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Abstract
We consider the problem of constructing weak solutions to the It6 and to the Stratonovich
stochastic differential equations having critical-order singularities in the drift and critical-order
discontinuities in the dispersion matrix.

1. Introduction

The present paper is concerned with the problem of existence of a (unique) weak solution
to the stochastic differential equation (SDE)

! !
(SDE)) X)) =x- f b(X(s))ds + \/Ef a(X(s)dW(s), xeR%,
0 0
W(?) is a d-dimensional Brownian motion, d > 3,

with drift b : RY — R that is in general locally unbounded, and dispersion matrix o €
L*(R4,R? ® RY) that can be discontinuous.

The search for the largest class(es) of admissible b and o is of fundamental importance
and has long history. The first principal result is due to N. I. Portenko [27]: If |b| € L? =
LP(RY) fora p > d, and a = oo is Holder continuous, then there exists a unique in
law weak solution to (SDEj); the weak solution can be constructed using either an analytic
approach or the Girsanov transform. The result in [27] was extended (in the case a = I) by
R.Bass-Z.-Q. Chen [2] to b in the standard Kato class Kg“ , see definition and more detailed
discussion below. Since Kg“ contains, for every € > 0, vector fields b such that [b] ¢ Lllo+c‘9,
the use of Girsanov transform to construct a weak solution becomes problematic. In recent
papers [18, 19], N. V. Krylov established weak existence and uniqueness in law for a general
measurable uniformly elliptic o and b € LY(R?,R¢) (both o and b can be time-dependent);
it is easily seen that LY(R?,R) - KI*!' # @.

(With regard to the existence and pathwise uniqueness of strong solutions to (SDE)), the
corresponding result for o = I, |b| € L, p > d is due to N. V. Krylov-M. Rockner [21], and
for |Vo| € LP,|b| € L?, p > d, due to X. Zhang [31]; both these results allow time-dependent
coefficients. Let us also note that imposing additional assumption on the structure of b
(integrability condition on the negative part of divb) allows to prove weak existence and
uniqueness for (SDE) with o = I, |b| € L? for some p < d, see X.Zhang-G.Zhao [32].)
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See Section 3 below for further discussion.

In this paper we establish existence and uniqueness (in appropriate sense) of weak solu-
tion to (SDE7), not assuming additional structure of the drift b such as radial symmetry or
differentiability, under the following assumptions on b and o

Condition (C;) The vector field b is form-bounded, i.e. |b| € leoc and there exist constants
0 > 0and A = As > 0 such that

_1
IBIA = A)Zllpn < V6
(write b € Fs). Here and below, || - ||, := || - lzr— . Equivalently, condition b € Fs can be
stated as the quadratic form inequality
Ibgll3 < 8lIVell; + collelly, ¢ € W,

for a constant ¢s (= 49). The constant ¢ is called the form-bound of b.
Clearly,

bleFdl’bzeFéz = b1+b2€F6, \/_:Z \/5—1+\/5—2

ExampLEs. Let us list some sub-classes of Fs defined in elementary terms.

1. The class F; contains vector fields b (= by + by) in LP(RY,R?) + L*(R?,R%), p > d (by
Holder’s inequality) and in LY(RY,RY) + L*(R¢,R?) (by Sobolev’s inequality) with form-
bound ¢ that can be chosen arbitrarily small.

2. The class F also contains vector fields having critical-order singularities, such as

d-2

x| 2 x

b(x) = Vo

(by the Hardy-Rellich inequality |||x|"<p||§ < (ﬁ)zllVgollg, ¢ € WH?). More generally, the
class F;s contains vector fields » with || in L% (the weak L space) 2 L. Recall that a
measurable function 4 : RY — Ris in L& if ||hl| e := sup,.q sl{x € RY : |a(x)| > s}|!/4 < oo,
By the Strichartz inequality with sharp constants [16, Prop. 2.5, 2.6, Cor. 2.9], if |b| in L%,
then

beF,  with/5) = [IbI(A - A) 3 |lan

_1 _ 1
< 1Blla.co X (A = A) 2 [l

I(%3) _

bl —=
= d,co
[(£2)

dd-2

_1
< |Ibllgee, 27!

where Q, = ﬂgl"(%l + 1) is the volume of the unit ball in R¢.

3. Furthermore, Fs contains vector fields in the Campanato-Morrey class and the Chang-
Wilson-Wolff class with & depending on the respective norm of the vector field in these
classes, see [6]. The class Fys contains b with |b|* in the Kato class of potentials {V € LllOC |
A= A) V]l < V5 for some A = A5 > 0} (by interpolation).

We note that for every € > 0 one can find b € Fs such that || ¢ LIZOJ“CS(R" ,RY, e.g. consider

150,140) — 1B0,1-0)

Il = 1| (= In |l = 1]

bP*(x) = C B>1, O<a<l.
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Another example is: if 4 € L*(R), T : RY — R is a linear map, then the vector field
b(x) = h(T x)e, where e € R?, is in F; with appropriate ¢ (but [b| may not be in Lﬁ;‘c’").
We refer to [12, sect. 4] for a more detailed discussion on class F.

Condition (C;) The diffusion matrix a := oo™ satisfies a > vI, v > 0 and (write V; = 9,,)
(Veap)l, €F,,, 1<nrt<d,

for some y,¢ > 0.

For example, a matrix a with entries in Wt satisfies (C,) with v,¢ that can be chosen
arbitrarily small. The model example of a matrix a satisfying (C,) and having a critical
discontinuity is

X® x
ax)y=1+c the constant ¢ > —1

x>

(in fact, V,a; = clrzilj;—‘fz + clrzglf—"'z + cxpcg‘%, SO I(V,aig);j:ll <2lclIx"t = (V,al-g);.’lz1 eF,,.
Yre = (4¢)*/(d — 2)? by the Hardy-Rellich inequality). Another example is

a(x) = I + ¢(sin log(|x|))2e ®e, ecRlel=1

(indeed, V,a;; = 2c(sinlog|x|)(coslog |xD)|x|"%x, e;e;; now, use example 2 above). More
generally, we can consider an infinite sum of these two matrices with their points of discon-
tinuity constituting e.g. a dense subset of R?.

We note that the class (C,) contains matrices a ¢ VMO class, see details below.

Intuitively, the form-bounds y,, can be viewed as measures of discontinuity of (differ-
entiable) matrix a. (To illustrate this, we note that if a;; € W', p > d, then y,; can be
chosen arbitrarily small, while a;; are Holder continuous by the Sobolev Embedding Theo-
rem. On the other hand, in the previous example of a discontinuous a, form-bounds y,, > 0
are determined by c.)

Denote Co, := {g € C(R?) | lim, g(x) = 0} (with the sup-norm). The central an-
alytic object in this paper is positivity preserving contraction Cy semigroup e "A¢=(@b) on
Co (Feller semigroup) whose generator —Ac_(a, b) is an operator realization in Cs of the
formal operator

d d
(Veoa-V=b-V)f(0)= ) Vilay(»)V,f0) = > bix)V;f(x).

i,j=1 j=1

. . qd
We construct e "Ac=@ ynder assumptions (C), (C,). The construction, based on a W' i2

estimate on solutions to the corresponding elliptic equation in L? and a L” — L iteration
procedure, is the main analytic result of this paper.

We note that the condition b € Fs, 6 < 1 is known in the literature first of all as the
condition ensuring that the sesquilinear form t[u, v] := (Vu-a- Vo) +(b-Vu,v) with a general
uniformly elliptic a, on u,v € W2, where

hy = fR ;G g) = (k.

is m-sectorial; then t[u,v] = (Aa(a, b)u,v), u € D(Ay) ¢ W2, v € W'?, where operator
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—As(a, b) (a realization of the formal operator V- a -V — b - V in L?) is the generator of
a quasi contraction Cy semigroup on L? [10, Ch.VI] (“form-method” of constructing Cj
semigroups). Below we construct C, semigroup in Cs, a space having (locally) stronger
topology than L?, under the same assumption b € Fj, for 6 < ¢4 with appropriate constant
0 < cq < 1, at expense of requiring that a satisfies (C>) with y,, < ¢/, ¢/, = ¢/,(6) > 0.
The operator behind (SDE)) is the non-divergence form operator
d d
—a- V24DV == ag()ViV;+ > b0V,

i,j=1 J=1

We re-write it as

() —a-V*+b-V=-V-a-V+( Va+b)-V,

where the vector field Va is defined by (Va); := Zl‘.’:I(Viaik). By (C,), Va is in Fs, with
04 < fo:l vr¢, and so Va + b is an admissible drift. Thus, under appropriate assumptions
on the values of form-bounds 8, d,, y,¢, the Feller generator —A¢_(a, Va + b) is well defined
(Theorem 1(i)). In Theorem 1(ii), (iii), we show that the probability measures on the space of
continuous trajectories determined by the Feller semigroup e~"Ac=(@Va+b) admit description
as weak solutions to (SDEj).

