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Abstract. Known parametrizations of rotations are derived from the LIE group
theoretical point of view considering the two groups SO(3) and SU(2). The con-
cept of coordinates of the first and second kind for these groups is used to derive the
axis and angle as well as the three-angle description of rotation matrices. With the
homomorphism of the two groups the EULER parameter description arises from
the axis and angle description of SU(2). Due to the topology of SO(3) any three-
angle description gives only a local parametrization like EULER angles such that
the mapping from their time derivatives to the algebra so(3), i.e., to the angular
velocity tensor, exhibits singularities. All these parametrizations are based on the
generation of the respective group by the exp map from their algebras. Alterna-
tively the CAYLEY transformation also maps algebra elements to group elements.
This fact is well know on SO(3) and yields a representation of rotation matrices
in terms for RODRIGUES parameter, which is, however, not continuous. General-
izing this transformation to SU(2) allows for a singularity-free description of all
rotations, which does not contain transcendental functions. While in the consid-
ered range the exponential map is of class C'*° the cay map on SU(2) is only of
class C' and on SO(3) it is not even continuous. Simulation results exemplify
the resultant numerical benefits for the simulation of rigid body dynamics. The
problem caused by a lack of a continuous transformation from generalized accel-
erations to angular accelerations can be avoided for rigid body motions using the
BOLZMANN-HAMEL equations.
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1. Introduction

The description of spatial rotations is a frequently addressed problem to which
contributions were originally made by RODRIGUES, EULER, KLEIN and CAYLEY
and many others. EULER and KLEIN independently derived equivalent four para-
metric descriptions of rotations. The complex valued CAYLEY-KLEIN parameter
were independently introduced by CAYLEY [3-5] and KLEIN [13], [14] based on
the work of RODRIGUES and EULER. CAYLEY used a projective description of
the Riemannian sphere to the complex plane to derive a complex representation
while EULER and RODRIGUES employed stereographic projections to gain real
valued relations. It was already noticed by HAMILTON that all these descriptions
are isomorphic to his quaternion algebra [9].

Rotations of three-dimensional vectors are naturally described by linear maps act-
ing on representations of vectors in an orthonormal frame. In coordinate repre-
sentation these maps are described by orthogonal matrices constituting a group,
the special orthogonal group SO(3). Moreover, this group is a LIE group and its
topology and representation is extensively investigated [1], [26-28], [30] . It is
well known that SO(3) is connected but not simply connected. Also well stud-
ied is its covering group SU(2), which is simply connected. The LIE algebras of
both groups are equivalent with respect to an isomorphism. Thus both groups are
locally equivalent via a homomorphism.

Since the early work the set of possible parameterization contains the axis angle,
three-angles, EULER and RODRIGUES parameter. But using a modified coor-
dinate transformation to obtain the RODRIGUES parameter (RP) gives rise to a
further parametrization, which is called the modified RP. It will be shown how
this approach naturally follows from the CAYLEY transformation on SU(2) and
fits into the LIE algebraic framework.

Vector-like descriptions of rotations based on the RP have attracted much attention
in conjunction with efficient computer implementations [6—8], [29]. Numerical
properties of conservative integration schemes using the CAYLEY transformation
on SO(3) as well as its use for discretizations of finite rotations were investigated
in [2] and [15]. The RP approach is especially useful for the description of small
rotations as it is for the formulation of the kinematics of elastic bodies [12]. The
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LIE group property of spatial rotations and rigid body motions in general have
been proven to be an important aspect that admits efficient symbolic computation
[19-22]. Vector parameterization in particular are attractive since they give rise to
purely algebraic and numerically advantageous descriptions of rotations.

In Section 2 the generation of SO(3) and SU(2) from their LIE algebras by the
exponential map and the CAYLEY transformation is addressed. On SO(3) the
CAYLEY transformation is well known but the CAYLEY transformation on SU(2)
does not appear in the literature. The isomorphism of both algebras is then used
in Section 3 to cast the adjoined actions of either groups on their algebra in the
form of the conventional description of rotations, i.e., matrix times vector. In
this way the four- and three-parametric descriptions based on the exponential map
on SO(3) and SU(2) are obtained with canonical coordinates of the first or sec-
ond kind, i.e., axis and angle or composition of relative rotations. Section 4 is
concerned with parameterization that result from CAYLEY transformations and
their relations to canonical coordinates on the respective group. On SO(3) these
are known as RODRIGUES or CAYLEY parametrizations. But the CAYLEY trans-
formation on SU(2) in conjunction with the group isomorphism of SO(3) and
SU(2) yields a new parametrization, the modified RP. Vector fields in the respec-
tive algebras and on the parameter space are related in Section 5 to obtain angular
velocities and accelerations in terms of the chosen parametrization. Section 6
concludes the paper with numerical issues and addresses the lack of a continuous
mapping from accelerations of the modified RP to the angular acceleration vector.
This drawback in the context of rigid body dynamics can, however, be overcome
using the BOLZMANN-HAMEL equations instead of the LAGRANGIAN motion
equations.

The LIE group theoretical background can be found in one of the excellent books
like [25] or [10]. For further reading on differential geometric treatments of rota-
tions the reader is referred to [1] and [23].

2. The Group SO(3) and its Covering Group SU(2)

The set of all real valued orthogonal 3 x 3 matrices constitutes the special orthog-
onal group SO(3)

SO(3) = {A € GL(3,R) ; AAT = I35, detA = +1}. (1)
It is a three-dimensional LIE group with LIE algebra so(3), the set of all real

valued 3 x 3 skew symmetric matrices
50(3) = {w e R*?; w+w’ =0}. )
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As such SO(3) is generated by the LIE algebra so(3) via the exponential map
exp : 50(3) — SO(3). A basis for s0(3) such that s0(3) = span (L1, Lo, L3)y is
givenby L; = (—ei;1) € R33,4 = 1,2, 3 or in matrix form

0 0 0 0 01 0 -1 0
Li=10 0 -1 |, Ly= 00 0], Lgs=|1 0 0
01 -1 0 0 0 0 0
(3)
If the generating LIE algebra element for R € SO(3) has the form!
wy = X'Ljy wxy€so3), X' eR @

