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Abstract. In this paper, we prove a theorem that gives a simple criterion for generating commuting pairs of generalized almost complex structures on spaces that
are the product of two generalized almost contact metric spaces. We examine the
implications of this theorem with regard to the definitions of generalized Sasakian
and generalized co-Kähler geometry.
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1. Introduction
The notion of a generalized complex structure, introduced by Hitchin in his paper
[8] and developed by Gualtieri [5, 6] is a framework that unifies both complex and
symplectic structures. These structures exist only on even dimensional manifolds.
The odd dimensional analog of this structure, a generalized contact structure, was
taken up by Vaisman [16,17], Poon, Wade [14], Sekiya [15], and Aldi and Grandini
[1]. This framework unifies almost contact, contact, and cosymplectic structures.
Generalized Kähler structures were introduced by Gualtieri [5–7] and have already
found their way into the physics literature [4, 9, 12]. A natural question to ask is
when the product of two generalized almost contact metric structures produce a
generalized Kähler structure.
Kähler structures are commuting pairs of generalized complex structures whose
product forms a generalized metric. In this article, we prove the following theorem that gives a simple criterion for generating commuting pairs of generalized
almost complex structures on spaces that are the product of generalized almost
contact metric spaces. This reduces the assessment of whether the spaces could be
generalized Käher to integrability issues.
Theorem 1. Let M1 and M2 be odd dimensional smooth manifolds. Assume that
M1 and M2 each have two generalized almost contact metric structures. Denote
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these structures by (Φ1 , E±1 , G1 ) and (Φ̃1 , Ẽ±1 , G1 ) on M1 , and (Φ2 , E±2 , G2 )
and (Φ̃2 , Ẽ±2 , G2 ) on M2 . Let J1 be the natural generalized complex structure on
M1 × M2 induced from Φ1 and Φ2 and let J2 be the natural generalized almost
complex structure on M1 × M2 induced from Φ̃1 and Φ̃2 . Then J1 and J2 form
a commuting pair of generalized almost complex structures if and only if Φi commutes with Φ̃i for i = 1, 2 and if either the condition E±1 = Ẽ±1 and E±2 = Ẽ±2
or the condition E±1 = Ẽ∓1 and E±2 = Ẽ∓2 holds.
The value of this theorem is twofold. It gives a simple and computable criterion for
determining, when handed two generalized almost contact metric spaces, if their
product is possibly generalized Kähler directly from data on the generalized almost
contact metric spaces. One can compute the relevant commuting pairs of commuting generalized almost complex structures and examine their integrability. This
facilitates analyzing generalized Käher structures arising from classical Sasakian
manifolds. (See Examples 17 and 18 below.) Secondly it suggests that notions of
generalized co-Kähler and generalized Sasakian can be reformulated in terms of
commuting pairs of generalized almost contact structures. This adds clarity and
elegance to this topic since generalized Kähler structures are defined in terms of
commuting pairs of generalized complex structures and it highlights the subtle role
of the integrability criteria.
In Section 2 we gather the basics of generalized complex, generalized Kähler, and
generalized contact geometry. In Section 3, we prove the main theorem stated
above. Then, in Section 4, we examine the implications of this theorem for the
definitions of generalized co-Kähler and generalized Sasakian geometry.

2. Preliminaries
We begin with a very brief review of generalized geometric structures. Throughout this paper we let M be a smooth manifold. Consider the big tangent bundle,
T M ⊕ T ∗ M . We define a neutral metric on T M ⊕ T ∗ M by
1
hX + α, Y + βi = (β(X) + α(Y ))
2
and the Courant bracket by
1
[[X + α, Y + β]] = [X, Y ] + LX β − LY α − d(ιX β − ιY α)
2
where X, Y ∈ T M and α, β ∈ T ∗ M . A subbundle of T M ⊕ T ∗ M is said to be
involutive or integrable if its sections are closed under the Courant bracket [5].
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Definition 2. A generalized almost complex structure on M is an
√ endomorphism
∗
∗
2
J of T M ⊕ T M such that J + J = 0 and J = −Id . If the −1 eigenbundle
L ⊂ (T M ⊕ T M ∗ ) ⊗ C associated to J is involutive with respect to the Courant
bracket, then J is called a generalized complex structure.
Here are the prototypical examples:
Example 3 ([5]) . Let (M 2n , J) be a complex structure. Then we get a generalized
complex structure by setting


