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Abstract. We already have defined and found the parametric equations of Frenet
ruled surfaces which are called Bertrandian Frenet Ruled Surfaces (BFRS) and
Mannheim Frenet Ruled Surfaces (MFRS) of a curve «, in terms of the Frenet
apparatus. In this paper, we find a matrix which gives us all sixteen positions of
normal vector fields of eight BFRS and MFRS in terms of the Frenet apparatus.
Further using the orthogonality conditions of the eight normal vector fields, we give
perpendicular intersection curves of the eight BFRS and MFRS.
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1. Introduction

The surface-surface intersection (SSI) problems can be cast as three types: parame-
tric-parametric, implicit-implicit, parametric-implicit. The SSI is called transversal
if the normal vectors of the surfaces are linearly independent or The SSI is called
tangential if the normal vectors of the surfaces are linearly dependent at the in-
tersecting points. In transversal intersection problems, the tangent vector of the
intersection curve can be found easily by the vector product of the normal vectors
of the surfaces. Because of this, there are many studies related to the transversal in-
tersection problems in the literature on differential geometry. There also are some
studies about tangential intersection curve and its properties. Some of these studies
are mentioned below. Wu, Alessio and Costa [16], using only the normal vectors of
two regular surfaces, present an algorithm to compute the local geometric proper-
ties of the transversal intersection curve. Tangential intersection of two surfaces are
examined in [1]. We have already try to derive a surface based on the other surface
by using the similar method to derive curves based on the other curves which is
very interesting subject in geometry. The involute-evolute curves, Bertrand curves
are such kind of curves. We produce a new ruled surface based on the other ruled
surface which are called involute D-scroll that were examined in [15]. In this paper
we consider the following four special ruled surfaces associated to a space curve
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a with k # 0. They are called Frenet ruled surface, because their generators are
the Frenet vector fields of the curve. The quantities {T', N, B, D, x, T} present the
Frenet-Serret apparatus of the curve . Here

s 7(s)
K(s)

is the modified Darboux vector field of o [6]. A ruled surface can always be de-
scribed (at least locally) as the set of points swept by a moving straight line. Frenet
ruled surface is one which can be generated by the motion of a Frenet vector of any
curve in £3. To illustrate the current situation, we bring here the famous example
of Graves (see [3]), the so called the B-scroll. Here tangent, normal, binormal and
Darboux ruled surfaces of any curve are named Frenet Ruled Surfaces (FRS) of
the curve a.. Some results concerning FRS according to their normal vector fields
can be found in [7]. They have the following equations

T(s)+ B(s) (D

Definition 1. In the Euclidean three-space, let o(s) be the arclengthed curve. The
equations

or(s,u1) = a(s)+uT (s)
on (s,u2) = a(s)+uaN (s) 2
o (s,u3) = a(s)+ U3Bi (s)
©p (s,us) = a(s)+usD(s)

are the parametrization of tangent ruled surface, normal ruled surface, binormal
ruled surface, and Darboux ruled surface.

Theorem 2. The normal vector fields of Frenet ruled surfaces along the curve «,
can be expressed by the following matrix

| Lo o b [T
— 2|
=\ [ = e @ o] | Y 3)
N4 0-1 0
where
—UuQT —usT
a= ) = ——
\/(u27)2 + (1 — ugr)? (usT)® +1
- 1 —u9k 7 d— -

\/(UQT)2 +(1- UQK/)Q (U37’)2 + 1'
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1.1. Bertrandian Frenet Ruled Surfaces (BFRS)

Let o(s) and «v1(s1) be two curves which are parametrized by arc-length parame-
ters s and s1, respectively. Furthermore, let the sets {7, N, B} and {71}, N1, B1}
denote the Frenet frames of « and o, respectively. Two curves {«, o } are called
Bertrand pair curves if they have common principal normal lines, i.e., N = N;
[4,10]. Then, {N(s), Ni(s)} are linearly dependent, and thus we have (77, N) =0.
Sometimes «; is called Bertrand mate of the curve «. If the curve oy is Bertrand
mate of «, then we may write

a1 (s) =a(s)+ AN (s).