(Wx)iy = —egrX"®

such that R = exp (X iLi) then the components X*,i = 1,2,3 are canoni-
cal coordinates of the first kind (C1K). The group SO(3) is a connected three-
dimensional LIE group and can hence be locally expressed as product of three
one-dimensional subgroups such that R = exp (61.L;) exp (62L;) exp (63Ly),
i # j # k where therein 6;,7 = 1,2, 3 are canonical coordinates of the second
kind (C2K) on the LIE group SO(3) [17]. The concept of coordinates of the first
and second kind is of special importance for the description of spatial rotations.
Although SO(3) is connected, it is not simply connected and thus any product
representation cannot be global, i.e., for any such representation there exists a
point where the exponential map parameterized by C2K is not bijective. Exam-
ples for C2K on SO(3) are every three angles used to describe spatial rotations,
e.g. EULER or BRYANT angles. C1K are the rotation axis and angle. On so(3) as
matrix LIE algebra the LIE bracket is the matrix commutator and it holds that

(Li, Lj| = LiLj — LjL; = €451, Ly, %)

thus the structure constants of so0(3) are given by the LEVI-CIVITA symbol. The
LIE bracket defines a linear map ad,,: s0(3) — so(3) for fixed w, ad,, () :=
[w,n]. A norm on so(3) is given by

lwx |50z = tr (wkwx) = [ X|zs (6)
where X := (X!, X% X3), | X||2s = (X, X)gs = XTX is the standard inner

product on R®. For simplicity the subscripts in (6) will be dropped if there is
no danger of confusion. For s0(3) the exponential map is explicitly expressed

!Convention: summation over repeated indices on different levels.
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using the coordinates of the first kind X by the well known EULER- RODRIGUES
formula

sin ||w 1 — cos ||w
x| HZX”wg(, wx €50(3). (7)
Jwx]| wx||

R(X):=expwx =1+

If lwg || = 1 then (7) yields a rotation matrix describing a rotation about the axis
X € R3and angle § € (-7, 7] 2

R(0,X) = exp (Qwyg) = I +sinfwg + (1 — cos ) w. (8)
The SO(3) group acts on its LIE algebra via the adjoint map Ad: SO(3) xs0(3) —
$0(3) which describes how group elements act on algebra elements. A basic result

from the theory of LIE groups is the relation (cf. [17]) exp ad,n = Adexpwn with
w,n € s0(3).

Proposition 1. If R = exp (w) and w,n € s0(3), the adjoint action R on 1 is
explicitly given by

. 1_
Adgrn =expad,n = (I + sin [lw] ad,, + Wadi) n ©)]

where ade is the i-fold composition of the operator ad,,.

Proof: Iterative application of ad,, together with w? = — ||w||* w yields
. (=)* |l adum, j=2k+1
adi,n = ko o2k a2 (10)
(=17 |lwl|*adZin, j=2k+ 2, k=0,1,2,...
and substitution into the series expansion of exp gives the result
oo 2
dwn ad;,n
— _1 k 2k aQ W )
. 1_
= (I—i— SmeHadw + ( COSQHMH) adf)) n.
[l el
|
By the bilinearity of ad it follows that for [|wg|| = 1, Adexpouen = 7 +

sinf [wyg, n] + (1 = cosb) [wx, [wx, ] -
Another way to map algebra elements to group elements which in contrast to rela-
tions (9) does not contain transcendental functions is the CAYLEY transformation.

Let @ € R® be an arbitrary vector then @ denotes the normalized vector: @ := a/ ||al|
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Lemma 2. The CAYLEY transformation cay: w — (I —w)™ " (I +w), for
w € 50(3) is a map from s0(3) to SO(3) and can be expressed as

cay (w) = (I —w) ' (I +w) :I+L2 (w+w?), weso(3). (11)
1 [l

Proof: Using the NEUMANN series (] —w) ™' = I +w+w? +w® + - - with the
relation w® = — ||w||? w for higher order terms (11) can be written as

cay(w) = ([+w+w?+w’+-) (I +w)
= 142 (1 o+ ol = ]+ ) (@+e?) (2

= I+L(w+w2).

2
1 [|]]

R (w) € SO(3) if and only if R (w)” R (w) = I and detR (w) = 1. With (13) it
holds that

-1 —2
RTR:I+4(1+||w|]2) w2+4<1+||wH2) (W' —w?) =1

and det (I +w) = TI3_,\; (I +w) and det (I —w) ™" = 1/det (I — w), where
\; (A) is the i-th eigenvalue of A. From the power expansion [ + w = w® + w
and I — w = (—w)” — w follows that \; (I +w) = 1+ ); (w) and \; (I — w) =
1+ \; (—w) respectively. The characteristic equation w? + ||w||? w = 0 yields the
eigenvalues A\j (w) = 0, Ao 3 (w) = ti||w|and A\ (I +w) =1, A3 (I +w) =
1+ i|jw||. Thus det (I + w) = 1 + |jw||%. Proceeding in the same way it follows
that det (I — w) = 1 + ||w||* and finally detR (w) = 1. |

Let we = ¢'L; and R (c) := cay (w.) with ¢ € R3 then the vector c is known as
the RODRIGUES vector of R whose components c’,7 = 1,2, 3 will be referred to
as RODRIGUES parameter (RP) throughout. If again [|w || = 1 then R (v, X) =

cay (ywyg) = I + ﬁ (vw <+ 'y%;g—() is an orthogonal matrix determined by

the parameter v and axis X via (4). Therein the real parameter ~ will be called
the CAYLEY parameter (CP) for a rotation about X. It should be noticed that
some authors refer to the components ¢’ of the RODRIGUES vector as CAYLEY
parameter [17] while others call them RODRIGUES parameter [18]. As will be
seen later, the RODRIGUES vector ¢ € R? and the vector X € R3 in (7) are
related by a coordinate transformation in R? as it should be expected since the
exp map is locally surjective for a compact group.
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The (simply connected) covering group of SO(3) is the special unitary group
SU(2)
SU(2) ={U e GL(C,2); UU" =I5} . 13)

The unitarity condition on U € SU(2) demands the special form

a b
U:<_ba> (14)

with complex values a,b € C such that |a|* + |b|*> = 1. These numbers a, b are
called CAYLEY-KLEIN parameters [1]. The generating LIE algebra of SU(2) is
su(2), the set of all skew Hermitian 2 x 2 matrices

su(2) = {u € C**; u+u* =0}. (15)

Since for u € su(2), u = —u* it follows that tr (u) = 0. A basis for su(2) such
that su(2) = spang (E1, E9, F3) is given by
Ej, = %ak, k=1,2,3 (16)

