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Abstract
We consider one-dimensional stochastic differential equations driven by Cauchy processes
with drift. This driving process is also known as a strictly 1-stable process. In this paper, we
study the pathwise uniqueness of the solution to the stochastic differential equations under a
non-Lipschitz condition on the diffusion coefficient.

1. Introduction and main result

Let us consider the one-dimensional stochastic differential equation:

(1) X, =x+ f F(Xs—)dzs’
0

where Z = (Z, : t > 0) is a Cauchy process with drift parameter y characterized by the
Lévy—Khintchine representation:

E[e"“] = exp{t(—nlu| + iyu)).

Note that the Lévy process Z is also called a strictly 1-stable process. In this paper, we shall
study the pathwise uniqueness of the solution to this stochastic differential equation.

Let us recall some known results on the pathwise uniqueness of the solution to the sto-
chastic differential equation:

!
(2) X, =x+ f F(X,_)dZ'",
0

where Z@ = (Z' : 1 > 0) is a strictly a-stable process with 0 < & < 2. When « = 2, that is,
the process Z® is a Brownian motion, Yamada and Watanabe [12] have proved the pathwise
uniqueness if F is locally 1/2-Holder continuous. When 1 < @ < 2, the Lévy measure of
the process Z@ is given by

Ve, (d2) = 12 Moy + relis0)bdz,

where r_, r, are non-negative constants such that r_ + r, > 0, and the drift of the process
Z@ is given by

yg,,m = _f Zv(rl,,m(dz)'
|z]>1
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In case of r_ = r,, Komatsu [8] and Bass [2] have proved the pathwise uniqueness if F
is locally 1/a-Holder continuous. In case of r— = 0, Li and Mytnik [9] have done if F is
increasing and locally (@ — 1)/a-Holder continuous. In case of r_ < r,, Fournier [5] has
done if F is (a — k)/a-Holder continuous where

(r_/r)? sin’(wa) — {1 + (r_/r,) cos(ma)}

K= larccos 5 €la-1,1],
n (r_/r)? sin®(ma) + {1 + (r_/r,) cos(ma)}

and satisfies that {F'(x)— F(y)}sgn(y—x) < C|x—y| where C is a positive constant. Note that «
satisfies fR\{O}{Il +27|“=1-«kz}vy , (dz) = 0. In [11], we studied the pathwise uniqueness when
the driving process is a more general Lévy process but a-stable processes with 0 < @ < 1
are not included. On the other hand, when the process Z@ is a symmetric a-stable process,
Bass, Burdzy and Chen [3] have proved that there exists the function F that is bounded
above and below by positive constants and A-Holder continuous for 0 < A < 1 A (1/a), but
under which the pathwise uniqueness fails.

In this paper, we shall consider the stochastic differential equation (1), that is, the equation
(2) where @ = 1 and r_ = r, but with an additional drift y > 0. We may assume that y > 0
without loss of generality. If y < 0, we shall consider the equation:

! !
X, =x+ f F(X,.)dZ, = x + f F(X,.)dZ,,
0 0

where F = —F and Z = —Z is a Cauchy process with drift —y. Now we state our main result.

Theorem 1.1. Lety > 0 and set

2
p=- arctan(z).
T T

Suppose that the coefficient F of the equation satisfies the following conditions:

e the function F is locally (1 — B)-Hdlder continuous, that is, for each m € N, there
exists a positive constant C(m) such that

3) IF(x) = F)l < Cim)lx = yl'™  for x|, |yl < m;

e for each m € N, there exists a positive constant C,(m) such that
“4) {F(x) - Fiy)lsgn(x — y) < Co(m)lx =yl for |xl, [yl < m.
Then, the solution to the equation (1) is pathwise unique.

Our driving process is a symmetric 1-stable process with non-vanishing drift. If the drift
v = 0, the result in [3] tells us that the Lipschitz condition on the coefficient F' is sharp for
the pathwise uniqueness. However, if y # 0, our result guarantees the pathwise uniqueness
under the weaker conditions on F.

