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Abstract. We provide conditions for a lattice scheme defined on a four points
lattice to be linearizable by a point transformation. We apply the obtained conditions
to a symmetry preserving difference scheme for the Burgers potential introduced by
Dorodnitsyn and show that it is not linearizable.

1. Introduction

In a recent article [4] we extended to lattice equations the theorems introduced by
Bluman and Kumei [2] for proving the linearizability of nonlinear Partial Differen-
tial Equations (PDEs) (for a recent extended review see [1]) based on the analysis
of the symmetry properties of linear PDEs.

Here we extend the results of [4] to the case of a lattice scheme, i.e., when the
lattice is not a priory given but it is defined by an equation so as to be able to
perform a symmetry preserving discretization of a PDE.

In Section 2 we prove a theorem characterizing the symmetries of linear difference
schemes on four lattice points and in Section 3 we apply it to find conditions under
which a nonlinear difference scheme is linearizable. These conditions are then
applied to the symmetry preserving discretization of the Burgers potential.

2. Symmetries of Linear Schemes

In this Section we define a difference scheme and provide the symmetry conditions
under which such a scheme is linearizable. To do so in a definite way we limit
ourselves to the case when the equation and the lattice are defined on four points
in the plane, i.e., we consider one scalar equation for a continuous function of two
(continuous) variables: uy, , = (T n, tm ) defined on four lattice points.
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Figure 1. The Z? square-lattice where the equation is defined.

2.1. The Difference Scheme

As we consider one scalar equation for a continuous function of two (continuous)
variables, a lattice will be a set of points P;, lying in the plane R? and stretching
in all directions with, a priori, no boundaries. The points P; in R? will be labeled
by two discrete labels P, ,,. The Cartesian coordinates of the point P, ,, will be
(Tm,n, tmn) With —00 < m < 0o, —00 < n < oco. The value of the dependent
variable in the point P, ;, will be denoted wy, , = U(Zym 0, tinn)-

A difference scheme will be a set of b equations relating the values of {z,t,u} in
a finite number of points. We start with one ‘reference point’ P, ,, and define a
finite number of points P, 1; ,,+; in the neighborhood of P, ,,. They must lie on
two different sets of curves, two of which will be intersecting in Py, ,,. Thus, the
difference scheme will have the form

Ea({xm-i-i,n—i-jv tmtints um+z‘,n+j}> =0, 1<a<b 0
—i1 <1 <1y, —J1 <7 < J2, i1, 42, j1, j2 € Z=°.

The situation is illustrated on Fig. 2 in the case of a 7 points lattice. Our convention
is that = increases as m grows, ¢ increases as n grows (i.€., Tymiin — Tmpn =
h1 >0, tmnt1 — tmn = ho > 0). The scheme on Fig. 2 could be used e.g. to
approximate a differential equation of third order in z, second in .

The value of b, the maximum number of different equations we consider, depends
on the kind of problems we are considering. Starting from the reference point
P, and a given number of neighboring points, it must be possible to calculate
the values of {x,¢,u} in all points in a unique way. This requires a minimum of
three equations to calculate the independent variables (x,t) in two directions and
the dependent variable v in all points. With one dependent variable in R?, at most
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Figure 2. Points on a two dimensional lattice.

we can set b = 5. Of the five equations in (1), four determine completely the lattice,
one the difference equation. If we choose b = 3 than two define the lattice and one
the difference equation and we are solving an initial value problem when both the
equation and the lattice are defined from given initial conditions. If a continuous
limit exists, (1) represent a PDE in two variables. The equations determining the
lattice will reduce to identities (like 0 = 0).

As an example of difference scheme, let us consider the simplest and most standard
lattice, namely a uniformly spaced orthogonal lattice and a difference equation
approximating the linear heat equation on this lattice. The five equations (1) in this
case are

Tm+1ln — Tmn = hi, tmtin — tmpn = 0 ()
Tmn+l — Tmn = 0, tmnt+1 — 7fm,n = ho 3)

Umn+1l — Umn _ Um+ln — 2Um7n + Um—1,n

= “)
ha (h1)?
where hq and hg are two constants.
This example is simple as the lattice equations can be solved explicitly to give
Tmn = him + xo, tyn = han + tg. 5

The usual choice is g = t9 = 0, hy = ha = 1 and then x is simply identified
with m, ¢ with n. The above example however suffices to bring out several points
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Figure 3. Four points in the case of the heat equation.

