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Abstract. The Lorentz transformation group SO(m,n), m,n € N, is a group
of Lorentz transformations of order (m,n), that is, a group of special linear trans-
formations in a pseudo-Euclidean space R™" of signature (m,n) that leave the
pseudo-Euclidean inner product invariant. A parametrization of SO(m,n) is pre-
sented, giving rise to the composition law of Lorentz transformations of order (m, n)
in terms of parameter composition. The parameter composition, in turn, gives
rise to a novel group-like structure that R™™ possesses, called a bi-gyrogroup.
Bi-gyrogroups form a natural generalization of gyrogroups where the latter form
a natural generalization of groups. Like the abstract gyrogroup, the abstract bi-
gyrogroup can play a universal computational role which extends far beyond the
domain of pseudo-Euclidean spaces.
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1. Introduction

A pseudo-Euclidean space R"" of signature (m, n) where the numbers m,n € N,
is an (m + n)-dimensional space with the pseudo-Euclidean inner product of sig-
nature (m,n). A Lorentz transformation of order (m,n) is a special linear trans-
formation A € SO(m, n) in R™" that leaves the pseudo-Euclidean inner product
invariant. It is special in the sense that the determinant of the (m + n) x (m + n)
real matrix A is 1, and the determinant of its first m rows and columns is posi-
tive [9, p. 478]. The group of all Lorentz transformations of order (m,n) is also
known as the special pseudo-orthogonal group, denoted by SO(m, n).

A Lorentz transformation without rotations is called a boost. In general, two suc-
cessive boosts are not equivalent to a boost. Rather, they are equivalent to a boost
associated with two rotations, called a left rotation and a right rotation, or col-
lectively, a bi-rotation. The two rotations of a bi-rotation are nontrivial if both
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m > 1 and n > 1. The special case when m = 1 and n > 1 was studied in 1988
in [18]. The study in [18] resulted in the discovery of two novel algebraic struc-
tures that became known as a gyrogroup and a gyrovector space. Subsequent study
of gyrovector spaces reveals in [19, 20, 22-25,27] that gyrovector spaces form the
algebraic setting for hyperbolic geometry, just as vector spaces form the algebraic
setting for Euclidean geometry. The aim of this paper is to extend the study of the
parametric realization of the Lorentz group in [18] from m = 1to m > 1, and to
reveal the resulting new algebraic structure, called a bi-gyrogroup.

In order to emphasize that when m > 1 and n > 1 a successive application of two
boosts generates a bi-rotation, a Lorentz boost of order (m,n), m,n > 1, is called
a bi-boost. The composition law of two bi-boosts gives rise in this article to a
bi-gyrocommutative bi-gyrogroup operation, just as the composition of two boosts
gives rise in [18] to a gyrocommutative gyrogroup operation, as demonstrated in
[19]. Accordingly, a bi-gyrogroup of order (m,n), m,n € N, is a group-like
structure that specializes to a gyrogroup when either m = 1 orn = 1.

We show in Theorem 8 that a Lorentz transformation A of order (m, n) possesses
the unique parametrization A = A(P, O,,, O,,), where

1. P € R™™ ig any real n X m matrix, where

2. O, € SO(n) is any n x n special orthogonal matrix, taking P into O, P,
and, similarly, where

3. O, € SO(m) is any m x m special orthogonal matrix, taking P into PO,,.

In the special case when m = 1, the Lorentz transformation of order (m, n) spe-
cializes to the Lorentz transformation of special relativity theory (n = 3 in physical
applications), where the parameter P is a vector that represents relativistic proper
velocities.

The parametrization of the Lorentz transformation A enables in Theorem 21 the
Lorentz transformation composition (or, product) law to be expressed in terms of
parameter composition. Under the resulting parameter composition, the parameter
O,, of A, called a left rotation (of P € R"*™), forms a group. The group that
the left rotations form is the special orthogonal group SO(n). Similarly, under
the parameter composition, the parameter O,, of A, called a right rotation (of
P € R™ ™), forms a group. The group that the right rotations form is the special
orthogonal group SO(m). The pair (O, O,,) € SO(n) x SO(m) is called a bi-
rotation, taking P € R™*™ into O,, PO,,, € R™"*™,
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Contrasting the left and right rotation parameters, the parameter P does not form
a group under parameter composition. Rather, it forms a novel algebraic structure,
called a bi-gyrocommutative bi-gyrogroup, defined in Definition 53.

A bi-gyrocommutative bi-gyrogroup is a group-like structure that generalizes the
gyrocommutative gyrogroup structure. The latter, in turn, is a group-like structure
that forms a natural generalization of the commutative group.

The concept of the gyrogroup emerged from the 1988 study of the parametrization
of the Lorentz group in [18]. Presently, the gyrogroup concept plays a universal
computational role, which extends far beyond the domain of special relativity, as
noted by Chatelin in [1, p. 523] and in references therein and as evidenced, for
instance, from [2,4-7,11,14-16] and [12,21,26,28]. In a similar way, the concept
of the bi-gyrogroup emerges in this paper from the study of the parametrization of
the Lorentz group SO(m,n), m,n € N. Hence, like gyrogroups, bi-gyrogroups
are capable of playing a universal computational role that extends far beyond the
domain of Lorentz transformations in pseudo-Euclidean spaces.

2. Lorentz Transformations of Order (m,n)

Let R""™ be an arbitrary (m + n)-dimensional pseudo-Euclidean space of a signa-

ture (m, n), m,n € N, with an orthonormal basis e;, 7 = 1,...,m +n
ei-ej = €;0;; (D)
where
1, i=1,....m
e @

The inner product x-y of two vectors x,y € R™"

m-+n m-+n

X = Z zie; and y= Z Yi€i 3)
i—1 i=1

is

m+n m m+n
Xy = Z €iTiYi = szyz - Z TiYi- “)
=1 =1 1=m+1

Let I,,, be the m x m identity matrix, and let ») be the (m +n) x (m +n) diagonal

matrix
= On,m _In
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where 0,,, 5, is the m X n zero matrix. Then, the matrix representation of the inner
product (4) is
Xy = x'ny (6)

where x and y are the column vectors

T Al
€2 Y2
X = . and y = . )
Tm+n Ym+n

and exponent ¢ denotes transposition.
Let A be an (m + n) X (m + n) matrix that leaves the inner product (6) invariant.
Then, for all x,y € R"™"

(Ax)'nAy = x"ny ®)

implying x!AlnAy = x!ny, so that

AngA = . ©)
The determinant of the matrix equation (9) yields

(detA)? =1 (10)
noting that det(AnA) = (detA?)(detn)(detA) and detA? = detA. Hence

detA = +1. (11)

The special transformations A that can be reached continuously from the identity
transformation in R™" constitute the special pseudo-orthogonal group SO(m, n),
also known as the (generalized) Lorentz transformation group of order (m,n).
Each element A of SO(m,n) is a Lorentz transformation of order (m,n). It has
determinant one

detA =1 (12)

and the determinant of its first m rows and columns is positive [9, p. 478]. The
Lorentz transformation of order (1, 3) turns out to be the common homogeneous,
proper, orthochronous Lorentz transformation of Einstein’s special theory of rela-
tivity [22].

Let R™*™ be the set of all m x n real matrices. Following Dragon [3], in order
to parametrize the special pseudo-orthogonal group SO(m, n), we partition each
(m 4+ n) x (m + n) matrix A € SO(m,n) into four blocks consisting of the
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submatrices i) A € R™*™ _ij) A € R™ " iii) B € R™ ™ and iv) B € R™*", so

that .
A B
A= <B fl) . (13)

By means of (13) and (5), the matrix equation (9) takes the form

At Bt Im Om,n A B . Im Om,n 14
Bt At On,m _In B A a On,m _In ( )
or, equivalently

tA_ mt tR _ ntA I, Omn
(AA B'B A'B BA)_( ) as)

BtA- At BB - itd) = \o,,, -1,

implying

A'A =1, + B'B, A'A =1, + B'B, A'B = B'A. (16)

The symmetric matrix B'B is diagonalizable by an orthogonal matrix with non-
negative diagonal elements [10, pp. 171, 396-398, 402]. Hence, the eigenvalues of
I, + B'B are not smaller than 1, so that (detA)? = det([,, + B'B) > 1. This,
in turn, implies that A is invertible. Similarly, (detA)? = det(I,, + BB?) > 1, so
that A is invertible.

An invertible real matrix A can be uniquely decomposed into the product of an
orthogonal matrix O € SO(m), O = O~!, and a positive-definite symmetric
matrix S, S* = S, with positive eigenvalues [8, p. 286]

A=0S. 17)
Following (17) we have
AtA = 5t0'0S = 52 (18)
with positive eigenvalues A\; > 0,7 =1, ..., m. Hence
S =VAtA (19)

has the positive eigenvalues /)\; and the same eigenvectors as S2.

The matrix S given by (19) satisfies (17) since AS~! is orthogonal, as it should
be, by (17). Indeed

(AS™H!AS™ = (S 1HlATAS™ = 57162871 = [,,. (20)
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Similarly, A is invertible and possesses the decomposition
A=08 1)

where O € SO(n) is an orthogonal matrix and Sisa positive-definite symmetric
matrix.

By means of (17) and (21), the block matrix (13) possesses the decomposition

O Omn\ (S P
o 87 (55)

where the submatrices P and P are to be determined in (24) below.
Following (22) and (13), along with (17) and (21), we have

0S OP A B
A= <0p og> = <B A) 23)

so that OP = B and OP = 3, that is

o

=07'B, P=0"'B. (24)

In (22), S and S are invertible symmetric matrices, and O and O are orthogonal
matrices with determinant one.

By means of (9) and (22) we have the matrix equation

St PY (O Omn\ ( Im Omn) [ O Omn\ (S P
Pt S ) \Opm O ) \Onm —In) \Opm O J\P S
Im Om,n
= <0n,m i Iﬂ). (25)

Noting that
Ot Om,n Im Om n O Om,n Im Om n
<0n,m Ot ) (On,m _In> <0n,m O ) N (On,m _In> (26)

the matrix equation (25) yields
= ' 27
) <0n,m _In ( )

St Pt Im Om,n
Pt St ) \Opm —In

St —pt\ /S P L, Omn
(7 6) (2 5)=om. ™)

so that
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and hence A .
SLS— PP S'P— P8\ [ Ly Omn 9
PtS —StP PP —StS)  \Opm —In)°
Noting that S'S = 52 and S'S = 52, (29) yields the equations
S2=1,+PP  S§*’=1I,+P'P,  S'P=P'S (30)

Besides, because the matrix S is symmetric, the third and the first equations in (30)
imply
P=5"1p!s, S22 = (I, + P'P)"L (31)

Inserting (31) into the second equation in (30)

52 =1I,+ P'P=1,+ (5'P(sH)~Hs~tpS

NI ) L (32)
=1,+SPS?P'S =1, + SP(I,, + P'P)"' P'S.
Multiplying both sides of (32) by S~2, we have
I, =572+ P(I, + P'P)"'P". (33)

Let w be an eigenvector of the matrix PP?, and let \ be its associated eigenvalue
PPw = \w. (34)

If Plw is not zero, Plw # 0, then it is an eigenvector of P!P with the same
eigenvalue A

(P'P)P'w = \P'w. (35)
Adding P'w to both sides of (35) we have
(I, + P'P)P'w = (1 + \)Plw (36)
so that 1 t o
me:(Im—l—PP) Pw. 37
Multiplying both sides of (37) by P
Hl)\Pth = P(I,, + P'P) ' Plw (38)

so that, by means of (34)

A
P, + PPy 'Plw=—"—
(I + ) w T )\w (39)
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for any eigenvector w of PP? for which Plw # 0. Equation (39) remains valid
also when P'w = 0 since in this case A = 0 by (34).

By means of (33) and (39) we have

R . A
w=S5"%w+ P, + P'P)"'Plw = 52w+ v (40)
so that
2= 1 4, (41)
14+

and, by equation (34)
SPw=(14+Nw=ILw+\w=Lw+PPw=(I,+ PP w (42

for any eigenvector w of PP?.

The eigenvectors w constitute a basis of R™. Hence, it follows from (42) that
S =1, + PP (43)

and, hence

S =+/I,+ PPt (44)

Following (30)—(31) and (44) we have

~ A -1
P=5"1p'S=/I,, + PtP P'\/I, + PPt (45)

Employing (45) and the eigenvectors w of PP?, we will show in (50) below that
P =P

As in (34), w is an eigenvector of the matrix PP!, Plw # 0, with its associ-
ated eigenvalue \ > 0, implying (37). Following (37), the matrix (I,,, + P!P)~!
possesses an eigenvector Plw with its associated eigenvalue 1/(1 + \). Hence,
the matrix /I, + P*P - possesses the same eigenvector Pw with its associated

eigenvalue 1/v/1 + A
1ot 1 ¢
VIn+ PP Plw = Plw. (46)

1+ A

Similarly, the matrix I,, + P P! satisfies the equation (I, + PP))w = (1 + \w,
so that it possesses an eigenvector w with its associated eigenvalue 1 + \. Hence,
the matrix v/I,, + P P? possesses the same eigenvector w with its associated eigen-

value v/1 + A\
I, +PPlw=+v1+ \w. 47
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Hence, by (47) and (46)

—1 -1
VI, + PP P'\/I,+ PPlw=+1+M/I, + PP Plw=Pw (48)

for any eigenvector w of PP? for which Plw # 0. Equation (48) remains valid
also for w with Plw = 0 since in this case A = 0 by (34).