In the Euclidean three-space E2, if the curve o is Bertrand mate of o, then we
have (T (s),T (s)) = cospu = constant. Bertrand curves have the following
fundamental properties which are given with more details in [5], and [14]. Also
a(s) is a Bertrand curve if and only if there exist nonzero real numbers A and [
such that Ax + 87 = 1 for any s € I. This is called offset property of Bertrand
curves. The converse assertion is also true and

A 1 T

B~ Br =

The following theorem says that we can write the Frenet apparatus of the Bertrand
mate o based on the Frenet apparatus of the curve « (see [14]).

Theorem 3. The Frenet vectors of the Bertrand mate oy can be expressed via those
of the curve o as

T+ \B AT+ 8B - V2T -
7= Pt Ni=N, B = HPB 5 EVAAP

S v R T (Br—an)

Also, the first and the second curvatures of the Bertrand mate o are given by

Bk — AT 1

orrps T @

K1 =

1

02+ 52)
k1 +ym = 0.

where TT] = is a non-negative constant. Due to this theorem we have

We produce the FRS of the Bertrad mate a7 of the curve «.. Further we write their
parametric equations in terms of the Frenet apparatus of a.. Hence they are called
collectively Bertrandian Frenet Ruled Surfaces (BFRS) of the curve a.
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Definition 4. In the Euclidean three-space, let o(s) be the arclengthed curve. The
equations

BT + AB

WovEwr

on, (s,u2) = a+ (A+u2) N

o (s,u1) = a+ AN +ug

—\T B
+ﬂ> )

By (S,u3) = 04+)\N+U3

o (5 13) ( NoeEN
KA/ A2+ B2 ~

— D
(B — A7)

are the parametrization of the ruled surface which are called Bertrandian Tangent

Ruled Surface (BTRS), Bertrandian Normal Ruled Surface (BNRS), Bertrandian

Binormal Ruled Surface (BBRS), Bertrandian Darboux Ruled Surface (BDRS),
respectively.

©p, (s;u4) = a+ AN +uy

Theorem 5. The normal vector fields (o] of BFRS along the Bertran mate oy,
which is given by the equation [c] = [A1] - [V1] can be expressed by the following
matrix [9]

Al
0] = 2| _ 1 1 N, (6)
o3 C1 d1 0 B
o4 0 -1 0 !
where
_ —U2T] _ —U3T]
ay = ) €l = —F/7——
\/(U271)2+(1—UQI€1)2 (U371)2+1
1— -1
bl - UQKI y dl = — .
\/(u271)2 +(1- uzm)Q (U37'1)2 +1

1.2. Mannheim Frenet Ruled Surfaces (MFRS)

Mannheim curve was firstly defined by Mannheim in 1878. A curve is called a
Mannheim curve if and only if the expression x/ (IiQ + 72) is a nonzero constant,
where « is the curvature and 7 is the torsion. Mannheim curve was redefined. If
the principal normal vector of first curve and binormal vector of second curve are
linearly dependent, then the first curve is called Mannheim curve, and the second
curve is called Mannheim partner curve by Liu and Wang [11]. Let o : [ — E3
be some differentiable curve of class C2. Let Ty (s2), Na (s2), Ba (s2) be the
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Frenet frame of the curve aw. If the principal normal vector N of the curve «
is linearly dependent with the binormal vector Bs of the curve as, then the pair
{a, sy} is said to be Mannheim pair, « is called a Mannheim curve, «s is called
Mannheim partner curve of « where (7,7%) = cosf and besides the equality
r/ (k% 4+ 7%) = constant is known as the offset property. In [13] Mannheim
offsets of ruled surfaces are defined and characterized. Since /N and B are linearly
dependent their equation can be rewritten for some function A as

az(s) = a(s) — AN (s) ©)

where Ay = —r/ (k? + 72) . Frenet-Serret apparatus of Mannheim partner curve
a9, based on the Frenet-Serret vectors of Mannheim curve « are

