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Abstract. We study the properties of the modified Riemann extensions evolving
under the Ricci flow with examples.
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1. Introduction

The Ricci flow and the evolution equations of the Riemannian curvature tensor
were initially introduced by Hamilton [8] and was later studied to a large extent
by Perelman [13-15], Cao and Zhu [4], Morgan and Tian [10]. Indeed, the theory
of Ricci flow has been used to prove the geometrization and Poincare conjectures
[1]. However not much work has been done on Ricci flows on modified Riemann

extensions. The Ricci flow equation is the evolution equation 99 _ —2R;;

where g;; and R;; are metric components respectively. As flow progresses the
metric changes and hence the properties related to it.

Patterson and Walker [11] have defined Riemann extensions and showed how a
Riemannian structure can be given to the 2n dimensional tangent bundle of an
n-dimensional manifold with given non-Riemannian structure. This shows that
Riemann extension provides a solution of the general problem of embedding a
manifold M carrying a given structure in a manifold M carrying another structure,
the embedding being carried out in such a way that the structure on M induces in
a natural way the given structure on M. The Riemann extension of Riemannian or
non-Riemannian spaces can be constructed with the help of the Christoffel coeffi-
cients F; i, of corresponding Riemann space or with connection coefficients H; i 10
the case of the space of affine connection [5]. The theory of Riemann extensions
has been extensively studied by Afifi [1]. Though the Riemann extensions itself
is rich in geometry, here in our discussions, the modified Riemann extensions fit
naturally in to the frame work. Modified Riemann extensions are introduced in [2]
and their properties we list briefly in the next section.
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In this paper we discuss some interesting properties satisfied by curvature tensors
under the influence of the Ricci flow on modified Riemann extensions. We give
a brief introduction to modified Riemann extensions [11] in Section 2. In Section
3 we find the rate of change of concircular, conharmonic and conformal curvature
tensors under the Ricci flow. The Ricci flow on modified Riemann extensions are
discussed in Section 4.

2. Preliminaries

Let (M, g) be a n-dimensional Riemannian manifold. Then Ricci flow is the evo-
lution of the metric given by
9gil
ot
where g;; is the metric component and R;; is the component of the Ricci curvature
tensor.

~ 2R, (1)

For a time dependent metric under Ricci flow, the evolution equations for Riemann
curvature tensor, Ricci tensor and scalar curvature are given by [8]

a};itjkl = ARijii + 2(Biji — Bijik — Bajk + Bikjit)
— 9" (RpjriRgi + RiphiRgj + Rijpi R + RijepRa)  (2)
OR;; -
5 = ARij + 29" g Rpigi Rrs — 297 Ry Ry €)
and
a@? = AR+2¢9g" Ry Ry S

where B = g 9%° Rpiqj Rrkst and R;jp, R;j, R are the Riemannian curvature
tensor, Ricci tensor and scalar curvature respectively.

Let V be a torsion-free affine connection of M. The modified Riemann extension
of (M, V) is the cotangent bundle 7*M equipped with a metric g whose local
components given by

9ij = — 2wl +cij,  Gigr =61, gij =06, and  guj=0 (5

(2

where Fﬁ ; are the connection coefficients of M.

The contravariant components are

g7=0, g7 =5, g7=6 ad g7 =2ulj-c; (©
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for 4, j ranging from 1 to n and ¢*, j* ranging from n + 1 to 2n, where w; are
extended coordinates and c;; is a (0, 2) tensor on M.

We note following results for the connection coefficients on extended space

rk k rk k™ i rk
FU — FZ]’ Fl*] — 0, Fl*] - — jk” Fi*j* - O

o - 1
k k l
I =0, I = wiRyj, + §(Vicjk + Vjcik — Vieij).
The components of the Riemann curvature tensor of the extended space are given
by

=i* ].

ik = 5 (Vi(Vicri = View) = Vi(Vicji = Vieji) = Riyemi — Rjgicim)

J J

+ Wa(ij;‘llk — VkRZC-Llj)
RY.yy = Ry, Rl = —Rlj, Rl =Rl and RY,. = Rj,.

