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The notion of finite type immersion of submanifolds of a Euclidean space has been
used in classifying and characterizing well known Riemannian submanifolds [3].
Chen [3] posed the problem of classifying the finite type surfaces in the three-
dimensional Euclidean space E3. A Euclidean submanifold is said to be of Chen
finite type if its coordinate functions are a finite sum of eigenfunctions of its Lapla-
cian A.
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Further, the notion of finite type can be extended to any smooth function on a
submanifold of a Euclidean space or a pseudo-Euclidean space. Then the theory
of submanifolds of finite type has been studied by many geometers.

Takahashi [18] states that minimal surfaces and spheres are the only surfaces in
[E3 satistying the condition Ar = Ar, A € R. Ferrandez, Garay and Lucas [8]
prove that the surfaces of E3 satisfying AH = AH, A € Mat(3,3) are either
minimal, or an open piece of sphere or of a right circular cylinder. Choi and Kim
[5] characterize the minimal helicoid in terms of pointwise 1-type Gauss map of
the first kind.

Dillen, Pas and Verstraelen [6] prove that the only surfaces in E3 satisfying Ar =
Ar+ B, A € Mat(3,3), B € Mat(3, 1) are the minimal surfaces, the spheres and
the circular cylinders.

Senoussi and Bekkar [17] study helicoidal surfaces M 2 in E? which are of finite
type in the sense of Chen with respect to the fundamental forms 7,11 and I11,
i.e., their position vector field r(u,v) satisfies the condition A/r = Ar, J =
I,I1,111, where A = (a;;) is a constant 3 x 3 matrix and A” denotes the Laplace
operator with respect to the fundamental forms I, /] and I11.

In classical surface geometry in Euclidean space, it is well known that the right
helicoid (respectively catenoid) is the only ruled (respectively rotational) surface
which is minimal. If we focus on the ruled (helicoid) and rotational characters, we
have Bour’s theorem in [2].

About helicoidal surfaces in Euclidean three-space, do Carmo and Dajczer [8]
prove that, by using a result of Bour [3], there exists a two-parameter family of he-
licoidal surfaces isometric to a given helicoidal surface. Some relations among the
Laplace-Beltrami operator and curvatures of the helicoidal surfaces in Euclidean
three-space are shown by Giiler, Yayli and Hacisalihoglu [10].

Lawson [11] gives the general definition of the Laplace-Beltrami operator in his
lecture notes. Magid, Scharlach and Vrancken [12] introduce the affine umbilical
surfaces in four-space. Vlachos [20] consider hypersurfaces in E* with harmonic
mean curvature vector field. Scharlach [16] studies the affine geometry of surfaces
and hypersurfaces in four-space. Cheng and Wan [4] consider complete hypersur-
faces of four-space with constant mean curvature.

Arvanitoyeorgos, Kaimakamais and Magid [1] show that if the mean curvature
vector field of M3 satisfies the equation

AH =aH
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(v a constant), then M3 has constant mean curvature in Minkowski four-space E{.
This equation is a natural generalization of the biharmonic submanifold equation
AH = 0.

General rotational surfaces as a source of examples of surfaces in the four dimen-
sional Euclidean space were introduced by Moore [13, 14]. Ganchev and Milou-
sheva [9] consider the analogue of these surfaces in the Minkowski four-space.
They classify completely the minimal general rotational surfaces and the general
rotational surfaces consisting of parabolic points. Moruz and Munteanu [15] have
considered hypersurfaces in the Euclidean space E* defined as the sum of a curve
and a surface whose mean curvature vanishes. They call them minimal translation
hypersurfaces in E* and give a classification of these hypersurfaces. Verstraelen,
Walrave and Yaprak [19] study the minimal translation surfaces in E" for arbitrary
dimension n.

In this paper, we introduce the helicoidal hypersurfaces in Euclidean four-space
E*. We give some basic notions of the four dimensional Euclidean geometry in
Section 2. In Section 3, we give the definition of a helicoidal hypersurface. We
calculate some relations among the mean curvature and the Gaussian curvature
of the helicoidal hypersurface in Section 4. We introduce the Laplace-Beltrami
operator in Section 5. Moreover, we calculate the Laplace-Beltrami operator of the
helicoidal hypersurface. Finally, we give the helicoidal hypersurface with ATH =
AH in E* in the last section.