1. Four equations are needed to describe completely the lattice but in this case
there is a compatibility condition. In the whole generality two equations are
sufficient and provide the lattice starting from some initial conditions.

2. Four points are needed for equations of second order in z, first in . Only
three figure in the lattice equation, namely Py, 41,1, Py and Py, n41. To get
the fourth point, P,,_1 5, we shift m down by one unit the equations (2-4).

3. Anindependence condition is needed to be able to solve for Ty, 11,1, tm+1,n
Tmn+1, tm,n-ﬁ-l and Um,n+1-

We need the more complicated two index notation to describe arbitrary lattices and
to formulate the symmetry algorithm.

2.2. Symmetries of the Difference Scheme
We are interested in point transformations of the type

T = Fy(z,t,u), t = Gy(z,t,u), = Hy(z,t,u) (6)

where \ is a group parameter, such that when (i, ¢, u) satisfy the system (1) then
(#,t,7) satisfy the same system. The transformation acts on the entire space
(x,t,u), at least locally, i.e., in some neighborhood of the reference point P, ,,,
including all points P, »+; figuring in equation (1). That means that the same
functions F, G and H determine the transformation of all points. The transforma-
tions (6) are generated by the vector field

X = &(a,t,u)0p + (2, t, )0 + ¢(2,t,1)0y. @)
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The symmetry algebra of the system (1) is the Lie algebra of the local symmetry
group of local point transformations. An infinitesimal symmetry (7) is a symmetry
of (1) if (1) is invariant under a transformation (6). To check it we must prolong
the action of the vector field X from the reference point (T, n, tmns Um,n) tO
all points figuring in the system (1). Since the transformations are given by the
same functions F, G and H at all points, the prolongation of the vector field (7) is
obtained simply by evaluating the functions &, 7 and ¢ at the corresponding points.
In other words, we have

pr X = 3 [€tmans b ),
m,n
+ T(Tm,ns tmon, um,n)atm,n + ¢(Tm,ns tmyn, um,n)aﬂmm ®)

where the summation is over all points figuring in the system (1). The invariance
requirement is formulated in terms of the prolonged vector field as

prX Eolp—0=0, 1<a,c<b. )

Just as in the case of PDE’s [6], we can turn equation (9) into an algorithm for
determining the symmetries, i.e., finding the coefficients in vector field (7) [5].

2.3. Symmetries of a Linear Partial Difference Scheme

To be able to linearize a difference scheme using the knowledge of its symmetries
we must be able to characterize the symmetries of a linear scheme. To do so in
this subsection we prove a theorem on the structure of the symmetries of a linear
partial difference scheme.

Theorem 1. Necessary and sufficient conditions for the three difference equations
Cnn =0, Fmn = 0and &,,,, = 0 defined on four points {(m,n), (m +
1,n),(m,n+1),(m+1,n+ 1)} for a scalar function wp, n(Tmn, tmn) and the
lattice variables x, y, and tp, ,, to be linear is that they are invariant with respect
to the following infinitesimal generator

Xm,n = Um,naum,n + Xm,naa:m,n + nm,natm,n (10)

where the discrete functions vy, n, Xmn> NMm,n Satisfy three linear equations, i.e.,

Um+1n+1 = Cmns Xmt1n+1l = fmn @d Ty ny1 = Gm,n- The functions e, f and
g depend just on the functions (Vym n, Xm,n> Nm,n) 0 the points (m,n), (m+1,n)
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and (m,n + 1) and are given by

€0,0 = Q10,0 T @2v0,1 + a3v10 + a4Xo0,0 + asXo,1 + aeX1,0 + 7100
+ agno,1 + agni,o
fo,0 = b1vo,0 + b2vo,1 + b3v1,0 + baXo0,0 + b5X0,1 + beX1,0 + b710,0

(1)
+ bgno,1 + bomi o
90,0 = C1v0,0 + C2v0,1 + €3V1,0 + €4X0,0 + ¢5X0,1 + C6X1,0 + C770,0
+ c8no,1 + N0
where a1, ..., cg depend only on the lattice indices and where, here and in the

following, for the sake of simplicity we set in any discrete variable on the square
Zmtim+j = %ij. The linear equations €, , = 0, §m,n = 0 and &, ,, = 0 have
the form
Ui = aiup,p + agup1 + azuip + a4oo + asro,1 + asri,0 + artoo
+ agtp,1 + agty0
21,1 = biug,p + baug,1 + bau1,0 + bazo,o + b5T0,1 + be1,0 + brtoo
+ bgtoyl + bgtLo
t1,1 = crup,0 + Cc2up,1 + c3u10 + 4o + C5x0,1 + C6x1,0 + Crto0

