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Abstract. A novel and rational approach based on Lie analysis is proposed to
investigate the mechanical behaviour of materials exhibiting experimental master
curves. This approach provides a priori two ways of formulating constitutive laws
from data as well as the possibility of predicting new master curves and material
charts. The first part of the paper is devoted to the presentation of the algorithm.
Afterwards, the strategy is applied to the uniaxial creep and rupture behaviour of a
Chrome-Molybdene alloy (9Cr1Mo) at different temperatures and stress levels.
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1. Introduction

Invariance relations — together with master curves as their graphical counterpart —
are currently used in rheology to synthesize the constitutive response of various
materials submitted to mechanical or thermal solicitations. A typical example of
such an empirical construction is the well-known time-temperature equivalence
principle, stating an equivalence between the effect of time and of temperature,
as proposed originally by Williams, Landel and Ferry, giving rise to the so-called
WLF model. In the same spirit, power laws in fatigue have been formulated in [2,3]
(see also [5] and references therein), using arguments of dimensional analysis in
combination with similarity principles.

One important field in which invariant relations are used is high temperature creep
of metallic alloys, devoted to industrial applications. Landmarks in this context are
the Larson-Miller and the Dorn models (see e.g. [22] and the references therein).
Those relations intrinsically have the meaning of invariants, and further allow
to extrapolate experimental data at different temperatures, assuming that the mi-
crostructure of the material remains stable during the creep test. The two main ob-
jectives of this kind of investigation are either the determination of the time needed
to reach a given strain for fixed stress and temperature, or the estimation of the time
leading to rupture, in the same controlled conditions. In principle, both problems,
although interrelated (viscoplasticity is coupled to damage), are distinct: the first
one is a creep problem, whereas the second more specifically involves damage.
Hence, the iso-strain responses in a double logarithmic representation of stress vs
time are not able to include the limit case of rupture, since the rupture curves are
not iso-strain curves in this representation. We consider in the present study the
creep behaviour of the 9Cr1 Mo martensitic stainless steel, which is also known for
its good thermal-fatigue strength and oxydation resistance [10]. These structural
components of nuclear power plants are particularly operative at high temperature.
According to specialists in the field, one of the most crucial problem in determin-
ing the integrity of structural components is the creep behaviour [11]. Indeed, due
to thermal activation, the material can slowly and continuously deteriorate under
constant stress, even for low stress levels, as mentioned by [27]. In [1], the be-
haviour of the 9Cr1Mo alloy at the three temperatures 923K, 873K and 823K is
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analyzed. The authors state that Norton law

e=Aoc"exp <_RQT> (D

in which A is a constant (see the nomenclature for the significance of other sym-
bols) is well representative for this material, especially regarding the activation
energy (). According to the same authors, the Monkman-Grant relation (MGR),
descriptive of a rupture criterion, well describes the relation between the minimum
creep rate (secondary stage) and the rupture time. In parallel to this, they exam-
ine the microstructural evolution of the carbide precipitation during creep loading,
and relate the creep resistance to the coarsening of certain precipitates. A log-log
plotting of the rupture time, ¢ g, versus the steady-state creep rate (or the minimum
creep rate €,,,,,), shows empirically a straight line, hence one may write

logtr + mlogémin = C )

with m, C' some constants. In practice, one very often considers the modified
Monkman-Grant relation (abbreviated MMGR)
tr / . /
log| — ) +m'logémin =C 3)
ER
in which the strain to fracture € is closely related to creep deformation processes
that lead to the formation of cracks and cavities.

In fact, the MMGR has been introduced by [8] to account for tertiary creep, and
to better describe experimental results for certain metals and alloys. In [19], an
interpretation of the MGR and the MMGR is provided, following a simple math-
ematical analysis of the strain rate versus time responses. This analysis has been
applied to the Zircaloy-4 alloy and the stainless steel AISI 304. The same author
concludes that the MGR and the MMGR relations result from a too coarse approx-
imation of the area sustained by the strain rate versus time curve, and from the
adjustment of experimental data in a double logarithmic representation. However,
those relations (MGR and MMGR) remain very useful when evaluating order of
magnitudes of quantities such as ey, tg or €,,;,. The authors of [10] considered
also the 9Cr1Mo alloy as well as the stainless austenitic steel 316LN, in a temper-
ature range between 823K and 923K. They analyze experimental results from the
MGR and MMGR relations, concluding that the MMGR model is in quite good
adequation with the measurements. Based on a continuum creep damage mechan-
ics approach, a new relationship between time to reach MGR ductility and rupture
life in terms of damage tolerance factor is proposed in [18]. The authors showed
the validity of this relationship for creep data relative to 9Cr1Mo and AISI 304
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stainless steels, with implications to tertiary creep damage and engineering creep
design.

In practice, many other empirical relations involving invariants can be encountered.
For instance, if we start from the expression of the thermally activated creep strain

rate
€ = Egexp <_RQT> 4

and further identify the global material response to the secondary creep regime
with £¢ the constant minimum creep rate (the primary and tertiary creep stages are
neglected), we obtain

c Q
g P <RT> )
This relation can be rearranged into the form
B .
logt = ?1 — log Bs, with B = %, and By = %O- 6)

As underlined in [22], the Larson-Miller parameter Py, results from the assump-
tion that solely () is a function of stress, while Bs is constant, hence the relationship

PLM = T(logt + log Bg) (7)

with the parameter Pr,;; a function of the applied stress. Opposite to this model,
the Dorn parameter Pp is obtained when the activation energy is assumed to be
stress independent, while B> is a function of stress, thus giving

B
Pp = ?1 — logt 3

with the parameter Pp also a function of the applied stress. Both Larson-Miller and
Dorn parameters are of great interest to extrapolate experimental data if the value of
some loading parameter (e.g. temperature, applied stress) cannot be reached in an
experimental context. These kind of relationships, including the MGR and MMGR
relations written in the same spirit — see Table 1 for a brief literature review — were
at their time formulated in a purely empirical manner so as to fit experimental
responses.

They are closely related to the notion of master curve, which is nothing but the
graphical consequence of the invariance property in a given representation (choice
of a set of variables to define a planar representation). Despite the great practical
interest of these relationships, the mathematical background providing the suitable
tools to predict invariance relations and the associated master curves has not yet
been fully developed to our knowledge.
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Table 1. Some creep invariants encountered in the literature.

