(2n)
*“\W\-% XJ| X :skew Hermitian, X, : skew symmetric | _ ’
X [ X (n—
X, O Xs O 11 € gl(p,C), Xy € gl(n — p,0),
0 Xn O Xu X33 € gl(g,C), Xy4 € gl(n—¢q,C),
bs = K5 O Xy O X13 € My 4(©), Xp4 € My_ppn—)(C),
0 %y O Xu Tr(X11) + Tr(X22) + Tr(X33) + Tr(X44) = 0,
Xy : skew Hermitian for 1 </ <4

IR

su(p,q) ® su(n — p,n—q) ® V-IR,
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Xn X Xz Xu
X —'Xn X —Xi
Xz X Xz X
Xy X3 X —'Xs

Xim € gl(k,C)for 1 <I,m < 4,
X11, X33 : skew Hermitian = sp(k, k).
X12, X34 : symmetric

he =

The case of & = &: b := (b NI) ® (m; N p) is given by

e [(X X
b= {(txz Xs)

We take a maximal abelian subspace a; in

0 X
mar=ilx, o

X; e gl(n,R)forl=1,2,3,
X1, X3 : skew symmetric

} = so(n, n).

X € gl(n,R) }

as
0 diag(ai,...,a,)
=T ...a, €R},
; { (diag(al, ) 0 ap,...a, €
where diag(ay,...,a,) denotes the diagonal matrix with diagonal entries ay,...,a,. Here

we note that 3(h{) N a; = {0}. Then the restricted root system A(b{, ay) is
AT, a1) = {£(e; —ep), (e;+en) |1 <1 <m < nl.

Here e; : aj — R (1 <[ < n) is a linear map defined by

o diag(ai,...,ay)
A) = A= .
eld) = ar (diag(al,...,an) 0 €
Seta;:=¢e —eyforl <l<n-1anda, :=e,_; + e, Then 4'(H%, a)) :={ay,...,a,}is a

fundamental system of 4()¢, a;). The Dynkin diagram of 4'(h¢, a;) with the coefficients of
the highest root is:

1
1 2 2 @i
O O 1 Dn
a s -2
@,

Let{Z;,...,Z,) be the dual basis of 4'(h?, a;). By Corollary 4.1, the elements satisfying the
property in (Step 6) in Lemma 4.3 are only Z;, Z,_1, and Z,. Here

( o diag(1,0,...,0)
1 =

1
Znr = 5 (=1 —Ih-1,1),
diag(1,0,...,0) 19) )’ 1 2( 11/ 11)

1
Zn = E(En /‘ En)

Moreover, by Lemma 4.6, the set of eigenvalues of adZ; on g is {0, +1} for [ = n — 1,n.
However, the set of eigenvalues of adZ; on g is not {0, +1}. Indeed, they include 2. In
fact, the restricted root system 4(g, a;) is Type C, and we obtain a fundamental system
AV, a)) = {ay, ... a1, @,}, where @, = 2e,. Then the Dynkin diagram of A'(g, a;) with
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the coefficients of the highest root is:

2 2 2 1
o—=0O e OO 1 Cy.
a @ p-1 @,

Let y be the highest root of 4(g, a;) and X, € g, = {X € g| ad A(X) = y(A)X for YA € q).

Then ad Z,(X,) = v(Z))X, = 2X,.
We define a map ¢ € Aut(g) by ¢ = Adl,—1;. Itisclear that §, 0o ¢ = ¢ o & and
&(Z,-1) = Z,. Hence (Z,_1,&1) ~ (Z,,&1). In addition, we have
X1, X5 € gl(n,C), Tr(X;) =0,
=3 R
X, : skew Hermitian, X, : Hermitian sln,C) @R,

[
X1, Xz € gl(n,R), e s 0),
X1, X, : skew symmetric

=i )
[ xi N-1Xs
“on(Zn) = {(ﬁxz X, )

Hence we obtain the following proposition:
Proposition 5.1. In the case of &€ = &, each elements (Z,&) € dR(g) are equivalent to

(Zy,&). Here Z,, = (1/2)(E,, /* E,). Moreover, we get the following equalities:
(g’ Cg(Zn)) = (Su(l’l, I’l), SI(I’l, C) @ R)9

(01, ¢y, (Zyp)) = (s0(n, n), so(n, C)).