T5 =cosfT —sinf B, No =sinf T + cosf B, By =N
3

AT 0 AT 0
where 132 is the modified Darboux vector of Mannheim partner o2 of a Mannheim

curve o, based on the Frenet apparatus of Mannheim curve «. The curvature and
the torsion satisfy the following equalities

do 0 _ K
T2_)\27'

©)

kg = —— = ——
ds; cos@’

and we have used dot to denote the derivative with respect to the arc length pa-

ds
rameter of the curve ov. Also — =

o0 = o030’ where |Az| is the distance between the
S cos

. . ds 1
curves « and «1. For more details see [12]. Also we can write dss N
One can give also the tangent, normal, binormal and the Darboux Frenet ruled
surfaces of the Mannheim partner as of curve . Further we write their parametric
equations in terms of the Frenet apparatus of the Mannheim curve « and they are

called hereafter MFRS. For more details see [8].

Definition 6. In the Euclidean three-space, let o(s) be the arclengthed curve. The

equations
on, (s,w1) = a4+ wicosfT — AN — w;ysinf B
©ON, (s,w2) = a+wasin@ T — AN + wycosf B (10)
B, (s,ws) = a+wsN — AN
Kk cosZ K cos?
ZSDDQ (s,wg) = a+wy———T+ (wg —A)N —wy——B

ATO ATO
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are the parametrization of the ruled surfaces MTRS, MNRS, MBRS, and MDRS.
For more details see [8].

Theorem 7. The normal vector fields [¢)] of MFRS along the Mannheim partner
curve o can be expressed by the following matrix

1 0 0 —1
o a 0 b 12
== e a0 || (an
Vs 0 -1 0 2
where
B —wWaTo . —wW3T2
az = ) Q= —F
\/(w272)2 +(1- w2/€2)2 (11)372)2 +1
1 — _
by = L2 L d s
\/(ng2)2 + (1 — U)QI{Q)Q (w3’7'2)2 +1

For details see [8].

2. Perpendicular BFRS and MFRS

In this section, using a matrix the sixteen positions of normal vector fields of eight
BFRS and MFRS are examined. Further some interesting results are given, with
simple matrices product and equality. The product matrix of unit normal vector
fields o1, 09, 03,04 and ¥, 19,13, 14 of BFRS and MFRS, respectively, along
the curve « is

(o1,91) (o1,92) (01,%3) (01,%4)
ot | (o2:01) (02,102) (02,13) (02, %a)
110 = | Gt lonrin) ooty G | 02
(04,91) (04,%p2) (04,%3) (04,%a)
Proof: It is trivial from product of the matrices. |

Theorem 8. The product of Frenet vector fields of the Bertrand mate oy and
Mannheimm partner as has the following matrix form

Bcosh — Asinf  Acosf + Bsinf 0
Ny |-[T2 N By] = —- 0 0 m | (13)
—Acosf — Bsinf Fcosf — Asinf 0

where m = k% + 72 £ 0.
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Proof: Since

T
V][Vl = | Ni | -[T2 No By
By
1 Bcosd — Asind Acosf + Bsinf 0
= ﬁ 0 0 /A2+,82
VAT + B —Acost — Bsinf [cosf — Asinf 0
we have the proof. |

Theorem 9. The product matrixm [o] [)]® of the unit normal vector fields of BFRS
and MFRS, along the curve o is

c2 (Acl + Bsb)

0 as (Ach + [s) d (— B + Ash)

B — sl

[ a1 (Beh — As) ]|
2 |=by (el + Bsb) [—al (Ach + 559)]
dQ[ ay (Al + Bs0) ] | —b1 (Bch — Asb)
+b1 (Bct — Ash))

0 a [ ay (B — As6) ]

—b1 ()\00 + 589) (14)

o (Beh — \sh) ]
+dy (Al + (s6)

—mdy agey (Bl — Asf) ¢ [ —c1 (Al + Bs0)

m —mby 0 0

where for brevity we have introduced cf = cos 0, s0 = sin 0 and m = v/ k% + 72.
Proof: Let [o] = [A1] - [V1] and [¢)] = [Ag] - [V2]

o] - ] = [Ax] - V] - (14a] - [Va))* = [Au] - (IVA] - [Val") - [Aa]"
and using (13) we have