2. Preliminaries

In this section, we will introduce the first and second fundamental forms, matrix of
the shape operator S, Gaussian curvature K, and the mean curvature H of hyper-
surface M = M(u, v, w) in Euclidean four-space E*. In the rest of this work, we
shall identify a vector (a,b,c,d) with its transpose (a,b,c,d)’.

Let M = M(u, v, w) be an isometric immersion of a hypersurface M? in the E*.
The vector product of X = (x1, z2, x3,24), Y = (y1,Y2, Y3, Ya), Z = (21, 22, 23, 24)
on E* is defined as follows

€1 €2 €3 €4
T1 T2 T3 T4

Y1 Y2 Y3 Ya
Z1 22 23 24

X xY x Z =det
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For a hypersurface M (u, v, w) in four-space we have

EF A
detI =det | F G B | = (EG — F})C — A2G +2ABF — B’E (1)
ABC

and
L MP
detII=det | M N T | = (LN —-M*)V — PN +2PTM —T?’L (2)
PTV
where A = M,,-M,,, B = M, M,,, C = M,-M,,, P = My -e,T = My -e,

V =My, - €, e is the Gauss map (i.e., the unit normal vector). We compute

1

EF A\ L M P
FGB M NT
ABC P TV

and it gives the matrix of the shape operator S as follows

1 ail a2 ai3
S=——| a21 a2 a3 3)
det]
asy asz ass

where

a1y = ABM — CFM — AGP + BFP + CGL — B*L
a12 = ABN — CFN — AGT + BFT + CGM — B*M
a13 = ABT — CFT — AGV + BFV + CGP — B*P

as1 = ABL — CFL+ AFP — BPE+CME — A*’M
asg = ABM — CFM + AFT — BTE + CNE — A2N
ass = ABP — CFP + AFV — BVE + CTE — AT

as1 = —AGL + BFL + AFM — BME + GPE — F?P
asp = —AGM + BFM + AFN — BNE + GTE — F*T
as3 = —AGP + BFP + AFT — BTE + GVE — F?V.

So, we get the formulas of the Gaussian and the mean curvatures, respectively as

follow detl]
e
K = det(S) = 4
et(S) detl 4

and )
H= gtr (S) 5
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where tr (S) = 32 ((EN + GL — 2FM)C + (EG — F?)V — AN — B2L —
2(APG + BTE — ABM — ATF — BPF)).
A hypersurface M is minimal if H = 0 is fulfilled identically on M.

3. Helicoidal Hypersurface

We define the rotational hypersurface and helicoidal hypersurface in E4. For an
open interval I C R, lety : I — II be a curve in a plane IT in E4, and let £ be a
straight line in II.

A rotational hypersurface in E* is defined as a hypersurface rotating a curve
around a line ¢ (these are called the profile curve and the axis, respectively). Sup-
pose that when a profile curve - rotates around the axis ¢, it simultaneously dis-
places parallel lines orthogonal to the axis ¢, so that the speed of displacement is
proportional to the speed of rotation. Then the resulting hypersurface is called the
helicoidal hypersurface with axis ¢ and pitches a, b € R\{0}.

We may suppose that ¢ is the line spanned by the vector (0, 0, 0, 1)t. The orthogo-
nal matrix which fixes the above vector is

cosvcosw —sinv —cosvsinw 0

sinvcosw cosv —sinvsinw 0
Z(v,w) = sinw 0 cos w 0 ©)
0 0 0 1

where v, w € R. The matrix Z can be found by solving the following equations
simultaneously

Z0 =1, Z2t7 =77 = Iy, detZ = 1.

When the axis of rotation is ¢, there is an Euclidean transformation by which the
axis is ¢ transformed to the x4-axis of E*. Parametrization of the profile curve is
given by

Y(u) = (4,0,0,¢ (u))
where ¢ (u) : I C R — R is a differentiable function for all v € I. So, the
helicoidal hypersurface which is spanned by the vector (0,0,0,1) with pitches
a,b € R\{0}, is as follows

H(u,v,w) = Z(v,w)y(u)" + (av + bw)(0,0,0,1)" (7

in B4, where u € I, v,w € [0,27] . When w = 0, we have helicoidal surface in
the three dimensional Euclidean space E3. When a = b = 0, the surface is just a
rotational hypersurface as follows

R (u,v,w) = (ucosv cosw,usinv cosw, usinw, p(u)) . (8)
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4. Curvatures

In this section, we obtain the mean curvature and the Gaussian curvature of a heli-
coidal hypersurface

U COS U COS W
u sin v cos w
u sin w
o(u) + av + bw

H(u,v,w) = )

where u,a,b € R\ {0} and 0 < v, w < 27.
Using the first differentials of (9) we get the first quantities as follow

1 + SO/Q agpl bgO/
I= ap’  a®+u’cos’w ab
by’ ab b? + u?