The case of £ = &: We obtain )] := (h N ) & (mz N p) as
b = {(Xl Xz) X1, X3 € gl(n,C), Tr(X;) =0, } ~ sl(n,C) B R.
X X

X, : skew Hermitian, X, : Hermitian
We take a maximal abelian subspace a, in

0o X,
M Np= X, 0

Xz € gl(n, C),
X5 : Hermitian

as
0] dlag(al,...,a,,)) al,...aneR}.

= A = .
“ { (dlag(al, co,dy) (0]
Here, we note that 3(b5) N ax = R(E, /' E,). Then the restricted root system A(hJ, ap) is

given by
A0, a2) = {=(e; —en) | 1 <1 <m < nl.

Set a; := ¢; — ey for 1 <1 < n— 1. Then we obtain a fundamental system 4'(p?, ay) =
.»@p—1}. The Dynkin diagram of A'(H¢, ay) with the coefficients of the highest root is:

{ai,..

1
O An—l .
-2 @p-

1 1
Oo—=0O
(03] (0%)
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Then the dual basis {Z;, ..., Z,_} of 4'(b%, ay) is given by

1
Z1= ~(((n = DE; X ~lEy1) 7 ((n = DE; X =IE;.1),

for 1 <[ < n—-1. By Corollary 4.1, the elements satisfying the property in (Step 6) in
Lemma 4.3 are only 4oC and Z; + 4,C (1 </ <n—1). Here C := E, / E, € 3(h5) N az and
An € R (0 < m < n—1) are arbitrary. By the similar way to the case of & = &}, it turns out
that AoC and Z; + A,C are satisty the property in (Step 7) in Lemma 4.3 when g = +1/2 and
A= (=n+2)/2nfor 1 <1< n-1. Then we get the following equalities

(X X
cgMOC)_{(Xz Xl)

1
/1() = ii,

X1, X; € gl(n, C),
X, : skew Hermitian, X, : Hermitian

} =sl(n,C)® R,

X1, X13 € gl(1, C),

Xn  Xo X X
" 12 13 14 X22, X4 € gl(n — 1,C),

X Xn —'Xu X

(2 + A,C) = X1z, X4 & Man-n(©),
g\ &l L X3 —Xu X —Xp Xi 1}2(22 T451(ew(Il-;elﬁ)rnitian
Ry Xy Ry X o ’
14 24 12 22 X13, X4 : Hermitian
=sl(n,C)®R,
X, O X € gl(n,C), 1
/l C = 111 = ’ /l - i_’
¢, (A0 C) {(0 X1) X, : skew Hermitian su(e). Ao 2
X o o X
011 . e 014 X1 € 9l(1,C), X € gl(n—1,0),
,(Z + 4C) = - 14 X14 € Min-1)(C),
_0 X142 X 0 X1, X2, : skew Hermitian
X4. O 0O X»
=su(l,n—1).

By Definition 3.3, if (b, ¢,,(Z; + 4;C)) and (by, ¢, (Zx + A4,C)) are not isomorphic, then
(Z; + 4C, &) and (Z; + 4C, &) are not equivalent to (1 < [,k < n—1). Hence we obtain the
following proposition:

Proposition 5.2. In the case of & = &, each element (Z,&) € dR(g) is equivalent to one
of the following:

(/IOC’ f)’ (Zl + /l]C’ f), ) (Zk + AkC’ é:)
Here k is the largest integer which dose not exceedn/2+1, Z; = (1/n)(n—DE; X —IlE,_;) /
(n-DE x-IlE,_), C =E, /" E, g = £1/2, and 4y = (-n+2))2n for 1 <[ < k.