The others are zero. Here ¢*, j*, k*, [* ranges from n + 1 to 2n.

It may be noted by simple calculation that R; jk<1 = 0 which we require later

on. Further, R;; = R;j + Rj;, Rj»; = 0 and R;+j~ = 0. Here bar is used for

components of extended space. However in last section we do not use bar though

they are components of modified Riemann extension as the calculations involve
only the extended space.

3. Evolution

Under the Ricci flow given in equation (1), the rate of change of conformal curva-
ture tensor depends on the difference of conharmonic and Riemannian curvature

tensors. The concircular and conharmonic curvature tensors are respectively given
by
Cijki = Riji — L(gz‘lg'lc — 9ji9ik) (7
n(n—1) J S
and )
Lijki = Rijir — m(gijiz + gaRjr — gikRji — g Rik). (®)

Under Ricci flow, we give a relation between conformal tensor and conharmonic
tensor.

Theorem 1. For a manifold with non zero scalar curvature under Ricci flow, the
rate of change of concircular tensor is related to conharmonic tensor by

g(cijkl - Rijkl) ~ 2(n—2)
ot R n(n—1)

(Rijrt — Lijir)- ©)
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Proof: Differentiating equation (7) we get

acijkl _ 8Rijkl _ 1 (g )8R
8t - 8t n(n _ 1) gllgjk g_]lglk‘ 8t
R g9a 3ggk ’ Agik,  Ogji
n(n—1) ( ot ik T gy 9t~ gy 9it = gy ik | - (10)
Using (1) in (10), we get
8Cijkl _ aRijkl _ 1 ( ' )8R
8t 8t n(n _ 1) gllg]k gjlgzk at

R
+ nin=1) (2Rugjk + 2Rjrgu — 2Rikgji — 2Rjigi) - (11)

But from (7) and (8), we obtain

n(n—1)

7 (Rijri — Cijki) (12)

9i195k — 9519ik =

and
Ragjr + Rjrgi — Rikgji — Rjugi = (n — 2)(Rijig — Lijia)- (13)

Substituting equations (12) and (13) in (15) we get

0Ciji ORiju 1 OR  2(n—2)R
8Z B atj - _E(Rijkl = Cijrt) o~ o 7EL(q,L_i)(Rijkl — Lijr). (14)
Hence

0 OR  2(n—2)R?
R—(Cijr — Rijrr) — (Cijr — Rijri) 7 = Q(Rijkl — Lijig). (15)

ot ot n(n —1)
Therefore
gt(cijm ;Rijkl) _ Z((Z : % (Rijki — Lijki)- (16)
|

Example 2. Let M be a Riemannian manifold with a space of constant curvature
with K = Ln Then evolution of the metric under Ricci flow is given by g;;(t) =
9ij (0) and Rz]kl( ) = Rzgkl(o) 4t' Further, Cz]kl Rzykl = *ngkl and
Lijri — Rijr = %Rz‘jkl- Substituting this in equation (16) the above result is
verified.
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The Weyl conformal tensor is given by

1
Wikt = Rijr — nf(giju — gitRji + guRjr — g Rix)

0 a7
+ m(ﬂilﬂjk — 9jL9ik)-
Equations (7), (8) and (17) can be combined to form
n
Wikt — Liji = _m(cijkl — Riju). (18)
Theorem 3. For a n-manifold under the Ricci flow
0 Wikt — Liir 2
&( = 7 = ) = —— (Lijin — Riji)- (19)

Proof: Differentiating equation (18) with respect to 't" and using Theorem 1 the
result follows. ]

4. Extensions

We note that for modified Riemann extensions, since the scalar curvature vanishes,
the concircular curvature tensor is same as the Riemannian curvature tensor. Fur-
ther the conharmonic curvature tensor is equal to the conformal curvature tensor.

The Ricci flow on modified Riemann extensions is the evolution of metric such
that the class of metrics obtained under Ricci flow can be expressed as modified
Riemann extensions of a base metric. We prove the following results for Ricci flow
on modified Riemann extensions.

Lemma 4. Laplacian of Ricci tensor is zero on modified Riemann extension.