We also have
det] = u? ((b2 +u?(1+ ™)) cos® w + a2)

dy
h = / = —
where = p(u), ¢’ = -
The line element of the helicoidal hypersurface is given by
ds® = (1 + ¢)du® + 2a¢'dudv + (a* + u® cos® w) dv®

+2b’ dudw + 2abdvdw + (b + u?)dw?.

Using the second differentials with respect to u, v, w, we have the second quantities
as follow

w29’ cosw au cos w ub cos w
vdetl Vdetl vdetl
Il = aucosw _ u?cos? w(up’ cosw—bsinw)  quZsinw
vdetl vdetl AVdetl
ub cos w _au’sinw _ m
Vdetl Vdetl vdetl
and
U4 COos w
detl] = ——— (u4g0/290” cos* w — bud ' " sin w cos® w
(detr) 3/2
2,2 1 2 /

—a*u?¢” sin® w — u cos® w(b? cos® w + a?)p

+b(b? cos® w + 2a?) sin w cos w).
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The Gauss map of the helicoidal hypersurface is

u ((up’ cosw — bsinw) cos v cosw — asinwv)

1 u ((ug' cosw — bsinw) sin v cos w + a cosv)
H= —— ;. (10)
Vdetl u ((ug’ sinw + bcosw)) cosw
—u? cos w

where
det] = u® ((b* + (1 + ¢'*)) cos® w + a?) .

The shape operator of the helicoidal hypersurface is

511 812 513
S = s21 522 S23
531 832 833
where
3
u” cosw
s11 = 7W((a2 + (b2 + u?) cos® w)uy” + (a* + b% cos® w)y')
et
au cos w
512 = —=——
vdet!
3
S13 = (drj_)gﬂ(bfuzgo’2 cos® w + a*ug’ sinw + (a® + (b? + u?) cos® w)b cos w)
e
oy — au? cosw(up'" 4+ @' 4+ 1) 6y — —up’ cosw + bsinw
(det)>/? ’ Vdet]
au? sinw(u?p? + b2 + u?)
523 = —
(detI)?’/2
bu3 cos® w(up'¢" + ¢'? + 1) asin w
831 = ; 832 = —
. (det )2 Vet
2
S33 = (d:j_)m(—u?’w’?’ cos® w — ucos w((b? + u?) cos® w + a?)¢’ + a*bsinw).
e

Finally, we calculate the Gaussian curvature and the mean curvature of the heli-
coidal hypersurface as follow

_detII M @20 + X' " + A3 + M’ + A5

K =det(S) = =
°t(8) = gtz (det)?/?
and
1 1 /3 /2 /
H=tas) = Q" + G + C3<P3 2+ G+ G5
3 3 (detl)/
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where

A = —udcos® w, Ao = bu” sinw cos* w, A3 = a’u’ cos wsin® w

A = u° cos® w(b? cos® w + a?), As = —bu(b? cos® w + 2a?) sinw cos? w
¢ = —utcosw ((u2 + b2) cos? w + a2) , Co = —2uP cos® w

C3 = bu® cos? wsin w, G = —ud cosw (3a2 + (3b2 + 2u2) cos? w)

¢ = bu’sinw ((u2 + b2) cos® w + 2a2) .

Corollary 1. When ¢ = ¢ = const, then we get

—b(b? cos? w + 2a?) sinw cos? w

T A + ) ot )

B b ((u2 + b2) cosZw + 2a2) sin w
3u (b2 + u2) cos? w + a2)>/?

Corollary 2. When ¢ = ¢ = const, b = 0, we get
K =0, H=0.

Thus, the hypersurface is flat and minimal.

Corollary 3. When ¢ = ¢ = const, w = 0 or 7, then we have
K =0, H=0.
Hence, the hypersurface is again flat and minimal.

Corollary 4. When o = ¢ = const, a = b = 0, i.e., the hypersurface is a rota-
tional hypersurface, then we have the results of Corollary 2 (and also Corollary 3).