The eigenvectors w constitute a basis of R™. Hence, it follows from (48) that

—1
VI, + PP  P'\/I, + PPt = P! (49)

so that, by (45) and (49)
P=rpt (50)

Following (50) and the first two equations in (30) we have
pP=pr, S=\I,+PP, S=+/I,+ PPt (51)

Inserting (51) into (22) and denoting O and O by O,, and O,, respectively, we
obtain the (m+n) x (m+n) matrix A parametrized by the three matrix parameters
(i) P € R™™, (ii) Oy, € SO(m), and (iii) O, € SO(n)

A~ (Om Onn (VIn+ PP P 52)
~ \Onm Oy P VI,+PPt)

Lemma 1. The following commuting relations hold for all P € R™*™

P\/I,, + PP = \/I, + PPtP (53)
P'/I, + PPt = \/I,, + P'tP P! (54)
PP'\/I, + PPt = \/I,, + PPt PP! (55)
P'P\/I,, + PtP = \/I,, + P'tP P'P. (56)

Proof: The commuting relation (54) follows from (45), noting that P = Pt. The
commuting relation (53) is obtained from (54) by matrix transposition. The com-
muting relation (56) is obtained by successive applications of (54) and (53). Fi-
nally, the commuting relation (55) is obtained by successive applications of (53)
and (54). |
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3. Parametric Representation of SO(m,n)

The block orthogonal matrix in (52) can be uniquely resolved as a commuting
product of two orthogonal block matrices

On,m On On,m In On,m On ’
The first and the second orthogonal matrices on the right side of (57) represent,
respectively, i) a right rotation O,, € SO(m) of R"*™, O,, : P — PO,,, and
ii)a left rotation O,, € SO(n) of R™*™ O, : P — O, P. Hence, the orthogonal
matrix on the left side of (57), which represents the composition of the rotations
O, and O,,, is said to be a bi-rotation of the pseudo-Euclidean space R™™ about
its origin.

By means of (57), (52) can be written as

A ((Om Omn\ (In Omn\ (VI + PP P! (58)
“\Oum In ) \Opm On P VI, +PPt)"

Lemma 2. The commuting relations

VI + PtPO,, = O/ Iy 4+ (PO (PO,,)
On/I, + PPt = \/I,, + (0,P)(0,P)O,,

(39

hold for all P € R"*™, O, € SO(m) and Oy, € SO(n).

Proof:
I, + P'P = 0,,1,,0%, + O0,,0% P'PO,,Of,
= O (I + O PPO,,)OL,
= Op\/In + O, PtPO,\/I,, + Ot PLPO,, 0 (60)
= Op\/In + O, PtPO,,0! O/ I, + OF, PtPO,, 0O,
= (Op/In + OL PtPO,, 0 )?.

Hence

V/In + P'P = O,y\/1,,, + O} P'PO,, 0! 61)

implying the first matrix identity in (59).
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Similarly

I, + PP' = O! 1,0, + O0.0,PP'O!0,
= 0! (I, + 0,PP'O.)0,

= 0! /I, + 0,PP'OL\/I,, + O,PP!OL O, (62)
= 0! /I, + 0,PP'0OL0,0! \/I,, + O, PP'OL O,
= (OL\/I, + 0, PP'O}0,,)?.
Hence
V1, + PPt = O \/I, + 0,PP'OL 0, (63)
implying the second matrix identity in (59). |

Lemma 3. The commuting relations

Iy + PP ‘lom = Ou/Tom + (PO )H(POm)
OuN/In + PP = /T, 1 (0,P)(O,P) 'O,

hold for all P € R"*™, Oy, € SO(m) and O,, € SO(n).

(64)

Proof: Inverting the first matrix identity in (59), we have the matrix identity

1T+ P'P = /Ty, + (PO)(PO,) O] (65)

which implies the first equation in the Lemma.

Similarly, inverting the second matrix identity in (59), we obtain a matrix identity
that implies the second equation in the Lemma. |

Lemma 4. The commuting relation

Om Om,n \/[m + (POm)t(POm) (Pom)t
(()n,m I, ) PO,, VI + Y(PO,)t

(66)

VI, +PP P! Om Omn
P VI, +PP ) \Opm In
holds for all P € R™ "™ and O,,, € SO(m).
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Proof: Let J; and J, denote the left side and the right side of (66), respectively.
Clearly

V1, + PtPO,, pt
Jo = (67)
PO, VI, + PP!
and, by means of the first commuting relation in Lemma 2
; Omr/Im + m)t(POp) Om(PO)!
1 =
PO, \/In + (PO ) (POm)*
(68)
VI + PtPO,, Pt
N PO,, VI, +PP7)’
Hence, J; = Js, and the proof is complete. |
Lemma 5. The commuting relation
V/Im + (0, P)* (O, P) (OnP)t ( L, omm)
O, P VIn+ )(0nP)t ) \Onm On
(69)

L Omn\ (VIn+ PP Pt
On,m O P \/In—|—PPt
holds for all P € R™™ and O,, € SO(n).

Proof: Let J3 and J, denote the left side and the right side of (69), respectively.

Clearly
VI, + PP Pt
Jy = (70)
O, P OnV1I, + PP?
and, by means of the second commuting relation in Lemma 2
VI + (OnP) <onP>ton
J3 =
O, P VIn+ )(0,P)'O,,

(71)

VI + PP pt
0,P O,I,+PPt)
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Hence, J3 = J4, and the proof is complete. |
By (58) and Lemma 5

(Om Om,n) ( Inm Omm) <\/Im + PtP Pt >
A=

Opm  1In Onm On P VI, + PP?
Om Omn\ [VIm+ {0, P) (OnPY

= (72)
Onm  1In O, P VIn + (0, P)(0,P)t

Im Om,n
X
On,m On
where P, O,, and O,, are generic elements of R™*™, SO(m) and SO(n), respec-

tively, forming the three matrix parameters that determine A € SO(m, n).

The matrix parameter P of A in (58) is a generic element of R™*™, and the orthog-

onal matrix O,, € SO(n) maps R™*™ onto itself bijectively, O,, : P — O,P.
Hence, the generic element O, P € R™ ™ in (72) can, equivalently, be replaced
by the generic element P € R™*™, thus obtaining from (72) the parametric repre-
sentation of the generic Lorentz transformation A

Om Omn VI, + PP Pt Iy O
A= (73)
Onm In P VI, +PPt) \Opm Oy

called the bi-gyration decomposition of A.

The generic Lorentz transformation matrix A of order (m + n) x (m + n) is
expressed in (73) as the product of the following three matrices in (74) — (76).

The bi-boost: The (m + n) x (m + n) matrix B(P)
VI, + PP pt
P VI, + PP!

is parametrized by P € R™*™, m,n € N. In order to emphasize that B(P) is
associated in (73) with a bi-rotation (O,,,, O,,), we call it a bi-boost. If m = 1 and
n = 3, the bi-boost descends to the common boost of a Lorentz transformation in
special relativity theory, studied for instance in [18,19,22,24].

B(P) := (74)

The right rotation: The (m + n) x (m + n) block orthogonal matrix

Om Omn m-+n m-+n
p(O) = <onm ™ ) € ROm+n)x (mn) (75)
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is parametrized by O,,, € SO(m). Form > 1, O, is an m x m orthogonal matrix,
destined to be right-applied to the n x m matrices P, P — PO,,. Hence, p(O,,)
is called a right rotation of the bi-boost B(P).

The left rotation: The (m + n) x (m + n) block orthogonal matrix

MO,) = (olmm 03:) € Rimtm)x(mn) (76)

is parametrized by O,, € SO(n). For n > 1, O,, is an n x n orthogonal matrix,
destined to be left-applied to the n x m matrices P, P — O,, P. Hence, \(O,,) is
called a left rotation of the bi-boost B(P).

A left and a right rotation are called collectively a bi-rotation. Suggestively, the
term bi-boost emphasizes that the generic bi-boost is associated with a generic
bi-rotation (O,,, Op,) € SO(n) x SO(m).

With the notation in (74)—(76), the results of Lemma 5 and Lemma 4 can be
written as commuting relations between bi-boosts and left and right rotations, as
the following lemma asserts.

Lemma 6. The commuting relations
B(P)p(Om) = p(Om)B(POnp) (77)
AMOR)B(P)p(On) = p(On) B(Op POw)NOy,)
hold for any P € R™*™, Oy, € SO(m) and Oy, € SO(n).
Proof: The first matrix identity in (77) is the result of Lemma 5, expressed in the
notation in (74) — (76). Similarly, the second matrix identity in (77) is the result of
Lemma 4, expressed in the notation in (74) — (76). The third matrix identity in (77)

follows from the first and second matrix identities in (77), noting that A\(O,,) and
p(Op,) commute. [ |

With the notation in (74) — (76), the Lorentz transformation matrix A in (72), para-
metrized by P, O,, and O, is given by the equation
A(Om: P,0) = p(Om) B(P)A(O,.). (79)

It proves useful to use the column notation

P
MOy, P,0,) =: | O, (79)
Om
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so that a product of two Lorentz matrices is written as a product between two
column triples. Thus, for instance, the product (or, composition) of the two Lorentz
transformations Ay = A(O, 1, P1,Op 1) and Ay = A(Oy, 2, P2, Oy 2) is written
as

P Py
ANy = | On1 Ona2 | - (80)
Om,l Om,2

The Lorentz transformation product law, written in column notation, will be pre-
sented in Theorem 21, p. 71, following the study of associated special left and right
automorphisms, called left and right gyrations or, collectively, bi-gyrations.

Formalizing the main result of Sections 2 and 3, we have the following definition
and theorem.

Definition 7. (Special Pseudo-Orthogonal Group). A special pseudo-orthogonal
transformation A in the pseudo-Euclidean space R™" is a linear transformation
in R™", also known as a (generalized, special) Lorentz transformation of order
(m,n), if relative to the basis (1) —(2), it leaves the inner product (4) invariant, has
determinant det A = 1, and the determinant of its first m rows and columns is pos-
itive. The group of all special pseudo-orthogonal transformations in R™"™, that is,
the group of all Lorentz transformations of order (m,n), is denoted by SO(m,n).

Theorem 8. (Lorentz Transformation Bi-gyration Decomposition). A matrix
A € R+ x(m+n) s g Lorentz transformation of order (m, n) (that is, a special
pseudo-orthogonal transformation in R"™"™), A € SO(m,n), if and only if it is
given uniquely by the bi-gyration decomposition

Om Omn\ (VIn+ PP P Im Opn
A= (81)
Onm In P VI, + PPt} \Opm On

or, parametrically in short

P
A =AOn, P,O,) = p(Op)B(P)NO,)=| O, | . (82)
Om,
Proof: Result (81) is identical with (73). |

Theorem 9. (Lorentz Transformation Polar Decomposition). Any Lorentz Trans-
formation matrix A € SO(m, n) possesses the polar decomposition

V1, + PP P! Om Omp I Omon
A= (83)
P V In "I_ PPt On,m ]’fl

On,m n
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Proof: By Lemma 4 and (72), we have

A Iy O \/Im + (POm ) (PO) (POm)!
a (onﬁm On ) PO,, VIn + (PO (PO,

Om Om,n

y (84)
On,m In

(\/W P ) (Im Om,n> <Om Om,n>

N P VI, +PP) \Opm On) \Opm In

noting that P € R™ " is a generic main parameter of A € SO(m,n) if and only
if PO,,, € R™*™ is a generic main parameter of A for any O,, € SO(m). [ |

4. Inverse Lorentz Transformation

Theorem 10. (The Inverse Bi-boost). The inverse of the bi-boost B(P), P €
R"*™ s B(—P)
B(P)™' = B(-P). (85)

Proof: By Lemma I we have the commuting relations

P'Y/I, + PPt = \/I,, + PtPP',  \/I, + PP'P = P\/I,, + PtP (86)

which, in the notation in (51), are

PS =5P, SpP=pPS (87)
and, clearly
s:2-pp=1,, S*-pPP=1,. (88)
Hence, by (74) and (51)
SP\(S —-P S2 PP —SP+ PS
B(P)B(—P) = A N = N R N
(P)B(-F) <PS> <P S> <PSSP PP+52>

89)

as desired. [ |
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A Lorentz transformation matrix A of order (m + n) x (m + n), m,n > 2,
involves the bi-rotation A(O,,)p(Oy,), as shown in (82). Bi-boosts are Lorentz
transformations without bi-rotations, that is by (78) —(79), bi-boosts B(P) are

P
A(Im, P, In) = p(I;m) B(P)A(I) = B(P) = | In (90)
I,
for any P € R™*™,
Rewriting (85) in the column notation, we have
r\ ' /-P
I, =\ I, 91)
L, I
so that, accordingly
P —-P On,m
I, L | =\ I, 92)
I I, I,

(On.m» In, Im)* being the identity Lorentz transformation of order (m, n).

Theorem 11. (The Inverse Lorentz Transformation). The inverse of a Lorentz
transformation A = (P, O,,, O, )t is given by the equation
1

P\' /-otpot
o.] = o . 93)
Om ot

Proof: The proof is given by the following chain of equations, which are numbered
for subsequent explanation

A(Op, P,O,) 71

(1)
==

(2
==

(3) 94)
== B(-0.P)\O})p(OL,)
L3
== B(-0'P)p(OL,)NOL)

(5)
==

p(05,)B(=0;, PO, )N(Oy).

Derivation of the numbered equalities in (94) follows
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1. By (82).

2. Obvious, noting (85).

3. Follows from (2) by the first matrix identity in (77).
4. Follows from (3) by commuting A(O?)) and p(O%)).

5. Follows from (4) by the second matrix identity in (77).

5. Bi-Boost Parameter Recognition

Composing the bi-gyration decomposition (81) of the Lorentz transformation A €
SO(m,n) in Theorem 8, we have the Lorentz transformation

OmvVIn + pPtp OmPtOn FEi1 Eio
A= =
P VI, + PPtO, Es1 Eo

parametrized by the three parameters

95)

1. P € R™™ ann x m real matrix, called the main parameter of the Lorentz
transformation A € SO(m,n)

2. O, € SO(n), a left rotation of P (or, equivalently, a right rotation of P?)
and

3. O, € SO(m), aright rotation of P (or, equivalently, a left rotation of P?).

We naturally face the task of determining the matrix parameters P, O,, and O,, of
the SO(m, n) matrix A in (95) from its block entries E;;, i,j = 1,2.

The matrix parameters O,, and O, of A in (81) cannot be recognized from (95)
straightforwardly by inspection. Fortunately, however, the matrix parameter P is
recovered from (95) by straightforward inspection, P = Fs;, thus obtaining the
first equation in (96) below. Then, following (95) we have I,, + P'P = I, +
E% Eo and I, + PP! = I, + E91 E}, so that (95) yields the following parameter
recognition formulas

P = E21, E12 = OmPtOn

-1 -1 (96)
On = Evin/Im + EL By, On =\/In+ EnE}  Eo.
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In the parameter recognition formulas (96) the parameters P, O,, and O,, of the
composite Lorentz transformation A in (95) and in the decomposed Lorentz trans-
formation A in (81) are recognized from the block entries F;, 7,7 = 1,2, of the
composite Lorentz transformation (95). Our ability to recover the main parameter
of a Lorentz transformation suggests the following definition of main parameter
composition, called bi-gyroaddition.

