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Abstract. We find some new expressions of density for straight lines and planes
in euclidean spaces of dimension two and three. Also, we show the density for
straight lines in surfaces which is expressed in terms of the coefficient of the first
fundamental form. Finally, the density for tangent lines to a differentiable plane
curve and for tangent plane of a differentiable surface are presented.

1. Introduction

Since the Buffon’s needle problem in the XVIII century until now, through the
Crofton’s formulas, many papers were written about different expressions of the
density for straight lines and its application to integral formulas related to a convex
set and further to geometric probability.

The applications to tomography, [1] and stereology show us that we are far from
considering that the interest in these differential forms obtained under different
hypothesis is over.

Even in [2] we can find the technical way to obtain them and the corresponding
supported theory but, for instance, the density for one and two dimensional linear
spaces in R? are not exhibit leaving many of integral formulas related to convex
bodies as an open problems.

In this paper we want to show a most general expression of density for straight
lines in semi-Riemannian spaces of dimension two and for lines and planes in R3,
In particular, in the last sections we show density for tangent line to differential
curves involving the curvature of the curve and for tangent planes to differential
surfaces in terms of the Hessian of the surface.
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2. Density for Planes in R3

It is well known that a straight line L in the Euclidean plane is determined by its
distance to the origin and the angle that the direction perpendicular to L makes
with a fixed direction as the z-axis, [2].

Analogously, a way to determine a plane 7 in R? is by its distance to the origin
and the angles that the direction perpendicular to 7 makes with the z-axis.

Calling 7 (o Lo) to that plane, p its distance to the origin, 7 the normal vector
to m and « the angle already described we get that the density for planes can be
expressed by the following differential form

drm = dLy = dL3 = dpAd 7. (1)

It is, also, well known that in a n-dimensional space, the density for r-spaces is a
(n —r)(r 4+ 1)—differential form, thus, if n» = 3 and = 2 as in (1), we have that
(n—r)(r+1)=3.

Now, we have to express p, 7 and « in terms of the others parameters which de-
termine the plane in order to obtain an expression different from (1) but equivalent
to.

If the plane is given by the equation
Az +By+Cz=D (2)

where 7 = (A, B,V/1 — A2 — B2) is the unitary normal vector to the plane.

If P, is any point of the space, its distance to the plane given by (2) is

(P,—P)x 7

dist(P,, plane) = —
0

where X means scalar product.
If that point P, is the origin, it results
p = dist(O, plane) =| D |
We assume that D > 0 and as A2 + B? + C? = 1, computing dp

dp=dD
40 — —AdA — BdB
V1— A% — B?
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ie.,
dp =dD. (3)
Finally, (1) becomes
dLy = dpAd7 = dDAd7™. 4)
Being a=angle (7, z — axis) we identify d 7 = da given by
AdA + BdB
cosa =+v1— A2 — B? and sinada = u, then
V1— A% - B2
Ada + BdB
da =

JI— A2 —B2(A2+BQ)1/2'
Substituting in (4), we obtain

dDA(AJA + BdB)
VI_AZ_BJAZ | B?

dLy = dL3 = 6))

3. Density for Lines in R3

As mentioned above, the density for straight lines in the Euclidean tridimensional
space is a differential form of order four.

If we now look for an expression analogous to those (1) but in a tridimensional
space, we have to consider the distance of such a straight line to the origin and its
normal plane.

Calling p to the distance we can write
dL} = dpAdL3. (6)
We leave out of consideration the case for straight lines through the origin ([2],

page 202).

The distance from a line G to the origin is given by

| OPAT |
||
where P € G, O ¢ G and W is a vector parallel to G.
If G is given by the equation

T — To Y—"Y Z = Zo

A B  C
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we have W = (A, B,C), P = (2o, Yo, %) and
| (%0, Yo, 20)A(A, B, O) |

— dist(G,0) = :
N N

By straightforward computation we have

2 _ (¥oC — ZOB)2 + (204 — xoc)z + (2o B — yoA)2
B A4+ B2+ C?

We now compute dp.

dp— [A% + B? + C?{(y,C — 2,B)(Cdy, + yodC — Bdz, — z,dB)
pep = (A>+ B2 + C2)?
N (204 — 2,C)(Adz, + 2z,dA — Cdzx, — x,dC)
(A + B2+ C?)2
N (xoB — yoA)(Bdx, + z,dB — Ady, — yodA)}
(A2 + B2 4 (C?)2
{(YoC — 2oB)? + (20A — £,0)2 4 (2o B — yoA)?
(A2 + B?2 4 (C?)?
x [AdA + BdB + €dC).

Also
(yoC' — 2z,B)(Cdy, + y,dC — Bdz, — z,dB)
(A2 + B2 4+ C?)
2oA — 2,C)(Adz, + 2,dA — Cdx, — z,dC
+
(A2 + B2 4+ C?)
(xoB — yoA)(Bdz, + 2,dB — Ady, — y,dA)
(A2 + B2+ C?)
{(y,C — ZOB)2 + (20A — l'OC)z + (z,B — yoA)2
(A% + B? 4+ C?)?
% [AdA + BdB + CdC]

pdp =

Gy \/ A%+ B? 4 (2 { (C%y, — BCzy)dy,
(YoC — 2oB)? + (20A — 2,C)? + (x,B — yo,A)2 U (A2 + B2 + C?)
(y2C — yo2,B)dC — (BCy, — B22)dz, — (20%,C — 22 B)dB
(A2 ¥ B2+ C?)
N (A%z, — 2,AC)dz, + (22A — 202,C)dA — (C Az, — 2,0%)dx,
(A2 +B? + (C?)