Therefore, Z; + 4,C = (1/2) (=11 —1 / —L1n-1) (1 <1 < k). Moreover, we get the following
equalities:
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(g, ¢4(10C)) = (su(n, n), sl(n, C) ® R),
(02, €5, (20)) = (12, ©) ® R, su(n)),
(g, ¢g(Z; + 4C)) = (su(n,n),sl(n,C)®R) (1 <I<k),
(B2, ¢y, (Z; + 40)) = sl(n, C)d R, su(l,n = 1)) (1 <[<k).
For the other cases, (Z,¢) are determined in a similar way.

5.2. An example of exceptional type. We consider the case of Type EV : e(7.

Let gc be the complex Lie algebra (e7)c and let ¢z be a Cartan subalgebra of gc. Then
we have a fundamental system 4'(gc, ¢c) := {y1,...,7y7} of the root system 4(gc, ¢c) and the
Dynkin diagram of 4'(gc, ¢c) with the coefficients of the highest root is:

2
Y2
2 3 4 3 2 1
O—0O0—"C0O—"~0O—C0O—0O :E.
Yo V3 4 Ys Yo Y7
Let {X,}oet(ge,cc) e @ Weyl basis of gc mod ¢c = spanq{H,,,...,H,,}, let g, be a compact

real form of gc, and let {T, ..., T} be the dual basis of 4'(gc, ¢cc). In addition, we define
linear maps 9, - ¢ — ¢ and 0, : gc — ac by

G(y)i=—y (1<I<T), B =expV—lradTs.

g, and

Then 6, € Inv(gc). Let #; be an involution of gc induced by ;. Then 6;(g,)
0
g, and

62(a,) = gu.~Thus we obtain noncompact real forms g; = f; ® p; of gc, where {; :
p; = V—=1g,% fori = 1,2. Put 6; := Gil, fori = 1,2. It turns out that ¥ is isomorphic to s1(8)
and g; is isomorphic to ¢7¢y for i = 1,2. Thus we describe these real forms g; and g, of g¢
as the same symbol g. Therefore, it is possible to choose a Cartan involution 8 of g from
{61, 6,}. Let y be the highest root of 4(gc, ¢c). We take an involution & of g which satisfies
Goé=E06(0 =0 or6). According to Tableau II of [1], this & is conjugate to one of &’s
in the followings:

(0, &0, bo) = (61,61, su(8)),

(0,&1,01) = (6;,exp V-1 ad Ty, s0(6, 6) @ sl(2, R)),

(0,£2,h2) = (01,01 0 &1, 5u(4,4)),

(6,£3,h3) = (61, 6; 0 exp V—1mad T, sI(8, R)),

(6,&4,04) = (01, &4, e66) B R),

(6,&5,Ds) = (61,01 0 &4, 51°(8)),

(6, &6, bs) = (62, exp V=Trad T7, ¢g) ® V-1R),

(0,&7,17) = (62,0 0 &6, 507(12) & su(2)).

Here b, := g* for 0 < [ < 7, and & means an involution of g induced by

Y1 Y, Y2 Y2, Y3 Y5, Y4l Ya,
Y573 Yo Y1, Y1 Y.
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Then we cannot construct a para-real form in the case of £ = &) or &7 by Lemma 4.2 (2). In
fact, by the classification of real forms of compact Hermitian symmetric spaces in [10, 19],
a symmetric pair which corresponds to a real form of compact Hermitian symmetric space
E7/(E¢ x T) is isomorphic to one of the following:

(gu(S), 5p(4))7 (eﬁ 52 _IR’ T4)'
Put ¥ := (b, N ) & V=1(; N p) for 0 </ < 7. Then

¥ =su@8) (1=0,2,3,5),

t =@ V-IR (I =4,6),

¥ =s0(12)®su2) (I=1,7).