01 0 —i 1 0
ne(Va) (V) (o )

are the PAULI matrices. In analogy to (4) every element u € su(2) can be ex-
pressed as a linear combination of E;,7 = 1,2, 3 with real coefficients X

where

ux = X'E;, uyx € su(2), X' e R, i=1,2,3. (17)
The LIE bracket for the matrix algebra su(2) is the matrix commutator
[u,v] = uv — vu, u,v € su(2). (18)

For su(2) the structure constants are due to the relations £y Fy = %Eg, EsE =
3B, EsE3 = 3By and thus

[Es, Ej] = eijiEx (19)

are again determined by the LEVI-CIVITA symbol. A norm on su(2) can be in-
troduced as
u|® == detu (20)
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such that with ux = X*E; it holds |lux Hiu@) = || X||zs. A remarkable property
of SU(2) is that any U € SU(2) can be expressed as a linear combination in the
basis {Po, P1, PQ, Pg}, i.e.,

U=p"P, (2D

with the condition Zi:o (p”)? = 1. The basis elements are given in terms of the
basis on its algebra su(2)

1 v=20
P, - SU(2) 22)
261/1E2 Vv = 1, 2, 3.

The real parameter p* € R, v = 0,1, 2, 3_in (21) are the EULER parameter (EP)

the CAYLEY-KLEIN parameter by

a=p"+ip’,  b=p"+ipl. (23)
The fact that SU(2) elements can be expanded as a linear combination (21) finds it
underlying reason in the existence of an homomorphism of SU(2) and the quater-
nion algebra. As a result the multiplication law for EP is determined by that

of quaternions and hence the group multiplication in SU(2) is governed by the
quaternion multiplication.

Lemma 3. For any u € su(2) it holds

expu = I cos u ‘ + 2sin 24)

3]+ 23]

2 2 T
Proof: The characteristic equation for u = X‘E; € su(2) is ||u]? + 4)\2 = 0and
hence with the CAYLEY- HAMILTON theorem it also holds u? = N Hu||2 I 1t
can be shown that u/ = (—1)* oz |ul[** u, j = 2k+1and v/ = (—1)"5k [[ul**I,
7 =2k, k=0,1,2,... which yields the desired result

00 2k+1
xu (HuH (] u)

' M

92k (2)1" T 22T (2% 1 1)1
u
- reolt]« ol
210 flufl 112
and taking into account that ||u || = 1 the representation of U € SU(2) in terms

of coordinates of the first kind is

_ 0 9
U(#,X) :=expbug :Icos§+2sin§u;(. (25)
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The general result exp ad,v = Adexpyv, u,v € su(2) with the bilinear map
ad,v = [u, v] gives rise to an explicit formulation for su(2) such as (9).

Lemma 4. For any u,v € su(2) the adjoint map Adexpy: 5u(2) — su(2) can be
expressed as

sin [Jul] 1 — cos||ul|

ad,v + 3
[

expad,v = v+ adiv. (26)

[l

Proof: Using the relation for higher order terms u* above gives

. DR u)|* adyv, §=2k+1
I o
(=1)" JJu||™" adv, j=2k+2, k=0,1,2,...
and the series expansion of exp yields
00 2
d,v adyv
d _ _1)k 2k ady, u
epade = v+ ) (DI G+ ety
=0 . (28)
(I 4 sin [|lu| ad, + L7 COS2HU|| adi) .
[ [l
[ |
Presumed ||u || = 1 it follows with the bilinearity of ad,,v that
Adexpgugv = v +sinb [ug,v] + (1 —cost) [ug,[ug,v]]. (29)

As for SO(3) the CAYLEY transformation maps elements of the LIE algebra su(2)
to elements in the group.

Theorem 5. The transformation cay: uw— (I —u)~' (I 4+u), u € su(2) de-
fines a map from su(2) to SU(2) and has the explicit form

wll2
cay (u) = (T — ) (1 )= B, 2

u, u € su(2). (30)
S

Proof: The series expansion (I — u) ™" = I+utu2+ud+- - yields (I —u) ' =

—2— (I + u) and thus

A4 |ul?
U = cay(u)= T —u)"" (I +u) a1
4+ [uf? ] e
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U € SU(2) if and only if U*U = I and detU = 1. With u* = —u it follows that

UU = 16 (44 ul?) =) (4 u)?

-2
(16 + 8 ul® + ||uH4) (4 + ||u||2) =1

From the characteristic equation ul> +4X2 = 0 the eigenvalues of u can be
deduced as A1 p = %5 ||lul and A\; (I +u) = 1 & 5 ||u|. Hence it follows that

det(I —u) ™ (I +u) = b (145 ul?) = 1. .

Alternatively U = cay (u) can be expressed as a product
1
U(u) =U? (u)-U? (w) with U2 () = (L+ 5 [ul) 72 (T +a).  (32)

Let u, € SU(2) be expressed as uq = 2a'E;, with a € R? such that U (a) :=
cay (ug). Further set u = X'E; with [uxllsu2y = IX|lgs = 1 and introduce a
real parameter « such that

1 —a? 4o

U(a,X) = cay (2aug) = 1+a21+ Tra2

(33)

Definition 6. Let u, = a'E; and U (a) = cay (2uq). The vector a = (a') € R?
is called the modified RODRIGUES vector of U. If U (a, X)) = cay (2au ) with
|lux|| = 1, then a € Ris called the modified CAYLEY parameter of U.

The above introduced parameters « and a are arbitrary and so their respective de-
finition was chosen in order to simplify the later expressions for rotation matrices
avoiding the factor 2. Modified CP and RP are not canonical coordinates by them
self but they result from those by a coordinate transformation on R3.

3. Representation of Rotations Using Canonical Coordinates

In the context of rotations the algebras of interest are R3, s0(3) and su(2). Re-
lations of these algebras and of the two groups SU(2) and SO(3) give rise to
different parametrization of rotation expressed in terms of C1K or C2K on either
group. By a coordinate transformation on the respective group, SO(3) and SU(2)
can be parameterized in terms of the respective CPs as shown in the next section.