_l’_
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—(2070A — 22C)dC + (B?z, — ABy,)dz, — (Bx? — 2,y,A)dB
+ (A2 + B2 + CQ)
n —(ABx, — A%y,)dyo — (oyoB — y2 A)dA
(AQ + B2 + 02)

Al(yoC — 2oB)? + (20A — 2,C)? + (zoB — yoA)?]dA

(A2 + B* + (C?)?
Bl(yoC — 2oB)? + (204 — 7,0)? + (z,B — y,A)*|dB

(A2 + B? + (C?)?
Cl(yoC — 2oB)? + (204 — 2,C)? + (2,B — yOA)Q]dC}_

(A2 + B2 4 (C?)?

Calling

= (A2 +B%+ 02), = (y,C — ZOB)2 + (204 — acOC')2 + (z,B — yOA)2
we can rewrite

dp :ﬁ{[(CQ — B¥)x, — ABy, — CAz,]dxz,

+[(C? + A?)y, — BCz, — ABx,)dy,
+ [(A% 4+ B%)z, — BCy, — ACz,|dz,}

r Ap 7)
+ (ng — 2,2,C) — (xoy,B — y2A) — V} dA (

I B
— |(GoyoC — 22B) + (&2 — wayoA) + S5 |dB

I C
+ (820 = o20B) — (2004 — 22C) = Sy ]dC

The normal plane to 7 has the equation (2) then using the formula (5) and sub-
stituting (7) in (6) we have
dDA(AdA + BdB)

dL3 = dpA
LIS (A BY)

and

1
dr} :{ﬁ{[(CQ — Bz, — ABy, — CAz,)dz,
+[(C% + A?)y, — BCz, — ABz,)dy,
+ [(A% + B?)z, — BCy, — ACz,|dz,}

+ [(ng — 2020C) — (2oyoB — ygA) —

JdA
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+

[(2040C — 25B) + (25 — ToyoA) + ~5)dB

[(y2C = YozoB) — (20m0A —

4. Density for Lines in Semi-Riemannian Spaces of Dimension Two

We consider the bidimensional space given by (R? ds? = Edu? + 2Fdudv +
G'dv?) and note with <, > and 11 11, respectively, to the corresponding inner product
and norm. In this space, a line ax + by + ¢ = 0, is given by

Ly = {(a,b),(z,y)) = —c.

It is known that the expression for the density for straight lines, dLior dL? , in

R2 is, [2]

AL, = dpAdo

where p represents the distance from the line to the origin and 6 is the angle
between the direction perpendicular to line and the x-axis. Then

L1 =aFx 4+ bGy + 2abFzy = —c.

In order to determine 6 we know that

Noting that the derivative of arccos u is (

and then

1.€e.,

do =

((a,b),(1,0)) alb

cosf = = .
i (a,b)n Va2E + b2G + 2abF

!/

V1—u?
du — Eb(bG 4 aF)da — aE(bG + aF)db
(a2E + b2G + 2abF)3

) we obtain

Eb(bG+aF)da—aE(bG+aF)db
(a2E+b2G+2abF)%
Va?E(1—E)+b2G+2abF
Va2E+b2G+2abF

g = —

E\/a?E(1 — E) + b2G + 2abF[bG + aF][bda — adb]
a?E + b2G + 2abF

®)
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The distance from any point (z,, y,) to L; is given by

dlSt(Ll (QU Y )) _ abz, + bGyo —+ QQbFl»OyO +c
) 0y Yo \/a2E+b2G+2abF
then N
c
dist(Lq, (0,0)) = _
(0.0 J@E + G + 2abF "
and
dp — (Va2E + b2G + 2abF)dc — cd(vVa2E + b2G + 2abF)
. a2E + b2G + 2abF
Again,
d(Va2E + b2G + 2abF) = (aE +bF)da + (bG 4 aF)db

(Va2E + b2G + 2abF)

and substituting, we have

(Va2E + b2G + 2abF)dc — C[(a?fffgiiiébfizgdb

a?FE + b2G + 2abF

dp =
1.e.,

dp = )

(a®’E + b*’G + 2abF)dc — c[(aE + bF)da + (bG + aF)db
(a2E + b2G + 2abF)3

Now joining (8) and (9) we obtain

Eb[bG + aF)da + aE[bG + aF)db

dpAdf = ;
(a’E + b2G + 2abF)2
A(CLQE + b2 G + 2abF)dc — c[(aE + bF)da + (bG + aF)db]
(a2E + b2G + 2abF)?
or
dpAdl = E[bG + aF] 3 {b(a®FE + b*G + 2abF)daAdc

(a’E + b2G + 2abF)
+ a(a®’E + b*G + 2abF)dbAdc — c¢b*G + ca®E)daAdb}.