Definition 12. (Bi-gyroaddition, Bi-gyrogroupoid). Let A = B(P;)B(P,) be
a Lorentz transformation given by the product of two bi-boosts parametrized by
Py, Py € R ™, Then, the main parameter, Pio, of A is said to be the composition
of P and P,

Py = PoP, 97)

giving rise to a binary operation, ®, called bi-gyroaddition, in the space R™*™

of all n x m real matrices. Being a groupoid of the parameter P € R™ ™, the
resulting groupoid (R™"*"™ @) is called the parameter bi-gyrogroupoid.

Definition 12 encourages us to the study of the bi-boost composition law in Sec-
tion 6.

6. Bi-Boost Composition Parameters

In general, the product of two bi-boosts is not a bi-boost. However, the product
of two bi-boosts is an element of the Lorentz group SO(m,n) and, hence, by
Theorem 8, can be parametrized, as shown in Section 5. Following (74), let

I, + PLP; P}
B(P;) = (98)

P VI + P]fplz

k = 1,2, be two bi-boosts, so that their product is
A = B(P)B(P)

/Im + PtPi\/I, + PPy + PtPy \/I,, + P{P Py + Pi\/T,, + P> P}

Pi\/In + PPy + /I, + PLP!Py PPy + /I, + PiP}\/I, + PP}

Ev Ero
=: . (99
<E21 E22> ©9)
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By the parameter recognition formulas (96), the main parameter
Py = Poh, (100)

and the left and right rotation parameters O, 12 and O, 12 of the bi-boost product
A = B(P1)B(P,) in (99) are given by

Py = PiOP; = Eoy, E15 = O 12P{50n 12

1 -1 (101)
Onio = \/In+ EnEY, o, Oma2 = E11/ I + Eb; En

where Fj;j, i, j = 1,2, are defined by the last equation in (99).
Hence, by (78)

A= B(Pl)B(PQ) = p(0m712)B(P1@P2))\(On712). (102)

Following Definition 12, we view ¢ as a binary operation between elements P €
R™ ™ thus obtaining the bi-gyrogroupoid (R™*, @) that will give rise to a group-
like structure called a bi-gyrogroup. Accordingly, the binary operation @ is the
bi-gyrooperation of R™*™ called bi-gyroaddition, and Py® P, is the bi-gyrosum
of P; and Py in R™"*™,

It is now convenient to rename the right rotation O, 12 and the left rotation O, 12
in (101) —(102) as a right and a left gyrations. In symbols

Om 12 =: 1gyr[P1, P2] € SO(m), On 12 =: lgyr[P1, 5] € SO(n). (103)

We call rgyr[ Py, Ps] the right gyration generated by P; and P, and call Igyr[ Py, P]
the left gyration generated by P; and P». The pair of a left and a right gyration,
each generated by P; and P», is viewed collectively as the bi-gyration generated
by P1 and PQ.

The bi-boost product (102) is now written as
B(Pl)B(PQ) = p(I‘gyI‘{Pl, PQ])B(Pl@PQ))\(lgyI‘[Pl, PQ]) (104)

demonstrating that the product of two bi-boosts generated by P; and P is a bi-
boost generated by P; & P, along with a bi-gyration generated by P; and Ps.
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The bi-gyrosum P& P» of P, and P», and the bi-gyrations generated by P; and
P, that appear in (104) are determined from (99) —(103)

Pi&Py = Piy/1, + PPy + /I + PLPLPy

reyr[Py, Py = {P{Pg /T + PLPLy I + P§P2}

—1
X \/Im + (PL®P,) (P& P,)

—1
lgyr[Py, o) = /I, + (P& P) (PO Py)! (105)

x {P1P2t I+ PP+ Png}

rgyr[ Py, Po)(Pi&P) 1gyr[Py, Po] = \/ I, + PPL Py + P{y\/I,, + P, P}

(2)
—= PloP, = (PRoP)".

The equation marked by (1) in (105) follows immediately from the first equation
in (105), replacing P, P, € R™*™ by P}, Pl € R™*",

The equation marked by (2) in (105) is derived from the first equation in (105) in
the following straightforward chain of equations.

t
(P@P) = {P2 VI + PP+ /I + P2P§P1}

= (P})\/ T + (PSS + /I + (PL) (P! (PY)

= PloP;.

Formalizing results in (105), we obtain the following theorem.
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Theorem 13. (Bi-gyroaddition and Bi-gyration). The bi-gyroaddition and bi-
gyration in the parameter bi-gyrogroupoid (R™*™ @) are given by the equations

Pi&Py = Pi\[In + PiPy + /I + P.P{Py

—1
lgyr Pl, P2 \/I Pl@PQ (Pl@Pg)t

X {P1P§+\/In+P1Pf\/In+P2P2t} (107)

rgyr[Py, Py] = {Png + \/Im + PPy \/Im + ngg}

—1
X \/Im + (PL®P) (PL®P,)
forall Py, Py € R"*™,

The following corollary results immediately from Theorem 13.

Corollary 14. (Trivial Bi-gyrations).
lgyr[0p m, P] = lgyr[P, O] = I, lgyr[eP, P] =lgyr[P,&P]) =1,

(108)
rgyr(Op m, P] = rgyr[P, 0pm| = Lm, 1gyr[eP, P] =lgyr[P,&P] =1,
forall P € R™™,
The trivial bi-gyration
lgyr[P, P] = I, rgyr[P, P] =In (109)

for all P € R™*" cannot be derived immediately from Theorem 13. It will, there-
fore, be derived in (133) and (131), and formalized in Theorem 16, p. 66.

The bi-boost product (104), written in the column notation, takes the elegant form

Py Py PeP
B(Pl)B(PQ) = In In = lgyr[Pl,PQ] (110)
In,) \Inm rgyr[Pr, P

for all P, P, € R, When P; = P and P, = —P, (110) specializes to

P\ [P P&(—P)
BPB(-P) =1, || 1 | = | 1ewip P (an
I, I, rgyr[P, — P]
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for all P € R™™, But, the left side of (111) is also determined in (92), implying
the identities

P&(—P) = 0 m, lgyr[P, —P] = I, rgyr|P, —P] = I,,. (112)

The first equation in (112) implies that
—P=:5P (113)

is the inverse of P with respect to the binary operation @ in R™*™. Hence, we
use the notations — P and © P interchangeably. Furthermore, we naturally use the
notation Py (—P,) = Pi®(6P;) = PO P;, and rewrite (112) as

pPeP =0, lgyr[PeP|=1I,  rgyt[P,oP]=1I, (114)

in agreement with (108).

Similarly, we rewrite (91) as

P opP
I, =| I, (115)
I, I,
that is
B(P)™' = B(cP) (116)
for all P € R™*"™,
The first equation in (105) implies that
(—P)e(—R) = —(Peh). (117)

Hence, following the definition of ©P in (113), and by (117), the bi-gyroaddition
@ obeys the gyroautomorphic inverse property

S(Pi®P) =oPiohP, (118)

for all Py, P, € R™*™,

It follows from the gyroautomorphic inverse property (118) and from (105) that
bi-gyrations are even, that is

lgyr[—P1, —P)] = lgyr[P1, P],  rgyr[—P1, —P] = lgyr[P1, P2]  (119)
or, equivalently

lgyr[© P, ©P,] = lgyr[Py, Py, rgyr[© P, O] = lgyr[P1, P2].  (120)
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7. Automorphisms of the Parameter Bi-Gyrogroupoid

Left and right rotations turn out to be left and right automorphisms of the parame-
ter bi-gyrogroupoid (R™*™ @). We recall that a groupoid, (S, +), is a nonempty
set, .S, with a binary operation, +. A left automorphism of a groupoid (S, +) is a
bijection f of S, f : S — S, s — fs, that respects the binary operation, that is,
f(s1+ s2) = fs1 + fso. Similarly, a right automorphism of a groupoid (.S, +) is
a bijection f of S, f : S — S, s — sf, that respects the binary operation, that is,
(s1+ s2)f = s1f + sof. The need to distinguish between left and right automor-
phisms of the bi-gyrogroupoid (R™*", @) is clear from Theorem 15 below.

Theorem 15. (Left and Right Automorphisms of (R"*™ @)).  Any rotation
Oy, € SO(n) is a left automorphism of the parameter bi-gyrogroupoid (R™*™ @),
and any rotation O,, € SO(m) is a right automorphism of the parameter bi-
gyrogroupoid (R"*™ &), that is
On(PlEBPQ) =0,Po0,P
(PL®P2)Orm = P10y ® P20, (121)
On(Pi®P2)Oy, = On, POy @0, PoO,,

forall Py, P, € R™*™, O,, € SO(n) and O,, € SO(m).

Proof: By the first equation in (107) and the second equation in (59)

On(PL®Py) = On(P1y/ Iy + PyPy +\/ 1, + PLP{Py)

= OnPiv/ Iy + (0, P2)/(0y, P2) 4+ O/ I, + PLPLP 122

= 0, P1\/Tin + (0, P2) (0, P2)

+ VI, + (0, Py)(0, PO, Py = O, Pi®0,, P

thus proving the first identity in (121).
Similarly, by the first equation in (107) and the first equation in (59)

(Pi®P)Ow = (Poy/ L + PPy + \/To + PLP{P2)O

= PO/ In + (P20,) (P20Oy,)

—+ \/I PlO PlOm)tPQOm = P10, ®P0,,
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thus proving the second identity in (121). The third identity in (121) follows im-
mediately from the first two identities in (121). |

Left gyrations, lgyr[P;, P»], and right gyrations, rgyr[Py, P»|, P, P, € R"™ ™,
are, by (103) and Theorem 15, left and right automorphisms of (R™*™ @).

Accordingly, left and right gyrations are also called left and right gyroautomor-
phisms of (R™*™ @) or, collectively, bi-gyroautomorphisms of the parameter bi-
gyrogroupoid (R"*™ @).

Since —P = ©P, we clearly have the identities
On(6P) =60,P, (©P)O,, =6P0,, On(6P)0, =c0,P0, (124)

for all P € R, O,, € SO(n) and O,, € SO(m).

8. The Bi-Boost Square

We are now in the position to determine the parameters of the squared bi-boost. If
we use the convenient notation

by = /I + P'P, b, :=/I, + PPt (125)

P € R™*™_then, by (74)
b,, P?
B(P) = P (126)

and the squared bi-boost B(P) leads to the following chain of equations, which
are numbered for subsequent explanation

L (bm PY\ (b PP\ @) (02 + PP b, P+ P,
Pb,)J\Pb,)  \Pby+b,P b2+ PP

(127)
<Im+2PtP 2Ph, ) (4) <E11 E12>

IE

B(P)?

—
=

2b,P I, +2PP! FEo Eoo
Derivation of the numbered equalities in (127) follows
1. This equation follows from (126).
2. Follows from Item (1) by block matrix multiplication.

3. Results from (125) and the commuting relations (54) and (53).
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4. This equation defines E;j, 4,7 = 1, 2.
Hence, by the parameter recognition formulas (101), along with (103), we have
P®P = Fy1,  Eip = rgyr[P, P|(P®P)"lgyr|P, P]

(128)

—1 1
rgyr(P, P| = Eiiy/Im + E5 Ex1, lgyr[P, Pl = \/In + EnES5  Ex

where F;; are given by Item (4) of (127).
Following the first equation in (128) and the definition of E5; in Item (4) of (127),
and (53), we have the equations

FEy = PP = 2b, P = 2Pb,,. (129)

Let us consider the following chain of equations, some of which are numbered for
subsequent explanation

—~

1)

I

En Iy + 2P'P=—={I,, + 4P'P + 4(P'P }2

1
{Im + 4(Im + PtP)PtP}5 = {I, +4b},P'P}?2
(130)

{In +4Ptb2p}2 {Im + 2(b,P)"2b P}2

— —
= ~

I, + E§1E21.
Derivation of the numbered equalities in (130) follows

1. This equation follows from the definition of E'; in Item (4) of (127).

2. This equation is obtained from its predecessor by two successive applica-
tions of the commuting relation (54).

3. Follows from (129).

We see from (130) and the second equation in (128) that the right gyration gener-
ated by P and P is trivial
rgyr[P, P| = I, (131)

for all P € R"*™,
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Similarly to (130), let us consider the following chain of equations, some of which
are numbered for subsequent explanation

1)

IE

1
Es I, +2PP'= {I, +4PP"' + 4(PP")*}?2

1 1
{I, +4(I, + PP")PP'}2 = {I, + 4b} PP'}2
(132)

N[ =

1
{I, + 4PV, P'}2 = {1, + 2Pb,,2(Pby,)"}

A/ Iy + EglEél.

Derivation of the numbered equalities in (132) follows

— —~
w )
= ~

1. This equation follows from the definition of E9 in Item (4) of (127).

2. This equation is obtained from its predecessor by two successive applica-
tions of the commuting relation (53).

3. Follows from (129).

We see from (132) and the third equation in (128) that the left gyration generated
by P and P is trivial

lgyr[P, P] = I, (133)
for all P € R™*™,
It follows from (128) —(133) that

By = /I, + (P&P){(P&P), Ey = PGP
(134)
Esy = /I, + (P&P)(P&P), Ei = (P&P)".
Hence, by the extreme sides of (127)
B(P)* = B(PoP) (135)

so that a the square of a bi-boost is, again, a bi-boost.

As a byproduct of squaring the bi-boost, we have obtained the results in (131) and
(133), which we formalize in the following theorem.

Theorem 16. (A trivial bi-gyration).
lgyr[P, Pl = I,  rgyr[P,P] = Iy (136)

forall P € R"™™,
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9. Commuting Relations Between Bi-Gyrations and Bi-Rotations

Remarkably, bi-gyrations (Igyr[Py, P»], rgyr[P1, P]) € SO(n) x SO(m) and bi-
rotations (Oy,, Op,) € SO(n) x SO(m) possess an elegant commuting relation,
stated in the following theorem.

Theorem 17. (Bi-gyration — bi-rotation commuting relation).
Onlgyr[Pl,Pz] = lgyI’[Onpl, OnPQ]On (137)

and
rgyr[P1, Po]Op = Oprgyr[P1Op,, PoOpy) (138)

forall Py, P, € R"™*™, O,, € SO(n) and O,, € SO(m).