RemaARrk 1.2. The condition (4) can not be removed because the pathwise uniqueness fails
for the stochastic differential equation (1) with the initial value x = 0 and the coefficient
F(y) = |yl where 6 € (0, 1):

!
) X, = f X, dZ,.
0
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To show this, we use the similar argument to the proof of Proposition in [8] and Remark 2.3
in [2]. Let 6 € (0, 1). Set

T(u) = f ' 1Z%ds and T7'(r) = inf{u>0: v(u) > 1}.
0

We know that E[7(u)] < oo and 7(u) — oo as u — oo. Then, applying Theorem 3 in Kallsen
and Shiryaev [7], the process V = (V; : t > 0) defined by

771 (1)
v, = f Z,dz,,
0

is a Cauchy process with drift y. We define the process U = (U, : t > 0) by U, = Z-1(,), then

we obtain
!
U = f U,-["dV.
0

Hence, (U, V) is a solution to the equation (5) and the process U is not identically zero.
However, (0, V) is also a solution to the equation (5). Therefore, the pathwise uniqueness
fails for the equation (5).

The organization of this paper is as follows: in Section 2, we prepare some notations and
establish the Itd6 formula for the function given by the convolution of |x{® and a mollifier. In
Section 3, we compute the remainder term of the It6 formula via the Fourier analysis. In
Section 4, we establish the Itd formula for |x}® by the limiting argument, and prove our main
result.

2. Preliminaries

Let C2°(R) be the elements of C*(R) with compact support, and S(R) the Schwartz space
of rapidly decreasing functions on R.

Let Z = (Z; : t > 0) be a Cauchy process with drift y. This process is characterized by the
triplet (y, 0, v) where v is the Lévy measure on Ry := R \ {0} given by

wdz) = |2 %dz,

and vy is the drift parameter. In this paper, we are concerned with the case of y # 0 instead
of v = 0 which is known as a Cauchy process.
By the Lévy—Khintchine formula, the Lévy symbol ;7 of Z; is given by

n(u) = E[e"#'] = exp{—nlu| + iyu}.

By the Lévy-Itd decomposition, it can be represented as

! !
Z =yt + f f 2N(ds. dz) + f f zN(ds. dz),
0 Jz<1 0 Jlzx1

where N(ds,dz) is a Poisson random measure with the intensity dsv(dz), and N(ds, dz) is
the compensated Poisson random measure given by N(ds, dz) = N(ds, dz) — dsv(dz).

Let x € Rand F : R — R be continuous. For i = 1,2, we shall consider two cadlag
solutions X' = (Xf : t > 0) to the stochastic differential equation:
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t
6) X =x+ f F(X'_)dZ,
0

! ! !
=x+y f F(X%)ds + f f F(X! )zN(ds,dz) + f f F(X' )zN(ds, dz).
0 0 JlzI<1 0 Jlz>1

Throughout this paper, we assume the existence of weak solutions to the stochastic differ-
ential equation (6). It is known that the stochastic differential equation has a weak solution
under suitable conditions on the coefficient F, see [1, 6, 10, 13]. In this paper, we shall
focus on the pathwise uniqueness of the solution to the equation (6) under a non-Lipschitz
condition on the coefficient F.

For the sake of simplicity of notations, we write

Y, =X -X?, G,=FX")-FX>.

Then, we shall study the difference between the solutions of the equation (6):

t f t
Yt:yf Gsds+ff Gs_zN(ds,dz)-i-ff G,_zN(ds,dz).
0 0 Jp<i 0 Jp=1

Let 0 < 8 < 1 and set @(x) = |x}’. Let : R — R be a mollifier, that is, i satisfies that
¥ € COR), ¢ > 0, Suppy C [-1,1] and [ ¢(x)dx = 1. For n € N, define i, : R — R by
Y, (x) = ny(nx). Define the convolution of @ and i, by

@00 = [ PG i
and denote @ * i, by @, for the simplicity. For m € N, define the stopping time 7, by
T, = inf{t > 0 : |X!| A |X?| > m}.
We establish the following inequality:

Lemma 2.1. For each x,y € R, it holds that

D (x + y) = Po(0)| < yF.

Proof. This follows from the inequality:

(7) Ix+ ylP < I + Iyl

for each x,y € R. O

Now we can apply the Itd formula for the function @, and obtain that
(AT
®)  Pu(Yinr,) = Pu(0) +y f D, (Y)Gds
0
tAT ), 5
+ f f {D,(Ys- + Gy_2) — D, (Y, )IN(ds, dz)
0 <1
(AT _
[T ieure +6ea - dnroiNs. )
0 |z|>1

(AT,
+ f {¢n(Ys + ze) - @H(YS) - @;(YS)GSZI(Izkl)}V(dz)ds-
0 Ro
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Remark 2.2. Since @;, is bounded, it follows from the mean value theorem that

(AT,
E [ f f DY, +Gy2) - @(Ys)ﬁv(dz)ds]
0 <1

AT, 2
-2 [ ).
0 lzl<1

< 4C3(n)*Cy(m)*t f 29(dz) = 8C3(n)*Cy(m)?t,

lzl<1

1
f D (Ys + G,02)Gzd6
0

v(dz)d s}

where C3(n) = sup, g |9, (x)| and C4(m) = sup,,, |F(x)|, and hence the 3rd term on the
right-hand side of (8) is a square-integrable martingale.