Invariant(s) Authors

T(logt + log Bs) Larson & Miller

% —logt Dorn

logtr + mlogémin Monkman-Grant

log (é—RR) + m/10g Emin Modified Monkman-Grant

This lack of theoretical framework may be remedied by considering the Lie sym-
metry analysis as a relevant mathematical tool to analyze and predict master curves
and their associated invariants. By “master curve”, we mean a graphical superpo-
sition of different experimental curves in accordance with some geometrical map-
ping. For instance, the so-called time-temperature equivalence principle reveals
the possibility of plotting a unique master curve from several isothermal mechani-
cal responses of a polymeric-like material. More precisely, if we consider different
plots representing the logarithm of the isothermal creep compliance J(¢,T') — de-
fined as the ratio of the Henky strain £(¢) to the Cauchy stress o(t) at a given
time ¢ and temperature 1" — vs the logarithm of time log ¢, a unique curve C' can
be obtained by shifting the different isothermal curves along the log ¢ axis. The
resulting curve C' is called the master curve, but the expression can also refer to
the geometrical mapping allowing the construction of C' (a horizontal translation
in the present case). Beyond the geometrical nature of the mapping, the master
curve is by essence governed by three principles closely related to the three basic
axioms of the Lie groups theory. Indeed, if we denote by C'r the isothermal plot
of log J(t,T) vs log t at a given temperature 7', we have

e any creep compliance curve C7 is obtained by translating itself by 0 along
the log ¢ axis. This particular translation is nothing but the identity appli-
cation, which is in fact the neutral element of translations (in the sense of
composition).

e if C7pv is obtained from C'r by a translation of i along the log t axis, then C'r
can be obtained by shifting C'7» of —u along the same axis. This property
can be viewed as a reflexivity property.

e if C'7v is obtained from C'7v by a translation of 4’ along the log ¢ axis, and
if C'rv is obtained from C'r by a translation of p, then Cpr can be obviously
obtained by translating C of p’ + p (transitivity property).
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In this example, the scalar y represents the Lie group parameter, allowing a con-
tinuous mapping from one curve to another one which corresponds to the length
of the translation vector. In a more general case, the geometrical mapping leading
to a master curve may be more elaborated than a mere translation, but it will in
any case satisfy the same previous axioms. For instance, the group parameter p
may represent the angle of a rotation, or e/ may represent the ratio of a homothetic
transformation. The above remarks clearly show that it is relevant to associate a
Lie symmetry to any master curve (and conversely). Another reason to support the
use of the mathematical framework of Lie groups is that any Lie symmetry can
have invariants, namely quantities that remain unchanged when the group parame-
ter varies. It will be shown below that this general notion of invariant provides a
relevant fundation to support the Dorn and Larson-Miller relationships. However,
contrary to the latter which have been formulated in a purely empirical manner,
we will try to develop a systematic method to formulate these invariants and com-
bine them to investigate constitutive equations in accordance with the observed
symmetries.

The use of Lie groups as a tool to screen the experimental behaviour of some mate-
rials and to express their mechanical constitutive laws seems to be for the first time
tackled in [14]. The authors provide a methodology for modelling the mechanical
behaviour of an acrylic stick solicited at high strain rate. In this strategy, called the
inverse method in [9], the final form of the constitutive equation is obtained from
a set of experimental data representing the material response for different values
of a control parameter, starting from a general functional dependence amongst the
control variables, which is fully determined by applying the symmetry conditions.

The aim of the present paper is then to provide an extension of the modelling
method previously proposed in [14]. In this previous work, the case of only one
generator v$™ — the shortcut “obs” stands for “observed”, recall that vectors are
denoted by boldfaced symbols here and in the sequel — and one constitutive equa-
tion A; has been investigated. One analyzes here situations for which several
generators and several constitutive equations are considered. Accordingly, the al-
gorithm for the definition and classification of observed symmetries will first be
presented and will constitute the two first steps of the new method (Step 1 and
Step 2). The formulation of the constitutive equations from symmetry conditions
will be described in a following step of the algorithm, Step 3. It will be completed
with the consideration of invariants of observed symmetries, and the possibility to
formulate the constitutive equations as functions of these invariants. In the final
step of the method (Step 4), it will be shown that a complete Lie analysis of the
constitutive equations can be of great interest to predict new master curves or new
charts. Such an analysis can be useful to adjust the mathematical structure of the
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constitutive equations if the predictions are not in good enough agreement with
observations. A summary of the entire methodology (steps 1 to 4) is represented
in the diagram of Fig. 1. In the second part of the paper, the present methodology
is exemplified for the 9Cr1Mo stainless steel submitted to creep tests at different
(constant) temperatures and stress levels, extending the behaviour up to rupture.

2. General Strategy

As previously stated, the use of Lie groups in combination with experimental re-
sponses of a given material to formulate its constitutive law seems to be for the
first time tackled in [14]. A general methodology has been provided for modelling
the mechanical behaviour of a polymer solicited at high strain rate (acrylic stick
at ¢ ~ 20s~1). The final form of the constitutive equation is obtained from a set
of data representing the material responses at different values of a control parame-
ter. In the present contribution, the methodology is enriched by two novel aspects.
The first point is the consideration of several master curves (in different planes)
rather than a sole one, resulting in the possibility of predicting new master curves
or new theoretical charts by linearly combining their associated Lie symmetries.
Thus, the whole methodology will be extended by a predictive aspect, which may
be particularly useful to confirm or discriminate the mathematical structure of the
identified constitutive equations. The second contribution in the algorithm is the
consideration of invariants associated with Lie groups, which offers an alternative
to the theoretical formulation of constitutive equations. In the present work, it will
be shown that constitutive equations can be formulated by combining invariants,
without solving any differential system as done in [14]. As a consequence, the
investigation of the behaviour of the studied material becomes more straightfor-
ward. Regarding the following section, the generalized methodology is split into
four main steps (Fig. 1), each of which being exposed in a separate subsection.

2.1. Step 1: Formulation of Symmetries From Experimental Data

The usual strategy of the mechanician or rheologist consists in finding a set of con-
stitutive equations linking a set of observable variables u = uy,us, . .., u, to a set
of parameters p = p1,p2,- - ., pm Dy analyzing experimental data. The main dif-
ference between observable variables and parameters is that parameters are quan-
tities which are controlled during the test, contrary to observable variables. From a
physical point of view, the parameters define the solicitation, while the observable
variables characterize the mechanical response. For instance, if we consider a uni-
axial compression test, we can choose u; = ¢ as the uniaxial Cauchy stress, while
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Figure 1. General modelling strategy for materials exhibiting master curves.