5. Laplace-Beltrami Operator

The inverse of the matrix

g11 912 913
(gij) = | 921 922 923
931 932 933

is as follows
922933 — §23932 913932 — 912933 g12923 — 913922

— | 931923 — 921933 911933 — 913931 921913 — g11923
921932 — g22931 912931 — 911932 11922 — g12921

—_
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where

g = det (gij) = 911922933 — 911923932 + 912931923
— 912921933 + §21913932 — §13922931-

So, we get
CG — B? AB— CF BF — AG
(N~ = o | AB=CF CE — A*> AF — BE
°t! \ BF - AG AF - BE EG - F?
where

detl = (EG — F?)C + 2ABF — A’G — B*E
Therefore, the Laplace-Beltrami operator of a smooth function ¢ = ¢(u, v, w) |p
(D C R3) of class C? with respect to the first fundamental form of hypersurface
M is the operator A which is defined by as follows
3

0 i 0
Al = } > o <¢§g”8§> (1)

i,7=1

where (¢g%) = (gr)” " and g = det (9i5) -
Clearly, we write Al ¢ as follows

0
o2 (Vo 2% ) - 52 (vag'22%) + 52 (Vag® %)
1
ﬁ <\/>921 ad’) + dg;2 (fg22 645) 8;32 (\/>923%> ) (12)
fé) [} 0 0 33 0
5% (VA 85 ) - 3% (VAo 8% ) + 3% (Voo 2%)

Using more transparent notation we get

o [ (CG—B?)¢,—(AB—CF)¢,+(BF—AG)¢w \ |
du detl
1 (AB—CF)¢y—(CE—A%)¢y+(AF—BE)pu
Iy _9
A ¢ - /detI v ( Vdetl (13)
o ( (BF=AG)¢y—(AF—BE)¢y+(EG—F?)¢u
_+87w Vdetl ]

where g = det (g;;) = detl.
Now, we study on the Laplace Beltrami operator of a helicoidal hypersurface (9).

The inverse matrix of I is as follows

() = 2 g



86 Erhan Giler, Martin Magid and Yusuf Yayli

where
Q1 =u® [az + (62 + u2) cos? w] , Qo = — au?y = Qg
Q13 = — bu?¢’ cos? w = Qg1 Q9o =b% + (1 + @) v?
Qo3 = — ab = Q3o, Q33 =a® + u® (1 + g02’) cos® w.

Now we continue our calculations to find the Laplace Beltrami operator A’H of
the helicoidal hypersurface H.
The Laplace Beltrami operator of a hypersurface H is given by

1 ) 0 o
ATH = —U-—-V+ W
Vdet] <8u ov + Oow )

where
U - (CG-B*H, — (AB—-CF)H, + (BF — AG)H,,
Vdetl
(AB-CF)H, — (CE - A?)H, + (AF — BE)H,,
det]
(BF — AG)H, — (AF — BE)H, + (EG — F*) H,,
VdetT

det] = u? ((62 + u? (1 + @'2)) cos? w + a2) .

:

We obtain the matrices

u? (a2+ (b2 +u2) cos? w) cos v cos w—au>y’ sinv cos wHbud’ cos v sin w cos? w

det

g

u? (a2+ (b2 +u2) cos? w) sin v cos w+audy’ cos v cos wHbud e’ sin v sin w cos? w

%
@
=+
~

u? (a2+(b2+u2) cos? 'w) sin w—bu3¢’ cos3 w
et

w—+
det

[N
~

a2u290/

»

[\

utp co

7}

~

and

2 )uz) sin v cos w+abu cos v sin w

+

—au?y’ cosw cos w+u(b2+(1

%
@
o+
~

cp/Q)uQ) cos v cos w+abu sin v sin w

det

+

—au?y’ sinv cos wfu(b2+(1

~

—au’y’ sin w—abu cosw
det

(l’LL2

det

g

:
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and

3

N

w—abu sinv cosw—(a

Vdet

2

—bu?¢’ cos v cos +u2(1+gp2’) cos? w)u cosvsinw

[N
~

—bu? ¢’ sin v cos® w+abu cos v cos w— (a
Vdetl
—bu? ¢’ sin w cos? w+(a2+u2 (1+<p2’) cos? w)u cosw
Vdetl
—bu?'? cos? w+a2b+b(a2+u2 (1—&—@2’) cos? w)
Vdetl