Remark 2.3. Since F is continuous, it follows from Lemma 2.1 and the inequality (7)
that

(AT,
E[ f f |¢H(YS+Gsz>—<1>n<n>|v<dz>ds]
0 [z|>1
2541 Cy(m)Pt

t/\Tm
sE[ f f IGSZIﬂV(dZ)dS] < 28Cy(my’t f 2P v(dz) = : ,
0 =1 lZ>1 -B

where C4(m) is the same constant as in Remark 2.2, and hence the 4th term on the right-hand
side of (8) is a martingale.

Moreover, the last term on the right-hand side of (8) can be represented as follows:

Lemma 2.4. For eachm,n € N and t > 0, it holds that

(AT,
f f (D, (Y + Gyz) — Du(Ys) - gZj;l(Ys)Gszl(lzkl)}V(dz)ds
0 Rg

(AT,
= f Gl (f {D(Yy +2) — D (Yy) - ¢;1(YS)ZI(|1|<1)}V(dZ)) 1G,v,z0/ds.
0 Ro

Proof. It follows that G, = 0 if Y, = 0. We then have
D, (Y5 + Gyz) — Dp(Yy) — ¢;,(YV)GSZ1(|z|<l) =0,

if G,Y; = 0. We consider the integrand on (G,Y; # 0).
Now, we shall show that

(AT,
® fo fR() PnY) GSZI(|z|<|%|,|z|21)1('c¢x'>1’ Gy, ;&O)V(dz)ds =0,

AT,
(10) L fR;O ¢n(YS)GSZ1(|Z|<1,IZIZ|G%|)1('GLS'<1,nys¢0)V(dZ)ds =0.

From Fubini’s theorem and the symmetry of v, it is enough to show the integrability of in-
tegrands on the left-hand side of the above equations. By using the inequality: |x|~' log |x| <
e~! for each |x| > 1, we have

(AT,
fo . |¢"(Y“)G“Z|1(|z|<|6{|,\zlzl)1(|G%|>1,G.YYY¢O)V(dZ)dS
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~ flATm|(p’(Y )G |[f %]1 ds
0 e 1<ki<igs1 12l ('GLS|>1’GSYY#O)

(AT,
—2 [ ielroG (1og
0

AT,
<2¢7! f (DY, )Ids
0

< 2C3(n)e 't

Gs

)1(|GLS|>1,GSYs¢O)dS

where C3(n) is the same constant as in Remark 2.2. Similarly, we have

(AT,
f; fRO |(p”(YS)GSZH(Izkl,|z|z|G%v|)1(|G%Y|<1,GXY5¢0)V(dZ)dS
(AT
-2 [ e
0

(AT
= 2f |D;,(Ys)Gl (log|Gsl) 16,51, 6.v,20)dS
0

ds

1
1
ogG

1,
. (|G—Y|<1,GA,YA¢O)

(AT
<2 f |2 (YOIIG,I*ds
0
< 8C3(n)Ca(m)’e 1,

where C4(m) is the same constant as in Remark 2.2. Hence, we have (9) and (10). From
this, we have

tAT
f f {¢n(YY + GSZ) - (pn(Yv) - (p;(YS)GSZI(|z|<l)}V(dZ)ds
0 Ro

(AT,
- f f (98 + G.) = 1) = BIIGTN s N
0 Ro

i< &)
tAT,,
- [T ( [ 1@uts0- o ¢;<Ys)v1<|v|<1>}v(dv>) L6205,
0 Ro
by the change of variables v = Gz, and the required result follows. |

Hence, by taking expectations of (8) we have the following:

Proposition 2.5. For each m,n € N and t > 0, it holds that
E[®,(YirT,)]

(AT
= @,(0) + yE f <D;,(Y‘¢)Gsds}
0

AT,
[ e ( [ 1@urea-om- @;(Yozlqm)}v(dz)) 1<Gsyx¢o>ds] .
0 Ro

+E

Proof. This follows from (8), Remarks 2.2, 2.3 and Lemma 2.4. m|
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3. Computation of the remainder term

In this section, we shall compute the remainder term of the It6 formula via the Fourier
analysis. The computation can be found in Engelbert and Kurenok [4] in a more general
case. However, we shall compute it a little more simply in our setting for convenience of the
reader. Firstly, we set

Lf(x):= fR {f(x+2) = f(x) = f(0zl <) (d2),
for f € C*(R).