Proof: The matrix identity (137) is proved in the following chain of equations,
which are numbered for subsequent explanation

—
—_
~—

I

—1
O\ I, + (PLOP)(PidP)!

« {P1P§ + \/In n Ple\/In + P2P§}

Onlgyr[P1, Py]

—
N
~

b

VI + (02 Pi&0.P) (On Pia0B)! O,

x {PlPQt + I+ PP T+ PQPQt}

H>A
w
S

VIn + (Op PloOn B) (On PL&O, P)E (139)

x {OnP1P§ + 01 + PP 1 + PQPQt}

—~
'
=

)

VI, 4 (0, P10, P3)(0, P 0, P)t
X{ Onpl OnPQ)

/Ty + (On PO (On P YA/ T, + (O PQ)(onP2)t}on

—~
[}
=

lgyr[OnPl, OnPQ]On

Derivation of the numbered equalities in (139) follows
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1. This equation follows from the third equation in (105).
Follows from Item (1) by Lemma 3, p. 50, and Theorem 15, p. 63.

Follows from Item (2) by the linearity of O,,.

Sl S

Follows from Item (3) by the obvious matrix identity
On PP} = (0,P1)(0,P)'0,
and from Lemma 2, p. 49.

5. Follows from Item (4) by the linearity of O,, and by the third equation in
(105).

The proof of the matrix identity (138) in (140) below is similar to the proof of the
matrix identity (137) in (139)

—
=
~—

$\/Im + (PLOR) (PiBR) O

—

2)

)

{prg /T + PLPy L + ngz} Onm

X/ I + (PLOm@® P20, (PO @ P20,,)

H>A
w
)

{PngOm /T + PLPLy I + PQtPQOm}
(140)

X/ I + (PLOm@ P20, (PLOm@P20,,)

H>A
iy
)

{Om(Plom)t(PQOm)

+Om V/Im + (PLOW) P10y T + (PaOr) (PQOm)}

><\/I (PLOpm@P20,,) (PLOy®P0,y,)

I&

Omrgyr[P1Oyy,, PoOy,)].
Derivation of the numbered equalities in (140) follows

1. This equation follows from the second equation in (105).
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2. Follows from Item (1) by Lemma 3, p. 50, and Theorem 15, p.63.
3. Follows from Item (2) by the linearity of O,,.
4. Follows from Item (3) by the obvious matrix identity
P{ P20y = Oy (PLOp)! (P20
and from Lemma 2, p. 49, and from the linearity of O,,.

5. Follows from Item (4) by the linearity of O,, and by the second equation in

(105).
[
The following corollary results immediately from Theorem 17.
Corollary 18. Let P, P, € R™*™, O,, € SO(n) and O,, € SO(m). Then
lgyr[0,, P1, Oy, ] = lgyr[ P, P2 (141)
if and only if Oy, and 1gyr[P1, P2] commute, that is, if and only if
Oplgyr[P1, Po] = lgyr[Py, P2|O,,.
Similarly
rgyr[P1 O, P20y, = rgyr[ Py, P] (142)

if and only if Oy, and rgyr[Py, Ps] commute, that is, if and only if
Oprgyr[Pr, Po] = rgyr[ Py, P2]Oy,.
Example 19. The left (right) gyration 1gyr|P1, Py (rgyr[P1, P2|) commutes with
itself. Hence, by Corollary 18
lgyr(lgyr[Pr, Po] Py, 1gyr[Pr, P2 P = lgyr [Py, P

(143)
rgyr[Pirgyr[Py, P, Porgyr[Py, Ps]] = rgyr[P1, P).

Left gyrations are invariant under parameter right rotations O, € SO(m), and
right gyrations are invariant under parameter left rotations O,, € SO(n), as the
following theorem asserts.

Theorem 20. (Bi-gyration Invariance Relation).
lgyr[PlOm, Pgom] = lgyr[Pl, PQ] (144)
rgyr[O, Py, O, Po| = rgyr[ P, P (145)
forall Py, P, € R"™™ O, € SO(n) and O, € SO(m).
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Proof: The proof follows straightforwardly from the second and the third equa-
tions in (105), p. 60, and from Theorem 15, p. 63, noting that (P10, )(P2O,, )t =
PP} and (0,,P)Y(0,P,) = PIP, for all P;,P, € R™™, O, € SO(n) and
O, € SO(m). |

10. Product of Lorentz Transformations

Let A and Ao be two Lorentz transformations of order (m, n), m,n € N, so that,
according to (82)

Al — A(On,17P17 Om, )

1 (Om1)B(P1)A(On,1)
AQ = A(On,Qa P27 Om,2)

)

=p
(146)
= p(Om,2) B(P2)A(On2).

)

The product A;As of A1 and As is obtained in the following chain of equations,
which are numbered for subsequent explanation

—

1)
AAs P(O,1) B(P1)AOn1)p(Om2) B(P2) A (O 2)
P(Om,1) B(P1)p(Om,2) M On,1) B(P2)A(On 2)
P(Om,1)p(Om,2) B(P1Om,2) B(On1 P2)A(On,1)A(On 2)

)

(O, 10m,2) B(P1Op,2) B(On 1 P2)A(On,104,2)

= = e B

p(Omlemjg) (147)
X p(rgyr[P1Om 2, On 1 P]) B(P1 Oy, 280y, 1 Po)
A(lgyr[Plom,Qa On,1P2]) X )\(On,lon,Q)

—
(=2}
=

(O 10 218y1[P1 Oy 2, Op 1 P2))
X B(PlOm,Q@OnJPQ)
XA(gyr[P1Om. 2, On 1 P2]Op 10y, 2).

Derivation of the numbered equalities in (147) follows

1. This equation follows from (146).

2. Follows from (1) since A\(Oy, 1) and p(O,y, 2) commute.
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3. Follows from (2) by Lemma 6, p. 53.

4. Follows from (3) by the matrix identities p(O,,.1)p(Om,2) = p(Om,10m.2)
and A(Oy,1)A(On,2) = A(Op,10y,2), which are obvious.

5. Follows from (4) by the bi-boost composition law (104), p. 59.

6. Obvious (Similar to the argument in Item (4)).

In the column notation (79), the result of (147) gives the product law of Lorentz
transformations in the following theorem.

Theorem 21. (Lorentz transformation product law). The product of two
Lorentz transformations A1 = (P1,0p1,0m1)" and Ay = (P2,0p2,0pm2)" of
order (m,n), m,n € N, is given by

P1 P2 Plom,Q@On,1P2
AMAy = | Ona | | Ona | = | lgyr[PiOm2,0n1 P20 10,2 | . (148)
Om.1 Om.2 Om10m 2rgyr[P1Op, 2, Oy 1 Pa]

Example 22. In the special case when Py = Py = 0y, p, and Oy,.1 = Opp 2 = Ly,
the parameter composition law (148) yields the equation

On,m On,m On,m
On,l On,2 = On,lon,2 (149)
I I, Iy

demonstrating that under the parameter composition law (148) the parameter O,
forms the spacial orthogonal group SO(n).

Example 23. In the special case when Py = Py = 0y, and Oy, 1 = Op 2 = I,
the parameter composition law (148) yields the equation

On,m On,m On,m
I, I, | = I, (150)
Om,l Om,2 Om,lOm,2

demonstrating that under the parameter composition law (148) the parameter O,
forms the spacial orthogonal group SO(m).
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Example 24. In the special case when Oy, ;1 = Oy 2 = I, and Op, 1 = Oy 2 = Iy,
the parameter composition law (148) yields the equation

Py P PoP
Ll =|1err,p) . (151)
In,) \Im rgyr[ P, P

Clearly, under the parameter composition law (148) the parameter P € R"*™

does not form a group. Indeed, following the parametrization of the generalized
Lorentz group SO(m,n) in (146), we face the task of determining the composition
law of the parameter P € R™ "™ along with the resulting group-like structure of
the parameter set R™*™. We will find in the sequel that the group-like structure of
R™ ™ that results from the composition law of the parameter P is a natural gener-
alization of the gyrocommutative gyrogroup structure, called a bi-gyrocommutative
bi-gyrogroup.

The Lorentz transformation product (148) represents matrix multiplication. As
such, it is associative and, clearly, its inverse obeys the identity

(A1Ag) ™t = ASTATL (152)

11. The Bi-Gyrocommutative Law

Bi-boosts are Lorentz transformations without bi-rotations. Let
B(Py) = (P, In, 1) (153)

P, € R™™_ L = 1,2, be two bi-boosts in R("+m)*(m+n) Then by (148) with
On1 = Op2 = Iy and Oy, 1 = Op2 = I, (or by (110)), and by (93) with
O,, = lgyr[Py, P»] and O,,, = rgyr[Py, Ps]

P Py - PP, -1
(B(P1)B(P,))~" = I, I, = | lgyr[Py, P
Im/ \Im rgyr[ Py, P
(154)
—lgyr [Py, P,) (P @ Py)rgyr '[Py, Py]
= lgyr '[Py, P
rgyr [Py, Py

Here lgyr_l[Pl, Py = (Igyr[ Py, Pg])_1 and rgyr_l[Pl, Py] = (rgyr[Py, Pg])_l.
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Calculating (B(P;)B(P,))~! in a different way, as indicated in (152), yields

P\ /P !
(B(P\)B(R,)) ' =B(P) 'B(P) ' = | I, I,
m I,
(155)
-P)\ /-P (—P)®(—Py)
=\ I, I, | = | lgyr[— P, —Pi]
I, I, rgyr|— P, — P

Hence, the extreme right sides of (154) — (155) are equal, implying the equality of
their respective entries, giving rise to the three equations in (156)—(157) below.

The second and third entries of the extreme right sides of (154)—(155), along with
the even property (119) of bi-gyrations, imply the bi-gyration inversion law
lgyr '[Py, Py] = lgyr[— Py, —Pi] = lgyr[P,, P4

1 (156)
rgyr - [Pr, P] = rgyr[— P, —P1| = rgyr[ P, P1].

for all Py, P, € R™*™,
The first entry of the extreme right sides of (154)—(155), along with (156) and the
gyroautomorphic inverse property (118), yields
(—P)a(—P1) = ~lgyr '[Py, o (Py®Py)rgyr ' [P1, Py
= —lgyr[— Py, — P |(P\®Py)rgyr[— P2, — P1]
= lgyr[= Py, = PI{—(P1®P,) }rgyr[— P, — P1]
= lgyr[— P, = PLI{(—=P1)®(—F2) jrgyr[— P, — P4

for all P;, P, € R™*™,

Renaming —P; and —FP» as P, and P, the extreme sides of (157) give the bi-
gyrocommutative law of the bi-gyroaddition &

157)

P ®P; = 1gyr[Pr, Po)(Pa®Py)rgyr [Py, P (158)
for all P, P, € R™*™,

Instructively, a short derivation of the bi-gyrocommutative law of & is presented
below. Transposing the extreme sides of the fourth matrix equation in (105), noting
that by (156)

lgyr[Py, Po)' = lgyr™ '[Py, P2) = lgyr [P, P

o (159)
rgyr[ P, Po" = rgyr ™ [Py, Po] = rgyr [P, P
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and renaming the pair (P;, P») as (P», P;), we obtain the matrix identity
PiaP, = lgyr[P1, B|(Pa® P )rgyr[Pr, Po] (160)

for all Py, P, € R™*™,

The matrix identity (160) gives the bi-gyrocommutative law of the binary oper-
ation @ in R™*™  according to which Pi® P, equals Po®P; bi-gyrated by the
bi-gyration (lgyr[P), P»|, rgyr[Py, P»]) generated by P; and P, for all P, P» €

RTLXm

Formalizing the result in (158) and in (160) we obtain the following theorem.

Theorem 25. (Bi-gyrocommutative Law). The binary operation ® in R™*™ pos-
sesses the bi-gyrocommutative law

PP, = lgyr[Pl, PQKPQEBPl)I'gyr[Pl, PQ] (161)
forall Py, Py € R,

When m = 1 right gyrations are trivial, rgyr[P;, P»] = I,,. Hence, in the spe-
cial case when m = 1, the bi-gyrocommutative law (161) of bi-gyrogroup theory
descends to the gyrocommutative law of gyrogroup theory found, for instance,
in [19,20,22-25,27].

Formalizing the results in (159) we obtain the following theorem.

Theorem 26. (Bi-gyration Inversion Law). The bi-gyrogroupoid (R"*"™ @) pos-
sesses the left gyration inversion law

lgyr '[Py, ] = lgyr[ Py, P] (162a)
and the right gyration inversion law

rgyr [Py, Po] = rgyr[Py, P (162b)
forall P, Py € R"*™,

Identities (162a) — (162b) form the inversive symmetric property of bi-gyrations.

12. The Bi-Gyroassociative Law

Matrix multiplication is associative. Hence

(A1A2)As = Aq(AzAs). (163)
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On the one hand, by (110) and (148)

P Py Ps PP, Ps
(B(P1)B(P2)B(P3) =< | In | | In In | = | lgyr[P, Po] | | In
Im Im Im rgyr[Pl, PQ] Im

(164)

(P1@P)®lgyr [Py, Po)Ps
= | lgyr[Pi@Ps, lgyr[P1, Po] Ps]lgyr[ P, P
rgyr| Py, Polrgyr[Pi@ P, 1gyr [P, Po| Ps]

On the other hand, similarly, by (110) and (148),

P P, Ps Py P Ps
B(P1)(B(P)B(P3)) = | In Lo | In|p=|1n| | lgyr[P2, P
Im Im Im Im rgyr[Pg, P3]
(165)

Pirgyr[ Py, P3]®(Pa®P3)
= lgyr[Plrgyr[Pg, Pg], PQEBPg]lgyI‘[PQ, Pg]
rgyr[ Py, P3rgyr[Pirgyr|Pa, P3|, Py® Ps]

Hence, by (163) — (165), corresponding entries of the extreme right sides of (164)
and (165) are equal, giving rise to the bi-gyroassociative law

(Pl EBPg)EBlgyr[Pl , PQ} Py = Plrgyr[PQ, Pg} @(PQ@P3) (166)
and to the bi-gyration identities

lgyr[P1 @ Py, lgyr[ Py, Po] Psllgyr[ Py, P] = lgyr[Pirgyr[ P, P3], Po® Ps|lgyr|Pa, Ps]
(167)
rgyr[Py, Polrgyr[Py®Pa, 1gyr[P1, Py P3] = rgyr[Py, P3lrgyr[Pirgyr[Ps, P3|, Py®Ps]

for all Py, P, P3 € R™"*™,

Formalizing the result in (166) we obtain the following theorem.