If we could only handle drifts in L?(R¢,R?), p > d, and thus in order to use (1) would
have to require V,a., € LP(R?,R), p > d, then by the Sobolev Embedding Theorem a would
have to be Holder continuous. It is the fact that we can handle critical-order singularities in
the drift that allows us to consider diffusion matrices a with critical discontinuities.

We emphasize that there are b € Fs so singular that they destroy the Gaussian upper
(and lower) bound on the heat kernel of =V -a -V +b-V, —a-V?>+b-V (e.g.fora = I,
b(x) = L2V6|x|2x, see [22, 23], see also [24]).

The following example shows that the existence of a weak solution to (SDE;) must de-
pend on the value of the form-bound of b.

ExampLE 1. Consider the SDE (d > 3)
f
X(t) = — f b(X(s)ds + N2W(), t>0,
0

where
d-2

|x|%x € Fs.

b(x) := Vo

IfV6 < 1A %, then by Theorem 1 below this equation has a weak solution.

If Vo > dz—_dz, then an elementary argument (see e.g. [15, Example 1] ) shows that the SDE
does not have a weak solution. In this sense, the singularity of b is of critical order.
In Section 4 we consider the Stratonovich SDE

(SDEj) X(t) = x — f b(X(s))ds + V2 f o (X(s)) o dW(s), xeRY,
0 0

assuming that (V,o; j)f:1 € F;,, for some 6,; > 0. We put (SDEj) in Itd form without losing
the class of singularities of the drift or the class of discontinuities of the dispersion matrix
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(although imposing somewhat more restrictive assumptions on the values of form-bounds
¢ and 7y,¢). From the analytic point of view, imposing conditions on V,o;; seems to be
pertinent to the subject matter since it provides an operator behind (SDEj).

We prove that the weak solution to (SDE;) or (SDE5) is unique among all weak solutions
that can be constructed using reasonable approximations of a, b, i.e. the ones that keep the
values of form-bounds intact, see remark 2 below.

Since in our construction the weak solutions to (SDE;), (SDEy) are determined from
the very beginning by a Feller semigroup, we do not need the uniqueness in law in order
to prove that the associated process is strong Markov. Concerning a possible proof of the
uniqueness in law we note that, under the assumptions (Cy), (C,), in general |Vu| ¢ L™,
u=@u+Aya,Va+ b))"'f,evenif f e C*¥ anda = 1.

Let us also note that v(z, -) = e~"A(@Va+D) £(.) i5 a unique weak solution to Cauchy problem
for the corresponding parabolic equation in L?, cf. remark 4 below.

The results of this paper are new even if b = 0 or o = I.

Notarion. We denote by B(X, Y) the space of bounded linear operators between Banach
spaces X — Y, endowed with the operator norm || - [|x—y. Set B(X) := B(X, X). We write
T =s-X-lim, T, forT,T, € BX)if Tf =1lim, T, f in X for every f € X.

R := RY U {oo} is the one-point compactification of RY.

Qp = D([0, oo, R?) the set of all right-continuous functions X : [0, co[— R having the
left limits (cadlag functions), such that X(¢) = oo, f > s, whenever X(s) = oo or X(s—) = co.

F, = 0{X(s) | 0 < s <t X e Qp} the minimal o-algebra containing all cylindrical sets
(X €Qp | (X(s1),...,X(sn) € A,A C (RY)" is open}o<y, <..<s,<1- Set Foo = o{X(s) | 0 < s <
00, X € QD}

Q := C([0, oo[, RY) denotes the set of all continuous functions X : [0, co[— R.

G =0{X($5)|0<s<,XeQ}, G :=0{X(5) |0 < s <00, X € Q}.

C% = C%(R?) is the space of Holder continuous functions with exponent 0 < a < 1.

The results of the present paper were announced in [13] and [14].

2. Ito diffusion

Without loss of generality, we assume from now on that a > 1.
We fix the following smooth approximation of the matrix a and the vector field b:

ay =1+ e“(n(a-1), €10,
where n,(x) = 1if |x| <n,n(x) =n+1—-|x|ifn < |x|<n+1,7,(x)=0if |x| >n + 1, and
by = ¢ (1,b), & |0,

where 1, is the indicator of {x € R? | |x] < n, |b(x)| < n).
By a standard result, given a Feller semigroup 77 on C, there exist probability measures
{P,},ere On Foo such that (Qp, F, Fe, Py) is a Markov process and

Ee [fX)] =T'f(x), Xe€Qp, feCwu xR’

(see e.g.[3, Ch.1.9]). In the next theorem we prove that these probability measures are, in
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fact, concentrated on finite continuous trajectories (€2, Go,).

Theorem 1 (Main result). Let d > 3. Assume that conditions (C;), (C,) are satisfied,
i.e. the vector fields b € Fs, Va € F;,, (Vra,-g)lfl:1 € F, ,, with the form-bounds 6, 64, ¥,
satisfying, for some g >d -2 ifd >4 o0rq>2ifd =3,

o 11 LWy +lla—IloVE+382) >0,  wherey =3¢, ¥,
2
(q =D = D) - (V5F 5V, + 6 + )% — (g — 2D _ g — ], 2% > .

The following is true:
(1) The limit

—tAco (an,Va,+by,)

(%) 5-Coo-lime (loc. uniformly in t > 0),

where Ac_(an, Va, +b,) := —ay,- V2+b,-V, D(Ac_(an,Va,+b,)) == (1- A)'Co, exists and
thus determines a Feller semigroup on Ce, which we denote by e "\c=
—Ac_(a,Va + b) is an appropriate operator realization of the formal operator a-V*> —b -V
on Cy. (We explain the choice of notation Ac_(a,Va + b) below.)

We have

(@Va+b) - Its generator

(ethex(@Vash) | 1 Cw)z'ficm € B(L1,Cy), t>0.

Also, there exists a constant o = po(d, q, 8, 84,7y) > 0 such that u = (u+ Ac_(a, Va+ b))flf,
> po, f € LINCy, is in C*?, possibly after change on a measure zero set, with the Holder
continuity exponent @ = 1 — %.

Let P, be determined by T' := e~"Acw(@Vath),

Then for every x € R%:

(1) The trajectories of the process are P, a.s. finite and continuous on 0 < t < oo,

We denote P, | (Q, G) again by P,.

(iii) Ep, fot b(X(s)lds < oo, X € Q, and, for any selection of f € C°, f(y) := y;, or
f) =yyj, 1 <i,j<d, the process

M/ (1) := f(X(1) — f(x) + f (—a-V2f +b-V)(X(s)ds, >0,
0

is a continuous martingale relative to (Q, G;,P,); the latter thus determines a weak solution
to (SDEy) on an extension of (Q, G;, P,).

Remark 1. Clearly, condition (2) is trivially satisfied if 6 and y (= §,) are sufficiently
small; for example, if g;; € W' and |b| € LY, then 6 and v can be made arbitrarily small, see
examples above. If a = I, then this condition reduces to 6 < 1 A (,1272)2'

Since our assumptions on ¢, d,, ¥, involve only strict inequalities, we may and will
assume that ¢,, &, | 0 in the definition of a,, b, are chosen so that

(Viai)l, €F;, (1<nt<d), Va,eF;, b, cF;

with form-bounds 8, &, Yre (With A # A(n)) satisfying (2). Below, without loss of generality,
0=10,04 = 0g, ’yrt’ =Yrt-
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RemMARrk 2. The solution to the martingale problem of (iii) is unique in the following
sense. In addition to the hypothesis of Theorem 1, assume that ||a — || + 6 < 1. If {Q,} 1ere
is another solution to the martingale problem such that

Q, = w-limP.(a,, b,) for every x € RY,
n

for some smooth @,, b, whose form-bounds &, é,, ¥,¢ (provided that 1 # A(n)) satisfy (2),
then {Q.} cr¢ = {P,},ere. See Appendix B for the proof.