The case of & = &: We take a Cartan involution 6 of g as 6;. Let m, := g~¢ and let
b4 = (h, N f)) ® (m, N py). Then g coincides with ¢z & @aa’mmw) RX,, where g =
spang{H,,, ..., H,,}. Then cg is a maximal abelian subspace in m; N p;. Moreover, we have

9 = s0(6,6) @ sl(2, R) = D because the symmetric pair (g, D) is the associated symmetric
pair of (g, b>). Here we note that 3(h) N a; = {0}. Set ay = g, a1 = Ylo,, and @; = Yo,
for2 <1< 7. Then Al(bg, ap) :={ay,...,a7} is a fundamental system of the restricted root

system 4(h¢, a). The Dynkin diagram of 4'(h%, a,) with the coefficients of the highest root
is:

1
12 2 2 Oy 1
O O 1\ 1 O . D6 @A].
(04 g a5 Q4 (03]
@

Let {Z,,...,Zs} be the dual basis of the D¢ part {a7, ag, ..., @z} and let {W;} be the dual
basis of the A part {a}:

Wi =/DT, Zi =121 +T7, Zry=-T1+Ts, Zz=(-3/2)T) +Ts,
Zy = 2T + Ty, Zs = (—3/2)T| +T5, Z¢=-T+T,.

By Corollary 4.2, the elements satisfying the property in (Step 6) in Lemma 4.3 are only Z;,
Wi, or Z; + Wy (I = 1,5,6). Moreover, only Zg and Z; + W, satisfy the property in (Step 7)
in Lemma 4.3 among them by Lemma 4.6.

We consider ¢,(Z) (Z = Zg or Z; + W)). Set 0| = exp V=1rad Zg, 0 = exp V-lin ad(Z;
+ Wy). Then § = ((cc)?")" is a Cartan subalgebra of §; = ((ac)”)¢' fori = 1,2. We
note that (ca(Zs))c = & and (ce(Z; + Wi))e = &. Then 4'§1,%1) = {¥3,%4,.... 77,7}
is a fundamental system of the root system A4(§;,¢;) and 4'(82,%) = {y2,¥3,....Y6) is a
fundamental system of the root system A(d;,¢;). For i = 1,2, the Dynkin diagrams of
A'(8;, ) with the coefficients of the highest root are:

1 1 1 1 1 1
O—O0——(O0—0——=0 O As®A; ((=1),
Y3 Y4 Vs Y6 Y7 Y
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By Lemma 4.7 and the classification of simple para-Hermitian symmetric pairs in [6, p. 97],
we have ¢;(Z) = ¢¢6) @R for Z = Zs or Z; + W;. Since (¢4(2), Chg (Z)) is a symmetric pair for
Z=ZsorZ + Wi, (Zg) is isomorphic to sl(6, R) & sl(2,R) and Cy (Z; + W) is isomorphic
to s0(5,5) ® R @ R by Tableau Il of [1]. By Lemma 4.7 (3) and [16, p. 441], we have
p,(Zs) = sp(4,R) and ¢y, (Z; + W}) = sp(2,2). Hence we obtain the following proposition:

Proposition 5.3. In the case of &€ = &, each elements (Z,&) € dR(g) are equivalent to
one of the following:

(ZGa é‘)’ (Zl + Wlag)'
Here Zg = =T + Ty and Z; + W = T7. Moreover, we get the following equalities:

(9, ¢5(Z6)) = (e7(7), e6(6) ® R),

(b2, ¢,(Zs)) = (su(4,4), sp(4,R)),

(9, ¢g(Z1 + W1)) = (€7(7), €e(6) ® R),
(h2, ¢, (Z1 + W1)) = (su(4,4), sp(2, 2)).

The case of ¢ = &: We take a Cartan involution 6 of g as 6,. Let mg = g% and
bg == (b NT) @ (me N p). Since the symmetric pair (g, h7) is the associated symmetric pair of
(8, be), b is isomorphic to b7 = s0"(12) @ su(2). Here we note that 3(hg) = {0}.