The vector space R is a LIE algebra where the cross product represents the LIE
bracket [X,Y]gs := X x Y, X, Y € R, where in an orthonormal basis it holds
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for Z = X x Y that Z% = %Eij X JY'* and thus the structure constants of this LIE
algebra are given by the LEVI-CIVITA symbol. The LIE algebras so(3) and R3
are isomorphic via the isomorphism

m:s0(3) =R, wx=XLij—X (34)
with wxy = (—Eiijk) and XF = —%akijwij. ILe. m o [wX,wY]SO(?)) =
(71 (wx), 71 (Wy)]gs = [X,Y]gs, with wy = X'L; and wy = Y'L;. Analo-
gously su(2) is isomorphic to R? via

Ty 1 su(2) — R3, ux = X'E; — X (35)
with X* = —2tr (ux E},), such that m90 [uy, uY]su(Z) = [m2 (ux), m2 (uy)|gs =
[X,Y]gs. The last equation follows from the relations E;E; = e;,E), — %5@-
which produce tr (E; E;) = —%6”-. Hence 73 := 7] Loy defines an isomorphism
of 50(3) and su(2), such that

T3 © [UX, uy]su(2) = [7T3 (UX) » T3 (uy)]ﬁa(i’)) = [WX? wY]ga(?)) : (36)
The product representation of the cross product on R? is obtained from the LIE-
product on s0(3) using m;
Z = mo [vawY]so(s) =7 (wx) xm (wy) =X xY =wxY (37)
XY, Z e R3, wx,wy € s0(3)

which can be deduced along Y* = — ¥ (wy ), from
7 = LI () (1),
— i (66" — §,6™™) X5 (wx ) m (WY )y (38)
= 5 @) (ov)y = () Y

2
Application of 7; to the adjoint map Adexp.: 50(3) — s0(3) gives

moexpfad,, (wy) = mo (I +sinfad, . + (1 — cosf) adif) wy 39)
= (I +sinfwg + (1 — cos@)wg—() Y=R(0,X)Y

with R (9 X ) given by (7). A similar results is obtained for the adjoint operator
Adexpuy on su(2) using 7o

myoexpfad,, (uy) = mpo (I + sinfad,; + (1 — cos6) adi).{) uy

_ (40)
= R(4,X)Y.
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Rotations of three-dimensional vectors are thus images of the group actions of
SO(3) and SU(2) on their respective algebras s0(3) and su(2). Hence from the
LIE algebraic point of view a rotation of ¥ € R? about an axis X € R3 is
described as SO(3) and as SU(2) action with R = expwx and U = expux
given respectively by

Wy’ = WRY = Adpg (wy), wy € 50(3) 41

Uy’ = URY = Ady (UY) s uy € 5u(2). 42)

The vector form is then obtained via 7 or my where the product representation
RY is a special feature of SO(3) due to the fact that 71 0 Adg (wy) = RY. Itis
worth noting that rotations can be completely described using the associated LIE
algebra elements wy, wy or ux, uy.

The algebra isomorphisms 73: 5u(2) — so (3) locally determines a group homo-
morphism of SU(2) and SO(3). As already seen 710Adexp gy Wy = exp (fwg)Y
= R (0, X) and Adexpou vy = exp (Qug)vy exp (—fuy) describe the same
rotation. Because det (AdexpBuXuY) = detuy = HYH2 this transformation is
orthogonal and thus to each U = %X € SU(2) can be uniquely assigned a
R € SO(3) via the homomorphism II3: SU(2) — SO(3)

I : eux s x| 43)

The map II3 is surjective but not injective since, as can be deduced from (41) with
mo any two elements £U € SU(2) describe the same rotation. However, 113 is a
group isomorphism of SO(3) and the projective special unitary group PSU(2) :=
SU(2)/{I,—1} = SO(3). Especially the generators L; and E; of s0(3) and
su(2) respectively generate one parametric (and hence ABELian) subgroups and
the isomorphism II3: PSU(2) — SO(3) yields the following relations between
elementary rotations

Ui () :=expbE; Ry (0) :=expOly
cos? isin? 1 0 0
—< " ¢ ) 113 =| 0 cosf —sinf
ISl €Os3 0 sinf cos6
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U2 (9) = exp 9E2 RQ (9) = exXp 9L2
cos?  —sin? cosf 0 siné
= < 3 0° ) I3 = 0 1 0
Sty €083 —sinf cos 6
Us (0) :=expblFs R3(0) :=expflLs
{0 cosf —sinf 0
e'z 0 .
= < ) ) I35 = | sinf cosf O
0 e 0 0 1

While the algebra isomorphism 73 is global, II3 is only a local group homomor-
phism of SU(2) and SO(3) caused by the non-simply connectedness of SO(3) and
SU(2) being its double covering [1]. It should be noticed that the basis (3) yields
inverse rotation matrices, i.e., describing counterclockwise rotations about X as
it is obvious from (3).

Having established an isomorphism of SO(3) and SU (2) enables to describe ro-
tations either using a chart on SO(3) or on SU(2) with CIK or C2K respectively.
With Proposition 3 the EP are given in terms of a unit rotation axis X € R? and
angle 6 or in terms of X € R3 by

pozcosg, pi:)_(ising, 1=1,2,3, —w<f0<m

: i 44)
P —COSH2H7 Pt = ”))((”sin@, i=1,2,3, —7<|X]| <.

The isomorphism 73 = m; " o 72 applied to (41) and (42) yields R(p)Y =
72 0 Adexpuy Uy = 1 © Adexpuwy My = €xp (wx)Y = R (X)Y with

p0+ip3 p2+ip1 iyl Y2—|-iY3
—p? +ipt PO —ip? ~YZ24iy3  —iy!