3. Comments

1. The Feller semigroup in (i) is the principal analytic object; the other assertions (ii), (iii)
of the theorem follow from the regularity properties of the resolvent (u + Ac_(a, Va + b))_l,
cf. Lemmas 7 and 8 below.

2.Bvenifa = I, C® ¢ D(Ac,(I,b)) (already for b € L¥(RY,R?) — C,(R%, RY)). An
attempt to find a complete description of D(Ac_(/, b)) in elementary terms for a general
b € F; is doomed.

3. To prove Theorem 1(i), we first construct a Feller semigroup e~ agsociated to
the divergence form operator —V - a -V + b - V by showing that if the form-bounds 6, d,, ;¢
satisfy, for some g > d -2 ifd >4org>2ifd =3

) ~ 4T+ lla = T V3) > 0,
(q- 11 - 2) = (Vova, + )% — (g -2 —lla - [l 22 > 0

(the role of g will be explained below), then the limit

—tAcoo (an,by)

(%) 5-Coo-lime (loc. uniformly in ¢ > 0),

where Ac_(an, b,) == =V -a, -V +b, -V, D(Ac_(an,b,)) := (1 — A)"'C, exists and thus

—1Aco

determines a Feller semigroup, e @b Then, since

—a, -V?>+b,-V=-V-a, V+(a,+b,)-V,
and Va+b € F; 15, Va, + b, € Fs .5 with 4 # A(n), we obtain () from (%) upon replacing
b by Va + b. (In particular, (2) is (3) with ¢ replaced by ¢, + ¢.)

4. The proof of existence of the limit (%) goes as follows.
By Theorem A.1 below, there exists a positivity preserving L> contraction quasi contrac-
2

tion Cy semigroup e A in L, r > Y-

4) e” M@ = o 17 Tim e @b (Joc. uniformly in 1 > 0),
where A (a,,b,) := =V -a,-V+b,-V, D(Ay(a,, b)) = W2 Note that L has a (locally)
weaker topology than Co, so it is easier to prove convergence there.

At the next step, we prove a priori bound on u, := (u + Ag(@n, b)) f, pt > o, f € LY,
for g > 2 satisfying (3):

(% * *) IVitall o < Cliflg,

(Lemma 1). This bound for ¢ > d =2 ifd > 4 or ¢ > 2 for d = 3, allows us to run an
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iteration procedure L” — L* that yields for a ry > ﬁ

ln — tlleo < Blluy — um”Zoa n,m21,

where constants y > 0, B do not depend on n, m (Section 5.2). Thus, since u, converge
in L' by (4), it follows that u, converge in C,. The latter allows us to apply the Trotter
Approximation Theorem, which yields existence of the limit (xx).

5. Let us comment more on the existing literature on stochastic differential equations with
singular drifts.
In [2], the authors prove existence and uniqueness in law of weak solution to the SDE

5) X(t) = x - f b(X(s)ds + V2W(5), xeRY,
0

for b in K8+ := NgoK$*!, where the Kato class K¢ = {[b] € L] | [I(4 - A 2lbllle <

loc

V6 for some A = A5} (in fact, [2] allow b to be a measure). We note that
K" -F;20, F;-K{"'#0

(already L/(RY, RY) ¢ K{*).

In [17], the authors construct a Feller semigroup on C., associated to the operator —A +
b -V, b € Fs. The a priori bound (*x * %) and the L” — L™ iteration procedure developed in
the present paper extend the corresponding results in [17] (see also [12, sect. 4]).

In [15, Theorem 1], we proved an analogue of Theorem 1(ii),(iii) for SDE (5) with b in
the class of weakly form-bounded vector fields

F2 = (bl € LL, | IbI3(A = A) #]lz < V3 for some A = 1)

loc

that contains both the Kato class Kg” and Fs as its proper subclasses (as thus the sums
of vector fields in these two classes). The corresponding Feller semigroup was constructed
in [11], see also [12, sect. 5], but using a different technique that depends crucially on the
pointwise estimate [V(u—A)"'(x, y)| < c(ku —A)_% (x, y). This estimate holds for —A replaced
by =V - a -V but only for Holder continuous a. In the present paper, we include matrices a
having critical discontinuities at expense of restricting the class of admissible drifts » from
F;” to Fs.

We note that Theorem 1 in the case a = [ is not a special case of [15, Theorem 1] since it
admits larger values of the form bound of b.

6. The last assertion of Theorem 1(i), i.e.that u € C%*, @ = 1 — %, follows easily
from the a priori bound (% % %) via the Sobolev Embedding Theorem. This result captures
quantitative dependence of the Holder continuity of u on the values of form-bounds 9, ¢,
and y,,. (Let us note that we can appropriately normalize the coefficients of =V - a -V +
b-V,—a-V?+b-Vsothat §, 6, and y,, become constant multiplies of the corresponding
coefficients).

7. The proof of Theorem 1 does not use W2 bounds on u,. In fact, even if a = I, such
bounds do not exist for large p for a general b € Fs.

For less singular drifts, there is an extensive literature on W2 bounds on solutions to
the corresponding non-divergence form elliptic and parabolic equations. In particular, such
estimates exist for matrices a with entries in the VMO class (which includes a;; € W'
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considered in [25]), see [9], see also [8] where the VMO class appeared for the first time
in the context of W>? bounds for non-divergence form equations. Moreover, W' and W>?
bounds exist for both divergence and non-divergence form equations for a locally small in
the BMO norm, see [4, 5]. Note that already our model example a(x) = I + c%, c> -1,
is not in the VMO class. Although this a is in BMO, we do not require in Theorem 1 local
smallness of its BMO norm (= smallness of ¢, i.e. smallness of y,,). For other admissible
classes of a, however requiring control over geometry of the set of discontinuities, see [7, 20]
and references therein. See also [31] where W2” estimates are obtained assuming |Val,
|b| € LP, p > d (in fact, a, b can be time-dependent).

We note that the operator —a - V? with V;a;; € L** has been studied in L? in [1].

8. For the divergence form operator, the iteration procedure depends on the a priori bound
(% * %), more precisely, on

(6)
sup ”V“nHZq_d <00, Uy = (/J"'Aq(am bn))_lf, S L NL%, q¢€ ]
a2

n

2 2
d—-2), =[.
2_\/EV( )\/(_5[

Other than that, the iteration procedure works for an arbitrary uniformly elliptic matrix a:

a=a":RY>RIQ@R? is measurable,

H,
(H.) ol <a(x) <&l forae.xeR?forsome0 <o < & < oo,

see Section 5.2 for details. In this regard, we note another instance where a priori bound (6)
is valid. Let a € (H,). Without loss of generality, o = 1. Let o/ < a, < &I be a smooth
approximation of a as defined above. Set A := =V -q,, - V. Then for p > 2, by the N. Meyers
Embedding Theorem [26],

(7) (u+Ay"e BW P W), >0,
_ 1
(8) IV +A) " (= A)2]l,mp < Cpy Cp 2 Cplu),
provided that
&

_L.n
”V(l‘t - A) 2||p—>p < Es

see also [12, Theorem G.1]. Thus, assuming that ¢ and o are sufficiently close to each other,
we can select p = gj, where g €]d — 2, oo[, to obtain a priori bound (6) for u, := (u+A)~' f.
The latter allows us to run the iteration procedure, which then yields associated to =V -a -V
Feller semigroup. (The convergence of u, in L', ry > 2, follows e.g. from Theorem A.1.)

Leth = b’ +b"” € L4RY, R?Y) + L°(R?, R?), in which case b € Fs with 6 that can be chosen
arbitrarily small. We can further perturb A by b - V arguing as in [12, sect. 4]. Namely, let
T:=b, - V(u+A)y" Then(p =L, feC,)

1T Fllg < I NallV (e + A) ™ G = A2 ol = AY 2 1

+ 116" [l IV (e + A (e — A)%Ilqﬁqll(,u - A)_%f”q
(we use (8))

< (I6'114C5Cp + 2 ColIb” l)IIf Nl
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for all g €]2,2 + €], where 0 < € < d — 2 depends on ¢ and 0. Without loss of generality, we
may assume that ||b’||; is sufficiently small (at expense of increasing ||b”’||) Thus, for g > 0
sufficiently large so that ||7'||,, < 1, we have

W+A+b,- V) =@+A A +T)"

and thus
IV + A+ by V) £l
< IVG+ A (1= D)2l = A2+ T) 7 Sl
(we apply (7) and the Sobolev Embedding Theorem)
sam+Tﬁﬂusawm
Above we can replace p = d 7 Lbyg<p< 5. Take p = . If £ and o are close to each

other, we can select g €]2 Vv (d - 2),d|, thus arrlvmg ata pr10r1 bound

sup[Vu|l[) < 00,y :=(u+A+b,-V)'f, feL'nL*

n

needed to run the iteration procedure. (The convergence of u, in L', ry > 2, follows from
Theorem A.1.) The latter allows to prove: Let d > 3, a € (H,), b € L*(R?,R?) + L*(R¢, RY).
If ¢ and o are sufficiently close to each other, then the limit

~1N oo (ansby)

§-Coo-lim e (loc. uniformly in t > 0),

where Ac_(a,, by) := =V-a,-V+b,-V, D(Ac_(an, by)) := (1-A)"'Cy, exists and determines
a Feller semigroup on C.. We note that this result can not be achieved on the basis of the
De Giorgi-Nash theory.