A Rational Approach for Modelling the Mechanical Behaviour. .. 37

the controlled strain rate p; = € or the controlled room temperature po = T are
parameters, as well as the time p3 = ¢, since its origin may be arbitrarily chosen.
Let us now introduce the domain of variations of the variables, denoted here as the
following intervals

Uy = [ugPex), i=1,...,n, P; = ;-mn;p;-nax], ji=1....m (9

withwu; € U;,i=1,...,nandp; € P;,j =1,...,m. We shall also denote
Z/{:U1><U2...><Un, P:P1><P2...><Pm. (10)
In this work, we focus on the existence of parametric applications Gg’bs (1, u,p)

(the superscript «obs» gtands for “observed”), i = 1, ... , q, defined as follows

obs
UxR - U
PxUXxR —— P x (11

p,u, ] — [p,ul = [®P(p,u, p), 2%(P, u, )]
with ®P = oP1 . OPm Y = "1 . . P the parameter, and such that
there exists a subset of the experimental data which is “approximatively trans-

formed” into another subset of experimental data. For instance, if we consider the
two sets of measurements of the variables x1 and xo

z1 1.01 1.02 0.99 1 2.04 1.98 2.01

zo 1.01 2.02 3.01° z9 3.04 3.98 5.03 (12)
set 1 s;t,Z
and then the relations
T R x4+ p (13)
To = T2+ 2u 14)

can be viewed as fulfilled for 4 = 0 (we have the correspondences set 1 — set 1,
andset2 —set2), u =1 (set 1 — set2),and u = —1 (set 2 — set 1).

Below, we assume that the applications G?bs (14, u, p) satisfy the three axioms of a
Lie group, that is: existence of a neutral element in the sense of composition

®P(p,u,0)=p, @®%(p,u,0)=u, pePucld (15)
reflexivity

p,u] = [®P(p,u,pn), 2% (p, u, )] (16)

= [pv U] = [@p(f)’ ﬂ’a _,u’)a (I)u(i)a ﬁ’? —,U,)] 9 p S Pv uc Z/{
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and transitivity

[p2; o] = [®P(py, ur, 1), (P, wa, )]

[p37u'3] - [ép(p27u2):u’2)’Qu(p27u2):u’2)] (17)

= [p37u3] = [(I)p(phulnul +N2)7(I.u(p1aulaﬂl +M2)]
plap27p3>€737 ul,UQ,USEZ/{.

In practice, the validity of applications (11) can only be verified for some values
of the parameter p. It is here assumed that (11) are valid in the continuum range
of values [fimin; maz) (With fipin and fiy,, the minimal and maximal values of 4

for which (11) is true). It is then possible to introduce a generator 'v;?bs associated
with the Lie group G, defined by
m n
OPPr 0 OPUk 0 )
v =) 5 a—+z 5 5o i=Loog (9
obs

Summarizing the section, we have here considered g observed symmetries v
1=1,...,q.

7 ’

2.2. Step 2: Enumeration and Classification of Symmetry Conditions

The previously-built observed symmetries are next applied to the (currently un-
known) postulated constitutive equations. Consequently, let us express those con-
stitutive equations as a set of partial differential equations (PDE) written in the
general form

A={A;=0;i=1,...,n} (19)

in which the constitutive model A; may depend on p and all the derivatives of
u (including O order derivatives, i.e., the quantities u themselves). We assume
that there are as many equations as observables, hence the index ¢ varies from 1
to n in (19). No assumption is made for n, in the sense that it can be greater or
lower than the number of observed symmetries g. Equation (19) hides unknown
constitutive functions of the variables, which shall be identified by applying the
symmetry conditions (see e.g. [14]). In fact, the mathematical structure of equation
(19) is defined according to the chosen constitutive framework (e.g. hyperelasticity,
viscoelasticity, viscoplasticity). Thus, for a given 4A;, one has to enumerate which
of the observed symmetries 'Ugbs (with k =1,..., q) will be applied to A; and this
amounts defining a subset K; = {ki,...,kp,} of m; indices in 1,..., ¢ which
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selects the values of k such that vgbs is a symmetry of A; = 0. The range of K,

denoted m;, corresponds to the total number of symmetries that are applied to A;.
Consequently, the symmetry conditions write
pr()vzbsAl =0 whenever A; =0, ke K,
pI‘O’UZbSAQ =0 whenever Ay =0, k€ Ky

(20)

pr()'vibsAn =0 wheneverA, =0, ke K,
where the symbols pr(“)vzbS or pr()vzbs stand for the x-th order prolongation —
plr()'vibS is used if the order x — of the vector field 'vibs is not prescribed. The sub-

sets K; are contructed by associating some of the generators vzbs to A; according

to the physical meaning of A;. They only have to verify
KiUKy...UK, ={1,2,...,q} (21)

indicating that all the generator vzbs have been used at least once in equations (20).

2.3. Step 3: Formulation of the Constitutive Equations A

At this stage, the mathematical expression of the (unknown) constitutive equations
can be clarified. For this purpose, two different strategies can be envisaged. The
first strategy has been developed in [14] and consists in solving equations (20)
with respect to A. If a mathematical structure is prescribed for every A;, one can
expect that the solving of (20) may lead to the final expression of A;.

The second strategy consists in calculating the invariants of the generators vﬁbs
and to find combinations of them that fit the experimental data. Accordingly, let us

consider v°P® as any vector field given by (18) and rewritten here as
= 0 = 0
,Uobs — K ug 2 22
> I > G (22)
k=1 k=1
with OPPr Uk
o = Lo = . (23)
Op lp=0 Op lu=0
If v°" has s non vanishing components amongst ¢P and ¢¥, it then has s — 1
invariants I, Io, ..., I,_1 given by the solution of the characteristic system
dpj _ dui

= 24
T .
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It is straightforward to show that any function f(I1, Ia, ..., I;_1) of the invariants
is also invariant under v°Ps, since

= o I Ouk
m s—1
of oI, of 91,

_ k hiheld up, Y)Y
;(ﬁp Zallapk Z¢ — Ol Ou 9
s—1 m

— g k o up Y10

- = ol ;Wg Opr ;¢ -

UObS(Il):O

Hence, the constitutive equation A; can be expressed by combining the invariants
I, 1o, ..., Is_1, provided it fits the experimental data. The main limitation of this
methodology is that it cannot be applied if more than one generator is considered:
indeed, if we denote v°PS and w°Ps two generators having invariants I, ..., ;1
and Ji, ..., J,_1 respectively, and a new function f of those combined invariants,
we then have

< Of
obs obs
Ly Isma, Jay ey E 25" #0
(26)

wObS[f(Il,...,Is_l,Jl,... ZaIl obs £0

which shows that a general combination of the two sets of invariants is not a pri-
ori invariant under the experimental symmetry groups. The generalization to any
number of generators greater than two is obvious and consequently, the derivation
of a constitutive equation A; written as a function of the invariants of ’UObS k € K;,
is only possible if m; = 1.