−J 0
JJ =
.
0 J∗
Example 4 ([5]) . Let (M 2n , ω) be a symplectic structure. Then we get a generalized complex structure by setting


0 −ω −1
.
Jω =
ω 0
Diffeomorphisms of M preserve the Lie bracket of smooth vector fields and in fact
such diffeomorphisms are the only automorphisms of the tangent bundle. But in
generalized geometry, there is actually more flexibility. Given T ⊕ T ∗ equipped
with the Courant bracket, the automorphism group is comprised of the diffeomorphisms of M and some additional symmetries called B-field transformations [5].
Definition 5 ([5]) . Let B be a closed two-form which we view as a map from
T → T ∗ given by interior product. Then the invertible bundle map


1 0
B
e :=
: X + ξ 7−→ X + ξ + ιX B
B 1
is called a B-field transformation.
A B-field transformation of a generalized (almost) complex structure (M, eB J e−B )
is again a generalized (almost) complex structure.
Recall that we can reduce the structure group of T ⊕ T ∗ from O(2n, 2n) to the
maximal compact subgroup O(2n) × O(2n). This is equivalent to an orthogonal
splitting of T ⊕T ∗ = V+ ⊕V− , where V+ and V− are positive and negative definite
respectfully with respect to the inner product. Thus we can define a positive definite
Riemannian metric on the big tangent bundle by
G = h , i|V+ − h , i|V− .
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A positive definite metric G on M is an automorphism of T M ⊕ T ∗ M such that
G∗ = G and G2 = 1. In the presence of a generalized almost complex structure
J1 , if G commutes with J1 ( GJ1 = J1 G) then GJ1 squares to −1 and we
generate a second generalized almost complex structure, J2 = GJ1 , such that J1
and J2 commute and G = −J1 J2 . This leads us to the following
Definition 6 ([5]) . A generalized Kähler structure is a pair of commuting generalized complex structures J1 , J2 such that G = −J1 J2 is a positive definite metric
on T ⊕ T ∗ .
Example 7 ([5]) . Consider a Kähler structure (ω, J, g) on M . By defining JJ and
Jω as in Examples 3 and 4, we obtain a generalized Kähler structure on M , where


0 g −1
.
G=
g 0
We now recall the odd dimensional analog of generalized complex geometry. We
use the definition given by Sekiya (see [15]).
Definition 8. A generalized almost contact structure on M is a triple (Φ, E± )
where Φ is an endomorphism of T M ⊕ T ∗ M , and E+ and E− are sections of
T M ⊕ T ∗ M which satisfy
Φ + Φ∗ = 0,

Φ ◦ Φ = −Id + E+ ⊗ E− + E− ⊗ E+

hE± , E± i = 0,

2hE+ , E− i = 1.

(1)
(2)

An easy and immediate consequence of these definitions (see [15]) is
Φ(E± ) = 0.

(3)

√
Now, since Φ satisfies Φ3 + Φ = 0, we see that Φ has 0 as well as ± −1 eigenvalues when viewed as an endomorphism of the complexified big tangent bundle
(T M ⊕ T ∗ M ) ⊗ C. The kernel of Φ is LE+ ⊕ LE− where LE± is the line bundle
√
√
spanned by E± . Let E (1,0) be the −1 eigenbundle of Φ. Let E (0,1) be the − −1
eigenbundle. Observe
E (1,0) = {X + α −
E (0,1) = {X + α +