9. The method of proof of the a priori bound (x * %) is rather general.
We could have considered matrices a of the form

a=1+cf®f, ¢>-1 (orasum of such matrices),
assuming that

fe L°®RLRYNWERLRY,  [Iflle =1,

VieFy, 6>0, i=1,2,...,d 5f:=25",

in which case Va = c[(divf)f + f - V] € Fj, with 6, < |c[*(Vd + 1)%6;.
Then the condition (3) is replaced with: 6 < 1 A (ﬁ)z, and, for some g > d —2ifd > 4
org>2ifd=3,

[(q - DLE 4 CORND y (f_gygoyt 0l _ b5

O<c<(g-1-0){ (L 4 (g-2)L% + 2 _1)! if 0<1 -0 ol

[(q - 1)(gVer — 1) + 227! if 1- 2% <o,
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where  := qT\/S[q — 2+ (Yo, + V6)4], or

5_1
—(q—l—Q)[(q—l)(l+q\/6_f)+§] <c<0.

4. Stratonovich diffusion

We replace condition (C,) of the introduction by

(C))ax=vl,v>0and, foreach 1 <r,j<d,
(VrO'ij)flzl € F(s,,

for some o,; > 0.

Then we can re-write (SDEg) as

(SDE})  X(1) = x —f b(X(s))ds +f c(X(s))ds + \/Zf o (X($)dW(s), x € R,
0 0 0

where

d
. . 1
c:= (c‘)flzl, ¢ = E Z(V,O'ij)a,j.

rj=1

By (C)),

d
2
iz, ) 6

r,j=1

C € F(ge, (Sc <

N —

(here |0l = ||(Zf’j:1 (ffj)%Hoo). We note that (C)) yields (C»):

d
1 1
(Vyakey € By e < (el 6% + it -
j=1

We fix the following approximation of o~ by smooth matrices: o, = I + e“*(n7,(c — I))
(1, were defined earlier). Then we may assume that a,, b, and c, satisfy

(Vr(an)i{’)?:l € F)/r( (1 <r t < d)! Van € F(Sa, cy € F(S(.v Van —Cp + bn € F6a+§c+(5

with 4 # A(n).
The next result is an immediate consequence of Theorem 1.

Theorem 2. Let d > 3. Assume that conditions (C,), (C)) are satisfied, with 6, 64, 6, ¥
satisfying (3) for some g > 2 V (d — 2) with ¢ replaced by 6 + 6, + .. Then:
(1) The limit

e hew(@Varb=c) .- ¢ € _Nim e~tAes @ Vantbi=c)  (Joc yniformly in t > 0),

where Ac_(a,, Va,+b,—c,) := -V +(b,—cy)-V, D(Ac_(ay,Va,+b,—c,)) := (1 -A)!C,
exists and determines a Feller semigroup.

Let (Qp, Fy, Foo, P,) be the Feller process determined by e”"\¢ (@Va+b=c) The following is
true for every x € R4:
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(i1) The trajectories of the process are P, a.s. finite and continuous on 0 < t < oo,

We denote P, | (Q, G) again by P,.

(iii) Ep, fot b(X(s)lds < oo, X € Q, and for any selection of f € C”, f(y) = y; or
fy) =y, 1 <i,j < d, the process

f
M () = f(X(1) - f(x) + f (—a-V*f+(b-c)-V(X(s))ds, >0,
0
is a continuous martingale relative to (Q, G;, P,); the latter thus determines a weak solution

to (SDEY) on an extension of (Q, G, Py).

Remark 2 also applies to Theorem 2, provided that ||a — I||c + 6 + 6. < 1.

5. Proof of Theorem 1(i): Construction of Feller semigroup
As we explained in the introduction, it suffices to construct the Feller semigroup e~ (@)

corresponding to the divergence form operator -V -a -V +b-V:

Proposition 1. Assume that b € F, (Vrazl-g)f:1 €F,, and Va € K5, with y,, 0, 0, satisfy,
forsome g >d—-2ifd>4o0rq>2ifd=3

- %(\/7 + |la — I||oo‘/(_5) >0, where y = Z‘r{gzl Vrts
2
(g~ (1 = 5) = (Vov8, + )% ~ (g =25 ~ lla~ Il 5" > 0.

Then the limit

(*)

_tACDo (ambn)

§-Coo-lime (loc. uniformly in t > 0),

where Ac_(ay, by) := =V-a,-V+b,-V, D(Ac_(an, by)) := (1-A)"'Cy, exists, and determines
a contraction Co semigroup, e~"cw(@b),
We have

(€A @h ) [10 CE . € BLI,Co), 1> 0.
Also, u = (u +Acw(a,b))_1f’ﬂ >up, fELINCyisinC™, a=1- %

The two key ingredients of the proof of Proposition 1 are the a priori bounds and the
iteration procedure.

5.1. A priori bounds.

Lemma 1. Let d > 3. Assume that q > 2, y,, 0, 0, are such that (%) is satisfied. Then
there exist constants uy = po(d, q,0,04,v) > 0 and K; = Ki|(d, q,98,04,7), | = 1,2, such that
the bounds

IVitally < K1 — o) 2 1Al
1_1 .
IVitally; < Kolpt = po)e 2 Mlally,  j o= %,
hold for u, := (1 + Ay(@n, b)) " h, 1> pio, h€ L9, n > 1.

(%)

Proof. Since a,, b, are C*° smooth, we have for all u > %

1+ Ac(an b)) 1 Coo VLY = (4 Agl@n, b))~ T Co N LY,
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by Theorem A.1 (to apply the theorem, we note that, by our assumptions, b, € Fs where
o<1).

Thus, it suffices to prove (xx) for (1 + Ay(an, by))"'h, 0 < h € C..

Set A} := =V -a, -V, D(A}) := W4

Put

0 < u, = (U + Ay(an, by)'h,

where A, (ay, b,) = AZ + b, -V, D(Ay(ay, by)) = W24 > 1. Clearly, since a,, b, € C*, we
have u, € W34,
For brevity, we omit index n everywhere below, and write u = u,,a = a,, b = b,, A, = AZ.
Set

d
we=Vu, L= ) (V) Ty = ()l
r=1

d
15 = Z((er ca- V), T8 = ((Vw| - a - Viw)w|??),

r=1

where, recall,

M%=Lﬂuﬂn<hw:0@-

Set [F,G] := FG - GF.
We multiply the equation uu + A,(a, b)u = h by the test function

d
¢ ==V @iwl??) = = > V(wlwl”?)
r=1

and integrate:

wllwl?y + (Agw, wlw|?2y + [V, A Ju, wlw|?™2) = (=b - Vu, $) + (h, $),

plwl®y + I + (g = 2)J5 + ([, Aglu, wlwl?) = (=b - Vu,$) + (b, ¢).

Since by our assumption a > I, we have Ij > I, Jg > J,. We thus obtain the principal
inequality

(0 wllwl?y + Iy + (g = 2)Jg < ~([V, Aglu, wlw|">) + (=b - Vu,$) + (h.¢) — Ry,

We will estimate the RHS of (e) in terms of 7, and J,,.
First, we estimate

d
IV, Aglu, wlwlT2) := 3 [V, Aglut, wluf™2).

r=1

Sety = 2., vre. From now on, we omit the summation sign in repeated indices.
Claim 1.

KV, Aglu, wlwl? )| < M1, + NiJ, + Ci{|w]),
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where constants
1 2 2

q 1
= M=alia-olpl 4ﬁ]

Proof of Claim 1. Note that [V,,A,Ju = =V - V,.a - Vu. Thus,

M, = Ci:=(a+(g-2)B)Ay

(Vs Aglu, w,lw|?™2y = (V,aie)we, (Viw,)wl ")
+(q = 2)X(V,aip)we, ww|? >V, w).