(12)

+ cgto,1 + cot1,0-

Proof: To prove this Theorem we require that a generic PAE F3,, ,, = 0, depending
on a scalar function wy, », (Zm, n, tm,n) and the lattice variables x,y, ,, and ¢, ,, in the
four points {(m, n), (m +1,n), (m,n+1),(m+1,n+ 1)}, i.e., 12 variables, be
invariant under the prolongation of (10), as given by (8). The invariance condition
(9), when &, (2,8, U) = Xmons Tmn(Z,6,0) = Nmp and G p(2,t,0) = Ump
implies that £, , should depend on a set of 11 independent invariants of v, p,

Xm,n and m.n

L1 = vo,0u0,1 — v0,1%0,0, Lo = vo,ou1,0 — v1,0U0,0
L3 = vo,ou1,1 — €0,0%0,05 Ly = v0,0T0,1 — X0,1%0,0
L5 = vo,071,0 — X1,0%0,0, L¢ = vo,0m1,1 — fo,0u0,0 A
L7 = vooto,1 — 10,110,0, Lg = vgot1,0 — 11,000 (13)
Lg = voot1,1 — 80,00,0, L1g = v0,0T0,0 — X0,0U0,0

L11 = vo,0t0,0 — 10,0u0,0-

As F, , should not depend on the functions (Vp, n, Xm,n> Tm,n) in the points
(m,n), (m+1,n) and (m,n+ 1) we have nine constraints given by the equations
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8Fm,n/8vm+i7n+j = O, aFm,n/8Xm+i’n+j = 0 and 8Fm7n/8taum+i,n+j =0
with (i,7) = (0,0),(0,1),(1,0). These are first order partial differential equa-
tions for the function F, ,, with respect to the 11 invariants which we can solve on
the characteristics to define three invariants

K1 = vo,0{u1,1 — [€0,0,001%0,1 + €0,0,01,0%1,0 + €0,0,x0,0%0,0 T €0,0,x0,1 70,1
+€0,0,x1.071,0 + €0,0,70,010,0 + €0,0,m0.1 0,1 + €0,0,m1,0%1,0]} — 0,0{20,0
—[20,0,00,1 V0,1 + €0,0,01,001,0 + €0,0,x0,0X0,0 T €0,0,x0,1X0,1 F €0,0,x1,0X1,0
+€0,0,10,0770,0 T €0,0,m0,1770,1 + €0,0,m 0711,0] }

Ko = vo,0{u1,1 — [f0,0,00,1%0,1 + F0,0,01,041,0 + 0,0,x0,0%0,0
+§0,0,x1.021,0 + f0,0,m0,010,0 + f0,0,m0.1 0,1 + Fo,0m10%1,0]} — wo,0{Fo,0
—[Fo,0,00,1 00,1 + Fo,0,01.001,0 F F0,0,x0,0X0,0 F F0,0,x0,1 X0,1
+§0,0.x1,0X1,0 + F0,0,110,070,0 + F0,0m0,170,1 + Fo,0,71,071,0]}

K3 =vo0{u1,1 — [80,0,v0,1%0,1 + 80,0,01,0%1,0 + 80,0,x0,0%0,0 + 90,0,x0.1 Z0,1
+00,0,x1,0%1,0 T 80,0,m0,010,0 + 80,0,m0,1 0,1 + 80,0,m1,01,0]} — ©0,0{80,0
—[80,0,00.1v0,1 + 80,0,01,001,0 + 80,0,x0,0X0,0 + 80,0,x0,1 X0,1
+80,0,x1,0X1,0 + 80,0,70,0710,0 + 80,0,170,1 70,1 + 80,0,5:1,0771,0] }-