Set 61 == y2+y3+2y4+2y5s + 2y +y7, 00 = Y1+ y2 +y3+ 2y4 + 2ys5 + v + ¥7,
and 03 == y| + y2 + 2y3 + 2y4 + ys + Y6 + y7. Then we obtain a maximal abelian subspace
6 in Mg N Py as ag = spang {V—1(Xs — X_5) | t = 1,2,3). Set B = (1/2)(y3 — ¥s),
B2 = (1/2)(y1 —vs), and B3 = y2 +v3 + 2y4 + 25 + 2y + y7. Then we obtain a fundamental
system A" (b, ag) := {B1, 82,83} of the restricted root system A(h?, ag). The Dynkin diagram
of A1(h2, ag) with the coefficients of the highest root is:

2 2 1
O—O&=0 : Cs.
B B B

Let {Z,, Z,, Z3} be the dual basis of {81,5,,53}. By Lemma 4.5 and Corollary 4.1, only Z3
satisfies the property in (Step 6) in Lemma 4.3. In addition, Z3 satisfies the property in (Step
7) in Lemma 4.3 by Lemma 4.7. By the classification of simple para-Hermitian symmetric
pairs in [6, p. 97], ¢;(Z3) = ¢66)®R. Then ¢ (Z3) is isomorphic to f44) because of Lemma 4.2
(2) and the classification of real forms of compact Hermitian symmetric spaces in [10, 19].
Hence we obtain the following proposition:

Proposition 5.4. In the case of & = &, each elements (Z,&) € dR(g) are equivalent to
(Z3,&). Moreover, we get the following equalities:

(8, ¢5(Z3)) = (77 €6(6) D R),
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(Ds, cy5(Z3)) = (e62) ® V=1R, f44).

For the other cases, (Z, ¢) are determined by the similar methods.

5.3. APHS’s of hyperbolic orbit type. In this subsection, we give the classification of
APHS’s of hyperbolic orbit type.

Lemma 5.1. Let (G/L,&,1,9) be an APHS of hyperbolic orbit type.
(1) If G = Eg), then L = Spin(5,5) x R™.
(2) If G = Eg(-26), then L = Spin(1,9) x R*.
(3) If G = E77), then L = Eg) X R™.
@ IfG = E7(_25), then L = Eﬁ(_zﬁ) X R*.

Proof. By the proof of Lemma 6 in [18, p. 39], (1) holds.

Since (G/L, 4,1, g) is an APHS of hyperbolic orbit type, there exists the characteristic
element Z € Lie(G) such that L = C(Z) and that & = exp V—1xad Z by Proposition 2.1.
We consider (2). By Theorem 3.6.8 in [20, p. 219], we have G = Spin(1,9) x R* = (G%),.
Hence (2) holds because (G%)y c L ¢ G7.

Next, we consider (3). By Theorem 4.4.6 in [21, p. 387], we have G% = Ese) x R* and
(G%)o = Ee¢e) X R* € Cg(Z). In addition, we have {e} X R* C Z(G%) c Cy(Z). Thus we
obtain

G” = Eg6) X R* C ({e} X R)(Eg() X {1}) € Ca(2)C6(Z) € Co(2).
Hence (3) holds. We can prove (4) in the similar ways to the proofs of (3) by Theorem 4.4.6
in [21, p. 387]. O

S. Kaneyuki gives the classification of classical APHS’s of hyperbolic orbit type in [5,
p. 368]. Therefore, we obtain the classification of APHS’s of hyperbolic orbit type by
Kaneyuki [5, p. 368], Kaneyuki-Kozai [6, p. 97], and Lemma 5.1:

List 2
Type G/Cs(2) Condition
Al SL(n,R)/S(GL(i,R) x GL(n — i,R)) 2<n
All | SU2n)/(SU*(2i) x SU*(2(n —i)) X R™) 3<n
Alll SU(n,n)/(SL(n,C) x R¥) 3<n
BDI SOo(p,q)/(SOo(p —1,q — 1) X RY) l<p<qg p+q#2
SOy(n,n)/(SL(n,R) x R*) 2<n

DIl SO*(4n)/(SU*(2n) x R*) 3<n
CI Sp(n, R)/(SL(n, R) x R*) 3<n
CIl Sp(n,n)/(SU*(2n) X RY) 2<n
EI Ee)/(Spin(5,5) x RY) —
EIV E6(_26)/(Spin(1, 9) x R+) —
EV E77)/(Ee6) X R) —
EVII E7(-25)/(E¢(—26) X R) —

By the procedure in Lemma 4.3, we determine dR(g)/~ for each absolutely simple Lie
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algebra g in List 1. Thus we obtain Theorem 1.1.
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