Theorem 27. (Bi-gyroassociative law in (R"*™ ®@)). The bi-gyroaddition @ in
R™ ™ possesses the bi-gyroassociative law

(P1®Py)®lgyr[ Py, Py| P3 = Pirgyr[ Py, P3|®(Pa®Ps) (168)

forall Py, Py € R"*™,
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Note that in the bi-gyroassociative law (168), P; and P» are grouped together on
the left side, while P, and P; are grouped together on the right side.

When m = 1 right gyrations are trivial, rgyr[Py, P»] = I,,—1 = 1. Hence, in
the special case when m = 1, the bi-gyroassociative law (168) descends to the
gyroassociative law of gyrogroup theory found, for instance, in [19,20,22-25,27].

The bi-gyroassociative law gives rise to the left and right cancellation laws in the
following theorem.

Theorem 28. (Left and right cancellation laws in (R"*™ &)). The bi-gyro-
groupoid (R™™ @) possesses the left and right cancellation laws

Py = 6P1rgyr[P1,P2]®(P1€BP2) (169)

and
Py = (P1oP)olgyr[ Py, PPy (170)

forall Py, Py € R"*™,

Proof: The left cancellation law (169) follows from the bi-gyroassociative law
(168) with P; = ©P;, noting that lgyr[© Py, P5] is trivial by (114), p. 62. The
right cancellation law (170) follows from the bi-gyroassociative law (168) with
P3 = © P, noting that rgyr[ Py, © P] is trivial. [ |

The bi-gyroassociative law gives rise to the left and right bi-gyroassociative laws
in the following theorem.

Theorem 29. (Left and right bi-gyroassociative law in (R"*" @)). The bi-
gyroaddition @ in R™"*™ possesses the left bi-gyroassociative law

Pi@(Py@®Ps) = (Prrgyr|Ps, Po|®Py)@lgyr|Pirgyr[Ps, Pa], Po|Ps (171)
and the right bi-gyroassociative law

(P& Py)®Ps = Pirgyr[ Py, lgyr|[ P, P1| P3|®(Pa®lgyr|[ P, P1]Ps) (172)
forall Py, Py € R"*™,

Proof: The left bi-gyroassociative law (171) is obtained from the bi-gyroassociative
law (168) by replacing P; by Pirgyr[Ps, P»] and noting the bi-gyration inversion
law (156). Similarly, the right bi-gyroassociative law (172) is obtained from the
bi-gyroassociative law (168) by replacing Ps by lgyr[P», P;]Ps and noting the bi-
gyration inversion law (156). |
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13. Bi-Gyration Reduction Properties

A reduction property of a gyration lgyr[P;, Ps| or rgyr[Py, P5] is a property en-
abling the gyration to be expressed as a gyration that involves P1®P,. Several
reduction properties are derived in Subsections 13.1—13.4 below.

13.1. Bi-Gyration Reduction Properties I

When P3 = &P, (167) specializes to
lgyr[P1® Py, Olgyr [P, P Pa|lgyr [P, P2 = I,
rgyr[P1, Polrgyr[PL© Py, Olgyr[Pr, P2 P2] = Iy, s
or, equivalently by bi-gyration inversion, (156)
lgyr[P1, P = lgyr[Slgyr[Py1, P2] P, P1@& )]
rgyr[Pr, P] = rgyr[Slgyr[ Py, Po] Py, P& Py (a7
Similarly, when P, = &P, (167) specializes to
I, = lgyr[Pirgyr[© P, P3|, O P @ Ps|lgyr[© P, Ps)
I, = rgyr[© Py, Pslrgyr[Pirgyr[O Py, P3], P @ Ps] e
or, equivalently by bi-gyration inversion, (156) and renaming P53 as S P
lgyr [Py, Po] = lgyr[Pi1® Py, ©Pirgyr| Py, Ps]

(176)
rgyr|[P1, ] = rgyr[Pi@Pa, ©Pirgyr[ Py, Pa).

Formalizing the results in (174) and (176) we obtain the following theorem.

Theorem 30. (Left and Right Gyration Reduction Properties).
lgyr[Py, Po] = lgyr[©lgyr[P1, Po| Py, P& )]
177)
rgyr[Pr, ] = rgyr[Slgyr[P1, P2 Py, PP

and
lgyr[P1, Po] = 1gyr[Pi® Py, © Pirgyr[ Py, Py]] 178
(178)
rgyr[P1, ] = rgyr[Pi1@Pa, ©Pirgyr[Pr, Pal]

for all Py, P, € R™"*™,
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13.2. Bi-Gyration Reduction Properties 11

In general, the product of bi-boosts in a pseudo-orthogonal group SO(m,n) is a
Lorentz transformation which is not a boost. In some special cases, however, the
product of bi-boosts is again a bi-boost, as shown below.

Let Py, P, € R™ " and let J(P;, P») be the bi-boost symmetric product
P P P
J(P1,P,) = B(P)B(P,)B(Py) = | I, I, I, (179)
I, I, I,
which is symmetric with respect to the central bi-boost factor (P, I,,, Im)t. Then,
by the Lorentz product law (148)
PP, Py
J(P1, Py) = | lgyr[P1, P, I,
rgyr[ Py, Po) I,

(180)
(Pl@Pg)EBlgyI‘[Pl, PQ]Pl Ps
= | lgyr[Pi@® P, 1gyr[P1, Po|Pi|lgyr[ Py, P] | =: | O,
rgyr[P1, Polrgyr[Pi@Pa, 1gyr [P, Po] P Om
By means of (91), p. 56, it is clear that
J(P, P~ = J(—P,—P,). (181)

Hence, by the gyroautomorphic inverse property (118), p. 62, and by the bi-gyration
even property, (119), p. 62, it is clear from (180) that

_P3
J(P,P) ' =J(-P,-P)=| O, |. (182)
Om

But, it follows from the inverse Lorentz transformation (93), p. 56, that
—0, 1 P;0;,}
J(P,Py)~ ! = o;! : (183)
O}

Comparing the right sides of (183) and (182), we find that O,, = O, ! and O,, =
0.1, implying O,, = I, and O,,, = I,,,. Hence, the bi-boost product .J(Py, P») is,
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again, a bi-boost, so that by (180)

(PLoP)dlgyr [P, PPy
J(Pl,Pg) = 1, . (184)
I,

Following (184) and (180) we have the bi-gyration identities

lgyt[PL@ P, lgyr[Pr, Po| Pillgyr[Pr, P] = I, 185)
rgyr[Pr, Palrgyr[PL© Py, gyt [P, P Pr] = Iy,
implying, by the bi-gyration inversion law (162)
lgyr[P1, P = lgyr(lgyr[P1, P2 Pr, P& P (156)

rgyr[Py, Py] = rgyr(lgyr[ Py, Po| Py, Pi@Py)

for all P, P, € R™*™,

The results in (184)—(185) can readily be extended to the symmetric product of
any number of bi-boosts that appear symmetrically with respect to a central factor.
Thus, for instance, the symmetric bi-boost product .J

J = B(Py)B(Py-1) ... B(P2)B(P1)B(Fo) B(P1)B(P,) ... B(Py—1)B(F)

(187)

is symmetric with respect to the central factor B(Fp), for any £ € N, and all

P, e R™™™ ¢ =0,1,2,...,k. In particular, the bi-boost product .J in (187) is,

again, a bi-boost.

We now manipulate the first bi-gyration identity in (185) into an elegant form that

will be elevated to the status of a theorem in Theorem 31 below. Let us consider

the following chain of equations, which are numbered for subsequent explanation

I lgyr[P1® Py, 1gyr[ Py, Po| P1]lgyr[P1, Py

lgyr[Py, Pllgyr(lgyr [Py, Pi|(P1Ps), P (158)

lgyr[P1, Pollgyr(lgyr[ Py, Pi|(P1@®Ps)rgyr|[ Py, Pr), Pirgyr[Pa, Pi]

b= = = l)=

lgyr[Pl, Pg]lgyr[Pg@Pl, Plrgyr[Pg, Pl]]

Derivation of the numbered equalities in (188) follows
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1. This equation is the first equation in the first bi-gyration identity in (185).

2. Follows from the commuting relation (137), p. 67, with O,, = lgyr[Py, P»],
noting that lgyr[Py, P;] = lgyr '[Py, P»].

3. Follows from the bi-gyration invariance relation (144), p. 69.

4. Follows from the bi-gyrocommutative law (161), p. 74.

By (188) and the bi-gyration inversion law (162)
lgyr[ P2, P1| = lgyr[P@ Py, Pirgyr[Ps, Pi]]. (189)

Renaming (P;, P») in (189) as (P, Py), we obtain the first identity in the following
theorem.

Theorem 31. (Left Gyration Reduction Properties).

lgyr[P1, Po] = lgyr[Py@® Py, Porgyr| Py, P5] (190)
and

lgyr[ Py, P2| = lgyr[Pirgyr [Py, Py, P& Py] (191)
forall Py, Py € R"*™,

Proof: The bi-gyration identity (190) is identical with (189). The bi-gyration iden-
tity (191) is obtained from (190) by applying the bi-gyration inversion law (162)
followed by renaming (Py, P,) as (P, Py). [

When m = 1 right gyrations are trivial, rgyr[Py, P»] = I,,—1 = 1. Hence, in
the special case when m = 1, the bi-gyration reduction properties (190)—(191)
descend to the gyration properties of gyrogroup theory found, for instance, in [20].

The bi-gyration identity (191) involves both left and right gyrations. We manip-
ulate it into an identity that involves only left gyrations in the following chain of
equations, which are numbered for subsequent explanation

1)

—

lgyr[P1, ) = lgyr[Pirgyr[Ps, Pi], P& D]

(2)

== lgyr(lgyr[P1, Po| Pirgyr[ P, Pi), 1gyr[P1, Po|(P®P))] 102
@) (192)

== lgyr[lgyr[PL, Py Pirgyr [Py, Pilrgyr [Py, P,

lgyr[Py, Po](Pa®Py)rgyr[Pr, Py]

4)

=

lgyr(lgyr[P1, P Py, P& P)].
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Derivation of the numbered equalities in (192) follows
1. This equation is the bi-gyration identity 191.

2. Follows from Result (141) of Corollary 18, p. 69, noting that, by Item (1), the
left gyrations lgyr[Pirgyr|[Ps, P1|, Po®P;] and lgyr[P;, P;] commute since
they are equal.

3. Follows from (144), p. 69.

4. Follows from Item (3) by applying both the bi-gyration inversion law (162)
and the bi-gyrocommutative law (161), p. 74.

By means of the bi-gyration inversion law (162), the second bi-gyration identity in
(185) gives rise to the bi-gyration identity
rgyr[ Py, Po| = rgyr[lgyr[P1, Po) P, Pi@ P (193)

leading to the following theorem.

Theorem 32. (Right gyration reduction properties).

rgyr[Py, Po| = rgyr[lgyr[ Py, P2 P, Pi@ P (194)
and

rgyr[P1, ] = rgyr[Pa® Py, 1gyr[ Py, P1| Py (195)
for all Pl, Py e RPxm

Proof: The bi-gyration identity (194) is identical with (193). The bi-gyration iden-
tity (195) is obtained from (194) by applying the bi-gyration inversion law (162)
followed by renaming (P, P») as (P, Pi). [

The bi-gyration identity (195) involves both left and right gyrations. We manipu-
late it into an identity that involves only right gyrations in the following chain of
equations, which are numbered for subsequent explanation

1)
rgyr[Pr, Po] == rgyr[Pa® Py, Igyr[Pa, 1] P

2)

— rgyr[(Pa®Py)rgyr| Py, P, 1gyr[Pa, Pi]| Porgyr[Pr, P2]]

(196)

(3)

= reyrlgyr[P, Po](P@ Pr)rgyr([Pr, P,

lgyr[P1, Po)lgyr[ Py, Pi| Porgyr[ Py, P2)]

(4)

==

rgyr[Pi@ Py, Porgyr[Py, Ps]].
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Derivation of the numbered equalities in (196) follows

1. This equation is the bi-gyration identity 195.

2. Follows from Result (142) of Corollary 18, p. 69, noting that, by Item 1,
the right gyrations rgyr[Po@ Py, lgyr[ Py, P1] P and rgyr[P;, P»| commute
since they are equal.

3. Follows from (145), p. 69.

4. Follows from Item (3) by applying both the bi-gyration inversion law (162)
and the bi-gyrocommutative law (161), p. 74.

Formalizing the results in (192) and (196) we obtain the following theorem.