.<p°—ip3 —p® —ip >
pr—ipt P +ipd
such that with the unitarity condition Zizo(p”)2 = 1duetodetU =1
- +a b —%(a2+b2—a2—b —ab —ab
EaQ—bZ—cﬂ—&-bz; L+ a2 +b") i(@-a) )
(45)

ab + ab i (Eb - ag)

R(p)Y:@o(

(IR T

R(p) =

1-2[(p*)? - ( 52 2(p'p? —p%?) 2 Ep p® + p°p?)
< 2(pp* +p%)  1-2[(")? - (%) 2 p —popl) )
2 (p'p® — p°p?) 2(p?*p* + %) 1-2[(p")? - (»*)?]

p
p'p® —
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is a representation of rotation matrices in terms of EP. The multiplication law of
EP is naturally defined by that of SU(2) matrices which is exactly the multiplica-
tion law of quaternion [1] since EP are nothing but normalized quaternions. Let
W = UV be given as product of two SU(2) matrices described by their associated
EP pf; and py; then EP of IV are given by

P = popy— Y pupy
| oo (46)
p%/V - pUp%/ +pr’LU +€ij:p]UpV7 1= 17273‘

Using C2K to describe spatial rotations by successively applying elementary ro-
tations is equivalent to a local representation of SO(3) or SU(2) as product of
three one-dimensional subgroups. EULER and BRYANT angle descriptions are
two commonly used examples. With C2K SO(3) and SU(2) elements have the
form
R = Ri (01) Rj (92) Rk (93) , Ri (0) = exp (HLZ) (47)
U =U;(01)U;j(02) Uy (03), Ui (0) =exp(0F;), i#j#k

where a certain choice of ¢, j, k yields a certain parametrization. An EULER angle
parametrization of SO(3) and SU (2) with v, 9, ¢ describing successive rotations
about the actual 3-1-3-axes yields (with s, := sinx, ¢, := cos )

R(,9,¢0) = Rz () R1(0)Rs(p)

(48)
CpCyh — CYSpSyy  —CpSp — CpCySyy  SypSy
= CypCYSyp F CpSyy  CpCyCy — SpSeyy  —CypSy
S¢Sy CpSy €y
U@,9,0) = Us(¥)Ur (V) Us(p) 49)

9

e29t3¥ cosg jez 39
jes 93¢ sing ez 93¢ oS 5

Thus the CAYLEY-KLEIN parameter and EP for an EULER angle parametrization
are respectively

a=e3t3¥ cosg, b=iez 92 ¥
9 — 9
p° :cosw;¢cos§, Pt = cos 2 5 d)sini (50)
— 0
p2:sin¢ Sosin—, p3:sin¢+¢cos—
2 2 2 2
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and it is clear that the EP are periodic in 6 with 47 due the double covering of
SO(3) by SU(2), i.e., there exist two U € SU(2) and thus two sets of p” such
that II3 (U) = R € SO(3). More precisely these are U and £p"”, which im-
mediately follows from (45). Although EP arise from C1K they are not canonical
coordinates, neither of the first nor of the second kind. Moreover, EP result from
CI1K, axis and angle, via (44) and from C2K via (50) e.g.

4. Vector Parametrization Based on CAYLEY transformations

Thus far the rotation group SO(3) can be globally parameterized with canonical
coordinates of the first kind or locally using canonical coordinates of the second
kind. Alternatively the global parametrization with C1K can be substituted by
the redundant set of EP. The later has the advantage that it yields a global para-
metrization which only contains rational functions. However, this is owed to the
use of four dependent parameter. Obviously CP or RP also describes rotation
matrices with rational functions and rotation matrices can be parameterized with
the three RP. Furthermore the CP approach enables to assign a real parameter to
each elementary rotation which is not possible with EP. Unfortunately the fact that
the CAYLEY transformation on SO(3) cannot describe arbitrary rotations (no re-
flexion) precludes its general use. A possible alternative is to relate the CAYLEY
transformation on SO(3) and that on SU(2) to obtain a global parametrization of
SO(3) which only contains rational functions, i.e., a parametrization with mod-
ified RP or CP. This allows the use of the minimal number of three parameters
to globally parameterize rotations only with rational functions. The fact that CP
parameterize one dimensional subgroups also gives rise to a local parametrization
with CP. The actual RP or CP can be related to the C1K or C2K respectively.

Consider the orthogonal matrix R (wy) € SO(3) describing rotations about the
axis X € R3 and let wx = 7, ' (X) € 50(3) be the associated skew symmet-
ric matrix. R can either be generated from wx by the exp map or from some
. = 7' (c) € s0(3) with associated RODRIGUES vector ¢ using the cay map

R(WX) = eXpwx = cay (fc) = R(gc) ) angc € 50(3)‘ (51)

Due to the analyticity of exp there exist a locally unique w for every R. It is thus
necessary that Adpwyxy = wx and Adré. = &. and that wx and &, are related by

& = lwy, AeR. (52)
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Comparing (11) and (7) together with (52) yields the condition for A

2\ sin [|wx || 2)\2 1 — cos ||wx]|
3 5 = X D) 5 = D) (53)
14+ A2 flwx|] lox| 14+ A2 flwx|] [lwx |l
which is fulfilled by
1
= —tan |||, (54)
lwx | 2

It thus follows the relation of the exp and the cay map on SO(3) and that of X
and the RODRIGUES vector ¢

tan

X
2“ . (55)

expwy = cay 5 = 5
( lwx|] X

Assumed ||w|| = 1 such that R (f) = exp (fwg) then (55) relates the CP y and
the rotation angle ¢

0
v = tani, —t<f<m (56)

where the range of # is mapped to the entire real line and —oco < v < co. It also
immediately follows that the exp map (7) on SO(3) can be expressed in the form

exp (Qwy) = cay <tangwx> =1+ (wg +w%) (57)

1+ tan?$
that indeed containing transcendental functions. The transformation (56) is pe-
riodic in 6 with a period of 7 and maps 6, with |§| < 7 onto the parameter +,
with a range |y| < oo so that for § = 7 the map cay (tangw %) is not continu-
ous. Hence the CAYLEY transformation may describe arbitrary rotations except
a reflexion about X. Comparing (11) and (45) yields the relation of CP and the
corresponding EP

1 . )
0 i T xi =123 (58)

p =7 p )
/1 + ,},2 /1 + ,},2
The case of § = £ corresponds to the limit v — +oo that gives the expected
EULER-Parameter for 0 = £ lim,_ p° = 0 and limy o0 pl=X"i=1,23.
Hence the well known cay map on SO(3) yields a three-parametric description of
rotations which, however, cannot be used to describe arbitrary rotations.