+u? (1+g02’) cos? w)u sin v sinw

~

~

Using differentials of u, v, w on U, V, W respectively, we get

Ay
0 1 1
750" st = 3/2 i
Ou ~ 2(detl)/ 2 (detl)*? | As
Ay
where
A = (2ua2 COSV COS W — (3u2<p’ + u3ap”)a sin v cos w + 2ub® cos v cos® w

+(3u?y 4+ udP")bcos v sin w cos? w + 4u cos v cos® w)2(u? ((b2

+u%(1 + ¢'?)) cos® w + a2)) — (2a%u + (u3" + 4u? ™
+4u? + 2b%)u cos® w) (u? (a® + (b? + u?) cos® w) cos v cos w

2

/. / .
—CLUBQO SN v Cos w + bu3g0 COS U SIn w Cos w)

Ay = 2u%(a® + (0% + (1 + ¢)u?) cos® w) (4u? cos® wsin v 4 2a%u cos w sin v

3wsinw

+a cosv cos w(@"ud + 3¢'u?) + 2b%u cos
+bcos® wsinvsinw(u?@” + 3u?¢’)) — (2ua® 4+ u(u” + 4u*Q"
+2b% + 4u?) cos® w) (u? coswsinv(a® 4 (b + u?) cos® w)

2

/ . .
+auy cosvcosw + budy’ cos® wsin v sinw)

Az = 2u?(a® + (b* 4+ (1 + ¢"*)u?) cos® w)(2a®usinw — bcos® w(ude”
+3u?¢’) + 4u? cos?

+4u?p? + 2b% 4 4u?) cos
3

wsinw 4 2b%u cos? wsinw) — (2ua® + (v’
2w)(u? sinw(a® + (b* + u?) cos® w)

—bud ' cos® w)

Ay = 2((4up 4+ uty’) cos? w + 20 (2u’ + u")) (u? (b
+u%(1 + ¢?)) cos® w + a?)) — (2a%u + (u®@” + 4u”
+4u? 4 2b%)u cos® w) (utp cos® w + 2au>y’).
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B
5, 1 1 B,
— V= B =
v 2(detl)*? " 2(detl)*? | Bs
By

where

By = 2(au*¢’ sinvcosw + u(b? + (1 4 ¢*)u?) cos v cos w — abu sin v sin w)
(P (0% + (1 + ¢"?)) cos® w + a?))

By = 2(—au’y’ cosvcosw + u(b? + (1 + ¢"?)u?) sin v cos w + abu cos v sinw)
(W2 (0% 4+ u2(1 + @) cos®> w + a?))

B3 = By =0.
Now
Ch
0 1 1 C
90 V= 52C = 2 ;
ow  2(detl)¥ 2 (detl)? | Cs
Cy
where
C) = 2(—a2u cosv cosw — (2coswsinw + cos® wu? cosv
+3bu?’ cos v sinw cos? w — utY’? cos v(2coswsinw + cos® w)
+abu sin v sinw)(a?u? + u* cos? wute’? cos? w + b*u? cos® w)

—(—2u%((1 + ¢"*))u? + b?) sinw cos w) (—a*u cos v sin w

—u? cos v cos? wsinw — bu?y’ cos v cos® w — ud ™ cos v cos? w sin w

—abu cos w sin v)

3 3 2

Cy = 2(—abucosvsinw — u
2

sin v(cos” w — 2 cos w sin

wsinw — u3¢?(cos® w — 2 cos wsin

w)

—3bu’¢ sinv cos 2w)sinw

—a*usinv cos w)(a*u® + u* cos® w + utp? cos® w + b*u? cos? w)

—(—2u2((1 4+ ¢"*)u? 4 b?) sinw cos w) (—bu’y sinv cos® w
+abu cosvcosw — (a? + u?(1 + ) cos® w)u sin v sin w)

3 3,72 2

w — Ju" Y “ cos” wsin w
2

C3 = (2bu’¢’ cosw — 3u? cos® wsinw — 3bu?y’ cos

—a*usinw)(a*u? + u? cos® w + utp? cos® w + b*u? cos® w)
—(—2u%((1 + ¢"*)u® + b%) sinw) cos wu? cos® w + u3 ' cos® w

2

+a’ucosw — bu’y’ cos® wsinw)

Cy = 2a%bu? (2u2<p'2 + 20 + u2) cos w sin w.
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Hence, we have

1 0 0 0
ATH = Tu-Zvi 2L
Vdet] (3UU 8UV+ 8ww)