2.4. Step 4: Computation of the Lie Algebras and Predictions

At this stage, it is assumed that A is completely determined by the previous step,
and that it is coherent with the experimental data. The present step of the algo-
rithm consists in a complete Lie analysis of A. More precisely, for each A;, one
computes the Lie algebra

A =vlhv2, .. oM 27)
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containing the n; vector fields that can generate (by linear combination) any Lie
obs

symmetry of A;. Obviously, the vector fields v{>*, k € K;, have to be generated
by the vector fields (27), that is

n;
for all vzbs, k € K;, and there exists & € R™ such that 'vibs = Z ajvl. (28)
j=1

The interest of calculating the Lie algebra is twofold. First, it is possible to predict
new master curves valid in some graphical representation. Indeed, one can consider
suitable linear combinations of the vector fields v? for which one or several well-
chosen components vanish. It is then possible to carry out new experiments which
shall confirm or invalidate the predicted master curve. If the master curve is not
observed, then the mathematical expression of A; (or even, the expression of v%bs)
has to be adjusted, such that every master curve predicted by its Lie algebra is in
coherence with the experimental data.

Among the set of all combinations of vg , we can also focus on vector fields for
which (i) the component of a given observable u; vanishes and (ii) the other com-
ponents do not depend on u,;

m n
0 0
— Dk =3y~ Uk ) — 29
k=1 k=1,k#j
withu™ = uq,...., Uj—1,Uj41,- .., Uy. The flow of such a vector field takes the
particular form
p =ppu’,p
wl =u(p,ut,p) (30)
uj = uj.

Hence, eliminating the parameter p allows a priori to determine the equations of
the “iso-u;” curves in the space P x U™/, with

U =Ty x...Uj—1 xUjy1 ... x Uy (31)

This kind of chart may be an interesting tool to extrapolate experimental data when
the value of some parameter pj, cannot be reached in the experimental setting.

Summarizing this section, the step 4 of the algorithm is in fact a phase of prediction
and validation, since the results induced by the Lie algebra have to be validated by
experiments. The entire methodology (steps 1 to 4) is represented in the diagram
in Fig. 1. Let us now apply the proposed strategy to creep strain phenomena, which
are known to be highly dependent on the applied stress and temperature.
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3. Application to the 9Cr1Mo Creep: Observed Symmetries

Ferritic-martensitic steels have been extensively studied during the last 30 years,
due to the need to increase steam conditions (temperature and pressure). According
to the authors of [26], they are commonly used in supercritical and ultrasupercrit-
ical plants with steam conditions close to 903 K and 30 MPa. Ferritic-martensitic
steels with Cr contents ranging from 9% to 12% in weight are also being con-
sidered in different applications in various generations of advanced nuclear power
plant designs, such as pressure vessels, tubing and piping, and fuel cladding. Those
heat-resistant steels typically contain 0.1% to 0.2% carbon and small additions of
refractory metals such as Mo, V, and W. They constitute an attractive substitute for
austenitic stainless steels due to their reduced cost, lower thermal expansion coef-
ficient, and better radiation stability combined with adequate corrosion resistance
(see [26] and the references therein).

Here We rely on the experimental data of [24], obtained for the above-mentioned
9Cr1Mo alloy, when submitted to creep tests carried out at different constant tem-
peratures and different constant stress levels. In the present case, the observable
variables are the strain rate u; = ¢ and the time to rupture up = tp, while the
control variables are the applied stress p; = o, the absolute temperature ps = T,
and the time p3 = ¢. Let us notice that applying a function to a physical quantity
means that the function is applied to the measure of the quantity in its own unit:
for instance, log o stands for log(o /o) with og = 1Paif o is written in Pa. Below,
the following units will be considered: hours (h) for the time ¢, megaPascal (MPa)
for the stress, Kelvin (K) for the temperature, percents (%) for the strain.

3.1. Step 1
3.1.1. Rupture Curves

In this section, isothermal rupture curves at different temperatures are first consid-
ered in the logarithmic plane. If we consider only “simple” geometrical mappings
such as translations or homothetic mappings, it can be seen that a master curve
can be obtained by shifting the curves along the log ¢y and log o axis, as shown
in Fig. 2. From a mathematical point of view, one then looks for the following
geometrical mapping

T=T+u

logtr = a1(p) + logtp (32)
logg = b1(p) + logo
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Figure 2. Experimental master curve at the reference temperature T = 748 K
obtained by shifting the curves along the log ¢z and log o axis.

with a1 (p) and by (u) the shift factors along the log ¢ and log o axis respectively.
If the (arbitrary) chosen value of T'is 748 K, then a;(x) and by (11) correspond to
the shift required to move the curve at 7' to make it coincide with those at T, if
w is defined by T = T + p. The values of p, aj(u) and by(p) leading to the
construction of the master curve of Fig. 2 are given in Table 2.

Table 2. Values of the shifts a1 (1) and by (p) to superpose a given curve at
T on the reference response at 7' = 748 K, y being defined by T' =T + p.