Proof: The Laplacian of the Ricci tensor is given by
ARj; = g™ Ryjipr. (20)
But
" Rijrs = 9" Rijrt — gle?k,ZRoci - gle?kRai,l - gklrﬁg,lRocj

— 0" T Rajs — 6°T5 Raju + gMTST ], Raj + gMT4T) R

(2D
—g" T Ria 1. + gklrflfgka + gklr?lrfkRﬁa — " Rij0
+gM T, Rej + gF'T %F?aRw'
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From the properties of extended metric components we have, g*' to be non zero at
least one of k or [ must be greater than n. Suppose & > n, then R;;; = 0. Also
Ra; # 0 only when o < m and ¢ < n. Butif o < n then Fjo.‘k = 0, since k > n.
Similar argument makes all the terms on the right side of the equation to vanish.
If [ > n then again R;; ;; vanishes since R;; ; is a function of first n coordinates.
Also, since Christoffel symbols are preserved by extension, F;"k,l vanishes. Hence
the result. |

Theorem 5. The Ricci curvature tensor is independent of time for Ricci flow on
modified Riemann extensions.

Proof: The rate of change of Ricci tensor is given by

OR,

ot

For ¢ or k greater than n, R;z = 0 where n is the dimension of the manifold.
It is sufficient to prove for ¢, k ranging from 1 to n. For ¢P" and ¢%° to be non
zero, either p > norr > nand ¢ > nors > n. Suppose p > n and ¢ > n.
Then as discussed earlier Rp;q, = 0. If s > n orr > n then R, = 0. Thus
297" g% Rpigr. Rrs = 0. Now gP? is non zero for p > nor ¢ > n. Butifp > n,
R,; = 0 and similarly if ¢ > n, Ry, = 0. Hence the result. n

= AR, + 26" g% Rpigp Rrs — 29" Rpi Ry, (22)

It must be noted here that the flow is not on the base manifold but on the extended
space. We have proved the necessary and sufficient conditions for modified Rie-
mann extension under Ricci flow to stay as modified Riemann extensions.

We can restate the result in terms of metric.
Theorem 6. The Ricci flow on modified Riemann extensions is linear.

Proof: Under the Ricci flow on modified Riemann extensions, the Ricci tensor is
time invariant. Hence on solving (1) we get

gjk(t) = Rjkt -+ gjk(O). (23)

Thus the metric is linearly varying with time. |

Example 7. Modified Riemann extension of Schwarzchild metric has vanishing
Ricci tensor and hence remains a trivial example.

Example 8. Consider the hyperbolic metric ds? = y—gdxz + y—lgdy2. The modified
Riemannian extension of this metric is

P 4
ds? = - dz2? — 8ydxdy + fdy2 + 2dzd P + 2dQdy (24)
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where ¢;; = 0 (equation (5)).
Then R1; = y% = Rgo and rest of the components equal to zero. Thus g1; =

2t — % and goo = —% + y%t with rest of the components independent of time
which are the required class of metric components.

Theorem 9. For modified Riemann extensions under Ricci flow, the rate of change
of extended components of the Weyl conformal tensor is the same as the rate of
change of extended components of the Riemann curvature tensor.

Proof: For the extended space, the Weyl conformal tensor is given by

1
Wik = Rijr — m(gikle — guRjr — gixRi + g Rix). (25)
Differentiating partially with respect to ’t’ we get
oW,k OR; i1 1 dg; OR;;  Og; OR ;1.
T L e R i
26
ik o OB g o ORik =
ot il — 9jk ot ot ik T gjl ot .

Using previous theorem and (1), we get

OWiji _ ORijm 4

% — ot — 2(Rilek — RipRj1). (27
Here again for any two of ¢, j, k, [ greater than n the Ricci components are zero. In
particular for all of them greater than n, we get the above result. [

Conclusion

We have found the necessary and sufficient conditions for the modified Riemann
extension under Ricci flow evolving to obtain a class of metrics which again are
modified Riemann extensions. While dealing with flow on manifold with general
pseudo Riemannian metric we have to prove existence and uniqueness theorems.
However when the flow is restricted to modified Riemannian extensions, we get
the solutions straightaway.
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