RemaARrk 3.1. For f € S(R), the operator L coincides with the infinitesimal generator of a
Cauchy process, see Theorem 3.3.3 (3) in Applebaum [1].

Using the Fourier transform of f € L'(R) defined by

Flfl(u) := fe_i“"f(x)dx for u € R,
R
and the inverse Fourier transform defined by

FUA) = L e f(u)du for x € R,
27T R

the operator £ on S(R) can be represented as follows:
Lemma 3.2. For each f € S(R) and x € R, it holds that
Lf(x) = =aF [l F[f1w)](x).

Proof. This follows from the same argument as in the proof of Theorem 3.3.3 (3) in [1].
In fact, by using the identity: ﬁ%{e""z — 1 —iuzl<1}v(dz) = —nul, the required result follows
from Fubini’s theorem. O

By using the Fourier transform, we have the following two lemmas:

Lemma 3.3. For each x € R, it holds that

LB,(x) = CsBF " [l PFlynlw)| (x)

where

Cs(B) = —22T(B + 1) cos (”(ﬁ i 1)).

2

Proof. It follows from Lemma 2.1 that

f |D,(x + 2) — D,(x)|dz < f lzPv(dz) = L.
=1 =1 1-p8

Since @;) is bounded, it follows from the mean value theorem that

1
f |D,(x +2) — Dp(x) — @;l(x)zlv(dz) < f f |q5;l'(x +602)|(1 - H)szOV(dZ)
lzl<1 0

lzl<1
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_ G
2 e«
where Co(n) = sup, g |D;/ (x)|. Thus, LD, is well-defined for n € N.
Let 0 < £ < 1. Set @.(x) = P(x)e ™ and D, = D+ f,. We then have D, , € S(R).
Now, we will show that

2v(dz) = Ce(n),

lim LD, ,(x) = LD,(x).
el0
We see that
Efg{és,n(x +2) - ¢s,n(x) - ¢;,n(x)zl(lzl<1)} =D,(x+2)— Dy(x) — ¢;,(X)Z1(Iz|<l)-
By Lemma 2.1, we have
D, ,(x) < Dy(x) < [xfP + D,(0) < |xff + 1.
Thus, it follows from the inequality (7) that
|Pen(x+2) = Pon(Ol < Px 2P + 1+ f + 1 <20 + 12 +2,

and the right-hand side is integrable with respect to the measure v(dz) = |z|"2dz on (|z] > 1).
By using integration by parts, we have

D, (x) = fR Doy, (x = y)dy = fR Dy, (x — y)dy,
where the weak derivative @7, is given by
D,(y) = Byl e Visgn(y) — elyle™V'sgn(y)
for y € Ry and @.(0) = 0. By the inequality: |xle™™ < ¢! for x € R, we have for y # 0

2.l < BlyP e + elyfe < (B + e iyl
Thus, it follows from the mean value theorem and the inequality (7) that

|De,n(x + 2) = P (x) — D, ,(X)2]

1
f @ (x+62)(1 - 0)z2d9‘
0
1
< f ( f B (x + 9z—y>|dy)<1 —0)2db
0 R

1
<@B+eh fo ( fR |y|ﬁ‘1|w;,(x+ez—y>|dy)(1—9)d9

x+gl+ L
< C7(n)(Be + l)zzf
2e .