1 Bcosh — Asinf  Acosf + Ssinf 0
o] - W]t = [A4] - 0 0 m | - [A2]t.
— (Acosf + Bsinf) fcosf — Asinf 0
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1 j 8 —bl Beh — Xst A+ BsO 0
ol W =— 10" 0 . 0 A
m | ¢ a1 —(Xc + BsO) Bch — s 0
0 —1 0
(Ach + Bs6) (As0 — Bect) 0 ]
Ay (B — AsB) Ay (Ach + Bsb) 0 0 ar o 0
S L 2 €2
L b1 (Act) + Bst) +by (Bt — Asb) 100 dy—1
01 (Beh—AsB) ey (A1 BsB) midy -102 0 O
i 0 0 -m |
and this product give us the result. u

In Euclidean three-space, the position of two surface, can be examined by the
position of their unit normal vector fields o1, 02, 03, 04 and Y1, P2, 13, 4. We can
examine the sixteen positions of eight surfaces, basically, according to the position
of their unit normal vector fields in a matrix. Since the equality of the matrices
(12) and (14), we have sixteen interesting results according to the normal vector
fields given in following theorems.

Theorem 10. There are four pairs of Frenet ruled surface which are perpendicu-
lar, these are BTRS, MTRS, of the curve o and BNRS, MTRS, BDRS, MB.

Theorem 11. There are four pairs perpendicular surfaces which are BTRS, MTRS,
BNRS, MTRS, BDRS, MBRS and BDRS, MDRS.

Proof: According to equality of the matrices we can say that

(o1,11) = (02,91) = (04,%3) = (04,%4) =0 (15)

and therefore their normal vector fields are perpendicular to each other. |

Theorem 12. Bertrand Tangent Ruled Surface and Mannheim Normal Ruled Sur-
face of the curve o have perpendicular normal vector fields, since wato # 0,

tanf = ——-
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Proof: Since (01,%2) = a2 (Acos@ + Fsinf) and using the orthogonality con-
dition
tand = ——
6

with waTo # 0 we have the proof. |

Theorem 13. Bertrand Tangent Ruled Surface and Mannheim Binormal Ruled
Surface of curve o have perpendicular normal vector fields, if

/\27’6 — ’U)3I<c)\

tanf = .
a w3kB + AoTA

(16)

Proof: Since (01, 13) = ca (Acosf + Bsin@)+da (—F cos 0 + Asin #) and under
the orthogonality condition

co (Acosf+ Bsinf) + dy (—Bcosf + Asinf) =0

we have
B — w3T
A+ w3

This completes the proof. |

tanf =

Theorem 14. Bertrand Tangent Ruled Surface and Mannheim Darboux Ruled
p

Surface of curve have perpendicular normal vector fields, if tanf = "

Proof: Since (01,14) = fcosf — Asinf and under the orthogonality condition
Asinf — B cos = 0, we get the proof. |

Theorem 15. BNRS and MNRS of Bertrand curve o have perpendicular normal
vector fields along under the condition

(17)

Proof: Since (02, 12) = ag [A1 (Bcosf — Asinf) — by (Acosf + Bsinh)] and
A1 (Bcosf — Asin®) — by (Acosf + Ssinf) =0
and under the orthogonality condition we get

A8 — b1 A . w9 B+ (1 — UQK1) A
Al)\—i—blﬂ ’LL27’1)\—(1—U2:‘£1)B

and therefore the proof. |

tand =
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Theorem 16. Bertrand Normal Ruled Surface and Mannheim Binormal Ruled
Surface have perpendicular normal vector fields for the value

Bcost) — Asinf  bies — Ay

= 18
Acosf + Bsinf Ajco — by (1%
or
tanf w3y ((—1 4+ uzk1) X — uami ) — (2 A — (1 — uzky) B) \/m
anv =

ws3T2 (_u27—1>\ + (]. — 'LL2I<C1) 5) + ((1 — Ug:‘il) )\ + ’U,Q’Tlﬂ) A/ (’ZU3T2)2 + ].