An alternative vector description can be achieved based on the CAYLEY map (32)
on su(2). Here again the relation to the exp map is of particular interest. Let
a € R? the modified RODRIGUES vector of U € SU(2) . Presumed that cay (v,)
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and exp (ux) with ux,v, € su(2) generate the same matrix U = cay (2v,) =
exp (ux) it is necessary that v, = A\ux, A € R. Comparing (24) and (32) gives
two conditions on A

4 -2 flux| 1 8\ 2 1

¢XH2 = cos = |Jux]| A 5 = sin — |lux||  (59)

4+ X lux]] 2 A+ N ux|® llux]] 2
which can be combined as easy to solve quadratic equation )\24—@)\ cot 1 [luxl|
——4_ = 0. The two solutions are

flux||
2 1 2
Al = tan— [Jux|| , Ag = — cot — |lux]| -
Jux]l 4 Jux[l 4

Here )\ is generated by 6 € (—m, 7] and Ay by 0 € (7, 27| so that by definition of
0 = |lux]|| the solution can be restricted to A;. The transformation from the C1K
X to the modified RODRIGUES vector a and from the C2K 6 to the modified CP
a should be diffeomorphic in the range of definition. The respective mappings for
the RP and CP are

L oo tndlX] .
Xl
0 — a= taniO 61)

which are in contrast to (56) bijective and continuously differentiable and —7 <
6 < mis mapped to —1 < « < 1. The periodicity follows by taking || X|| = 6
modulo 27 or aw modulo 2 respectively. A rotation matrix parametrized with « in
(60) is thus periodic in o with a period of 2. Similarly to SO(3) the cay and exp
map are related by

exp (fuy) = cay <2tanZuX) . (62)

The expression (60) can also be obtained via stereographic projection [24]. The

modified RODRIGUES vector is a scaled version of the WIENER-MILENKOVIC
11Xl

vector [2], defined as ”%‘HtanTX , also called the conformal rotation vector.

Comparing (33) and (23) yields the relation of a and « with the EP

0 1—|la|® i 2

= = —=—a

P Tt al? L Pk 63)
2 . — .
o= T Po= e X
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Due to this relation the composition of modified RP is governed by the quaternion
composition rule (46). Incorporating (63) into (45) yields a rotation matrix in
terms of the modified RP a or CP «

R(a) = Myocay (2uy) =1+ [(1~[laf*) w, + 23]

(1+ fal?)”

R(a,X) = TlIzocay(20uy) (64)

4
= I—l—i[a 1—a? w*+2a2wz_}

with w, = ! (a) and wg = 77" (X). A product representation of SU(2) and
via IT3 of SO(3) in terms of modified CP gives elements of the form

R(a1,a2,a3) = Ri (a1) Rj (a2) R (a3),  i#j#k (65)

where R; (o) := IIz ocay (2aE;). A decomposition corresponding to the EULER
angle decomposition is R (a1, g, ag3) = R3 (1) Ry (a2) R3 («3), where the pa-

rameters are «v; = tan <%), a9 = tan (%), and a3 = tan (%), and

1 0 0

1—6a2+a* 40‘(0‘2_1)

Ri(a) = 0 (1+a2)? (1+a2)?
0 7404(&271) 1_6a2+a4
A+ (+a?)” 66)

1—602 40t 4a(a2—1) 0
(1+a2)” (1+a2)*

R3 (Oé) et —404(052—1) 1—6a2+a4 0
(1+a2)* (1+a2)*

0 0 1

Hence a global singularity free three-parametric description is achieved by the
EULER-RODRIGUES formula (7) using C1K X or via the coordinate transforma-
tion (60) by (64) using the modified RODRIGUES parameter a. The later has the
advantage that it only contains rational functions like the EULER parameter de-
scription (45), which, however, needs four dependent parameter. Due to the use
of three independent RODRIGUES parameter a’ it allows to describes one para-
metric subgroups of SO(3) with rational functions only, like (67). Thus a product
representation of SO(3) can be achieved using modified CAYLEY parameter as
coordinates which are related to the C2K via (61). This, of course, leads to the
problem of singularities of any three-parametric description using coordinates of
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the second kind. The main advantage of using modified RP or CP is the absence
of transcendental functions that may achieve a dramatically increased computa-
tion performance as well a higher numerical accuracy with respect to numerical
quantization error cumulation. The correspondence of the various representations
of SO(3) are depicted in the following diagram

su(2) 3 50(3)

R —

1. kind canonical coord.
exp (ux) exp (wx) axis X, angle 6 = || X||
exp (fux) exp (fwyx) 0 € (—m, ]

2. kind canonical coord.

SU@2) B, 50(3) angle 0 € (—, 7]

and those of SU(2) in the following diagram

su(2) 3 50(3)

R —
cay (2uq) cay (we)
cay (2aux) cay (Bwx)
J5E;
SU(2) ———  SO(3)
modified RODRIGUES vector RODRIGUES parameter
tan< || X|| tan || X||
=2y o e (1,1 =22 o) € (~o0,00)
modified CAYLEY parameter CAYLEY parameter
o =tanlf, o € (—1,1] v = tanif, v € (—o0,00).

Any specific parametrization determines a map from a three-dimensional parame-
ter space to the group SO(3). This parameter space is moreover a differentiable
manifold and hence any of the representations of rotation matrices defines a dif-
feomorphism from the parameter space to SO(3) as differentiable manifolds based
on local charts. Coordinates in the respective chart are the minimal coordinates
in the LAGRANGIAN motion equations of a rotating rigid body. For a freely ro-
tating rigid body the parameter space is of dimension three but if the rigid body
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motion is restricted to a submanifold it is of lower dimension, e.g. in case of
planar rotations. With C1K X and their derived RP ¢ and a the parameter space
is R3. The parameter space for a product representation with C2K is the usual
three-dimensional torus. More precisely it is the three-dimensional torus modulo
2m: T3 (27). The coordinate transformation (61) projects T2 (27) onto the three-
dimensional real space R® modulo 2: T3 (2) as being the parameter space for a
parametrization with modified CP «. On the other hand the three-dimensional
torus T3 (27) is mapped to the entire R? by (56) which is the parameter space for
a parametrization with CP ~. Finally the EP approach defines a diffeomorphism
from the three-dimensional unit sphere S® to SO(3). Schematically the different
approaches can be summarized as follows

CIK: X eR® — exp(wy)
RP: ccR® — cay(w.)
modified RP: a €R®* — R(a)
C2K: (01,09,03) € T*(21) — R; (61) R; (62) Ry, (63)
CP:  (71,72,73) € R? —  Ri () Rj (72) Ry (73)
modified RP: (a1, a2,a3) € T? (2) — R; (o) Rj (a2) R (a3)
EP: (po,pl,pQ,pg) es® - R(p).