By quadratic inequalities,
1
KV, Aglu, wlwl?) < a{|V,a. P wl) + 20l

+ (g - 2|V Plutt) + _BJ

By (Cy), V,a,€F, , ie.
(VearPlgh) (= Y (VradPlgly) < (V) + vdlgP), g W',
rt

so that
2 q2
&) IV, a. " lwl?) < YZJq + Ay{wl?).

The proof of Claim 1 is completed.

We estimate the term (—b - w, ¢) in (o) as follows.
Claim 2. There exist constants C,, C), such that
(=b-w, ) < Maly + NaJy + Callwll? + Chllwll? 1A%,

where constants

1 Vo 2
=lla~llwzm. N =(\ff+6)—+<q 2)"—+||a 1||ma16q4

Proof of Claim 2. We have ¢ = (—Au)|w|?"? — |w|? 3w - V|w|, so

(=b - w,¢) = (~Au, [w|" *(=b - w)) = (g — 2){w - V|w], jw|?>(=b - w))
= F| + F,.

Set
By := (bl lwl?).
We have
Fy<(q-2)B2J;.

a,B > 0.

0/1>0.

Next, we bound F;. We represent —Au = V-(a—1) - w— uu — b -w + h, and evaluate:

Via-1)-w=Va-w+ (a—1DiVw, so

Fy=(V-(a—1)-w,|w!(=b - w)) +{(~pu — b - w + h), [w!*(=b - w))
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=(Va - w,|w"*(=b - w))
+{(a = DieVawe, w2 (b - w))
+{(—put — b - w+ h), [w|2(=b - w)).

Set P, := {|Val*lw|). We bound F; from above by applying consecutively the following
estimates:
1ol
1) (Va - w,|wl**(=b - w)) < P}B..
11
2) ((a — DViwe, [wl*2(=b - w)) < lla — Nl By < lla = (1B, + 7-1,).
12
3) (it w42 - w) < B2 il (1l for all p1 > w, = 75

1 92
Indeed, (uu, [w|9>(=b - w)) < ,qullwllZ2 |lull; and, by Theorem A.1, [lull, < (u — wq)‘lllhllq,
> wy.
4 (b - w, |lw%b - w) < B,.

1og2
5) Chy [w|?=>(=b - w)l < Bgllwlly” llAll,.

1 g2 _
In 3) and 5) we estimate B} [lwll,” [l2ll, < £0B, + 7= llwllf llAl12 (2o > 0).

The above estimates yield:
(=b-w,¢) =F + F

L1 L1 11
< PIB} +lla— [l B} + By + (g~ 2)B2J;

+ a0 L+ 1)B, + Cyeo)lul] AR,

H—H
Selecting gy > 0 sufficiently small, using that the assumption on ¢, ¢, are strict inequalities,
we can and will ignore below the terms multiplied by &.

Finally, we use in the last estimate: By b € Fg,

q2
By < 700y + A5(ul”)

(cf. (9)), and by Va € F;,

q2
Py < “r0uly + A6l

This yields Claim 2. |

We estimate the term (&, ¢) in () as follows.
Claim 3. For each gy > 0 there exists a constant C = C(gg) < oo such that
(h, ¢y < el + Cllwlld |1Al2.
Proof of Claim 3. We have:
(h, ¢y = (=Au, wl?hy = (g = 2)|w|">w - VIwl|, h) =: F\ + F;.

Due to [Auf® < d|V,w|> and (|wl"2h?) < [lwllZ|IAI2,

92

1 92 1
Fy < VdIZ wll” 1A, Fay < (g =2)Jglwllg” NlAlly-
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Now the standard quadratic estimates yield Claim 3. |

We now apply Claims 1, 2 and 3 in (e). Since the assumption on ¥y, 9, d, in the theorem
are strict inequalities, select &y > 0 sufficiently small so that we can ignore the term &y,
from Claim 3. We arrive at: There exists ug > 0 such that for all u > g

(= pollwllg + (1 = My = M)y + (q = 2 = Ny = Na)J,, < Clihllg,

We select & = 8 := qL a

1 . .
N By the assumptions of the theorem, the coefficient of /,

=M, —My=1- %(\/«7 +lla - Il V3) is positive,

so,by I, > J,,

w—ﬂmmﬁ+(q—nﬂ—?i:—c¢v_+6r— (q- 2ﬂv_ ”_anv'q
< CllAll.
By the assumptions of the theorem the coefficient of J, is positive. Thus, we have
(1 = po)llwllg + cJy < Clinllg, ¢ > 0.

In particular, (u — ,uo)llwllf] < C||A||?, which yields immediately the first estimate in (xx).
Applying the Sobolev Embedding Theorem in J, = %{(VIVMI%Y), we obtain the second
estimate in ().

The proof of Lemma 1 is completed. O

5.2. Iteration procedure. The iteration procedure works for an arbitrary uniformly el-
liptic matrix a € (H,).

Define t[u,v] := (Vu - a - Vo), D(f) = W'2. There is a unique self-adjoint operator A =
A, > 0 on L? associated with the form #: D(A) c D(t), (Au,v) = t{u,v], u € D(A), v € D(?).
—A is the generator of a positivity preserving L™ contraction Cy semigroup T} = e >0,
on L?. Then T!:=[T'T LN L?];-_ 1 determines Cy semigroup on L" for all r €]1, co[. The
generator —A, of T' (= e~"r) is the desired operator realization of V-a - Vin L', r €]1, ool.
(One can furthermore show that 7* extends to a contraction Cy semigroup on L'.)

DeriNiTION 1. A vector field b : R — R¢ belongs to Fs,(A), 6; > 0, the class of vector
fields form-bounded with respect to A = A,, if b2 :=b-a' - b € L]

loc and there exists a
constant A = A(d;) > 0 such that

Iba(A + A) % |hoy < /51

Remark 3. It is easily seen that if a > I (as in Theorem 1), then b € Fs = Fs(-A) =
beFs (A)withd; =6

Consider
{a,)>, c C'RLRIQ@RY) N (H,) with o # o (n), & # £(n),

and
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(bakiy € C'RERY O [\ Fo(A™), 61 <1, A" =Alay),  with A # A(n,m).
m>1
(It is easily seen that a,, b, in Theorem 1 satisfy these assumptions.)
By Theorem A.1 below, —A(a,,b,) := V -a, -V = b, - V, D(A(a,, b,)) = W*", is the
generator of a positivity preserving L™ contraction quasi contraction Cy semigroup on L',
r e]2 it oo[, with the resolvent set of —A,(a,, b,) containing yu > foralln > 1.

Set u, := (u + A(an, b))~ f, f € L' N L™ and

Z(r 1)

g = Uy — Uy,

Lemma 2 (The iteration inequality). There are positive constants C = C(d),k = k(d1)
such that

— _ 1 1 1-2
||g||r,~ < (Co™'(81 + 260 A+ 20)IVunll; ) () gl s

d ’

whereqe] V(d 2), [ 2s=qj, j= 75, 8" = 2y and s'(r-2) > u> A

vt
Proof. Write b,, € Fs,(A™) equivalently as
(b @y bu ) <61V @ V@) + A5l p e W'
Lety = glgl"2,v = glgl%. We multiply the equation
(u+ Aylay, b))g =F, where F:=V-(a,—a,): Vi, + (b, — by) - Vu,,

by ¢ and integrate to obtain
4
pllvll + —(Vo - a, - Vo)
rr
2
= ==, by - VO) +(V - (@ = @) - Vitgy, 0ol 7) + {(by = by) - Vit vlol 7).
-
We estimate the terms in the RHS as follows. By the quadratic inequality, using b, € Fs (A"),

v, by, - V)| < &(by, - @' - by, 0*) + (48) (Vv - @, - Vo)
< (6] + (48)"'NVv - a, - Vo) + &5, |lvl)3

= Vo (Vo-a, - Yoy + 2\ s IR (e = yo) ™).

(V- (@~ @) - Vit o] 7 = — (2 - %) (ay — ay) - Vity, 0|~ Vo)
2 2
< (2 - ;)f(ﬂIIVvH% + 8710l [Vunl1B) (B> 0)

_ _ _2
< 2B (Vo - a, - Voy + B0l 7 [Vl 13).