√

√

−1Φ(X + α) ; hE± , X + αi = 0}

−1Φ(X + α) ; hE± , X + αi = 0}.
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Then the complex vector bundles
L+ = LE+ ⊕ E (1,0)
and
L− = LE− ⊕ E (1,0)
are maximal isotropics.
Definition 9. A generalized almost contact structure (Φ, E± ) is a generalized contact structure if either L+ or L− is closed with respect to the Courant bracket. The
generalized contact structure is strong if both L+ and L− are closed with respect
to the Courant bracket.
Definition 10. A generalized almost contact structure (M, Φ, E± ) is a normal
generalized contact structure if Φ is strong and [[E+ , E− ]] = 0.
Remark 11. This definition of normality is motivated by Theorem 1 of [2] that
shows that product of two generalized almost contact spaces (M1 , Φ1 , E±1 ) and
(M2 , Φ2 , E±2 ) induces a natural generalized almost complex structure on M1 ×
M2 . The generalized complex structure is integrable if each Φi is strong and
[[E+i , E−i ]] = 0.
Here are the standard examples
Example 12 ([14]) . Let (φ, ξ, η) be a normal almost contact structure on a manifold M 2n+1 . Then we get a generalized almost contact structure by setting


φ 0
,
E+ = ξ,
E− = η
Φ=
0 −φ∗
where (φ∗ α)(X) = α(φ(X)), X ∈ T M, α ∈ T ∗ M . Moreover, (Φ, E± ) is an
example of a strong generalized almost contact structure.
Example 13 ([14]) . Let (M 2n+1 , η) be a contact manifold with ξ the corresponding Reeb vector field so that
ιξ dη = 0,

η(ξ) = 1.

Then
ρ(X) := ιX dη − η(X)η
is an isomorphism from the tangent bundle to the cotangent bundle. Define a bivector field by
π(α, β) := dη(ρ−1 (α), ρ−1 (β))

42

Janet Talvacchia

where α, β ∈ T ∗ . We obtain a generalized almost contact structure by setting


0 π
Φ=
,
E+ = η,
E− = ξ.
dη 0
In fact, (Φ, E± ) is an example which is not strong.
Finally we have
Definition 14. A generalized almost contact metric structure is a generalized almost contact structure (Φ, E± ) along with a generalized Riemannian metric G that
satisfies
−ΦGΦ = G − E+ ⊗ E+ − E− ⊗ E− .
(4)

3. Proof of the Main Theorem
In this section we give the proof of Theorem 1 which was stated in the introduction.
Proof: Since (Mi , Φi , E±i , Gi ) are generalized almost contact metric structures
for i = {1, 2}, M1 × M2 with product metric G = G1 + G2 is a generalized almost complex manifold (see [2]) and we can form the generalized almost complex
structures J1 and J2 as follows
J1 (X1 + α1 , X2 + α2 ) = (Φ1 (X1 + α1 ) − 2hE+2 , X2 + α2 iE+1
−2hE−2 , X2 + α2 iE−1 ,
Φ2 (X2 + α2 ) + 2hE+1 , X1 + α1 iE+2

(5)

+2hE−1 , X1 + α1 iE−2 ).

J2 (X1 + α1 , X2 + α2 ) = (Φ̃1 (X1 + α1 ) − 2hẼ+2 , X2 + α2 iẼ+1
−2hẼ−2 , X2 + α2 iẼ−1 ,
Φ̃2 (X2 + α2 ) + 2hẼ+1 , X1 + α1 iẼ+2

(6)

+2hẼ−1 , X1 + α1 iẼ−2 ).
By direct computation we see
J1 J2 = (Φ1 Φ̃1 − 2hE−1 , X1 + α1 iE+1 − 2hE+1 , X1 + α1 iE−1 ,
Φ2 Φ̃2 − 2hE−2 , X2 + α2 iE+2 − 2hE+2 , X2 + α2 iE−2 )

(7)
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J2 J1 = (Φ̃1 Φ1 − 2hẼ−1 , X1 + α1 iẼ+1 − 2hẼ+1 , X1 + α1 iẼ−1 ,
Φ̃2 Φ2 − 2hẼ−2 , X2 + α2 iẼ+2 − 2hẼ+2 , X2 + α2 iẼ−2 ).

(8)

So we see J1 J2 = J2 J1 if and only if Φi Φ̃i = Φ̃i Φi for i = {1, 2} and either
the condition E±1 = Ẽ±1 and E±2 = Ẽ±2 or the condition E±1 = Ẽ∓1 and
E±2 = Ẽ∓2 holds.