T(K)|748 773 798 823 848 873
@ | 0 25 -50 -75 -100 -125
ar(p)| 0 09 20 29 41 51
bi(p) | 0 015 032 045 055 0.74

If we assume that equations(32) define a Lie group, then the three axioms presented
in Section 2.1 have to be fulfilled. It can be readily shown that they yield the
following conditions to be satisfied by functions a1 () and by (1)

a1(0) = 0 b1(0) = 0
ar(—p) = —ai(p) bi(—p) = —b1(p) (33)
ar(pn + p2) = a1(p) +a1(pz),  bi(ur + pe2) = bi(p) + bi(p2)
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for all u, w1, po in R. From equations (33), one can infer the linearity of a1 (u)
and by (p) with respect to

ar(p) =ap,  bi(p) = Bu (34)

where « and (3 are true constants. Those last relations are in great accordance with
the experimental values of the shift factors, since linear fits of a1 (u) and by (u)
exhibit good correlations. The two fits give the following values of the coefficients

o = —0.0403636, B = —0.00584727 (35)

that will be used here and in all subsequent developments. Hence, if one inserts
(34) into (32), the following observed Lie group G‘l’bs is obtained

T="T+p, tr = e™ip, 5 =etg (36)

and maps an experimental curve into another one. Of course, this Lie group is only
valid for the explored values of T, but its validity is presently assumed for all T’
between the extremal values 748 K and 923 K. The components of the generator
v$" associated with G(fbs are given by the derivation of equations (36) with respect

topat u =0, viz 5
v =atp— + B0+ (37)
R o

Thereby, and as summary, the infinitesimal generator allowing to shift the mea-
sured rupture curve for a given temperature to another neighboring temperature in
the stress-rupture time plane has been obtained. The Lie group generated by this
vector field allows to shift all rupture responses in the same plane to the response
obtained for a chosen reference temperature while the curve associated with this
response is designated as the master curve.

3.1.2. Creep Curves

A similar strategy may be applied to the “isostrain” creep curves in the logarithmic
plane log o vs log t. As previously, one shall search the transformation rules

€ = ele
logt = as(p) + logt (38)
logad = ba(p) + logo

mapping a curve at € to a reference curve at £ = 5% (observe that the chosen value
of the reference strain is arbitrary). The corresponding values of the shifts as(p)
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Table 3. Values of the shifts a2 (1) and b () to superpose a given curve at €
on the reference response at £ = 5%, i being defined by € = ee.

€ (%) ‘ 50 20 1.0 0.5 0.2 0.1

n 0 0.92 1.61 2.30 3.22 3.91
as(p) | 0 115 218 333 471 678
ba(p) | O -0.023 -0.032 -0.046 -0.053 -0.062

5.8 T T T T T T T

e=50% ——
56 master curve =2. R
5.4 4
5.2 1
£ st ]
=3
b 438 4
2 46 1
4.4 q
42 r N - direction of b
® translation

4t ]

6 8 10 12 14 16 18

log 7 (h)

Figure 3. Master curve obtained at the reference strain £ = 5.0% by shifting
the different responses along the log ¢ and log ¢ axis.

and bo(u) are listed in Table 3 and the obtained master curve is shown in Fig. 3.
The axioms of Lie symmetries lead as in Section 3.1.1.to the linearity of ay(u) and
ba (1) with respect to p

ag(p) = yp,  ba(p) = op (39)
with v and § new constants given by linear fit
v = 1.57167, 0 = —0.0172415. (40)
A second Lie group ngs is then obtained by inserting (39) into (38)
£ = ele, t=ett, 7 = et 41)

The generator v$” of GS™ is given by

0 0 0

obs

L S S 42
v9 7t8t+5080+58€ 42)
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obs obs

The prolongations of the vector fields v{"* and v5"® account for the component
with respect to € and shall prove useful in the sequel. They can be computed with
the prolongation formulae (see e.g. [15])

0 0 0
(1),,0bs __
priou™ = atR— + ﬁ — +
0 0 0 0
(1),,0bs _ Y 1— .
pr'V v at+5aa —i—ea +£( ’y)aé

It is now possible to search for constitutive equations of the studied alloy.

3.2. Step 2

At this stage, recall that two generators (v$"* and v$”*) have been identified from

the experimental data set (step 1). Following the strategy of Section 2, we now
look for a set of constitutive equations that can capture the creep behaviour of the
material. As written in the introduction, one classically admits that the set of con-
stitutive equations can be split into two relations revealing two different physical
informations. The first one expresses the time to rupture ¢ versus the loading pa-
rameters (7" and o in the present case) while the second one gives the evolution of
the strain rate ¢ as a function of ¢, o, ¢, and T’

Ay =tg—f(o,T)=0 (44)
Ay = é—h(t,0,e,T) = 0. (45)

In those two equations, h and f are unknown functions that will be further deter-
mined. As concerns the classification of symmetries, it seems reasonable to apply
the symmetry condition 'vlbs to Ay and vgbs to Ao. Indeed, the generator vaS
(’UObS respectively) has been built by only considering rupture curves (creep curves
respectively). The satisfaction of those symmetry conditions means that each con-
stitutive law (creep and rupture) keeps the same form and remains valid when the
considered parameter changes. Finally, the complete set of symmetry conditions
writes

pr(l)'u(l’bsAl =0, whenever A1 =0 (46)
pr(l)vngAg =0, whenever Ay =0 47)

and it is associated with the following sets K; = {1} and Ky = {2}. The next
step consists in writing the constitutive models in terms of invariants.
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3.3.Step 3

As m; = 1 and mo = 1, the two methodologies described in Section 2.3 can
be applied. The first methodology (direct solving of the symmetry conditions)
has already been applied in [14] and here we shall consider the strategy involving
a combination of invariants (case B in Fig. 1), in the spirit of the extrapolation
methods of the literature (see the review article [22] and references therein). Thus,
one looks for two new functions 31 (11, I3) and ¥o(J1, J2, J3) such that

21(11,12) =0« Al =0 (48)
ZQ(Jl,JQ, J3) =0« AQ =0 (49)

with I1, I the invariants of vcl’bs given by the solution of the system (24)

dtg do dT
oo T 50
atp  fPo T (50)

and J1, Jo, J3 the invariants of 'vgbs given by the solution of the same characteristic

system

dt d d de
a_do 75 (51)
vt do e (1—n)E
Solving (50) and (51) gives the following invariants for rupture
I =logtr — aT, Iy =logo — BT (52)

and creep
J1 =logt —vyloge, Jo=logo—Jdloge, Js=logé— (1—-)loge. (53)

Considering rupture, we suggest a relation having the form

Fi(o)
T

We have decided to keep the dependence of the slope F; with respect to o, since the
very low number of experimental points does not allow to assume a constant slope.
To follow as closely as possible the mathematical structure of (54), the following
expression is proposed

logtr = —I—FQ(J). 54)

K
(I, 1) = T; + KoIy + K3l = 0 (55)

in which K3, K5, K3 are constants, which warrants a hyperbolic dependence with
respect to T'. Equation (55) leads to

logtr = +blogo + (o —b3)T (56)

e
logo — BT
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with a = —K; /K and b = — K3/ K> new constants. Equation (56) shows that a
linear term in 7" appears by combining the invariants /; and I», giving a relation
which slightly differs from the Larson-Miller or Dorn relationships. However, this
linear term is necessary to fullfill the symmetry condition (46) that follows from
the experimental data set. A good validation of equation (56) with the experimental
data presented in [24] can be observed (the coefficients a and b are adjusted). As to
the creep strain rate, we introduce in accordance with the “convenient creep laws”
of [24] the power function