((bn = bu) * Vit Vol =7y < (bl + 1buDlol. o' [Vitl) (b by € Fi (A™)
< B8V ay - Vo) + BASi [0l + B ol Vit 5.

Thus, we obtain
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= (5= + Bl + (5 = 237 - 1 + 2267 9o a0
o
< (1+ 268710l Va1
Since r > === & 2 — /5] > 0, we can fix k > 1 sufficiently large so that & — 2+/5; =

2o,
—V61) > 2r % Fix B by f(61 + 2607 ") = & = 24/5) — r7% (> 7). Thus

r

[u - (% ‘/Lé—l +,8)/151]||v||§ +r ®Vv-a, - Vo)

2
< (61 + 260 DA+ 2Ol Vuy 13-
The choice of i (u > A) ensures that the expression in the square brackets is strictly positive.

Indeed,y—(%%+,8)/161>,u—(%%s 7—2\/_)6+2§(r_1)/161>/,t A. Thus

(Vo a, - Vo) < (61 + 260 (1 + 26 [Vl ol 2)
and so

V6l < o1 + 260 H(1 + 26X 1Vu il 7 2)
By the Sobolev Embedding Theorem, cdllvllzj < IVull3.
The proof of Lemma 2 is completed. O

Lemma 3 In the notation of Lemma 2, assume that sup,, ||Vum||§j < 0o, u > uo. Then for

any ro > - \/_
gl < Bligllyy, w0 > 1+ o V 261,
wherey = (1 — “7/)(1 - 57/ + 27:)/)_ > 0, and B = B(d, 6;) < oo.

Proof. Let D := Co™'(6; + 260~ 1)(1 + 2¢) sup,, ||Vum||§j < oco. We iterate the inequality
of Lemma 2,

1,1 1-2
(%) llgllj < D7 (r ) gl

as follows. Successively setting s’(r; —2) = ry, s’(r2 -2)=jr, §'(r3—2) = jry,... sothat
rp = (t— 1)‘1(t”(% +2)—1" ”‘) —2), where t = £ > 1, we get from (%)

llgll:,; < D“"Fnllgllzg’,

where

2 2 2
i3 -2
r r I'n
2k
;1 rl 1-2r; l) . (1- 2rn )(1- 2}'”1) r"(1—2r’])...(1—2r;1)
r, =[r; r - é ! cory ?
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Since @, = t" —r;'(t — 1) and y, = rot" 1(s'r,) 7!,

-1

o 7
a,,Scx_( +2——0) s
s’ J

and
. s’ s' 28"\
1nfyn>y:(1——)(1——+—) >0, supy, < 1.
n J J ro n
Note that |lgll,, = 0 as n,m — oo (Theorem A.1), and so |lgll}* < llgll?, for all large enough
n,m.
Finally, since

~1 ~1 t2r71 tnfl ~1

1
% I, 1,
Lr=rrr.5...rp " and bt"<r, <at",

where a = ri(t — 1)7!, b = r;t”", we have
L ny—1 n—1y— -1
TZ < (a)® " (@Y L (an)®

1

1 1
gD S it"] > < [ 401 bt(t—l)z] "
The proof of Lemma 3 is completed. O

Remark. That vy is strictly greater than O is the main concern of the iteration procedure.

5.3. Proof of Proposition 1. Let a be as in the assumptions of the theorem By Theorem
AL u, = (u+ Ay (an, b)) f, f € L' 0 L™, are well defined for all u > 5 (we use that
beFs;= beFs5(A)with 6, = §since a > I).

The second inequality in (xx) verifies the assumptions of Lemma 3, which in turn yields

1)

”Mn um”oo < B”un um”r()’ ro > 27 Y > 0.

Since by Theorem A.1 the sequence {u,} is fundamental in L, we obtain that {u,} is funda-
mental in Co.

We will also need

Lemma 4. Let U, := (u + A,O(an,bn))‘lF, u>A4, F=-V-(@a-0)-V+b, V)(u-
A)'f, f € CL. There are constants 0 <y < 1, B and B independent of n such that

1Unlles < BIULIL,

IuUllo < BluU,IL,
whenever ro > o \/_

Proof. Arguing exactly as in the proof of Lemma 2, we obtain the inequalities

1y < (C81119G1~ A FIZ)F PN

1 1 1-2
Unllrj < (CEUNV AU )7 P MUl )y
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their iteration provides the required result. O

Lemma 5. In the notation of Lemma 4, we have

vl < (3(E V&) (o= 22) e,

01

—2_
whenever r > - Nk

Proof. Arguing again as in the proof of Lemma 2, we obtain the inequality (5 > 0)

(. 2 (A2 2 S =2 12
1= (g 8o ez + (1 = 0001 vz < oy i 71518

r=2
3

where v := U,|U|,> and f, := V(u — A)"' f. Putting here 36| = -5 — 2+/5| and noticing that

11 4 o
alp—(~— + )/16]: —/l(———)z — A,
1[# (r«/(s_l B | == A2 ——— |z H
we have
82 2(1-2
(2 =B i = el < il Pl
It remains to note that || f; |l < x~ [V £l O

Lemma 6. s5-Coo-limyeo (it + Ac, (@, by))™" = 1 uniformly in n.
Proof. Clearly it suffices to show that
tim sup [ja[( + A (@, )" = (= &) ']flle =0 forall f € C;.
Since
~ [+ Aan b)) = =)' f
= (U + A, b)Y @y =D -V + by - V)= 8)7 f = U,
we obtain by Lemma 4 and Lemma 5 that
luUnlleo < BlluU, I, < B - ﬂ)_%IIVfIIZO,

which yields the required. O

We are in position to complete the proof of Proposition 1.
The fact that {u,} is fundamental in C,, and Lemma 6, verify conditions of the Trotter
Approximation Theorem [10, Ch. IX, sect.2]: the limit

~1ACe (@nsbn)

§-Coo-lime (loc. uniformly in ¢ > 0)

exists and determines a contraction Cy semigroup on Co,, e "A¢=(@b) The latter is positivity
~tAco (@, ~"Acw(@b) ig 3 Feller semigroup.
@) we have the following consistency property:

bw) are. Thus, e
—tAcq,

preserving since e
By the construction of e

(10) W+ Ac, (@ b)) = (u+ Aga, b)) T LINCo)e™ e, 1> po.
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The last assertion of Proposition 1 now follows (10), (xx) and the Sobolev Embedding The-
orem.

The proof of Proposition 1 is completed.

The proof of assertion (i) of Theorem 1 is completed.

6. Proof of Theorem 1(ii),(iii): The martingale problem

The Feller semigroup e "Ac~(@Va+h) and the next two estimates will allow us to use the

approach of [15] where we considered the case a = I.

Lemma 7. In the assumptions of Theorem 1, there exist constants uo > 0 and C; =
Ci(0,04,7,q, 1), i = 1,2, such that, for all h € C. and u > py, we have:

(11) [ + Ac.(a, Va + b))~ Ibalhl| < Cilllbulihll,,

(12) 12 + Ac. (@, Va + b)) by = bulhlles < Col[lbw = bl .

We will also need a weighted variant of Lemma 7 . Define the weight
— 2\—v d d
py) = piy) = (1 +1y"), V>2—q+1, [>0, yeR".

Clearly,
(13) Vol < vVip, |Apl < 2v(2v +d + 2)lp.

Lemma 8. In the assumptions of Theorem 1, there exist constants uy > 0 and K; =
Ki1(0,7,04,q) and Ky = K>(8,7, 04, q, 1) such that, for all h € C.(RY), U > uo and sufficiently
small | = 1(6,7, 04, q) > 0, we have:

(E1) o + Ac. (@n, Va, + b)) "0, < Killohll,,

(E2) lloGe + A (@, Van + 5,))  bulh|. < Kalllbuli phl,-

We need the weight p in order to control the behaviour of the semigroups e~/ (@ Vantbn)

at infinity in absence of a uniform (in n) Gaussian upper bound on their integral kernels.
We prove Lemma 7 and Lemma 8 in the next section.

We return to the proof of assertions (ii) and (iii) of Theorem 1. By construction,
(14) e hew@Varh) — ¢ C_lim e Ao (@ Varth  (Joc. uniformly in ¢ > 0),

where Ac_(ay, Va, + by) = —ayn - V2 + by - V., D(Ac.(an, Van + by)) = (1 = A)"'Ca.
Let P be the probability measures associated with e "Ace@nVanth) 'y =1 2
SetE, := Ep,, and E} := Ep:.