Finally, we have

E[bG + aF)] 9 9
b(a2E + b2G + 2abF)daAd
(@2F + 102G + 2apF ) @ EH VG + 2abF)dalde (10)

+ a(a®FE + b*G + 2abF)dbAdc — cb*G + ca*E)daAdb}.

dLy, =
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Taking £ = G =1, F' = 0, the result is

dL; = 5 {ba’+b*)daAdc+(a®+ab*)dbAdc+c(a® —b%)daAdb} (11)

_ b
(a2 + b?)

and for £ =1, G = —1, F' = 0, the result is

dL, = s {ba®—b*)daAdc+(a® —ab?)dbAdc+c(a®+b*)daAdb} (12)

(a2 : b2)

which are new expressions for density for straight lines in the Euclidean and
Lorentzian plane, respectively.

5. Density for Tangent Lines to Plane Curves in R?

Let C be a differentiable in R? given by y = f(x). The equation of the tangent
line to that curve, T, at the point (x,, f(x,)) can be written

y = f(xo) = f'(xo)(w — @0)
ie.,
y=J'(xo)w + (f(wo) = f'(x0)0). (13)
The tangent line equation for 7', also can be written
TrCcoso+ysing =p (14)

where ¢ is the angle that the perpendicular direction to 7" makes with the x— axis.
Calling 7 the angle between the line 7" and the x-axis, we know that ¢ = 7 + g
and d¢ = dr.

Comparing with (9) we get y = —x cot ¢ +

ory = xtant — and

sin ¢ COS T
p=f(xy)x0c08T — cosTf(x,)

then
dp = zof"(x) cos Tdw, + sin7[f (z0) — 2o f (x,)]dT

and
dT = dpAd¢ = dpAdT = z,f"(x,) cos Tdx,AdT. (15)



About the Densities for Straight Lines in Semi-Riemannian Spaces 9

5.1. Other Expressions

Proposition 1. In the plane, a C? curve C is represented by f(s) where s is the
arclength and its curvature k(s), then the density for tangent straight lines to C,
T, is

dT = dpAd¢o = s.k(s) sin pdsAdep

or equivalently

dT = dpAdT = s.k(s) cos TdsAdr

where T is the angle between T and the x-axis.

Proof: The proof follows immediately by taking the absolute value of (15). W

In the following we forget the arc lenght parameter and assume that the curve C
is given by the expression (x, f(z)), then the vector which generates the tangent
line is (1, f’(x)) = v. Thus, the tangent line 7', can be written as

T=(@,f(2)t+ (x f(x) = (z+t f(2)t + f(z))

The distance from the line r = Az + By + C' = 0 to any point P, = P,(x,,yo)
is given by
|C|(Az, + By, + C)
d(P,,dr) = .
(Po,dr) CVA% + B2
In our case it wouldbe A = f'(z), B=1,C = —zf'(z) + f(x).

Applying it to the tangent line 7" and the point P, = (0, 0) results

| —af'(z) + f(2)]
dp = d(T, (0,0)) =
p = d(T,(0,0)) 11 @)

NI

which send us to a former case.

By differentiation,

dp =

dx
—————2xf"(x) —xf (2)f"(z) — f(z)f"(2)}].
2(1+f,(x))§{ fia) —af(x) f7 () = f(z) [ (2)}

Finally we obtain

2 f"(x) — xf'(x) " (z)
2(1+ f'())

. F@) " (2)

dzAdg.

3
2
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6. Density for Tangent Planes to Surfaces in R3

Let S be a differentiable surface in R? given by z = f(x,%), and be p € S,
P = (To, Yo, [(Z0,Yo)). The equation of the tangent plane to S at the point p is
given by

2= 2o = fo(To,Yo) (T — o) + fy(l'm Yo) (Y — Yo)-

Comparing with (2) we have

A:fx(xoayo)a B:fy(mmyo)v C=-1
D = xofac(xoayo) + yofy(xoayo) e

VI =B = 1= [2(@0 00 — 1,040

and

VAT B = [0 10 + fyoro)?

In order to apply (5) we get that, for tangent planes to surfaces, is

dDA(AdA + BdB)

AL, = .
T V1A B2/A + B2

For the above, we compute

V1-A2 - B2 = \/1 — fa(@0,40)? = fy (o, o)

and

VA B2 = [ (0,50 + fy(0,90)?
dA = feada + foydy, AdA = fo(20,Yo)(frzdx + foydy)
dB = fyydx + fyydy, BdB = fy(zo,Yo)(faydzr + fyydy)
AdA + BAB = fy(%o, Yo)(foadr + foydy) + fy(2o, Yo) (feyda + fyydy)
dD = fodx + x frpdx + 2 fr,dy + fydy + yfyzdz + y fy,dy — dz

multiplying dDA(AdA + BdB) and
ALy =| (feafyy — [2,) | dzAdyAdz. (16)

From (5) we find

Proposition 2. The density for tangent plane of a differentiable surface in R3
given by z = f(x,y) is the expression (16) provided that the Hessian is non zero.
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