Sa(J1, Jo, J3) = €78 — AeN1et2 = 2em177) — Are %P =0 (57)
with A, ¢ and d some constants, which leads to

¢ = At¢olel=rmer=dd, (58)

It can be easily shown that the symmetry conditions (46) and (47) are fulfilled. If

we denote by (i) e(t = 0,0,T) = eo(o,T) the initial value of the strain ¢ and (ii)

the exponent v = v + ¢y + dd, then the resolution of equation (58) allows to write

/v

ct) = (140" [(1 4 oo, T) + Avtetio?]" (59)

If the temperature 7" and the strain € are assigned fixed values, and if we assume
that the initial strain can be written in terms of a Hookean relation
o
eo(o,T) =
with E(T') the Young modulus at 7', then the “isostrain” curves may be obtained
by expressing the time (o) from equation (59), viz

o) = [ DE =" ED)™) 1/(1+e)

o) = .
Avod

The inverse functional dependence o (t) can be numerically calculated. The vali-

dation of the model log o vs log t can then be carried out through equation (61) and

we have observed that the model and the experimental data are in good agreement
(the coefficients E(T"), A and ¢, d are adjusted).

(60)

(61)

3.4.Step 4

To summarize the previous sections, the following constitutive equations have been
obtained as representative of the creep and rupture behaviours of the considered
9Cr1Mo stainless steel

Ateodel=r—er=d  if ¢t <ip (62)
obetozo—pr T(@=bAT (63)

€

tp =
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Those formulations of the constitutive laws are compatible with the observed mas-
ter curves. We can now proceed to the Lie analysis of these constitutive equations.

3.4.1. Lie Algebra of the Creep Model

The Lie algebra of the creep model is computed following the methodology de-

scribed in [15]. It contains 4 generators v, i = 1,...,4 with prolongations given
by:
.0 e dye10
pr(l)vé = o P + céolt 1@ (64)
prile? = adsl_”g +(1- 1/)(7‘15-:_”5'2 (65)
2 Oe RE
0 c+1 0 c+1—v 0
(1),,3 — t— i Il b S
pr/vy atJr( » >€a€+< » >635' (66)
0 c+1 0 0
Wyt = ¢ 0 _ (1), 2 .0 67
PE02 = Py ( d )Uaa e (67)

in which we recall that v = v 4 ¢y + dé. The commutation table of this Lie
algebra is given in Table 4. In order to show the practical interest of this table, let

Table 4. Commutator table of the Lie algebra of equation (62).

| v} v3 v3 vy
vl 0 0 (c+ 1wl 2(c+1)vd
v3 0 0 (c+1)v3 (c+1)v3
v3 | —(c+ vl —(c+1)v3 0 0
vi | =2(c+1)vd —(c+1)v3 0 0

us consider the particular combination of the calculated generators

+1-
v <pr(1>vg 4 <CV’/> pru),,g)

0 0 c+1—v 0

which has no component with respect to € and which is obviously a Lie symmetry
of (62). The flow of this generator is given by

t = ett
G = o (FF)u, (69)
g = ete
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or, by taking the logarithm

logt = pu+logt
logg = — (C+1 ”) i+ logo (70)
logé = p+loge.

This last set of relations is of great interest since it describes a master curve in the
log € vs log t representation. More precisely, the curve log & vs log  obtained for a
stress level & is linked to the curve obtained for o by a translation of vector (u, ),
the shift being defined by u = - +1 —log(o /o). This master curve has not been
validated because too few creep curves ¢(¢) at different stress levels have been
found. Consequently, an experimental investigation should be of great interest to
validate or discard this master curve.

3.4.2. Lie Algebra of Equation (63)

The Lie algebra has two generators v*, i = 1,2, given by

1 b(logo — BT)2 —a\ O 0

v] =1lgr ( logo — AT > atn + o(logo — ﬂT)—aU 70
9 (a —bB3) (logo — BT)? +aB\ O B 0

v =tp < logo — AT > oin +(logo = fT) o (72)

and its commutator table is given in Table 5. If we denote by ¢'*% and ¢>'% the

Table 5. Commutator table of the Lie algebra of equation (63).

1 2
1‘ 2 1,01 2
IS
v] | —Pv; — v] 0

component in ¢z of v] and v? respectively, then the following local combination
¢2’tR'U% _ gbl,tR,U%
i (73)

= o [af + (a — bB)(log o — BT)?] 88 (a —b(log o — BT)?) 88T

v =

is a symmetry of equation (63) having no component in ¢ and whose components
in o0 and T" do not depend on tr. Consequently, v has the form of equation (29),
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and the flow of this vector field is given by the solution of the following system of
differential equations

jz =0 [aﬁ + (e — bB)(loga — ﬁT)Q} (74)
ar o
i a—b(loga — T) (75)
with the initial conditions
7(0) = o, T0)=T (76)

and the equality tg = tg. Consequently, the numerical solution of (74) and (75)
provides a parametric representation (7'(u),o(u)) of the “iso-tp” curves in the
(T, o) plane. This kind of theoretical chart is of high practical interest, as it allows
to extrapolate the rupture time of a specimen at any stress level or any temperature,
provided that the rupture time is known for a given value of o and T'.