By construction the three invariants K;, ¢+ = 1,2, 3 are independent and the three
equations &, , = 0, §m,n = 0 and &,,,, = 0 must be defined in terms of them.
The three invariants K3, L3 and M3 still depend on the functions (v n, Xm,no
Tm,n) in the points (m,n), (m + 1,n) and (m,n + 1) while they should depend
just on the variables (4, n» T n, tm ) in the points (m, n), (m+1,n), (m,n+1)
and (m + 1,n + 1). The derivatives Fy, ,, i,, ¢ = 1,2, 3 will satisfy a set of nine
linear equations whose coefficients will form a matrix 2 9x3. The matrix 2 can
have rank 3, 2 or 1. In the case of rank 3 we have Fy,, , i, = 0, ¢ = 1,2,3,
i.e., the function F},, ,, does not depend on the 3 invariants. If the rank of 2 is 2

or 1 we can have at most two independent invariants. If we want to have three
invariants we need to require that the coefficients of the matrix 2 be zero, i.e.,

. 0K,
deﬁmng a1 = Vp,0, 2 = Vp,1, 3 = V1,0, --., X9 = 71,0 WC have 3045 = Op =
. 0K, . .
1,2,3,qg=1,...,9. The equations 8a;’ = 0 are linear homogeneous expressions

in the veriables u; j, x; j and t; ; with coefficients depending on v; ;, x; j and 7 ;,

for appropriate values of ¢ and j. Consequently (12). Than ?955 = 0 turn out
to be a set of 159 overdetermined partial differential equations for the functions
¢m,ns fm,n and gp, , Whose solution (11) is obtained using Maple. It depends on 27
integration constants which must be set equal zero if (12) does not depend on v; ;,
Xi,j and Nij- [ |
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A few remarks can be derived from Theorem 1 and must be stressed.

Remark 1. The equation for uy, ,, and those for the lattice variables ., and
tm,n are independent, however the functions appearing in the symmetry (10) do
not satisfy equations independent from those satisfied by the lattice scheme. In fact
these symmetries correspond to independent superposition laws for the equation
and the lattice.

Remark 2. If the linear equation for .,y is autonomous than the coefficients
{aa, ..., a9} are zero. The variable vy, ,, will satisfy a similar equation but the
lattice equations can depend linearly on up, .

Remark 3. The proof of Theorem 1 does not depends on the position of the four
lattice points considered, i.e., {(m,n),(m+1,n), (m,n+1),(m+1,n+1)}. The
same result is also valid if the four points are put on the triangle shown in Fig. 3,
ie, {(m,n),(m+1,n),(m—1,n),(m,n+1)}.

3. Linearizable Nonlinear Schemes

In this article each equation of a difference scheme is an equation for the contin-
uous variable w, , Ty n and ¢, ,. If the equations for the lattice variables, x, ,
and t,, 5, are solvable we get

T = X(m,n,co,c1,...), tmn =T (m,n,do,dy,...) (15)

and then the remaining equation for the variable u,, ;,, depends explicitly on n and
m, on the integration constants contained in (15) and turns out to be an algebraic,
maybe transcendental, equation of w,, , in the various lattice points involved in
the equation. So the difference scheme reduce to a non autonomous equation on a
fixed lattice and for its linearization we can apply the results of [4].

If the equations for the lattice are not solvable the difference scheme can be thought
as a system of coupled equations for the variables u, y, T, and t,, , on a fixed
lattice. In this way we can apply to the equations of the scheme the results of [4]
and, taking into account the results of the previous section, we can propose the
following linearizability theorem

Theorem 2. A nonlinear difference scheme (1) involving i1 + i2 different points in

the m index and j1+ j2 in the n index for a scalar function up, ,, of a 2—dimensional

space of coordinates T, , and t,, , will be linearizable by a point transformation
wm,n(ym,na Zm,n) = f(xm,ny tm,n, um,n)

(16)

Ymmnm = g(xmm’ tm,na umm)a Zmn = k(l‘m,na tm,na Um,n)
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to a linear difference scheme of the kind of (12) for wm n, Ymn and zpy, p if it
possesses a symmetry generator

X = &(z,t,u)0p + ¢z, t,u)0; + (2, t,u)dy "
E(Q:,U) = O[(:L',t, u)y’ ¢(x7 t’u) = B(xﬂt7u)z7 /lzz)('r’t?u) = 7(1‘7267 u)w ( )

with «, 3 and 7y given functions of their arguments and vy, z and w an arbitrary
solution of (11).

In the following we will consider the application of this theorem to a difference
scheme which one would hope that it is linearizable as is a symmetry preserving
discretization of a linearizable PDE, the Burgers potential equation [6].

3.1. Application

We consider here the discretization of the Burgers potential presented by Dorod-
nitsyn et al [3] and show that, even if it is reducible by a point transformation to the
discrete scheme of the heat equation, it is not linearizable by a point transforma-
tion. As a consequence we have also that the symmetry preserving discretization of
the heat equation presented by Dorodnitsyn et al is not a linear difference scheme.