5. Angular Velocity and Acceleration

The description of rigid body dynamics using certain parametrization is based on
relations that relate the angular velocity and acceleration vector to time derivatives
of the respective parameter. Depending on the choosing coordinates the angular
velocity tensor can be expressed in term of C1K or RP ¢ and a as well as with
C2K or v and «. Explicit relations for EULER angles, RP and EP are reviewed
in this section and relations for the modified RP and CP are derived. Consider
the angular velocity tensor w in body, or convective, representation and in spatial
representation w® respectively [17]

w=RR, w® = RR™, w,w® € s0(3). (67)
This is equivalent to the conventional definition of w since with the rotation matrix

. AN\ . e .
E = R and the definition w = ETE = — (ETE) " itiswy = ~B, VB,"
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and thus w; = —%ijwjk = %ajkEi (i)Ej ® are the components of the angular
velocity vector [31]. The angular velocity vector is obtained via w := 71 (w).
Given the CIK representation (7) in terms of X enables to express the angular
velocity in terms of X. Adopting the general result for the differential of the
exponential map on a LIE -group G with algebra g [10], [25]

1— e*adX

dexpX =d Lexp x|, © , Xeg

adX
for the algebra so(3) yields with R (X (t)) = exp X (¢t) and Lyh = gh, 9, heG

d I-— e—adx<r> : >~ (—ad
—X(1) LX) : - x) 68
¢ dte adx(p) ; (i + 1)! (68)
This together with (10) yields the angular velocity vector in terms of C1K on
SO(3) and their time derivative

1 —cos|X|| . [IX]| —SIHIIXII

w=0 X, with Q(X)=1- XE X . (69)
If R (c¢) = cay (w.) a direct evaluation of 7; <R‘1R> yields
=Q-¢ with Q(c) = % (I —we). (70)
c ]

A similar calculation relates time derivatives of modified RP a to the angular
velocity vector

4 8
w=0-a with Qa)= 51+ 2(wa—w2
a a 1+ HCLH (1 + ||(I||2>
Obviously the image space of g and € is of constant dimension due to the general

a
roperty det ) = 1 0, for all X and detQ) = —>——= 0, |lal| < 1
property det {) 7# ) (1+|| i 7 7 0 el

0 points toward a singularity of this map at

). @D

[lell—o0

while detQ = 8
(1+]1e)?)*

lell = oo £ |X|| — .

Let R be given in the product representation (47) with C2K. Evaluating (67) with
Adg (n) = RwR™! yields

w = O Okbre0ilip, 0ibiekle 4 g o=kl Orlr 1 0,1, 72)

. 1 . 1 .
= GiAde(éj)Rk(Hk) (LZ) + HjAde(Gk) (Lj) + 0, Ly.
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Specifically using EULER angles (48) such that R (¢, ¥, ¢) = R3 (¢) R1 (V) R3 (¢)
gives (with s, :=sinz, ¢, := cosx)

w = PpAd;! (Ls) + 9Ad3Y, (L) + ¢Ls

R1(9)R3(p) R3 () (73)
0 —¢ — ey —1?% + 1@%30
= | L etve 0 e — sy
Vs, — hepsy Ve, + 1Ps,sy 0

and hence the angular velocity vector w := 71 (w) is

¥ sinpsing  cosp 0
w=0Q-| 9 |, with Q(),9,p):=| cospsingd —sing 0 |. (74)
o cos v 0 1

The definition (67) of w can be naturally extended to SU(2)
u=UU=UU, uecsu?) (75)

and with w = 71 (w) = 72 (u) follows the relation of the time derivatives of EP
and the angular velocity vector for the EP description (45) of R

0 -1 22 T
w = Q- p",p%p")
" 1,0 32 (76)
-p P pp
with Sg(po,pl,p2,p3) = 2 —pj’ —153 PP

—p* p* —p' p

Further if the rotation R = II3 (U) is described by the modified CP « the relation
cay (2aux) = exp (4 arctan a u g ) yields

4

Oacay (2aug) = Oqexp (darctanauyg) = T
(6%

cay (2o ug) (77)
and § = ﬁd. With U = U,;U;Uj, expressed as product (47) yields similarly to
(73)

. 1 . 1 .
u = eiAde(aj)Uk(ek) (EZ) + ejAdUk(ek) (EJ) + 0L E}, (78)

and via 7y the kinematic EULER equations (74) when using EULER angles. But
if U (a, X) = cay (2aux) then

. 4 -1 . 4 -1 .
T2 Adg, ayyvitan) (Fi) + G a2 Ady oy (B3) F i a? P

(79)
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Choosing the EULER composition U = Us (a1) Uy (a2) Us (a3) and applying 7o
yields w = 7o (u)

. . . \T
w=Q - (d1, Q, é3) (80)
(0%
1602 (a3—1) as (a3—1) -6 as?4tas 0
(44a12) (4+a22)2 (4+a32)2 (1+az2) (1+a32)2
4 2-1) (1-6 az?+as?* 4 2_4
0 (o an,a) = | Aol (getiet) st
«a (1+a12) (1+a22) (1+a32) (1+a22) (1+ a32)
_1-6az’tap? 0 1

(1+a12) (1+ag?)? T+as?

It is worth noting that the factors in R («) and 2 are all powers of 2. The singu-
(03
larity at ao = 0 due to

256 g (a3 — 1)

det Q = 81
C T v ad) 1+ a3 (14
corresponds to that for the EULER composition at ¢ = 0 due to det{) = — sin 9.

This singularity can be shifted using another chart for 72 (27) or T (2) respec-
tively, e.g. using the BRYANT composition R = R; (61) Ra (02) Rs (63).

At any point the linear maps 2, Q,Q and ©2,Q,Q and €2 are tangential maps
a c a p

from the tangent space of the respective parameter manifold to R?, e.g. ) :
TT3 (27) — TR? ~ R3. These maps are the kinematic basic functions that ap-
pear in the LAGRANGIAN equations of motion for rigid multibody systems [16].
Lower dimensional rotations are described by restricting the number of parame-
ters to one or two respectively.