1 A\ (.B \ (_¢c
 Vdetl \ \ 2 (detl)*? 2 (det])3/? 2 (det)®/?

A1 —B1+C

_ 1 Ay — By + Cs
2 (detl)? | A3 — Bs+Cs
Ay — By +Cy

where

det] = u? ((b2 + u?(1 + ™)) cos® w + a2)

A; — By +C1 = 19" + o + T3¢ + Jap® + Js 0 4 Jeg’ + I

with

2,3

Ji = 2u3 cosw(—a’u 2

wsinv — b?u> cos v cos* w
3

cos v cos® w — 2ab’u? cos

—2a3u? sinv — 2au® cos® wsin v + 2634 cos v cos® w sin w

3 5

+2bu’ cos v cos® wsin w — u® cos v cos® w + a*bu’ cos v cos w sin w)

Jo = 4u” cos® w(b cos v coswsinw — asinv)

J3 = —2u" cos® w(b cos v cos wsinw — a sin v)

3

Ji = 4u® cos® w(bcos v coswsinw — asinv)

Js = 8u” cos v cos® w

Jo = 4u* cosw((—2a® — 2ab? cos® w — au® cos® w) sinv + ((bu? + 2b3) cos® w

+2a”b) cos w cos v sin w)

Jr = 2u® cos w((4a*b* + 6a*u?+ 2a* + cos? w(6b*u?+ 2b* 4 4u*)) cos v cos® w)

121 N

Ay — By + Co = 1"+ po@@" + s ¢ + pap’™ + ps® + e’ + pr’ + pis
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where

p1 = u’ cos w(—b2u3 cos® wsin v + 2a%bu? cos w sin v sin w + 2au? cos v cos? w

—u® cos* wsinv + 2a3u? cos v + 2bu cos®

w sin v sin w)

426302 cos® w sin v sin w + 2ab?u? cos v cos? w — a*u cos? w sin v)

2 = 2u” cos® w (2a cos v + bsin v cos w sin w)

H3 = —au’ cos v cos® w — bu” cos wsin v sinw

7

g = —u” sinwvcos® w(2 + cos?

w)

us = (—3bu6 cos* w sin v sin w + 4au® cos v cos® w)

7 2 6

w — 4u’ — 2u” sin? v cos® w

w — 4b%u® sin v cos® w — b?u’® sin v cos® w

pe = —2au’ sinvcos® w + 2u” sin v cos

—abu® cos v sin w cos?

+2a%u® sin v cos w

pr = u® cos w(4au® cos v cos® w + 6ab*u cos v cos? w — 3bu® cos® w sin v sin w
—b3u cos® w sin v sin w + 6a3u cos v + a®bu cos w sin v sin w)

3

pg = ud cos w(4a’u? cos?

2 4

wsinv — 4b%u? cos? w sin v + 5b%u? cos* w sin v

—4a2b? sinv — 2a°u® sinv — ab® cos v cos w sinw + a* sin v

2 4

—abu? cos v cos w sinw — 2b* cos® w sin v + 2b* cos* w sin v

4wsinv + 5ab?

+3u? cos cos® wsinv — 3a®b cos vtanw)

Az — B3+ C3 = 019" + 0202¢" + 050/ 0" + 040" + 050" + 069 + 070" + 6.

Here

01 = u® cos® w(—u® cos® wsinw — 2a%b cos w — 2bu? cos® w

—2b3 cos® w — a®usinw — b*u cos? w sin w)
0y = —2bu” cos® w, 03 = bu” cos® w
0y = —u" cos* wsinw, 05 = —3bub cos® w
0 = u® cos* w sin w ((2u2 — b2) — 2a2)
07 = bu’ cosw ((—3u2 — 5b2) cos* w + a? (2 — Tcos? w))

0s = u® cosw((3u + 50%u® 4 a* + 2b") cos? w + (4u® 4 5b%)a? cos® w) sin w.
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Finally

Ay — By+ Cy = p1¢”%¢" + po' " + p3 + "
+p1" + ps™ + pe’ + pre’® + psy’ + po + pro

where
p1L = 4a2u® cos® w, P2 = —2a%u8 cos® w, p3 = —u® costw
ps = (4a’u*(a® + (u® + b?)) cos® w)
ps = 2u® cost w, pe = 4ub cos* w, pr = 4a*bu sin w cos w

2,3

cosw + u® cos® w + 2a4 + a“u” cosw + b2u? cos®

pg = 2u® cos w(2a%b? w)
po = 2u cos® w((2u? + 3b?) cosw + 3a?)
p10 = 2a”bu® (26 + u?) sinw cos w.