Lemma 9. For every x € R and t > 0, P,[X(t) = c0] = 0.

The proof repeats the proof of [15, Lemma 2], where we use crucially estimate (E;) of
Lemma 8. Lemma 9 yields Theorem 1(ii).

Set Qp := D([0, oo[, R¥), the subspace of Qp (:= D([0, o[, R¢)) consisting of the trajec-
tories X(f) # 00,0 <t < oo. Let F/ := 0(X(s) |0 < s < £,X € Qp), FL, := 0(X(s) | 0 <
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s < 00,X € Qp). By Lemma 9, (Qp, F.,) has full P,-measure in (Qp, F.,). We denote the
restriction of P, from (Qp, Fa) to (Qp, F.,) again by P,.

Lemma 10. For every x € R? and g € CZ?"(Rd),

!
oX@) -9+ [ (-a- g+ b Vo)X
0
is a martingale relative to (Qp, F/,P,).

The proof follows the proof of [15, Lemma 3] where we apply estimates (11) and (12) of
Lemma 7.

Armed with Lemma 10, we show, repeating the proof of [15, Lemma 4], that for each
x € R?, Q has full P,-measure in Qp. We denote the restriction of P, from (Qp, F.,) to
(Q, G) again by P,. In view of Lemma 10, we obtain

Lemma 11. For every x € R? and g € C=(RY),

g(X(0) = g(x) + f (—a-V’g+b-Vo)(X(s)ds, XeQ,
0

is a continuous martingale relative to (Q, G;, P,).

Using Lemma 11 and estimate (E5) of Lemma 8, we follow the proof of [15, Lemma 5]
to obtain

Lemma 12. For every x € R and t > 0, E, Jg |b(X(s))lds < oo, and, for f(y) = y; or
fW =y 1<i,j<d,

f
FOX@) - f)+ f (-a-V2f +b-V(X(s)ds, XeQ.
0
is a continuous martingale relative to (Q, G;, P,).

Lemma 12 yields Theorem 1(iii).
The proof of Theorem 1(ii)(iii) is completed.

7. Proofs of Lemmas 7 and 8

The proof of Lemma 7 is obtained via a simple modification of the proof of Lemma 8.
We will attend to it in the end of this section.

Proof of Lemma 8 . We follow the proof of Lemma 1. Since a,, b, are C* smooth, we

have, in view of Theorem A.1, for all i > ﬁfl)

(U + Ac(an, Va, + b)) [ Co NLY = (u + Ay(an, Va, + b)) | Coo N LY,
(note that, by our assumptions, Va, + b, € Fs s with 6, + 6 < 1).

Thus, it suffices to prove estimates (E;), (E>) in Lemma 8 for (u + Ay(a,, Va, + b))~
Set AZ =-V-.a,-V, D(AZ) := W>4. To shorten the proof, we introduce notation

A~

b, :=Va,+b,eFs, 06p:=0,+06.

Put
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0 <up = (u+ Ag(anb,))'h, 0<heC.,

where Ag(an, by) = Al + by - V (= —a, - V2 + by, - V), D(Ay(an, by)) = W>4, n > 1. Clearly,
since a,, b, € C*, we have u, € W4,
For brevity, we omit index n everywhere below, and write u = u,, a = a,, b = b,, A, = Ay
Set

d
ni=pf wi=Vu, = (V) Ty = (Tl lwl? ),

r=1

d
Ig = Z((er ~a- er)lwlq_277>, JZ ={((Vw|-a- V|w|)|w|q_277).
r=1

By (13),
(15) IVnl < aiVin,  |An| < caln.
Recall [F,G] := FG — GF.

Proof of (E1). We multiply the equation uu + A4(a, b)u = h by the test function

d
¢ ==V - Gl ) = = 3" V. (quJuwl’?)

r=1

and integrate:

pnlwl?) + (Aqw, qulwl?=?) + ([, Aglu, qulwl??) = (=b - Vu, $) + (h, $),

p(lwl®) + IS + (g = 2DJ5 + Ry + [V, Aglu, qulw|?™) = (=b - Vu, ¢) + (h, ¢),

where R}I = (Vn-a-Viw|, w").

We will get rid of the terms containing Vn, which we denote by R’;, towards the end of
the proof, by selecting the constant / in the definition of 7 = p? to be sufficiently small, and
then appealing to the estimates (15).

By our assumption a > I, and so I > 1,, Jg > J,. We obtain the principal inequality
(00)  plnlwl?y + I + (g — 2Ty < ~([V. Au, qwlw|?™>) + (=b - Vu, ¢} + (h.¢) - R},

We estimate ([V,Aq]u,nwlwlq‘z) = Z‘le([Vr,Aq]u,nwrlwlq‘z) first. Below we omit the
summation sign in repeated indices.

Claim 4.
2

2 1 1
q-2 qa . _ a L _
K[Vr, Aglu, nw jw| )| < ary 1 Jg + 4an +(q 2)[,87 T 4B]Jq Y= ;W
+ R+ (@ + (g - 2B)R, + (@ + (g - 2B Wynwl?), (. > 0)
2
where R; := ((V,ai)we, wwli>Vim), R := $(V]wl|, [w|*"'Vn) + %<|w|q(VT'7)>.

The proof repeats the proof of Claim 1.
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Claim 5. There exist constants C; (i = 0, 1, 2) such that

(~b- w¢><[(\/5_0\/_+50)—+(q 2)‘]@]

+lla- 1||m[a160%2Jq ¥ 4%llq] + Collgrwlld + CollmswllS 2l AR + CoRE + R,
where R} := —(Vn, wlw|?~2(=b - w))), and ey > 0.
Proof. The proof repeats the proof of Claim 2, with 3) replaced by
3°) (uu, nlw|?™ 2p - w) <3 “ B ||17qw||q2 ||77<1h||q for some pq > 0, for all u > p.

Indeed, (uu, nlw|? (b - w)> < #qullmwllq' IIU"'uIIq and IIUWIIq < (u —ﬂl):lllrﬂhllq, H>
for appropriate p; > 0. To prove the last estimate, we multiply (1 + A,(a, b))u = h by nui=!
to obtain

p,qud™"y = (V- w,qut™ty = (=b - w, qut™"y + (b, qut ™Y,

4(g -1 .
el ull + “’qz Lrvut - a- Vuby + B = (< w, qut™) + Gy ),

where RZ = %(a . Vu%,(Vn)u%). In the RHS we apply the quadratic inequality to (—b -
Vu, nui~'y to obtain:

Ag-1) _ 4
i+ 2D vt - a vty + &
q

2 . -
< k=m(Vu2)?y + —nb*u?y + (h, qui™") (k > 0),
q 2kq

4g-1
sull? + (qqz Jvut - a- by + K

#Iln
2 4.2 1 72 .4 1 L g-1
< k=m(Vu2)*) + —mb u?) + |lnehllyllnully .

q 2kq

Since a > I, we can replace in the LHS <17Vu% -a- Vu%> by (n(Vu%)2>. By b e Fs,,
b u?y < So(n(Vu?)2) + 2(Vu?, V) + (Vn)2ud) + A6¢(nud), and thus we arrive at
4q-1) 2 1

1 1 1 _
(= )l ulld + — K= = =6 [(n(Vu?)?) < =R + RS + |l hll Jlpeull? ™,
q° q 2kq

where u; := A6, RS := 217q(2<Vu% V) + {(Vn)*u?)). We select k := \%. Since by the
assumptions of the lemma g > the coefficient of (n(Vu7)2> is positive. In turn, by

(15),

2
Yo
g q c q
R < exVillallo{ Vit et < S VIalloo (Tt ) + ).
We estimate RS similarly. The required estimate (1 — /Jl)”néullq < IIUéhIIq now follows upon

selecting [ in the definition of n7 (= p?) sufficiently small at expense of increasing y; slightly.
This completes the proof of 3°). O
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Claim 6. For each gy > 0 there exists a constant C = C(gy) < oo such that
L a2t 2 7
(h,¢) < eol, + Cllprwll?lns b2 + R,
where RZ = —(Vn - wlw|?2, h).