Remark 15. The integrability of J1 and J2 can be determined via Theorem 1
in [2].
M1 × M2 may also have commuting generalized almost complex structures J˜1
and J˜2 that have nothing to do with the underlying generalized almost contact
structures Φ1 , Φ̃1 , Φ2 , Φ̃2 on M1 and M2 and, thus, J˜1 and J˜2 would not have the
same algebraic form as J1 and J2 . So we emphasize that the “only if” part of the
above theorem is restricted to generalized almost complex structures on M1 × M2
that are induced from the underlying generalized almost contact structures on M1
and M2 .

4. Implications for Generalized Sasakian and Generalized Co-Kähler
Manifolds
In a previous paper ([3], joint work with Ralph Gomez), we considered what we
termed generalized co-Kähler structures since each classical co-Kähler manifold
falls into this category. A generalized co-Kähler structure, (M, Φ, E± , G), is a
normal generalized contact metric structure such that both Φ and GΦ are strong.
The result we proved there is as follows
Theorem 16. Let M1 and M2 be odd dimensional smooth manifolds each with
a generalized contact metric structure (Φi , E±,i , Gi ), i = 1, 2 such that on the
product M1 × M2 are two generalized almost complex structures: J1 which is
the natural generalized almost complex structure induced from Φ1 and Φ2 and
J2 = GJ1 where G = G1 × G2 . Then (M1 × M2 , J1 , J2 ) is generalized Kähler
if and only if (Φi , E±,i , Gi ), i = 1, 2 are generalized co-Kähler structures.
Here, the commuting pair on each Mi is Φi and Gi Φi . The natural generalized
complex structures J1 formed from Φ1 and Φ2 is Courant integrable since the Φi
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are normal. J2 = GJ1 is the same as the generalized almost complex structure
formed from G1 Φ1 and G2 Φ2 . J2 is Courant integrable since G1 Φ1 and G2 Φ2 are
normal generalized contact metric structures.
Classical Sasakian manifolds are always outside of the generalized co-Kähler case.
A Sasakian manifold M is a normal contact metric structure (M, φ, η, ξ, g) where
φ is a (1, 1) tensor field, ξ is a vector field and η is a one-form, given by the
following conditions
φ2 = −I + η ⊗ η,

η(ξ) = 1

and where g is a Riemannian metric subject to the following compatibility condition
g(φX, φY ) = g(X, Y ) − η(X)η(Y )
for an vector fields X, Y ∈ Γ(T M ). If we form the generalized contact structures related to the Sasakian structure we get a strong generalized contact structure
associated to the classical almost contact metric structure


φ 0
,
E+ = ξ,
E− = η.
Φφ =
0 −φ∗
The compatible generalized metric is

G=


0 g −1
.
g 0

However

GΦ = Φη =

0 π
dη 0


,

E+ = η,

E− = ξ

is never strong. (See Examples 12 and 13.) So classical Sasakian spaces are not
generalized co-Kähler but Theorem 1 implies that the generalized almost contact
structures arising from the classical almost contact structure and the classical contact structure generate commuting pairs of generalized almost complex structures.
The issue is integrability.
Example 17. Let M1 = (M, φ, η, ξ, g) be a classical Sasakian space. Let

Φ1 = Φφ =


φ 0
,
0 −φ∗

E+1 = ξ,

E−1 = η
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be the generalized contact structure generated by the classical almost contact
structure φ. The compatible generalized metric is


0 g −1
G1 =
.
g 0
Let

Φ̃1 = GΦ = Φη =


0 π
,
dη 0

E+1 = η,

E−1 = ξ,

G1

be the second commuting generalized contact metric structure on M1 . Let
M2 = R+ ,