Corollary 5. When ¢ = const, then we get

o

ATH = ! S|
2 (u? (b +u?) cos?w + a?))” | 3

0%

where
a1 = 2u3(4a2b* 4 6au? + 2a* 4 cos® w(6b%u” + 2b* + 4u')) cos v cos® w

3 3 5

g = 4a*u® cos® wsinv + a*u? sin v cos w + 2b*u? cos® wsinv
+5b%u° cos® w sin v + 5a2b?u? cos® wsinv — ab3u? cos v cos? w sin w
5 3wsinv — 2b%u3 sin v cos® w

2

—2a2u’ sinv cos w — 4b*u® cos

+3u” cos® wsin v — 3abu? cos v sin w — abu® cos v cos? w sin w

—4a®b*u® sin v cos w
ag = u3((3u4 + 5b%u? + a* + 2b4) cos® w + (4u2 + 5b2) a? cos? w) sin w cos w
ag = u? cosw(2cu® cosw ((2u® + 3b%) cosw + 3a®) + 2a%b (2% + u?) sinw).
Corollary 6. When w = § + km, k € Z then we get
A'H=o.

Remark 7. Finding the function ¢ = p(u) is a future problem for us when the
helicoidal hypersurface H has the equation ATH = 0.
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6. Helicoidal Hypersurface with A'H = AH in E*

The Gauss map of the helicoidal hypersurface (9) is

(up' cosw — bsinw) cos v cosw — asin v
1 | (ug' cosw — bsinw)sinwvcosw + acos v

“Tw (ug’ sinw + bcosw) cos w
—ucosw
where
W =/(b2 +u2(1 + ¢?)) cos?w + a2.
We use

—3He = AH (14)
and we get the column matrix e whose entries are

e1 = (@(ugo/ cosw) — uall) cos v cosw — (aO + ucos wajg) sinv

— (bO cos v cosw + uaiz) sinw

ey = (G(ugo' cosw) — uagz) sinv cosw + (a© — u cos wasgy) COS v

— (bO sinv cosw + uags) sinw
e3 = (ugp’@ cosw — ua33) sinw + (bO cos w — u sin vaszy — u cos vaz)) cosw
eqs = —u® cosw
which yields
(p+av+bw) ars
(¢ + av + bw) agg

(¢ + av + bw) azq
U COS U COS wa4] + usinv cos wage + uags sinw + (¢ + av + bw) agyg

and where A is a 4 x 4 matrix

3H
O (u,w) = —-
() =
The equation A’H = AH by means of
1 + 9012 a/(p/ bSO/
I= ap’  a®+ucos’w ab

by’ ab b? + u?
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and A’H = —3He leads to the following system of ODEs

(Gugo’ cosw — uan) cos v cosw — (aO + ucos wajg) sinv

— (bO cosv cosw + uasz) sinw = (¢ + av + bw) ay

(G)ugo/ cosw — uagl) sinwv cosw + (a® — u cos wagy) cos v

— (O sinwv cosw + uags) sinw = (p + av + bw) agy

(@ugo’ cos w — ua33) sinw + (bO cosw — usinvase — u cosvagy) cos w

= (p + av + bw) asq

—uB cosw = U COS vV COSWa4) + usinv cos wage + usinwaygs + (¢ + av + bw) aqy.
Differentiating ODE’s twice with respect to v, we have
a14 = a4 = a34 = a44 = 0, O (u,w) = 0. (15)

From (15) we get

—@11%COSV COSW — A1oU COS W sinv — ajzusinw = 0 (16)
—@921U SNV COS W — A92U COS W COSV — agzu sinw = 0 17
—@31U%COSV COSW — azousinv — agzusinw = 0 (18)

Q41U COS U COS W + agou sinv cosw + aggusinw = 0 (19)

and because cos and sin are linearly independent functions of v, then we can cal-

culate that a;; = 0. From © (u,w) = % we obtain H = 0. Consequently H is a

minimal hypersurface. Finally we have the following theorem

Theorem 8. Let H : M3 — E* be an isometric immersion given by (9). Then
ATH = AH if and only if M? has zero mean curvature.

Future Work. We will consider the Laplace-Beltrami operator of the Gauss map
Ale (u,v,w)

of the helicoidal hypersurface H (u, v, w) next in our work.
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