1
~I2l-1

¥~ dy
Cy(n)(Be + 1 1)
< MZZ |x|ﬁ+ |Z|ﬂ+ _’ ,
Be n
where C7(n) = sup, Y, (x)], since we have Suppy;, C [-n~!,n~']. Moreover, the right-
hand side of the above inequality is integrable with respect to the measure v(dz) = |z|~2dz on
(Iz] < 1). Hence, it follows from the dominated convergence theorem that
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Iim LD, ,(x) = limf (D (X +2) — D p(x) — @;’n(x)zlqzkl)}v(dz)
el0 0 Ro

- fR (D, (x +2) = By(x) — B0 4oy ()
= [,Qg,,(x).
By Lemma 3.2, we have
LD, ,(x) = —nF " [[ulF[Ds, Jw)] (x) = =7F " [l F[DIW)F Y1 (w)] (x),
since @. , € S(R). Thus, it is sufficient to show that

lim {7~ [P Pe1FWal(0] (0} = CsBF ! [l PFlynlw)] .
By using the identity:
(11) f X le™dx = T(Ew™
0
for each £ > 0 and Re(w) > 0, we have
FlP:(u) = f |xfPe =i g x
R
= f B Erx gy 4 f Be Ex gy
0 0
=T+ e+ + (- ?},

since 8+ 1 > 0 and Re(e + iu) = € > 0. We then have for u # 0,

nB+1)
)

1%1 lul F[D,)(u) = 2B + 1)|u| ™ cos (

Moreover, we have

Il F[ D) F [l (w)] < 2B + Dlul™ [F[y]w)l,

and the right-hand side is integrable on R, since —8 > —1 and F[¥,,] € S(R). Hence, it
follows from the dominated convergence theorem that

lim (2P~ Wl F (@I F [0 w)] (1)

= —2nT'(B + 1)cos (%“)) o W o] ),

and the required result follows. O

Lemma 3.4. For each x € R, it holds that

P P 1100] (0 = 66 [ L= oty

where

Co(B) = 1ﬂ(lﬂ—ﬁ) cos (ﬂ(ﬁz— 1))‘
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Proof. Let £ > 0. We have

[l e F Ly 1| < lul [F Lyl @),

and the right-hand side is integrable on R since —f > —1 and F[¢,,] € S(R). Hence, it
follows from the dominated convergence theorem that

lim 77! [l P~ Pyl | () = 77 {lad PPl )| (o).

By Fubini’s theorem, we have

1
P e 0] 0o = 5 [

R

1 )
= o ( f e"“‘y‘%rﬁe‘”'du) Ua(y)dy
2r R R

uf P~ ( f ¢n<y>e‘f"ydy) du
R

1

=5 .7 (e~ (g = )y
1

=5 .7 [P | a(x + y)dy.

By the identity (11), we have

FluPe | ) = T = p){(e + iV + (e — i)},
since 1 — 8 > 0. We then have for y # 0,

hf{)lr [|M|_ﬁ€_a|u‘] (y) = 2I'(1 = B)lyl " cos (n(,B _ 1)),

2

Moreover, we have

[P Ll e ywa(x + )| < 201 = BlyP ™ v (x + ),
and the right-hand side is integrable with respect to the Lebesgue measure dy on R, since
B —-1>—-1and y, € C°(R). Hence, it follows from the dominated convergence theorem
that
1 ra- -1
tim o [ 7 [ e+ oy = = cos(”(ﬂ ) ) [ toncs iy
2 R v/ 2 R

el0 2

_Iad-p) Cos(ﬂ(ﬁ— 1))
- n 2

f Ix =yl (y)dy,
R

and the required result follows. |

Hence, we have the following:

Proposition 3.5. For each x € R, it holds that

L) = ColB) fR = P )y
where

Co(B) = ﬂﬁtan(%).
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Proof. By using Euler’s reflection formula: I'(6)I'(1 — ) = n/ sin(né) for 0 < € < 1, we
have

. o (TP 2B . L (7f bi76}
Cs(B)Cs(B) = 28T (BI(1 — 2(_)=—, 2(_): t (_)
5(B)Cs(B) = 2BI(BI(1 - B) sin > SnCTB) sin”{ > 75 tan >
and the required result follows from Lemmas 3.3 and 3.4. |

4. Pathwise uniqueness

In this section, we shall study the pathwise uniqueness of the solution to the stochastic
differential equation (1). To prove our main result, we shall take the expectations of the Itd
formula for |Y,}°.

Firstly, by Proposition 3.5, we can rewrite Proposition 2.5 as follows:

Proposition 4.1. For each m,n € N and t > 0, it holds that

AT,
f cD;Z(YS)Gsds]
0

(AT,
+cg</3>E[ fo |Gs|( fR |Yg—yr8‘1wn<y>dy)ds],

where Co(f3) is the same constant as in Proposition 3.5.