The LAGRANGIAN motion equation of rigid bodies in minimal coordinates de-
mand explicit relations of the angular acceleration in body representation and §.
That is, @ = Q4§ + g, where ¢ is a vector of either one of the possible pa-
rameter sets, i.e., ¢ is the representing point on the parameter manifold. In the
remaining part of this section only modified CP « are considered in order clarify
the problem of continuously differentiability of 2 and g It holds with (47) and

Uj (9) = exp (GE]) that

0 _ _ _
%AdUJ_lUk (Ez) - [AdelUk (Ez) 7AdUk1. (E])] )
0 _ _
%Ad[i (Ej) = [AdU; (Ej) ,Ek} :
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With U; (o) = cay (2aE;) and (77) follows that

0 4
—Ad7L (E) = AdnY (B, AdG (B,
da; ZO (14 a2) (1+oz?) [ v, (Fi)» Adg, ( J)] o
0 4
—Ad N (E) = Ad; ' (E)), EL|.
Doy~ e T (1+a3) (1+a2) [paii (). 5
The time derivative of €2 is thus given by
0 = J Ad-L (B, AdG (E;
o 2 (1 +az) (1 +Oé,£2)2 |: U]Uk( ) Uk ( ]):|
4 dy, .
+ Ad;' (E;) , Ey,
(1+a3) (1+02) A () B
8 o o (84)
— : o (B — @ ! Ad;(E;)
(rad)” T )t
) 8
—d——— By | .
(1+a})? ]

Similarly 71 applied to (48) yields the well known relation of EULER angle and
angular accelerations. This outlines the general approach for arbitrary composi-
tions of elementary rotation. From the fact that the transformation (61) is of class
C! follows that the tangential map %2 : ¢ — w is continuous but not continu-

ously differentiable for —1 < o < 1. Especially the relation of ¢ and w is not
continuous at « = +1 due to the last three terms in (85).

6. Computational Aspects

From the computational point of view vector like parametrization of rotations
can potentially reduce the computational complexity and accuracy even on high
performance computing facilities. These features stimulated the use of RP to
describe the dynamics of rigid and flexible bodies. The RP parameterization nat-
urally arises from the derivation of energy conserving integration schemes on the
rotation group [15]. Also the algebraic nature of the rational parameterization
with EP was addressed in the context of holonomic cut conditions for multibody
systems [29] as well as for the efficient descriptions of the kinematics of robotic
manipulators [6, 7].
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100

R(X)=exp(wy)

80 | R(X)=,0 cay(2tan({ju/4) u,)

R(a)=m,o cay(2u,

60 -

Time [s]

40 |

20

SuperSparc UltraSparc 11 Intel Pentium IIT
75 MHz 336 MHz 400 MHz

Figure 1. Evaluation time to obtain R for 106 different values of
IX|| € (—4m,4m) and o € (—4,4).

The absence of trigonometric functions which are a priory periodic demands to
introduce a periodicity of & = ||a|| by definition. So o € R has to be mapped
to (—1, 1] taking v modulo 2, which can easily be carried out using simple shift
operations in computer implementations. To exemplify the possible speed up we
present Fig.1 which shows the required time to evaluate a rotation matrix for 10°
different parameter values. Results are shown for R (X) = exp (wx) in (7) and
R (a) = my o cay (ug) in (64) with || X|| € (—27,27) and @ € (—2,2) respec-
tively. In situations where the use of § = || X|| is necessary then (64) can be used
with (60) a = tan@‘é—” so that R is parameterized as usual with 6 but only
one trigonometric functions is needed. The significant differences of the three
considered computer architectures is the presence of a mathematical co-processor
on the Pentium machine. Although the used computer hardware is not up-to-date
the results apply to general architectures distinguished by the presence of a math-
ematical coprocessor, e.g. graphics processing unit (GPU) and other real-time
hardware.

The globally singularity free three-parametric description of rotations with mod-
ified RP is owed to the lack of a continuously differentiable mapping from & to
the angular velocity vector w. Because of 6 = ﬁo’a the transformation of time
derivatives of o and 6 is continuously but not continuously differentiable too,
due to the discontinuity on the boundaries « = 41. This phenomenon indeed
affects the integration process. To illustrate this effect the LAGRANGIAN mo-
tion equations for a disk rotating about a fixed axis with constant initial velocity
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A

Figure 2. Time derivatives of # and « for a disk rotating with constant angu-
lar velocity.
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Figure 3. The drift of the angular velocity of the disc from remaining con-
stant.
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and no external forces are integrated using a 4th order RUNGE-KUTTA algorithm
with step size of 10~°s. The system with one degree of freedom was parameter-
ized with angle 6 and modified CP « as respective generalized coordinates. Fig.2
shows the time evolution of the generalized velocities 6 and ¢ for the respective
approach. The obvious discontinuity of ¢ explain the drift of the angular velocity
from remaining constant as shown in Fig.3.

However, this phenomenon can be avoided for one and three-dimensional rota-
tions since there exist a locally invertible relation of w and ¢ € R3 or ¢ € R.
Using the state vector (g, w) with ¢ = Q™1 the dynamics of rigid bodies is gov-
erned by the BOLZMANN-HAMEL equations (BHE) in non-holonomic velocity
coordinates w; [16], [17]. For a freely rotating body these are precisely the dy-
namic EULER equations

QUG + & wm®™w; =0 (85)

with w (q) = Q(q) ¢ and ©¥ being the inertia tensor. The main difference of
the LAGRANGIAN motion equations and the BHE is that the LAGRANGE ap-
proach needs a transformation of class C? from the parameter manifold to the
group SO(3) while the BHE equations only need a C! transformation from the
configuration space to SO(3).

Since the RP ¢ and CP -~y are not even related to rotation matrices by a transfor-
mation of class C° they cannot be used in the LAGRANGE equations nor in the
BHE. In case of the modified RP @ and CP « the relation to w is of class C'' and
for one and three-dimensional rotations a transformation from w to ¢ of class C'°
exists: @ = O 'w. This enables their use in the formulation of motion equations

of rigid bodi?:s with a degree of freedom one and three. Nevertheless in practical
application, where rotations are restricted a priory, as it is the case for universal
joints, the modified RP or CP are always applicable and the parameter range of
—1 < a < 11is more convenient than that of v which is —oco < v < 0.

The CAYLEY transformation as being a first order approximation of the expo-
nential map on SO(3) is employed for the update in integration schemes and for
the approximation of finite rotations, e.g. in finite element methods. Also the
cay-map on SU(2) is first order approximation of the exponential map and via
the isomorphism (64) is a first order approximation of the exponential map on
SO(3). The difference, however, is their parameter range and their behavior for
small rotations. Comparing (55) and (54) and with the approximation of tan (6)
the approximation error for the modified CP « is smaller than that of the ordinary
CP ~ when approximating the exp map.
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