Φ2 = 0,

E+2 = (0, dt),

E−2 = (

∂
, 0)
∂t

be a generalized contact metric structure on R+ with compatible metric

G2 =


0 (dt2 )−1
.
dt2
0

Let
Φ̃2 = G2 Φ2 = 0,

Ẽ+2 = (

∂
, 0),
∂t

Ẽ+2 = (0, dt),

G2

be the second commuting generalized contact metric structure on R+. Let J1 be
the generalized complex structure formed from Φ1 and Φ2 . It is Courant integrable
since each Φi is normal. J2 , the generalized almost complex structure formed from
Φ̃1 and Φ̃2 satisfies J2 = GJ1 but J2 is not Courant integrable since Φ̃1 is not.
On the other hand we know, given a classical Sasakian manifold M , there is a generalized Kähler structure induced on M × R+ from the classical Kähler structure
(M × R+ , ω = d(et η), Jφ , e2t (g + dt2 )) on the cone. We construct in detail the
commuting pairs of generalized almost contact metric structures on M that yield
the generalized complex structures arising from the classical Kähler structure
Example 18. Given a classical Sasakian manifold (M, φ, η, ξ, g), form the following commuting pair of generalized contact structures on M ≡ M1 . Let R be the
endomorphism of T M1 ⊕ T ∗ M1

R=

e−t 0
0 et


f or

t ∈ R+ .
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Define
Φ1 = RΦφ R−1 = Φφ ,
and

E+1 = R(ξ, 0),

E−1 = R(0, η)


0 g −1
G1 = R
R−1 .
g 0


Then (M1 , Φ1 , E±1 , G1 ) is a generalized contact metric structure. Define
Φ̃1 = RΦη R−1 = RGΦφ R−1 = RGR−1 Φφ
Ẽ+1 = R(0, η),

Ẽ−1 = R(ξ, 0).

Then (M1 , Φ̃1 , Ẽ±1 , G1 ) is a second generalized contact metric structure, Φ1 commutes with Φ̃1 and E±1 = Ẽ∓1 holds.
For the second factor, let
M2 = R + ,
and

Φ2 = 0,

E+2 = R(0, dt)

E−2 = R(

∂
, 0)
∂t


0 (dt2 )−1
R−1 .
G2 = R
dt2
0


Then (M2 , Φ2 , E±2 , G2 ) is a generalized contact metric structure.
A second generalized contact metric structure on R+ satisfying the necessary conditions is obtained by defining
Φ̃2 = RG2 Φ2 R−1 = RG2 R−1 Φ2 = 0
∂
Ẽ−2 = R(0, dt).
Ẽ+2 = R( , 0),
∂t
Computing according to formulas (5) and (6), we see
∂
, X2 + α2 iη,
∂t
(9)
∂
2hξ, X1 + α1 idt + 2hη, X1 + α1 i )
∂t

J1 (X1 + α1 , X2 + α2 ) =(Φφ − 2hdt, X2 + α2 iξ − 2h

∂
, X2 + α2 iη − 2hdt, X2 + α2 iξ,
∂t
(10)
∂
2hη, X1 + α1 i + 2hξ, X1 + α1 idt).
∂t