The symmetry preserving discretization of the Burgers potential is given by the
following scheme

= e e e] s
N 2, — _
T=tmnt1 —tmns  tmiin =tmin =tmn =1t  (20)
where 7 is a constant and
W= Wi (Tmpstmn)y W= Wnnptl, W =Wpm—1p, Wi =Wmniln
AT = Tmnt+1 — Tmon, ht = Tmtln — Tmp, N = Tmn — Tm—1n-

Equations (18), (19) are written in terms of the discrete invariants Zo, Z3, Z, on the
stencil defined in terms of (7, z, Az, h™, h™, w, W, wy, w_) of the finite point
symmetries of continuous Burgers potential equation

1

Wt = Wey — —wz

Sl @
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X, =0, Xo =0, X3=10, + 20, Xi=2t0;+ 20,

N R 1 (22)
X5 = 0w, X6 = t26t + tx0; + (51‘2 + t)@w
HJF 7_1/2 1 S A2z
7 = = I = hTe?(w W)+
1ht? T2 rwy —w w—w_
=17 +h++h—[ ht ho } @3)
h™ 2hT  [h™ h~
B =y s =)+ (e =)

and goes into it in the continuous limit.

Equations (18, 19) are related to a symmetry preserving discretization of the heat
equation for ., , by the point transformation wy, , = —21og(um, »). However it
is not completely obvious if (18, 19) are reducible to a linear discrete equation, i.e.,
if it possess, as its continuous counterpart (21), an infinite dimensional symmetry
X = u(x,t)e 8y, with u(x, t) solution of the linear heat equation u; = .

We can apply on the lattice scheme (18, 19, 20) the symmetry generator

with (z,t,w) satisfying (18, 19, 20) while (y, s, u) are solutions of the linear
scheme prescribed by Theorem 1

Umn+l = AUmn + A2UM—1n + A3UM+1n T A4Ymn + A5Ym—1n + A6Ym+1,n
+a78mn + 088m—1,n + A9Sm+1.n

Ymn+l = ClUmn + C2UM—1n + C3UM+1n T C4Ymn + C5Ym—1,n + C6Ym+1n
+C7Smmn + €C8Sm—1,n + COSm+1,n (25)

Sm,n+1 = blum,n + bQUmfl,n + b3um+1,n + b4ym,n + b5ym71,n + b6ym+1,n
+b75m,n + b85m—1,n + b95m+1,n

where (a;, bj, ¢;, j = 1,...,9) are parameters at most depending on n and m. By
a long and tedious calculation carried out using a symbolic calculation program we
get that

W(z,t,w) = Po(t) + 1(t)z + o (t)z”
oz, t,w) = do(t) + ¢1(t)x + Pa(t)x” (26)
E(z,t,w) = &o(t) + i)
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Introducing (26) into the determining equations for the symmetries of the discrete
Burgers potential scheme (18, 19, 20) we get 1672 equations for the functions
(;(t), ¢j(t), &(t), 7 = 0,1,2) depending on the coefficients (a;, b;, ¢j, j =
1,...,9). 168 of those equations do not depend on the coefficients (a;, bj, c;j,
j=1,...,9 and on (¢;(t + 7), ¢;(t + 1), &(t + 7), j = 0,1,2) and can be
solved imposing that 7 # 0 we get ¢;(t) = 0 for j = 0,1,2, ¢, = 0fork = 1,2
and &, = 0 for k£ = 0, 1. Introducing this result in the remaining 1508 equations,
we get the following 9 equations

bido(t +7) = bago(t + 7) = b3go(t + 7) = bao(t + 7) = bso(t + 7)
= bedo(t +7) = do(t) — bro(t +7) = bsgo(t + 7) = bogo(t + 7) = 0.

If we require ¢o(t) be not identically null, the coefficients b;, j = 1,...6,8,9
must be all zero and by # 0. As a consequence ¢g(t) = b; ", with ¢ an arbitrary
constant. In this case we have a symmetry generator X = b-"s0; which is a
consequence of the linearity of (20). So we can conclude that the Burgers potential
scheme (18, 19) is not linearizable and that the corresponding discretization of
the heat equation [3] is not given by a linear scheme. The linearity of the lattice
equation for ¢,, ,, (20) is confirmed by the presence of the symmetry X = b " s0;.
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