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ON EXTENDED EULERIAN NUMBERS

ABDELMEJID BAYAD, MOHAND OUAMAR HERNANE, ALAIN TOGBE

Abstract: In this paper, we will study some properties of the extended Eulerian numbers
H(n, ), with a parameter A. In fact, for any integer n, we investigate the asymptotic behavior,
find lower and upper bounds for H(n,A). As application, for a champion number N, we obtain
asymptotic formulas, lower and upper bounds of the arithmetic functions w(N) and Q(N).

Keywords: Kalmar’s function, extended Eulerian numbers, Champion numbers, asymptotic
formula, Tkehara-Wiener theorem.

1. Introduction and preliminaries

Let A be a complex number. An extended Eulerian number H(n, ) is defined by
means of its Dirichlet series

A1 HnN)
S -y

where ((s) = >_,5; L is the Riemann Zeta function defined for R(s) > 1. A
champion number N for the function H is a number that satisfies

n<N = H(n,\) < H(N,\).

In this paper, we will study several properties of extended Eulerian numbers
H(n,\), with a real parameter A > 1. We will extend and improve some results
obtained by Kalméar [17], Hille [14], Erdds [8], Evans [9], Klazar and Luca [18],
Deleglise, Hernane, and Nicolas [13], concerning the maximal order of extended
Eulerian numbers. As an application of our results, we investigate the H-champion
numbers.

We are motivated by the following important particular cases:

1) If A =0, then H(n,0) = p(n) is a Mdébius number.
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2) If n = pyps---p, is square-free, then H(n,\) = H,.(\), where H,.(\) is an
Eulerian number. In addition, if A = —1, thus

H(n,~1) = H,(~1) = E,

is the so-called Euler number. One can notice that an Euler number E,
corresponds to 27"C,, in [21, p.28]. One can also see [3, p.688] and [1, p.354,
formula (1.1.5)].

3) If A =2, then H(n,2) = K(n), where K is the Kalmar arithmetic function
which counts the number of ordered factorizations of a positive integer n
in factors bigger than 1. Various properties of this function were studied by
many mathematicians. In fact, Kalmar found the average order of K (n), for
T — 00

P

n%K(n) pc(p){HO(l)}’ (1.2)

where p = 1.72864. .. is the positive real solution to {(s) = 2. On the other

hand, this result was improved by Hwang [15]. Moreover, bounds on the

maximal order of K (n) were studied by Erdés [8]), Chor, Lemke and Mador

[5], Coppersmith and Lewenstein [6], and Hille [14]. Recently, Klazar and

Luca [18], Deleglise, Hernane, and Nicolas [13] improved the bounds for the
maximal order of K(n).

It is well-known that the extended Eulerian numbers H(n, A) satisfy the fol-
lowing properties:

1) The recurrence formulas are given by
{)\H(n, N =g Hd,N), n>2, X#1,

H(1,)\) = 1. (1.3)

See formula (1.15) in [3].

2) The expression (A — 1)*(™ H(n, \) is a polynomial in A of degree less than
Q(n), where Q(n) =31 _ ki, if n= phiphz ... pkr In the special case where
n = pipz---pr, we have

A=D2MH@n, \) = A =1)"H,N) => A N7 r>1
t=1

with A, ¢ = Z;zo(fl)j ("}'1) (t —7)". See formulas (5.12), (5.13) in [3].

Writing
A—1 A—-1 1

= 1.4
PG S SR (14)
and expanding it, we obtain the explicit formula
Q(n)
A—1 dk (TL)
H(n, \) = — kZ:l N where di(n) = nmz;%:n 1. (1.5)

N1, N2, ..y N 21
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: A1l 1 . . .
If we rewrite 1= O o=y and expand it, we obtain another explicit formula
proved in [10]

Q(n)

H(n, \) = Z (;\i%_(q))k, where dj,(n) = Z 1. (1.6)

k=1 ning - NE=n
N1, N2, ey N 22

For A > 1, we consider the Mellin inverse integral
1 o+i 0o )\_1 o+1i 00 N5 ds
z* H(n, A (£) = 17
27i /(7 oo A—C(s) (s 5 Z (n, /_4 n s (L7)

by Perron’s formula, we get

1 o+1i 00 )\_1
—af H(n, \). 1.
271'@/0 ioo A—C(s Z (n, (18)

ne

Here, the symbol * on the summation indicates that the last term of the sum must
be multiplied by 1/2 when z is an integer. Now, using Tkehara-Wiener theorem,
we obtain the average formula for extended Eulerian numbers

> H(n, A) ~ C(A)a"™, (1.9)
n<x
where p(A) is the positive real number solution to the equation {(s)) = A and
1-A
PN (p(N)
Formula (1.5) was proved by Evans [9]. Formulas (1.6), (1.8) and (1.9) were also
obtained by Grosswald [10].
In this paper, we will study the behavior of the functions A — C()\) and
A +— p(A). As an application of this study, we will investigate H-champions

numbers, specially their asymptotic, lower, and upper bounds. The size of the
exponents of their prime factors will be estimated.