4. Discussion and Concluding Remarks

Lie symmetries can be considered as a powerful tool in the Mechanics of Materials,
in order to construct the constitutive law of a given material from experimental re-
sults, as a functional relation between control variables and additional parameters.
Thereby, the symmetry method is exploited to solve an inverse problem, assuming
the measured data have a structure akin to a Lie group, when considering a continu-
ous range of variation of the adopted parameters. Recall that two main class of ap-
proaches have arisen in the literature, which will be referred to as the direct and the
inverse problem or method, in the vocabulary of [9]. The direct problem consists
in finding the Lie symmetries of a given set of constitutive equations, as developed
by several authors in the field of Mechanics of Materials, see e.g. [16,21]. It allows
a priori the calculation of all symmetries and associated invariances of those equa-
tions, which may lead to geometrical transformation rules revealing (graphical)
superpositions of the material responses (the superposition of those responses in a
given space of variables gives the master curve). The methodology at the root of
this construction has been summarized in algorithmic form into four main steps in
the diagram of Fig. 1. In the first step of the algorithm, one looks for one or several
Lie symmetries formulated from experimental master curves. Next, the subsequent
symmetry conditions are applied to a general expression of the constitutive equa-
tions involving some unknown functions, resulting in a PDE system satisfied by
these unknown functions. The formulation of the constitutive equations (step 3)
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may follow two alternative routes, one relying on the calculated invariants associ-
ated with a given symmetry generator (in this case, only one generator is applied
to one or several constitutive equations), and the other one based on the direct so-
lution of the symmetry equations. The comparison of the constructed constitutive
model with experimental results allows to validate or refine the model if needed.
As a fourth and last step, the inverse problem is linked to the direct problem: once
a possible material constitutive law has been constructed, the material’s response
can be predicted outside the range of variation of the control variables involved
in the measurements for varying experimental conditions, hence using Lie symme-
tries inherent to the obtained constitutive law as an extrapolation technique. Master
curves associated with those evidenced invariants can be built in various planes of
analysis resulting from the planar projection of the evidenced invariants (choosing
a suitable pair of variables). In addition to this, charts of the material’s response
predicted in this way — the iso-t  curves have been calculated in the (7',0) plane in
the present contribution — have a high practical importance, in that they determine
the range of admissible variations of the considered set of variables. The present
methodology exploiting Lie symmetries in a combined direct and inverse manner
can potentially be applied to a wide class of materials including polymers, metals,
ceramics, metallic and polymeric foams and constitutive laws, such as nonlinear
elasticity, viscoelasticity and viscoplasticity, with or without damage.

As concerns the obtained constitutive equations, it is further interesting to con-
front the obtained creep constitutive model to the classical models of the literature.
Let us recall that in [24], creep constitutive models are classified into four main
families, a brief summary being given in Table 6.

Table 6. Some creep laws encountered in the literature.

Relationship Reference(s)

e = f1(0) f2(t) f5(T) [20,25]

e = fi(o) f2(t) f5(T) [4,7,17,20]

€ = g1(0)g2(ec)g3(T) [7,13,20]
E(t)®[e(t)] = o(t) + [y K(t,7)o(r)dr [20]

The first family of models is the total strain model, originally developed in [25] and
in [20]. There the authors assume at constant temperature a straightforward rela-
tionship between the strain, stress and time (see Table 6). This amounts assuming
that the isochronous creep curve at the time ¢ may be obtained by the multiplication
of the instantaneous stress-strain curves by a function of time, viz o = 0;(¢) U (¢).
Another family of creep model is the time hardening model proposed in [7] and
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developed in [4, 17,20], for which one assumes that at constant temperature, there
exists a relationship between the creep strain rate, the stress and the time.

Similarly, the strain hardening model considers a relationship between the creep
strain rate, the stress and the cumulated creep strain p at constant temperature,
with p = € — e, = ¢, + &, (the variables ., ¢, and €. denote the elastic, plastic
and creep strain respectively). This concept was suggested in [7, 13], and used
by [20] who developed the hypothesis of the state equation. According to [20], the
analytic form of these equations which allows the description of the first two parts
of the creep curve writes

AH
pp® = f(o)exp (RT> . (77)

Various useful suggestions for the stress dependence may be introduced, as the
famous relation f(o) = ko™, see [12]. The fourth class of model is the Rabotnov’s
nonlinear hereditary model meaning that the entire history of the stress prior to time
t affects the strain response at time ¢ (see Table 6). The kernel function K (¢, 7) (or
K (t — 7)) characterizes the material properties, while the term ®[(¢)] stands for
the nonlinear function of strain which is obtained from the uniaxial tensile test.
Complementary to the previous approaches, the authors of [23] have tested the va-
lidity of four constitutive equations for the description of creep of several metallic
alloys (1.25Cr-0.5Mo-Si, 2.25Cr-1Mo and SUS316 steels), namely the power law,
the exponential, logarithmic and Blackburn models, expressed respectively as

e =ei+at’ +épt (78)
e =g+ a[l —exp(—bt)] + et (79)
e = ¢g; +alog[l + bt] + éprt (80)
e = g+ a[l — exp(—bt)] + c[1 — exp(—dt)] + € pmt. (81)

The quantities €, €;, t, € 57 therein represent successively the strain, the initial strain,
the creep time and minimum creep rate; a, b, c et d are constants. The authors show
that none of those model is able to account for the creep relation on the long dura-
tions encountered during service life, although the power law gives a better agree-
ment with measurements. In the same group of researchers, the authors of [11]
confirmed in a recent work that the power law is more adequate for 9Cr1Mo. If we
consider the mathematical sructure of equation (58), one can notice that the creep
strain rate is a power function of the stress, the time, and the strain. Consequently,
our model can be viewed as derived from the second class of constitutive equations
presented in [24], showing the coherence with those previous models.
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Despite of the good conformity of the present model with the previous laws, a
discussion on the proposed systematic methodology and its consequences is in or-
der. At first, let us notice that the formulation of “observed” Lie symmetries relies
on the assumption that the transformation equations (11) are valid for a continuous
variation of the parameter £ in [f4min; ftmaz ), @lthough only a couple of experimen-
tal values have been reached in this interval. This interpolation assumption seems
to be reasonable but its extension to situations for which y is not in the interval
[min; maz] (extrapolation) can be debatable. In the present model, the two mas-
ter curves have been validated for 7" between 748 K and 873 K and for ¢ between
0.1 % and 5.0 %. If the temperature 7" is higher than 873 K, or if values of strain
greater than 5.0 % are considered, new internal phenomena may be activated (e.g.
damage, tertiary creep), and the validity of the transformations rules revealed by
equations (36) and (41) can be discussed. More generally, one cannot guarantee
a priori that microstructure effects activated in some range of variables (7, ¢, o,
....) are the same outside this range, or that other mechanisms may operate. In
the same spirit, let us recall that contrary to the so-called time-temperature equiv-
alence principle — which can be interpreted in terms of free volume — no physical
modelling of the shift factors has been proposed. The transformation rules of equa-
tions (36) and (41) and the associated “observed” symmetries are presently viewed
as mathematical tools to formulate constitutive equations.

Another limitation of the proposed algorithm is related to the non-uniqueness of
master curves, which has to be examined at two levels of modelling. First, one
should keep in mind that the adequate choice of variables (classically logo vs
logt, or loge vs 1/T) to be plotted from experimental data (step 1 of Fig. 1) is not
obvious a priori, since master curves can only emerge for well-chosen representa-
tion variables.