Theorem 33. (Bi-gyration reduction properties).
lgyr[P1, Po] = lgyr(lgyr[P1, P2 P1, Pib P (197)

and

rgyr[ Py, Py] = rgyr[Pi@® P, Porgyr[Py, Po)] (198)
forall P, P, € R"*™,

13.3. Bi-Gyration reduction properties I11

As in Subsection 13.2, let Py, P, € R™*™, and let J( P, P») be the bi-boost sym-
metric product
P Py P

J(Ph PQ) = | In I I, (199)
Iy I, I,

which is symmetric with respect to the central bi-boost factor (Pa, I,,, I,)!. Then

Py PeP
J(P,P) = | I, lgyr [P, P

I, rgyr[ P, Py
(200)
Plrgyr[PQ, Pl]@(PQEBPl) Ps

= | lgyr[Pirgyr[Ps, P1], Pa®Py|lgyr[Po, P1] | =: | Oy
rgyr|[ Py, P Jrgyr[Pirgyr[ P, P1|, Pa® P Om
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By means of (91), p. 56, it is clear that
J(P,P) = (=P, —P). (201)

Hence, by the gyroautomorphic inverse property (118), p. 62, and by the bi-gyration
even property, (119), p. 62, it is clear from (200) that

J(P,P) b =J(-P,-P)=| O, |. (202)
Om,

But, it follows from the inverse Lorentz transformation (93), p. 56, that

~0,; ' P0,,}
J(P,Py) ! = o;! . (203)
Ofl

Comparing the right sides of (203) and (202), we find that O,,, = I,;, and O,, = I,,.
Hence, the bi-boost product J( Py, P5) is, again, a bi-boost, so that by (200)

Pirgyr[ Py, P |®(P@P)
J(Py, Py) = I, . (204)
I,

Following (204) and (200) we have the bi-gyration identities

lgyr[Pirgyr[Ps, Pi], Py®P)lgyr[ Py, Pi] = I,
rgyr[ P, Prlrgyr[Pirgyr[ P2, Pr], Po® P = Iy 20
implying
lgyr [Py, Po] = lgyr[Pirgyr|[Pa, P1], Px® P ]
(206)

rgyr| Py, P] = rgyr[Pirgyr[ P, P, Po® P ]

for all P, P, € R™*™,
The first entries of (180) and (200) imply the interesting identity

(PlEBPg)EBlgyI‘[Pl, PQ]Pl = Plrgyr[Pg, Pl]@(PQEBPl) 207)
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13.4. Bi-Gyration Reduction Properties IV

Let (Py, I, I,,)t and (P, I,, I,,,)! be two given bi-boosts in the pseudo-Euclidean
space R™™, and let the bi-boost (X, O,,, O,,)! be given by the equation

-1

X oP Py
O, | =1\ I, I, | . (208)
Om, y I,

Then the following two consequences of (208) are equivalent

X Py Py PP,
O, | =1|1, I, | = | lgyr[P1, P2 (209)
Om Iy I rgyr[Py, Po]
and
P, opP X oP10,®X
L, =1 I, On | = | lgyr[©P1On, X0, | . (210)
I, I, O, Omrgyr[©P10p, X|

The matrix equation (210) in R™" implies
O, = lgyr[X,6P10,,], Oy, = rgyr[X, P10y, (211)
so that, by the first entry of the matrix equation (209)

Opn = lgyr[P1& P2, ©P1 Oy, O, = 18yr[P1® P2, ©P1Opyy). (212)

Inserting O,, and O,,, from the second and the third entries of the matrix equation
(209) into (212), we obtain the reduction properties

lgyr[ Py, P>] = lgyr[Pi® Py, ©Pirgyr[ Py, Py

(213)
rgyr [Py, Py] = rgyr[ Py @ Py, ©Prgyr [Py, Py]]

thus recovering (178).
As a first example, the first reduction property in (213) gives rise to the reduction
property

lgyr[P1, Po] = lgyr[(P1& Po)rgyr[ Py, Pi], S P (214)
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in the following chain of equations, which are numbered for subsequent explana-
tion

—~
[
~

lgyr[P1, Py] lgyr[P1® Py, ©Pirgyr[ Py, Ps]]

lgyr[(Py®Py)rgyr[Pa, Pi], ©Pirgyr[Py, Polrgyr[Po, Pi]

= = 1)

lgyr[(Pl@Pg)rgyr[Pg, Pl], @Pl] (215)
Derivation of the numbered equalities in (215) follows
1. This is the first identity in (213).

2. Item (2) is derived from Item (1) by applying Identity (144) of Theorem 20,
p. 69, with O,,, = rgyr[Pa, Py].

3. Item 3 follows immediately from Item 2 by the bi-gyration inversion law
(156), p. 73.

As a second example, the second reduction property in (213) gives rise to the re-
duction property

rgyr[P1, Py] = rgyr[(Pi®Po)rgyr[Pa, P1], ©P] (216)

in the following chain of equations, which are numbered for subsequent explana-
tion

—

1)

rgyr[Pr, ] = rgyr[Pi® P, ©Pirgyr[P, Ps]]
(2)
— rgyr[(Pi®P)rgyr[Ps, P1], ©Pirgyr[ Py, Po|rgyr[ Py, Pi]
(3)
= rgyr[(P1®P)rgyr|[ P, Pi],©P]. (217)

Derivation of the numbered equalities in (217) follows

1. This is the second identity in (213).

2. The right gyrations rgyr[Ps, P;] and rgyr[P;, P»] commute since they are
inverse of each other. Hence, by Item 1, the right gyrations rgyr[Ps, P;] and
rgyr[Pi®P,, ©Pirgyr[ Py, P]] commute. The latter commutativity, in turn,
implies Item 2 by Corollary 18, p. 69, with O,,, = rgyr[Ps, P1].
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3. Item 3 follows immediately from Item 2 by the bi-gyration inversion law
(156), p. 73.

Formalizing the results in (214) and (216) we obtain the following interesting the-
orem.

Theorem 34. For all P, P, € R"*™

lgyr[Py, Py] = lgyr[P1&' Py, &' P

rgyr[Py, Po| = rgyr[PleB'PQ, @'Pl] 218)
where @' is a binary operation in R™"*"™ given by
P& Py = (PLOP)rgyr| Py, P1]. (219)
It follows from (219) that
S'P=0cP=-P (220)

for all P € R™"*™,

14. Bi-Gyrogroups

Theorem 34 indicates that it will prove useful to replace the binary operation & in
R™ ™ by the bi-gyrogroup operation &' in R™*" in Definition 35 below.

Definition 35. (Bi-gyrogroup Operation, Bi-gyrogroups). Let (R™"*™ @) be a
bi-gyrogroupoid (Definition 12, p. 58). The bi-gyrogroup binary operation &' in
R™ ™ g given by

P&’ Py = (P Py)rgyr[Ps, P (221)

forall Py, Py € R" ™. The resulting groupoid (R"*™ &) is called a bi-gyrogroup.

Following (221) we have, by right gyration inversion, (162b), p. 74
PioP, = (Pl @,PQ)I'gyI‘[Pl, PQ] (222)

for all P, P, € R™*™,

We will find in the sequel that the bi-gyrogroups (R"™*™, @&'), rather than the bi-
gyrogroupoids (R™*™ @), form the desired elegant algebraic structure that the
parametrization of the Lorentz group SO(m, n) encodes. The point is that we must
study bi-gyrogroupoids in order to pave the way to the study of bi-gyrogroups.
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Accordingly, we note that the bi-gyrogroup operation &’ is determined in (221) in
terms of the bi-gyrogroupoid operation @ and a right gyration. However, it can be
determined equivalently by & and a left gyration as well. Indeed, it follows from
(221) and the bi-gyrocommutative law (161), p. 74, in (R™*"™, @) that

Pl@,PQ = lgyI‘[Pl, PQ](PQ@Pl) (223)

and hence
PP, = lgyr[Pl, PQ](PQ@,Pl) (224)

for all Py, P, € R™*™,

Following Definition 35 of the bi-gyrogroup binary operation &’ in R"*"™ it proves
useful to express the bi-gyrations of R"™*"™ in terms of &' rather than &, in the fol-
lowing theorem.

Theorem 36. (Bi-gyrogroup Bi-gyrations). The left and right bi-gyration in the
bi-gyrogroup (R™*™ &') are given by the equations

-1
lgyr[PL, Po] = \/In, + (PL®'Py) (P& Py)!

x {P1P§ + /I + PP L + P2P2t}

(225)

rgyr[PhPQ]: {PfPQ"i‘\/Im‘i‘PltPl\/Im‘f'PQtPQ}

X /Iy + (Po®' P1){(Po@'Pp)
for all Py, P, € R"*™,

Proof: Noting that rgyr[ P, P>} € SO(m), the first equation in (225) follows from
(222) and the second equation in (107), p. 61. Similarly, noting that lgyr[P;, Ps] €
SO(n), the second equation in (225) follows from (224) and the third equation in
(107). |

Note that the first equation in (225) and the second equation in (107), p. 61, are
identically the same equations with a single exception: the binary operation & in
(107) is replaced by the binary operation &’ in (225). Note also that the order of
gyrosummation in the second equation in (225) is Po@’ P rather than Py @' Ps.
Clearly, the identity element of the groupoid (R™*™, &) is 0y, ,,,, and the inverse
&'Pof P e (R, @) is &P = &P = —P, as stated in (220), noting that
rgyr[©P, P] = I, is trivial according to Corollary 14, p. 61.

Following a study of bi-gyrogroups in the sequel we will present an axiomatic
approach to bi-gyrogroups, which forms a natural extension of the axiomatic ap-
proach to groups and to gyrogroups.
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Theorem 37. (Bi-gyrogroup Left and Right Automorphisms).
On(PL@®'Py) = 0, P1&' O, P
(P& Py)Oy, = P10y @ POy, (226)
On(PL@®' P2)Oyy = 05, PLOp, &' O, P20y,
forall P, P, € R"™™, O, € SO(n) and O,, € SO(m).

Proof: The first identity in (226) is proved in the following chain of equations,
which are numbered for subsequent explanation

On (P’ P) On(P1@®Py)rgyr[ Py, Py]

— —
~ ~

OnPi®0O, Po)rgyr| Py, P
(OnPy b )rgyr[ P, P o

—
w
=

(Onpl@OnPg)rgyr[OnPg, OnPﬂ

= 1}

On P&’ O, Ps.
Derivation of the numbered equalities in (227) follows
1. Follows from Definition 35.
2. Follows from the first identity in (121), p. 63.
3. Follows from (145), p. 69.

4. Follows from Definition 35.

The second identity in (226) is proved in the following chain of equations, which
are numbered for subsequent explanation

—

1)

(Pl@/PQ)Om (Pl@PQ)I“gyI'[PQ,Pl]Om

PePR)0,, P,0,,, POy,
(PL®P2)Oprgyr[ Py 10m) 228)

(P10 ®Py0,,)rgyr[ POy, PLOy)

= e e 1)

PlOmEBIPQOm.

Derivation of the numbered equalities in (228) follows
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1. Follows from Definition 35.

2. Follows from in (138), p. 67.

3. Follows from the second identity in (121), p. 63.

4. Follows from Definition 35.
Finally, the third identity in (226) follows immediately from the first two identities
in (226). |
The maps O,, : P — O, P, O,, : P — PO,,, and (O,,,O,,) : P — O, PO,, of

R™ ™ onto itself are bijective. Hence, by Theorem 37

1. the map O,, : P — O,P is a left automorphism of the bi-gyrogroup
(RnXm’ @/)

2. the map O,, : P — PO, is a right automorphism of the bi-gyrogroup
(Rnxm’ @/) and

3. the map (O, Oy,) : P — O,, PO, is a bi-automorphism of the bi-gyrogroup
(R™™ @) (A bi-automorphism being an automorphism consisting of a left
and a right automorphism).

Theorem 38. (Left cancellation law in the groupoid (R"*™, &')). The bi-gyro-
group (R™*™ &) possesses the left cancellation law

P (P P) = Py (229)
forall Py, Py € R"*™,

Proof: The proof is provided by the following chain of equations, which are num-
bered for subsequent explanation
1)
@/Pl@l(Pl@/PQ) — @Pl@'(Pl@Pg)rgyr[Pg, Py
)
— (oh&(P1&P)rgyr[Py, P )rgyr((PLoP,)rgyr[ Py, P1], ©P1]

3
2 (230)

y

(OP1®(PL®Py)rgyr [Py, Pi])rgyr[Py, P2
(4)
SPirgyr[Pr, P|&(PL1o )

=)

Ps.

Derivation of the numbered equalities in (230) follows
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1. Follows from (220) and from Definition 35 of &’ applied to P&’ P;.
2. Follows from Definition 35 of ¢'.
3. Follows from (216), p. 85.

4. Follows from the second identity in (121) of Theorem 15, p. 63, applied with
O, = rgyr[ P, Pi], and from the bi-gyration inversion law (156), p. 73.

5. Follows from the left cancellation law (170), p. 76, in (R™*™, @).

Lemma 39. Let O,, € SO(n) and O,, € SO(m), n,m € N. Then
for all P € R™™ if and only if O, = I, and O, = I,.

Proof: If O,, = I,, and O,,, = I,,,, then obviously (231) is true for all P € R™*™,

Conversely, assuming O,, PO,,, = P, or equivalently
O! P = PO,, (232)

O, € SO(n), O, € SO(m), for all P € R"*™, we will show that O,, = I,, and
Om = In.

Let
ai] ... Qin bll e blm

ol =1 : , Om=1 : . (233)
Apl ... QAapn bml bmm

Furthermore, let P;; € R™*™ be the matrix

0...0...0
Pj=]0...1...0[er>m™ (234)
0...0...0
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Then the matrix product O, P;;

0... ai; 0
OLPj=10...a;...0| e R™™ (235)
is a matrix with j-th column (ay, ..., @, . . . ,am)t and zeros elsewhere. Shown

explicitly in (235) are the first column, the j-th column and the m-th column of the
matrix Ofl P;;, along with its first row, i-th row and n-th row.

Similarly, the matrix product P;;O,,

0 ...0 ... 0
PijOm = blj - bjj ce bjm e R"xm (236)
0 ... 0. 0
is a matrix with i-th row (b1j,...,bj;,...,bjn) and zeros elsewhere. Shown ex-

plicitly in (236) are the first column, the j-th column and the m-th column of the
matrix P;;O,,, along with its first row, ¢-th row and n-th row.

It follows from (232) that (235) and (236) are equal. Hence, by comparing entries
of the matrices in (235) —(236) we have

aii = bj; (237)
and
aii, =0, bjj, =0 (238)
foralli,i; =1,...,n,and all j,j; =1,...,m, 41 # i and j; # j.
By (237)—(238) and (233) we have
Of =\, Om = M. (239)

Moreover, A = 1 since, by assumption, O,, € SO(n) and O,, € SO(m). Hence,
O,, = I,, and O,,, = I,;,, as desired. [ |

The following Lemma 40 is an immediate consequence of Lemma 39.
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Lemma 40. Let O,, ;, € SO(n) and Oy, € SO(m), n,m € N, k = 1,2. Then
Omlpom,l = On,QPOm,Q (240)
forall P € R™™ ifand only if Oy, 1 = Oy 2 and Oy 1 = Oy 2.

15. Bi-Gyration Decomposition and Polar Decomposition

In this section we present manipulations that lead to the bi-gyroassociative and
bi-gyrocommutative laws of the binary operation ¢’ in Theorems 41 and 42 below.

The product of two bi-boosts, B(P;) and B(P2), P1, P, € R™ ™ is a Lorentz
transformation A = B(P;)B(P2) € SO(m,n) that need not be a bi-boost. As
such, it possesses the bi-gyration decomposition (73), p. 52, as well as the polar
decomposition (83), p. 54, along with the bi-gyration in (103), p. 59.