Proof: Since
(09,13) = ca[A1(Bcos@ — Asin®) — by (Acosf + Bsin b))
+da [A1 (AcosB + sin @) + by (Bcosh — Asin )]
and under the orthogonality condition
(Alcgﬂ cos ) — AAjcosin 9) — bico ()\ cosf + [Bsin 9)
— Ay (Acos@+ﬁsin0> — b1<50080 — )\Sinﬁ) =0

hence
(A162 — bl) ﬂ — (b102 + Al) A
(A1ca —b1) A+ (brea + A1) B

tanf =

w3Te (=1 + usk1) A — uom B) — (uom A — (1 — usky) B) 4/ (w37'2)2 +1
w3y (—ugm A + (1 —ugky) B) + (1 — ugk1) A+ uami 8) 4/ (w37'2)2 +1
[ |

and this completes the proof.

Theorem 17. Bertrand Normal Ruled Surface and Mannheim Darboux Ruled
Surface have perpendicular normal vector fields if

(1 — ’u,glﬂ) ,8 — 'LLQTl)\'
uom B + (1 — UQHl) A

Proof: Since (09,14) = —Aj (Acos@ + Bsinf) — by (B cosf — Asinf) and
under the orthogonality condition

AAjcosf + A1fsinf + (b1 cosf —biAsing) =0

tand =

(19)

we have
- A1+ b8

)
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Theorem 18. BBRS and MTRS of the curve o have not perpendicular normal
vector fields except when ws = 0 or T2 = 0.

Proof: Since (03,11) = —md; and under the orthogonality condition it follows
that w3me # 0 it is trivial. [ |

Theorem 19. Bertrand Binormal Ruled Surface and Mannheim Normal Ruled

Surface of curve o have perpendicular normal vector fields if tanf = N

Proof: Since (03,12) = agey (S cosf — Asinf) and was # 0 under the
orthogonality condition 8 cos — Asinf = 0. |

Theorem 20. Bertrand Binormal Ruled Surface and Mannheim Binormal Ruled
Surface have perpendicular normal vector fields when

w32l + A (w372)2 +1
tanf = (20)

w37'2)\ — ﬁ (w372)2 +1

Proof: Since (03, 13) = cac1 (Bcosf — Asin@) + dacy (Acosf + [sinf) and
ugT) # 0, under the orthogonality condition

cacy (Beos — Asinf) + dacy (Acos@ + Ssind) =0

we have

and this completes the proof. |

Theorem 21. Bertrand Binormal Ruled Surface and Mannheim Darboux Ruled

A
Surface of curve o have perpendicular normal vector fields if tanf = —B-
Proof: Since (03,14) = —c1 (Acos@ + Bsinf) and dy # 0, under the condition
that we have A cos 8 + §sin # = 0 the statement follows. |

Theorem 22. Bertrand Darboux Ruled Surface and Mannheim Normal Ruled
Surface of Bertrand curve o have not perpendicular normal vector fields.

Proof: Since (04,11) = m = vVk? + 72 # 0 and under the orthogonality condi-
tion m is always # 0. |
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Theorem 23. Bertrand Darboux Ruled Surface and Mannheim Binormal Ruled
Surface of curve o have not perpendicular normal vector fields.

Proof: Since (04,12) = —mbsy and under the orthogonality condition 0. Hence

m=vVkZ+712#£0. [ |

Corollary 24. The perpendicular conditions and curves of the eight Frenet ruled
surfaces are given in the Table 1.

Table 1. The perpendicular intersection conditions and curves of the eight
Frenet ruled surfaces.

(,) | o 3 Py
tand

by w3kA—LBA B

o1 0 B —133/46—)&57’ by

(171/,2/{1))4’11,271,8 7(b162+A1)/\+(A1627b1)ﬁ 7U27’1/\+(17u21€1)ﬁ

02 0 uaTi A—(1—u2k1)p (A1ca—b1) A+ (bica+A1)B (1—u2k1) A +uam1 8
B8 —ugrB—A\ A
o3 | #0 b ﬂjiwxii 3
o4 | £0 £0 0 0
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