The second item concerns the case of a single representation plane, for which the
construction of a unique master curve can be problematic. For instance, let us
consider in the plane (z,y) the two lines L defined by y = wx + 1 and Lo
defined by y = wx + fs. Since L and L have the same slope, it is either possible
to superpose Lo on L horizontally, i.e. by translating Ly along z by (51 — (2) /w,
or vertically by shifting Ly along y by the quantity 8, — (.

The choice of transformation rules (11) may have a great impact on the mathe-
matical formulation of the constitutive equations, but no general “theorem” for
choosing between several master curves can be formulated. In the same spirit, let
us also notice that only classical Lie groups have been used in the present algo-
rithm (translation and dilatation groups). The use of more sophisticated groups
(e.g. rotation) is currently being studied.



A Rational Approach for Modelling the Mechanical Behaviour. .. 55

References

[1] Anderson P., Bellgardt T. and Jones F., Creep Deformation in a Modified
9Cr-1Mo Steel, Materials Science and Technology 19 (2003) 207-213.

[2] Barenblatt G., Scaling, Self-Similarity and Intermediate Asymptotics, Cam-
bridge University Press, Cambridge 1996.

[3] Barenblatt G., Scaling Phenomena in Fatigue and Fracture, International
Journal of Fracture 138 (2006) 19-35.

[4] Boyle J. and Spence J., Stress Analysis of Creep, Butterworth Publishers,
Stoneham 1983.

[5] Carpinteri A. and Paggi M., A Unified Interpretation of the Power Laws in
Fatigue and the Analytical Correlations Between Cyclic Properties of Engi-
neering Materials, International Journal of Fatigue 31 (2009) 1524-1531.

[6] Chevali V., Dean D. and Janowski G., Flexural Creep Behavior of Discon-
tinuous Thermoplastic Composites Non-Linear Viscoelastic Modeling and
Time-Temperature-Stress Superposition, Composites: Part A 40 (2009) 870-
877.

[7] Davenport C., Correlation of Creep and Relaxation Properties of Copper,
Appl. Mech. 5§ (1938) 53-60.

[8] Dobes M. and Milicka K., The Relation Between Minimum Creep Rate and
Time to Fracture, Metal Science 10 (1976) 382-384.

[9] Ganghoffer J.-F., Magnenet V. and Rahouadj R., Relevance of Symmetry
Methods in Mechanics of Materials, Int. J. Eng. Math. 66 (2010) 103-119.

[10] Kim G., Kim S. and Ryu W., Evaluation of Monkman-Grant Parameters for
Type 316LN and Modified 9Cr-Mo Stainless Steels, KSME Int. J. 16 (2002)
1420-1427.

[11] Kimura K., Kushima H. and Sawada K., Long-Term Creep Deformation
Property of Modified 9Cr-1Mo Steel, Materials Science and Engineering A
510-511 (2009) 58-63.

[12] Lemaitre J. and Chaboche J.-L. , Mécanique des Matériaux Solides, 2nd Edi-
tion, Dunod, Paris 2004.

[13] Ludwik P., Elemente der Technologischen Mechanik, Springer, Berlin 1909.

[14] Magnenet V., Rahouadj R. and Ganghoffer J.-F., A New Methodology for De-
termining the Mechanical Behavior of Polymers Exploiting Lie Symmetries:
Application to a Stick-Like Material, Mechanics of Materials 41 (2009) 1017—
1024.

[15] Olver P., Application of Lie Groups to Differential Equations, Springer, New
York 1989.



56 Vincent Magnenet, Rachid Rahouadj and Jean-Frangois Ganghoffer

[16] Ozer T., Symmetry Group Analysis and Similarity Solutions of Variant Non-
linear Long-Wave Equations, Chaos, Solitons and Fractals 38 (2008) 722—
730.

[17] Penny R. and Marriott D., Design for Creep, McGraw-Hill, New York 1971.

[18] Phaniraj C., Choudhary B., Bhanu Sankara Rao K. and Raj B., Relationship
Between Time to Reach Monkman-Grant Ductility and Rupture Life, Scripta
Materialia 48 (2003) 1313-1318.

[19] Povolo E., Comments on the Monkman-Grant and the Modified Monkman-
Grant Relationships, J. Materials Science 20 (1985) 2005-2010.

[20] Rabotnov Y., Creep Problems in Structural Members, North-Holland, Ams-
terdam 1969.

[21] Sahin D., Antar N. and Ozer T., Lie Group Analysis of Gravity Currents,
Nonlinear Analysis: Real World Applications 11 (2010) 978-994.

[22] Saint-Antonin F., Essais de Fluage, Techniques de I’'Ingénieur M140 (1995)
1-30.
[23] Sawada K., Tabuchi M. and Kimura K., Analysis of Long-Term Creep Curves

by Constitutive Equations, Materials Science and Engineering A 510-511
(2009) 190-194.

[24] Skrzypek J. and Hetnarski R., Plasticity and Creep, CRC Press, Boca Raton
1993.

[25] Soderberg C., The Interpretation of Creep Tests for Machine Design, Trans.
ASME 58 (1936) 733-743.

[26] Totemeier T., Tian H. and Simpson J., Effect of Normalization Temperature on
the Creep Strength of Modified 9Cr-1Mo Steel, Metallurgical and Materials
Transactions A 37 (2006) 1519-1525.

[27] Viswanathan R., Damage Mechanisms and Life Assessment of High-
Temperature Components, ASM International, USA, 1989.

Vincent Magnenet

LaEGO, EA 1145

Nancy-Université

Rue du Doyen Marcel Roubault, B.P. 40
54501 VANDOEUVRE-Ies-NANCY
FRANCE

E-mail address: vmagnenet@free.fr



A Rational Approach for Modelling the Mechanical Behaviour. .. 57

Rachid Rahouadj

LEMTA, UMR-CNRS 7563

Nancy-Université

2 Avenue de la Forét de Haye, B.P. 160

54504 VANDOEUVRE-Ies-NANCY

FRANCE

E-mail address: rachid.rahouadj@ensem.inpl-nancy. fr

Jean-Frangois Ganghoffer

LEMTA, UMR-CNRS 7563

Nancy-Université

2 Avenue de la Forét de Haye, B.P. 160

54504 VANDOEUVRE-Ies-NANCY

FRANCE

E-mail address: jean-francois.ganghoffer@ensem.inpl-nancy.fr