The bi-gyration decomposition of the bi-boost product gives rise to the binary op-
eration & in R™*"™ as follows. By (102), p. 59, the bi-boost product B(P;)B(P)
possesses the unique bi-gyration decomposition (104)

B(P1)B(P2) = p(rgyr[Py, Po]) B(Pi2) A(lgyr [Py, P)) (241)
where, by Definition 12, p. 58
Py = Poh. (242)

Similarly, the polar decomposition of the bi-boost product gives rise to the binary
operation &’ in R™*™ as follows. By (83), p. 54, and (103), the bi-boost product
B(Py)B(P,) possesses the unique polar decomposition

B(P1)B(P2) = B(P5)p(rgyr[P1, P2))A(lgyr [Py, P2)) (243)
where, by definition

P!, = P& P. (244)

In order to see the relationship between the binary operations ¢ and @’ in R"*™ we
employ the second identity in (77), p. 53, with O,,, = rgyr[Py, P»] to manipulate
the polar decomposition (243) into the equivalent bi-gyration decomposition

B(P1)B(Py) = B(Py)p(rgyr[Pr, Po))A(lgyr[ Py, Po])

245
— plrayrlP1, Pa)) B(Plyreytl P, PN lgvt[PL ). )

Comparing (245) with (241), noting that the bi-gyration decomposition is unique,
we find that Pj,rgyr[Py, P2] = Pia, or equivalently, by means of (242) and (244)

P1&" Py = (P1&Py)rgyr[ Py, P1], P &Py = (P1&" Pa)rgyr [Py, P2] (246)
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in agreement with the definition of &’ in Definition 35. Hence
o =9 (247)

It follows from (247) that the bi-gyrogroup operation &' = @ in Definition 35
stems from the polar decomposition (243), just as the bi-gyrogroupoid operation
@ stems from the bi-gyration decomposition (241).

It is convenient here to temporarily use the short notation
Lp, p, :=1gyr[P1, P2],  Rp, p, == 18y1[P1, P (248)

in intermediate results, turning back to the full notation in final results, noting that
Lp!.p, = Lpy,py and Rpl p, = Rp, p,.
Identities (243) and (246) imply

p(Rpy p)AN(Lp, p,) = B(—(P1®&P2)Rp, p ) B(P1)B(P2). (249)

Identities (241) and (246) imply, by right gyration inversion, the following chain
of equations, which are numbered for subsequent explanation

—~

1)

B(Pi®P2)A(Lp,,p,) p(Rp, P, )B(P1)B(P)

B(P\ Ry py)pl Ry 1) B(P) (250

= = 1)

B(PlRpl,P2)B(PQRP1,P2)p(RP2,P1)'

Derivation of the numbered equalities in (250) follows

1. This identity is obtained from (241) and (242) by using the right gyration
inversion law in (156) according to which p(rgyr[P1, P2]) ™! = p(Rp,.p, ).

2. Follows from Item (1) by an application to B(P;) of the second identity
in (77), p. 53, with O,,, = Rp, p,, noting the right gyration inversion law,
Rp, . p,Rp, p, = Iip.

3. Like Item (2), Item (3) follows from an application to B(P3) of the second
identity in (77), p. 53, with O,,, = Rp, p,, noting the right gyration inversion
law, RPl,Pngg,Pl = Im.

By means of (250) and right gyration inversion we have

B(Pi®P) = B(PiRp, p,) B(P2Rp, p,) p(Rp,,p, )M Lp,,p,) (251)
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so that, by bi-boost inversion
p(RPQ,Pl))‘(LPQ,Pl) = B(@PQRPl,Pz)B(eleP1,P2)B(P1@P2)~ (252)

Inverting both sides of (252) and noting that the matrices A\(L p, p,) and p(Rp, p,)
commute, we obtain the identity

p(Rp,,p)MLp, p,) = B(&(P1&P2))B(PLRp py) B(P2Rp py).  (253)
Comparing (249) and (253), we obtain the identity

B(e(Pi®P2)Rp, p,)B(P1)B(P2) = B(e(Pi©P))B(PLRp, p,) B(P2Rp, p,)
(254)
= P(RP1,P2))\(LP1,P2)

which, in full notation, takes the form
B(o(Pi@P)rgyr[Ps, P])B(P1)B(P2)
= B(e(P1&R))B(Pirgyr[Py, Pb]) B(Porgyr[Py, Po]) (255)
= p(rgyr[P1, P2])A(Igyr[ Py, P)).
By Definition 35, the extreme sides of (255) yield the identity
p(rgyr[Pr, P))A(lgyr [Py, Po]) = B(6(P1&'P2))B(P1)B(P,) (256)
so that for all Py, Py, X € R™*™

p(rgyr[Pr, P))A(lgyr [Py, P2]) B(X) = B(e(P1&'P,))B(P1)B(P2) B(X).
(257)
Let J; (J2) denote the left (right) side of (257). Using the column notation in (79),
p- 53, we manipulate the left side, J1, of (257) as follows, where we apply the
Lorentz transformation product law (148), p. 71, and note Corollary 14 on trivial
bi-gyrations. Therefore

Ji = p(rgyr[Pr, P2])A(lgyr[Pr, P]) B(X)

On,m On,m X On,m X
= lgyr[Pl, PQ] I, I, | = lgyr[Pl, Pg] I, (258)
I, rgyr[ P, P I, rgyr[ Py, P2]) \Ip
Igyr[Plv PQ]X 1gyr[P17 PQ]X Al
= | 1gyr[0pnm,lgyr[P1, Po| X]Igyr[P1, Po] | = | lgyr[P1, P] | =:| B1

rgyr[Pr, Po]rgyr(0y, m, 1gyr[Pr, Po] X] rgyr[ Py, P C1
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Similarly, applying the Lorentz transformation product law (148) we manipulate
the right side, J2, of (257) as follows

o(Pa'P) Py Py X

I, I, I, I,
o(Pe'R)\ [P PoX (259)
= I, I, lgyr[Ps, X]
Im Im rgyr[Pg,X]
(P Py) Pirgyr[Py, X]G(P2®X)
= I, lgyr[Pirgyr[Pa, X|, Po® X |lgyr|[ P, X]
I, rgyr|Pa, X]rgyr[Pirgyr[Pa, X], P& X]|

In the following equations (260) we adjust each entry of the right column of the
extreme right side of (259) to our needs.

By the second equation in (121), p. 63, with O,, = rgyr[Ps, X|, and the right
gyration inversion law (162b), and by (221) —(222), we have

Pirgyr[ Py, X|®(Po® X ) = {P1®(Po® X)rgyr[ X, Pl }rgyr[Pe, X]
= (Pa(P@'X) hrgyr[Ps, X] (260a)
= {3/ (PR3 X) yrgyr[Pr, P,®' X|rgyr[Pe, X].
By (144) with O,,, = rgyr[X, P5], and the right gyration inversion law (162b), and
by (221), we have
lgyr[Pirgyr[ Py, X, Po® X] = lgyr[ Py, (Po® X )rgyr[X, Ps]

, (260b)
= lgyr[P1, P,®' X].

By (138) with O,,, = rgyr[P», X], and the right gyration inversion law (162b), and
by (221), we have
rgyr[ P, X]rgyr[Pirgyr[Ps, X], P, X]
= rgyr [Py, (P®X)rgyr[X, Py]lrgyr[Ps, X] (260c)
= rgyr[P1, P& X]rgyr[ P, X].
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By means of the equations in (260), the extreme right side of (259) can be written
as

(P& P)\ [{ P& (P® X) hrgyr[Pr, Po® X|rgyr [Py, X]| Ao
Jo = I, lgyr[Pl,Pg@'X]lgyr[Pg,X] =:| By
I, rgyr[ Py, P@' X|rgyr[Pa, X] Co

261)

We now face the task of calculating As, By and C by means of the Lorentz product
law (148). Applying the Lorentz product law to (261), we calculate the second
entry, Ba, of Jo and simplify it in the following chain of equations, which are
numbered for subsequent explanation, and where we use the notation

O = 1gyr|P1, Py®' X|rgyr[Ps, X| (262)

—
—
~—

By = 1gyr[0(P1&'P) Oy, { Pi® (Pa®' X) YO |lgyr [ P1, Pad' X lgyr [P, X
(263)
(2
==

lgyr[O(P1@' By), P& (P X)lgyr[Pr, Po@' Xlgyr[Ps, X].
Derivation of the numbered equalities in (263) follows

1. This equation is obtained by calculating the Lorentz transformation product
in (261) by means of (148), selecting the resulting second entry, and using
the notation in (262).

2. Follows from Item (1) by omitting the matrix O,,, from the two entries of
lgyr according to (144), p. 69.

By (257), J1 = J and hence, by (258) and (261), By, = Bj, that is, by (263) and
(258)

lgyr[©(P&'P2), P& (P2@' X)lgyr[Pr, P2 X]lgyr [Py, X] = lgyr[ P, P]
(264)

for all Py, Py, X € R™*™,

Similarly, we calculate the third entry, C's, of Jo and simplify it in the following

chain of equations, which are numbered for subsequent explanation
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—~
—
~—

Cy rgyr[Pi, Po® X rgyr[Ps, X]
rgyr[S (P& Po)rgyr[Pr, P&’ X|rgyr([ P2, X]|

{P@ (P& X)}rgyr[ Py, Pa@' X]rgyr[Ps, X
(265)

—~~
N
~

rgyr[P1, Po® X|rgyr[©( P& Py)rgyr[Pr, P®' X],
{P1&' (P& X)}rgyr[Pr, P@' X]rgyr[Ps, X]|

—
=

rgyr[S(P1&®' Py), PL@ (Pa@' X)|rgyr[Pr, Po®' X rgyr[ Py, X].

Derivation of the numbered equalities in (265) follows

1. This equation is obtained by calculating the Lorentz transformation product
in (261) by means of (148), and selecting the resulting third entry.

2. Follows from Item (1) by applying Identity (138), p. 67, with O,,, given by
Om = rgyr[P27X]'

3. Follows from Item (2) by applying Identity (138), p. 67, with O,,, given by
Oy, = rgyr[P1, P,d' X].

By (257), J1 = Jo and hence, by (258) and (261), C's = (', that is, by (265) and
(258)

1gyr[S(P1@' P2), PL@ (Po@®' X)|rgyr[Pr, Po® X]rgyr[Pe, X] = rgyr[P1, Po]  (266)
forall Py, Py, X € R™*™,

We are now in a position to calculate the first entry, Ao, of J2 and simplify it in the
following chain of equations, which are numbered for subsequent explanation

(1)

)

Ao G(Pl@’Pg)rgyr[Pl, PQ@/X]I'gyI‘[PQ, X]

&{ P& (P@' X) brgyr [Py, P& X]rgyr [Py, X]

{e(P&'P)e{ P&/ (P& X)}rgyr[P1, P&’ X|rgyr[Ps, X] (267)

{6(P1d' ) {P1d (P& X) }rgyr[o(Pia' Py), P& (P28 X))
rgyr[Pr, Po® X|rgyr[ Py, X]|

e )=

—
E

{o(P@' P)a' { Pia (@' X)} Jreyr[Pr, Po).

Derivation of the numbered equalities in (267) follows
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1. This equation is obtained by calculating the Lorentz transformation product
in (261) by means of (148), and selecting the resulting first entry.

2. Item (2) is obtained by using the second Identity in (121) with
Om = rgyr[Py, Po@® X]rgyr[Ps, X].

3. The binary operation ¢ that appears in Item (2) is expressed here in terms of
the binary operation &’ by means of (222).

4. Item (4) follows from Item (3) by Identity (266).

By (257), J1 = J» and hence, by (258) and (261), As = Ay, that is, by (267) and
(258)
{o(P1@' P { P&/ (P,@' X))} Yrgyr [Py, Po] = lgyr[ P, P] X. (268)
Hence, by right gyration inversion
(P& P)@'{ P18 (P& X)} = lgyr[Pr, Po| Xrgyr([Py, P (269)
for all Py, P, X € R™*"™,

Left gyroadding (P&’ P2)&’ to both sides of (269) and applying the left cancella-
tion law (229), we obtain the left bi-gyroassociative law

(P@' Py) @ 1gyr[P1, Po) Xrgyr| Py, Pi]
= (P& P)d' {6 (P@' P)d'{Pd (@' X)}} = Pd (Pd'X). (270)

Theorem 41. (Bi-gyrogroup left and right bi-gyroassociative law). The binary
operation &' in R"*™ possesses the left bi-gyroassociative law

Pl@/(PQEB/X) = (Pl@’PQ)@'lgyr[Pl, Pg]Xrgyr[Pg, Pl] (271)
and the right bi-gyroassociative law
(Pl@/PQ)@,X = Pl@/(PQ@llgyl"[PQ, Pl]Xrgyr[Pl, PQD (272)

forall P, Py, X € R™™,

Proof: The left bi-gyroassociative law (271) is proved in (270).

The right bi-gyroassociative law (272) results from an application of the left bi-
gyroassociative law to the right side of (272), by means of bi-gyration inversion

Pl@/(PQ@llgyr[PQ, Pl]XI‘gyI'[Pl, PQ])
= (P’ Py)@'Igyr [Py, Py|lgyr[ Py, Py Xvgyr[Py, Polrgyr[P2, PI]  (273)

= (P1 @,PQ)@/X.
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16. Bi-Gyrocommutative Law

The bi-gyrocommutative law in (R™*™ &') is obtained in Section 15 by com-
paring the bi-gyration decomposition and the polar decomposition of the bi-boost
product A = B(P;)B(P,). In this section we derive the bi-gyrocommutative law
in (R™™™ &') from its counterpart (161), p. 74, in (R"*™ ).

Theorem 42. (Bi-gyrocommutative law in (R"*™ &')). The binary operation
@' in R"*"™ possesses the bi-gyrocommutative law

Pl@lpg = lgyr[Pl, PQ](PQ@Ipl)rgyr[PQ, Pl] (274)
for all Py, P, € R™*™,

Proof: By means of (222), p. 86, and right gyration inversion (162b), p. 74, the
bi-gyrocommutative law (161), p. 74, in (R™*™ @) can be expressed in terms of

@' rather than @, obtaining
(PL@ Py)rgyr[P1, Po] = lgyr[Py, Po](Po®' Pr)rgyr[ Py, Pi]rgyr[Py, P2 275
= lgyr[Pl, PQ] (Pg@lpl).