(12) E[®,(Yin1,)] = @u(0) + VE

Proof. This follows from Propositions 2.5 and 3.5. O

Now we shall take the limits of (12) as n — oo. Since @,(Y;a7,) — |Y,/\Tm|ﬁ asn — oo
and by Lemma 2.1

D,(Yinr,) < Yint, P + @u(0) < [Yinr,F +1 < Cm) +1,
it follows from the dominated convergence theorem that
lim B[D,(Yyu7,)] = EllYin7,, ).
Before we take the limit of the right-hand side, we establish the following inequality:

Lemma 4.2. For each n € N and x € Ry, it holds that

fR = )y < Cro@Blaf,

where the positive constant C1o(8) does not depend on n.

Proof. Firstly, we have for |x| > 2/n

1\*!
flx —yF ' (y)dy = f lx =y (y)dy < (le - —) <
R lyl<i n
Next, we have for 0 < |x| < 2/n
fR Ix =y (y)dy = fR P~y (x — y)dy

o fR Py — nydy

x ]!

2




682 H. Tsukapa

-J.

nx+1
< Cllnl_ﬁf ylP~'dy
n.

x—1
C12°783
<cua ! [ piay = S
lyl<3 B
where C|; = sup, ¥(x). Note that C;; > 1/2 since y satisfies that Suppy C [-1,1] and
fwdy = 1.

Hence, we have for each x # 0

.

S Iw

Y(nx - y)dy

2-8 2-8
—anﬁ 3/3‘)IXIB‘1 = —CHZB 3EIXIB‘I-

The proof is complete. |

f Ix =yl ' (y)dy < (21‘5 v
R

Now, we will take the limit of the right-hand side of (12) as n — oo.

Lemma 4.3. Under the condition (3), it holds that

n—oo

AT, tATm
lim E[ f (D;(YS)GSds] =BE [ f G,|Y,P sgn(Y )1,y 20/ds]|.
0 0

Proof. It follows that G, = 0 if Y = 0. We then have @,(Y,)G, = 0if G,;Y, = 0. Now we
consider the integrand on (G,Y; # 0). By using integration by parts, we have

20 = [ v =g sents = oy
Since lim,,_, @/,(x) = BlxP~'sgn(x) for x # 0, we have
lim D (Y,)Gy = BG,|Y P sgn(Y)).
By Lemma 4.2 and the condition (3), we have

|D;,(Y)G,| < CroB)BIGSIIY " < C1(m)C10(B)B.

Hence, the required result follows from the dominated convergence theorem. m]

Lemma 4.4. Under the condition (3), it holds that

(AT, tAT,
lim E [ f G ( f Y, - ylﬁ‘lm(wdy) ds] “E [ f GAlY o 16y, 20ds]
n—o0o0 O R 0

Proof. It follows that G, = 0 if Y, = 0. We then have

Gyl ( fR ¥, - yW—lwnw)dy) _ 0,

if G,Y; = 0. Now we consider the integrand on (G,Y; # 0). We have

lim |G| ( f Y, — yf‘lsvn(y)dy) = |G,lIY P
n—oo R

By Lemma 4.2 and the condition (3), we have
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|G|

f ¥, — yF0nn)dy| < CLoBIGLIYE < CLm)Cio(B).

R
Hence, the required result follows from the dominated convergence theorem. O

We then have the following:

Proposition 4.5. Under the condition (3), it holds that

E[|Yiaz, '] = BYE [ fo

IAT,

Gslys Iﬁ_l Sgn(Ys)l(GyYs ¢0)d5]

tAT,n
+ Cy(BE [f |Gs||Ys|ﬁ_11(G5YJ#:O)dS] ;
0
where Co(B) is the same constant as in Proposition 3.5.
Proof. This follows from Proposition 4.1, and Lemmas 4.3 and 4.4 |

Now, we shall prove our main result.
Proof of Theorem 1.1. Lety > 0 and set

2
L =- arctan(z).
T b4

Then, by 0 < 8 < 1, the constant Co(8) in Proposition 3.5 is given by Cy(8) = By. By
Proposition 4.5 and the condition (4), we have

INT,

m AT,
El|Yiar, '] = 2BYE [f |Gs”Ys|ﬂ_11(G&YS>O)dS] < 2C,(m)BYE [f |Ys|ﬁds]-
0 0

Hence, by Gronwall’s inequality, we have E[|Y;xz, IF] = 0. Since T, T o0 as m — oo, it
follows from the monotone convergence theorem that

0= lim E[|Y;xr, '] = E[IY,F],

and the required result follows. O
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