The proof repeats the proof of Claim 3.
Claims 4, 5 and 6 applied in (e) yield (assuming &y > 0 is chosen sufficiently small):
There exists py > u; such that

= ol ull) + 1y + (g = 2y = @y’ dy = 1, — (@ - 2|Bv% + 5|1,
(VBN + 80)% + (g = LR ), = lla = Te( @160 T, + 3,
< Cllnihlly — Ry + K2+ CRS+ R + K], a=fi= =, o= =

By the assumptions of the theorem, the coefficient of 1, 1 — %(\/7 + |la = IlloVo0) — &9 is

positive, so by I, > J, we have

. 2
(1 = pollmrwlig +|(g = D - ? — (v/60\/5a + 50)% —-(g-2)

< Cllpshlli —R. + R2 + CR} + R + R,

qVéo qVéo
> lla — 1l >

Iy

By the assumptions of the theorem the coefficient of J, is positive. Selecting / in the defini-
tion of 7 sufficiently small, we eliminate the terms R’; (k =1,2,3,4,7) using the estimates
(15) as in the proof of 3°), at expense of increasing o and decreasing the coefficient of J,
slightly, arriving at

1 1
(= polewll? + ¢J, < Clipehlll, ¢ > 0.

InJ, = ;—z(n(Vqulg)z), we commute 17 and V using (15), arriving at

1o L
(VIVGrw))?) < C'llpe bl
Applying the Sobolev Embedding Theorem twice, we obtain (E1).

Proof of (£;). We modify the proof of Lemma 1 by including the weight 7 in the same
way as in the proof of (E;) above, and replacing i by |b,,|h. Now u = (u + Ay(a, E))‘llbmlh,
where 0 < h € C..

We obtain an obvious analogue of Claim 2 as follows:

We replace 3) in its proof with i

3) (b - wonluwl® ) < pCQOB, It wlly” Nyl Al
where we have used IInéunIIq < C(,u)lllﬁ Ibm|§h||q. The proof of the last estimate follows the
proof of the analogous estimate in 3°), but now we estimate (4, nu?~") by Young’s inequality:

-1
(bl qu"y < 1

_ —q
T bl T 1%y + Z—(lbuPh?y (o> 0)
q

<4

4 o1
o1 (1 + b )u?) + 7<77|bm|2hq>-

It remains to apply b,, € F; in order to estimate (5(1 +|b,,|*)u?) in terms of (n(Vu% )2, ||n<l7 ulIZ
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and the terms containing Vi which can be discarded at expense on increasing p. Selecting
o > 0 sufficiently small, we obtain the required estimate.
Next, we replace 5) by

N 1
5) (bl nlwl?2(=b - w))| < BZ (n(ibulh)*wl?2)7, where, in turn,
_ -2 4 2 2
(Ibmlh)*w|?2y < "Teﬁz bl lwl?y + . (bl h?)
(use b, € Fy)
q-—2

q
where € > 0 is to be chosen sufficiently small.

a [q° 2 2
(16) < € "Tsfq + RS+ A5l | + € 7 (nlbwl2h7)

We obtain an analogue of Claim 3 by replacing the estimate (jw|9"2h?) < IIwIIZ_zllhllé in its
proof by (16). The analogue of R; is —(Vn - wlw|972, |b,,|h), which we eliminate as follows.
By (15),

Lo 4
—(Vp - wlw|?2, blhy < i Kn(bulh)*lwl* =) 7wl

so applying (16) to the first multiple in the RHS we estimate in the LHS in terms of the
quantities that we can control, by multiplied by the constant / that we can choose arbitrarily
small.

The rest of the proof repeats the proof of (Ey). |

Proof of Lemma 7 . The proof of (11) repeats the proof of (E,) with n taken to be = 1
(and so all terms R’; disappear). The proof of (12) also repeats the proof of (E,) withn = 1,
where we take into account that b,, — b, € Fs. O

Appendix A
We use notation introduced in the beginning of Section 5.2.

Theorem A.1 ([12, Theorem 4.6]). Let a,a, € (H,), b,b, : R — R¢ A = A(a), A"
A(ay), n=1,2,... Assume that

@) beFs (A), b, e Fs5(A"), 6, <1, withd+ A(n),
(i1) a, — a strongly in LIZOC(Rd, RY® Rd), b, — b strongly in LIZOC(R”Z, R").
Then:

() The limit

2
e”N@h) = o 17 lim e (Joc. uniformly int > 0), r €] , 00
o= 2o
where A (ay, b,) := =V -a, -V +b, -V, D(A(ay,by)) = W*', exists and determines a quasi
contraction Cy semigroup on L.

(jj) The resolvent set of —A\,(a, b), —A\,(a,, b,) contains {{ eC ’ Rel > 2%:/_6—11) }

[,
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ReMARK 4. We note that u(t, -) = e @D £(), f € L', is a unique weak solution in L” to
Cauchy problem for parabolic equation (0, —V-a -V +b-V)u(t,-) = 0, v(0+, -) = f(-). See
[29, Theorem 1.1] for details.

Appendix B

The solution to the martingale problem of Theorem 1(iii) is unique in the following sense.
In the assumptions of Theorem 1, let ||la — I|| + 0 < 1. If {Q,} g« is another solution to the
martingale problem (iv) such that

Q, = w-1imP(a,,b,) for every x € RY,

where smooth b,, a, satisfy (C;), (C,) with form-bounds &, ¥,¢, ¥, (provided that A # A(n))

satisfying (2), then {Q,},cre = {Py} era-
Proof. The ideas in the following argument are rather standard, cf. [28, Ch.3, sect. 2].
ForfeCZ, x€ R4, denote

Rif(x) = Exy fo e f(X(5))ds (= (1 + Ac, (g, Vi, + Bn»—‘f(x)),

Rgf(x) := Bq, Lm e f(X(s))ds, p>0.

Let us show that (u + Ac_(a,Va + b)) f(x) = Rg f(x) for all 4 > 0 sufficiently large; this
would imply that {Q,},cr¢ = {Py} repa-

We have:
1) R f(x) = RS f(x) (the assumption).

2) IR fll2 < (1 = @2)~ 11 fllos pt > 2,

Indeed, R;f = (u + Ax(@n, Va, + b))\ f, f € C*. Since ¢ M@.Yath) ig g quasi con-
traction on L2, ||(u + As(ay, Va, + b)) Mhoa < (= w)™ !, 1> ws, 0 < wy # wy(n). Thus,
||RZ fll2 < (u=w>2)~ I f]l» for all n. Now 2) follows from 1) by a weak compactness argument
in L2.

By 2), Rg admits extension by continuity to L?, which we denote by ngz.

DN=@=1-V>+b-V)(u—-A) " < lla—Illo + 6 (we use b € Fy).

4+ M@ Va+b)  f=w-A"A+(=a-D-V*+b-V)u—-A)")"f

Indeed, by our assumptions ||la — I|| + 6 < 1, so in view of 3) the RHS is well defined.
Clearly, 4) holds for a = a,, b = b,. We pass to the limit n — oo using Theorem A.1.

5) (u+ Ac.(a,Va+b)"' f =R%f ae onRY.
Indeed, since {Q,} is a weak solution of (SDE;), we have by It6’s formula

(w=D"h=R(I+(~(a=D)- V> +b-V)u-A)"hl, heC.
Since ||(1 + (=(@a—1)- V> +b-V)(u— A)V)|h-2 < oo (by 3)), we have, in view of 2),
w=07"g=R%[(1+(~(a=D-V+b-V)(u-A")gl, gel’

Take g = (1+(—(a—1)-V2+b-V)(u—-A)"") "' f, f € C*. Then by 4) (u+As(a, Va+b))' f =
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R£2f. By the consistency property (u+Ac_(a, Va+b)) sz = (u+As(a, Va+b) esnp2,
and the result follows.

6) Fix a ¢ > 2V (d — 2) satisfying the assumptions of Theorem 1. Since R f = (u +
Ay(@y, Vay, + b,))' f, we obtain by (x % ) that for all u >

> Ho-

. d
VR floj < Kllfllgs =~

By a weak compactness argument in L%/, in view of 1), we have IVRNQ fl € LY, and there is
a subsequence of {RZ [} (without loss of generality, it is {RZ f} itself) such that

VR!f — VRf in LY(R!,RY).
By Mazur’s Lemma, there is a sequence of convex combinations of the elements of
{VRZ S5, that converges to VR,? f strongly in L9/ (R4, RY), i.e.
D caVRIf = VREf in LYR?,RY),
a

Now, in view of 1), the latter and the Sobolev Embedding Theorem yield Y, coR;" f =
Rgf in C,,. Therefore, by 5), (u + Ac_(a,Va + b))™ f(x) = Rgf(x) forall x e RY, f e cr,
as needed. O
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