Identity (274) of the Theorem follows immediately from (275) by right gyration
inversion. u

17. Gyrogroup Gyrations

The bi-gyroassociative laws (271)—(272) and the bi-gyrocommutative law (274)
suggest the following definition of gyrations in terms of left and right gyrations.

Definition 43. (Gyrogroup gyrations). The gyrator
gyr : R™ x R™™ — Aut(R™™, @)

generates automorphisms called gyrations, gyr [Py, Ps] € Aut(R™*™, @'), given
by the equation

gyr [P1, Po| X = lgyr[P1, Po] Xrgyr[ Py, Pi] (276)

forall Py, Py, X € R™ ™ where left gyrations, lgyr[ Py, Ps|, and right gyrations,
rgyr[Py, Pi], are given in (107), p. 61. The gyration gyr [Py, Ps] is said to be
the gyration generated by Py, P, € R"*"™. Being automorphisms of (R™"*™ &'),
gyrations are also called gyroautomorphisms.
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Definition 43 will turn out rewarding, leading to the discovery that any bi-gyrogroup
(R™™ &') is a gyrocommutative gyrogroup.

Theorem 44. (Gyrogroup gyroassociative and gyrocommutative laws). The bi-
nary operation @' in R"*™ obeys the left and the right gyroassociative law

Pa (Pd' X) = (P& P)@ gyr [P, P3) X (277)

and
(Pl@’Pg)EB'X = P1€B/(P2@’gyr [P, P1]X) (278)

and the gyrocommutative law

P&’ Py = gyr [Py, Po|(P®' ). (279)

Proof: Identities (277)—(278) follow immediately from Definition 43 and the left
and right bi-gyroassociative law (271) — (272). Similarly, (279) follow immediately
from Definition 43 and the bi-gyrocommutative law (274). |

Lemma 45. The relation (276) between gyrations gyr [Py, P>] and corresponding
bi-gyrations (1gyr[ Py, P, rgyr|[ P, P1]), Pi, Py € (R™™™ &), is bijective.

Proof: Let P, € R™"™ k =1,2,3,4. Assuming
(gyr[Pr, Po], rgyr[Ps, 1)) = (gyr[P3, Py],xgyr([Fy, Ps]) (280)
it clearly follows from (276) that
gyr [P1, Po| = gyr [Ps, Py. (281)
Conversely, assuming (281), then
gyr [P, Po] X = gyr [P, P4] X (282)
for all X € R™* ™ so that by (276)
lgyr[P1, Po| Xrgyr|[Po, P1| = lgyr[Ps, Py) Xrgyr[Py, Ps) (283)

for all X € R™*™,
Noting that 1gyr[P, Q] € SO(n) and rgyr[P, Q] € SO(m) for any P, Q) € R"*"™,
(280) follows from (283) and Lemma 40, p. 92, and the proof is complete. |

It is anticipated in Definition 43 that gyrations are automorphisms. The following
theorem asserts that this is indeed the case.
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Theorem 46. (Gyroautomorphism). Gyrations gyr [Py, P2| of a bi-gyrogroup
(R™*™ @') are automorphisms of the bi-gyrogroup.

Proof: It follows from the bi-gyration inversion law in Theorem 26, p. 74, and
from (276) that gyr [Py, P»] is invertible

gyr ~'[P1, Po] = gyr [Py, P (284)
for all P, P, € R™"*™,

Furthermore, noting that Igyr[ Py, P»] € SO(n) and rgyr[ Py, P»] € SO(m) it fol-
lows from (276) and the third identity in (226), p. 88, that

gyr [Pr, Po|(P&'Q) = gyr [P1, P]P&'gyr [P1, P)]Q (285)
for all Py, P», P,Q € R™ ™. Hence, by (284) and (285), gyrations of (R"*™ &')
are automorphisms of (R™*™ '), and the proof is complete. ]
Theorem 47. (Left gyration reduction properties). Left gyrations of a
bi-gyrogroup (R™*™ &') possess the left gyration left reduction property

lgyr[Pl, PQ] = lgyr[Pl@/Pg, PQ] (286)

and the left gyration right reduction property
lgyr[P1, Po] = lgyr[Py, Py®'Py]. (287)
Proof: By (190), p. 80, (144), p. 69, with O,,, = rgyr[P,, P;], gyration inversion,
and (221), p. 86, we have the following chain of equations
lgyr[P1, Po] = Igyr[P1® Py, Porgyr[ Py, Py
= lgyr[(P1®P2)rgyr [P, P1], Porgyr[ Py, Porgyr[Ps, P1]]
(288)
= lgyr[(P1®P)rgyr[Py, P1], P]
= lgyr[P1 @' Py, P,]
thus proving (286).
By (191), p. 80, (145), p. 69, with O,,, = rgyr[P;, P,], gyration inversion, and
(221), p. 86, we have the following chain of equations
lgyr[Py, Py = 1gyr[Pirgyr[ Py, Pi], Py® Py
= lgyr[Pirgyr [Py, Prlrgyr[Py, Po], (P& P1)rgyr[Pr, Pyl

(289)
= lgyr[P1, (P2® Py )rgyr|[ Py, Pol]

= lgyr[Py, P,®' P
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thus proving (287). |
Theorem 48. (Right gyration reduction properties). Right gyrations of a bi-
gyrogroup (R™*™ &) possess the right gyration left reduction property

rgyr[Pl, PQ] = rgyr[Pl@/Pg, PQ] (290)
and the right gyration right reduction property

rgyr| Py, P] = rgyr[Pr, Po@' Py]. (291)

Proof: By (195), p. 81, (145), p. 69, with O,, = lgyr[Py, P»], gyration inversion,
and (223), p. 87, we have the following chain of equations

rgyr|[ Py, Po] = rgyr[Pa® Py, 1gyr[ Py, Py| P
= rgyr(lgyr[ Py, Po|(Pe®Py), gyt [Py, P]lgyr[ Py, P1]Ps]
= rgyr[lgyr[ Py, P3](Po®Py), Po) 2
= rgyr[P D' Py, P

thus proving (290).

By (194), p. 81, (145), p. 69, with O,, = lgyr[Ps, P|, gyration inversion, and
(223), p. 87, we have the following chain of equations

rgyr[ Py, Po] = rgyr(lgyr[Pr, Po| Py, P& P)]

= rgyr(lgyr[Py, Prllgyr[P1, Po] Py, lgyr [P, PA[(P1&.Py)]

= rgyr[Py, lgyr[Ps, PA](P1&P,)] &

= rgyr[Py, P& Py
thus proving (291). ]
Theorem 49. (Gyration reduction properties). The gyrations of any bi-gyrogroup
(R™™ &), m,n € N, possess the left and right reduction property

gyr [Pr, Py] = gyr [P1&' Py, P (294)

and
gyr [Py, Po] = gyr [P, P@' Py (295)

Proof: Identities (294) and (295) follow from Definition 43 of gyr in terms of 1gyr
and rgyr, and from Theorems 47 and 48. |
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18. Gyrogroups

We are now in a position to present the definition of the abstract gyrocommutative
gyrogroup, and prove that any bi-gyrogroup (R™*™ @&') is a gyrocommutative
gyrogroup.

Forming a natural generalization of groups, gyrogroups emerged in the 1988 study
of the parametrization of the Lorentz group of Einstein’s special relativity the-
ory [18, 19]. Einstein velocity addition, thus, provides a concrete example of a
gyrocommutative gyrogroup operation in the ball of all relativistically admissible
velocities.

Definition 50. (Gyrogroups). A groupoid (G, ®) is a gyrogroup if its binary op-
eration satisfies the following axioms G1)—GS). In G there is at least one element,
0, called a left identity, satisfying

Gl1) 0®a =a

forall a € G. There is an element 0 € G satisfying axiom G1) such that for each
a € G there is an element ©a € G, called a left inverse of a, satisfying

G2) eada = 0.

Moreover, for any a,b,c € G there exists a unique element gyr [a,blc € G such
that the binary operation obeys the left gyroassociative law

G3) a®(bdc) = (adb)dgyr [a, b]c.

The map gyr [a,b] : G — G given by ¢ — gyr |a, b|c is an automorphism of the
groupoid (G, ®), that is

G4) gyr [a,b] € Aut(G, ®)

and the automorphism gyr [a, b of G is called the gyroautomorphism, or the gy-
ration, of G generated by a,b € G. The operator gyr : G X G — Aut(G, D) is
called the gyrator of G. Finally, the gyroautomorphism gyr [a, b] generated by any
a,b € G possesses the left reduction property

G5) gyr [a, b] = gyr [adb, b]

called the reduction axiom.

The gyrogroup axioms G1)—GS5) in Definition 50 are classified into three classes:
1. The first pair of axioms, G1) and G2), is a reminiscent of the group axioms.

2. The last pair of axioms, G4) and G5), presents the gyrator axioms.

3. The middle axiom, G3), is a hybrid axiom linking the two pairs of axioms in
(1) and (2).
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As in group theory, we use the notation a©b = a®(Sb) in gyrogroup theory as
well.

In full analogy with groups, gyrogroups are classified into gyrocommutative and
non-gyrocommutative gyrogroups.

Definition 51. (Gyrocommutative gyrogroups). A gyrogroup (G,®) is gyro-
commutative if its binary operation obeys the gyrocommutative law

G6) a®b=gyrla,bl(bda)

forall a,b € G.

Theorem 52. (Gyrocommutative gyrogroup). Any bi-gyrogroup (R"*™ &),
n, m € N, is a gyrocommutative gyrogroup.

Proof: We will validate each of the six gyrocommutative gyrogroup axioms G1)-
GO6) in Definitions 50 and 51.

1. The bi-gyrogroup (R™*™, @) possesses the left identity 0, ,,,, thus validat-
ing Axiom G1).

2. Every element P € R™*™ possesses the left inverse &'P := —P € R"*™,
thus validating Axiom G2).

3. The binary operation &’ obeys the left gyroassociative law (277) by Theorem
44, thus validating Axiom G3).

4. The map gyr [Py, P] is an automorphism of (R"*™ &') by Theorem 46,
that is, gyr [P1, P2] € Aut(R™*™, @), thus validating Axiom G4).

5. The binary operation &’ in R™*"™ possesses the left reduction property (294)

by Theorem 49, thus validating Axiom G5).

6. The binary operation &' in R™*™ possesses the gyrocommutative law (279)
by Theorem 44, thus validating Axiom G6).

19. The Abstract Bi-Gyrogroup

Following the key features of the bi-gyrogroups (R™*",@’), the abstract (bi-
gyrocommutative) bi-gyrogroup is defined to be an abstract (gyrocommutative) gy-
rogroup the gyrations of which are bi-gyrations. In order to define bi-gyrations in
the abstract context, we introduce the concept of bi-automorphisms of a groupoid.
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An automorphism of a groupoid (.S, +) is a bijective map f of S onto itself that
respects the groupoid binary operation, that is, f(s1 + s2) = f(s1) + f(s2) for
all s1, s € S. An automorphism group, Auto (.S, +), of (.S, +) is a group of auto-
morphisms of (.S, +) with group operation given by automorphism composition.

Let Autz, (S, +) and Aut (S, +) be two automorphism groups of (S, +), called a
left and a right automorphism group of (.S, +), such that

Auty, (S, +) NAutg(S, +) =T (296)

I being the identity automorphism of (S, +).
Finally, let
Auto(S,+) = Aut(S,+) x Autg(S,+) (297)

be the direct product of Auty (S, +) and Autg(S, +).
1. The application of f7, € Autz(S,+) to s € S is denoted by f7(s) or frs.
2. The application of fr € Autgr(S,+)to s € S is denoted by (s) fr or sfr.

3. Accordingly, the application of (f7, fr) € Autg(S,+) to s € S is denoted

by
(fr,fr)s = frsfr (298)
where we assume that the composed map in (298) is associative, that is
(fLs)fr = [L(sfR). (299)

Furthermore, we assume that the composed map in (298) is unique, that is

frisfri = frasfre = froi1 = frL2 andfr1 = fr2 (300)

forany fr, 5 € Autr(S,+), fri € Autg(S,+),k=1,2,ands € S.

The automorphism group Auto(S,+) = Autz (S, +) x Autg(S, +) is said to be
a bi-automorphism group of the groupoid (S, +).

Let us now consider the case when the groupoid (.5, +) is a gyrogroup. A gyroau-
tomorphism group Autg(S,+) of (S,+) is any automorphism group of (.S, +)
that contains the gyrations of (S, +). If Aut(S, +) is a bi-automorphism group of
(S, +) then its direct product structure (297) induces a direct product structure for
its subset of gyrations

gyt [s1, 82] = (lgyr[s1, s2], rgyr[s1, s2]) (301)
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for all s1, 55 € (S, +), where

gyr [s1, 52] € Auto(S, +)
lgyr[s1, s2] € Autp(S,+) (302)
rgyr(sy, s2| € Autg (S, +).

The gyrations gyr [s1, s2] in (301) of the gyrogroup (.S, +) are naturally said to be
bi-gyrations. The application of a bi-gyration gyr [s1, 2] to s is denoted by

gyr [s1, s2]s = (Igyr[s1, so], rgyr[s1, s2])s = lgyr[s1, sa|srgyr[s1, s2]. (303)

Definition 53. (Bi-gyrogroups). A (gyrocommutative) gyrogroup whose gyra-
tions are bi-gyrations is said to be a (bi-gyrocommutative) bi-gyrogroup.

A detailed study of the abstract bi-gyrogroup is presented in [17].

Our study of special (or, unimodular) pseudo-orthogonal groups SO(m,n) can
be extended straightforwardly to an analogous study of special (or, unimodular)
pseudo-unitary groups SU(m, n). Accordingly, bi-gyrocommutative bi-gyrogroup
theory for (R™*™, @'), as developed in this article, can be extended straightfor-
wardly to (C™*™ @') where

1. real n x m matrices P € R™ ™ are replaced by complex n X m matrices
P eCcrxm

2. the transpose P! of P € R™*™ is replaced by the conjugate transpose P* =
(P)t of P € C™*™ and

3. the special orthogonal matrices Oy € SO(k), k = m,n, are replaced by
special unitary matrices Uy, € SU(k).
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