J2 (X1 + α1 , X2 + α2 ) =(RΦη R−1 − 2h
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Note that if one starts with the classical normal almost contact structure φ on M ,
computes the corresponding classical complex structure J on the cone, and then
computes the generalized complex structure corresponding to this classical complex structure what one gets is precisely J1 . Similarly, if one starts with the classical contact structure, lifts to the standard symplectic structure ω = d(et η) on the
cone, and then constructs the generalized complex structure corresponding to this
classical structure, what one gets is precisely J2 . Hence we recover the generalized Kähler structure (M1 × R+ , J1 , J2 ) corresponding to the classical Kähler
structure on M × R+ from this family of commuting pairs of generalized almost
contact structures. It is interesting to note that J2 = RGR−1 J1 = RGJ1 R−1
where G is the standard product metric constructed from the Riemanian metrics
on M and R+ . That is, J2 can be obtained as well by applying the warped metric
RGR−1 to J1 . The fact that J2 is also equal to RGJ1 R−1 will be useful when we
compare defining generalized Sasakian via commuting pairs of generalized almost
contact to previous definitions of generalized Sasakian below.
Examples 17 and 18 also point out an interesting phenomena. In Example 17, J2
is not integrable with respect to Courant bracket but is with respect to the Wade
bracket (see [10]). Specifically Ingleas-Ponte and Wade show in ( [10]) that, in
general, generalized almost contact structures arising from either classical almost
contact structures or classical contact structures are closed as E 1 (M ) Dirac structures under the Wade bracket. They also show a one to one correspondence between generalized almost contact structure integrable with respect to the Wade
bracket and operators J on M × R+ , closed under the Wade bracket, such that
J 2 = −1. In Example 18, the example corresponding to the classical Káhler
structure on M × R+ , what we have is really a family of generalized almost contact structures on M parameterized by t. For each t, Φ̃1 is not closed with respect
to Courant bracket, but it is closed with respect to the derived bracket generated
by D = et de−t (as are Φ1 , Φ2 and Φ̃2 , see [11, 13]). The commuting almost complex structures generated by these objects are Courant integrable. The fact that it
is a family of generalized almost contact structures combining to form the generalized complex structure as opposed to a single generalized almost contact metric
structure on M producted with one on R+ makes this example not in contradiction to Theorem 16. These examples suggest that generalized Kähler structures on
products of generalized almost contact manifolds M1 × M2 could be generated by
families of generalized almost contact structures on the factor manifolds satisfying
the conditions of Theorem 1 if they were integrable with respect to other suitable
derived brackets. This study is left to a forthcoming paper.
Our final remark is on how the definitions of generalized co-Kähler and generalized
Sasakian might be reformulated in terms of commuting pairs of generalized almost
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contact metric structures given Theorem 1, which provides a more general organizing principle. A definition of generalized co-Kähler structures was proposed by the
author and Gomez in [3]. Specifically, we defined a generalized co-Kähler structure to be a normal generalized contact metric structure (M, Φ, E± , G) where GΦ
is also strong with respect to the Courant bracket. A definition equivalent to this
can be stated in terms of commuting pairs of generalized almost contact structures:
Definition 19. A generalized co-Kähler structure on a manifold M is a commuting
pair of almost generalized contact metric structures (M, Φ, E± , G) and (M, Φ̃, Ẽ± ,
G) such that Φ̃ = GΦ, Ẽ+ = GE+ = E− , Ẽ− = GE− = E+ and Φ and
Φ̃ = GΦ are integrable with respect to the Courant bracket.
We remark that this definition is consistent with the notion of a binormal (2,1)
generalized almost contact structure in ([18]).
In light of our analysis above of the classical Sasakian case, we propose that
a definition of a generalized Sasakian structure on a manifold M should be in
terms of families of commuting pair of generalized almost contact metric structures (M, Φ, E± , G) and (M, Φ̃, Ẽ± , G) satisfying the condition E± = Ẽ± or the
condition E± = Ẽ∓ and such that Φ, and Φ̃ are integrable with respect to a derived
bracket. There have been previous definitions proposed for the notion of generalized Sasakian by Vaisman [16–18], Sekiya [15], Inglesias-Ponte and Wade [10],
and Wright [19] all specific to the situation M × R+ . Vasiman and Sekiya define Sasakian in terms of integrability of generalized almost complex structures on
M × R+ as opposed to defining the concept in terms of the intrinsic data on M .
The remark that that J2 is also equal to RGJ1 R−1 in Example 18 shows that these
definitions would be consistent with a definition of generalized Sasakian defined
in terms of commuting pairs closed under derived brackets. Wright defines a generalized Sasakian structure as commuting pairs of generalized contact structures
on M with the same conditions on the sections E± by starting with generalized
Kähler structure on spaces M × R+ considering reductions of these structures to
M. This approach is strong in highlighting the centrality of commuting pairs of
generalized almost contact structures, but misses the subtlety of the integrability
conditions and does not distinguish between generalized contact structures arising from classical co-Kähler structures and those arising from classical Sasakian
structures. Inglesias-Ponte and Wade defined generalized Sasakian as commuting
pairs of generalized almost contact structures ( which for them are E 1 (M ) Dirac
structures) that are closed under the Wade bracket. This may not be the full picture and is relevant only to generalized Kähler structures on M × R+ . For clarity
and flexibility of computation it’s clear that definitions of generalized coKäher and
generalized Sasakian should be in terms of commuting pairs of generalized almost
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contact metric structures. The above discussion shows that a notion of generalized
Sasakian can never be formulated in terms of products of two Courant integrable
generalized contact structures. The necessary step seems to be a complete understanding of when the integrability of families of commuting pairs of generalized
almost contact metric structures with respect to a derived bracket implies the corresponding commuting pairs of general almost complex structures is integrable under
the Courant bracket.
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