C) =

2. Statement of the main results

Let k be a positive integer, N}, a multiplicative system (including 1) associated to
the set of primes numbers, Py = {p1,p2,...,pr}, withp =2 <py =3 < -+ < pg.

Define
G = [[a-r (2.1)

PEPk
which is equivalent to
—. (2.2)

S

HGNk
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Let pi(A) be the positive real solution to (x(s) = A and ag(\) = —m. For
k

k = oo, we get the Riemann zeta function ((s) and p(A\) = pso(A), {(p(N)) = A
and a(\) = —ﬁ. We state our first main result.

Theorem 1. Let A > 1. Then
1. The function X\ — p(\) is strictly increasing and p(\) > 1, for any X > 1.
2. The sequence (pr(A))ys, @s strictly increasing and bounded. Moreover, for
R(s) = o > 1, the function (x(s) uniformly converges to ((s) as k tends

to oo.
3. We have

B A log log k
)= = G {4 gk 22}35

4. The sequence (ax(N)) is decreasing and converges to a()\), as k tends to co.
Moreover, there exists a positive constant v(\), depending only on X\, such
that for any prime p, we have the inequality

ar(N) a(}d)
pre(A) — 1 pe(d) —1

logp
< . .
<7 pP2(N) (klog k)Pr(M)—1 (24)
To state our remaining main results, we need some notations and definitions.
So let z = (z;),¢;¢, be a finite or infinite sequence of positive real numbers such
that

0<Qz Z:CJ<OO

There exists a unique C' = C(z) > 0 such that

H ( " ) =\ (2.5)
Put
T@ =2, o G (26)
A— (2 + Ca))™
d Alw) = 55 o0 [T 27)
_ [2C()
B@ =/ (238)
If n =q¢"¢? - qp*, a = (a2, ,a), o >0, Q = Qa), R. Evans [9]
proved the following important result
H(n, X) = Vm A(@)B(a) {1+0(Q ")}, (2.9)

when Q(a) tends to oo, for any F such that 0 < F' < % Next, we state main

important inequalities needed in our study.
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Theorem 2. For \ > 1, we have

Q(z) Q(z)
< , 2.1
o1 <@ s (2.10)
)\ -1
— < T(x) (2.11)
2 /
2.12
A—1 Cla ( )
If n = 2M3%...p* aq,00,...,ar = 1, then there exist absolute positive con-
stants Cq and Cy such that we have
(k) ex(F(a >> —1 e
C <H <C , 2.13
! )\\/X a1 - 2 10g>\ 7Tk/2 ( )
where
Z z;log (1 + — (2.14)
Put

1 /A-1 1
f()\) = CQ X w, CQ >0 and g()\) = Cl m

Theorem 3. Let n be a positive integer and N an H-champion number.

1) For n large, we have
log H(n, A\) < U(n, ), (2.15)

where ( )1/ "
logn)~/*

= 1 — _—_—
U(n,\) = p(A)logn —y1(A) loglog

and

(1 A
71 (A) = min (2’ (p(\) — 1)|<’(p(A))I) '

2) For a large H-champion number N, there exist a positive constant v2(\)
depending only on A such that

L(N,\) < log H(N, A) < U(N, \), (2.16)

where
(log N)/P()

] . log 2.
loglog N +1log g(A) — p(A) log

L(N,A) = p(A)log N = 72(})

3) For a large H-champion number N, there exist v3(X),va(A) > 0 such that

(log N)t/P(Y)
loglog N

(log N)l/p(k)

loglog N < 7l

73(\)
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Here is the statement of our last result.

Theorem 4. Let N be a H-champion number and 6(\) = (1 + p()\ ) /2. Then,

for
N = 201302 ... po

such that N tends to co, we have
L QN) = ¥l 0 = a(NlogN Y5, —ot— + O ((log N)*W) and ;=

o 5(N)
p<§/)\) log N + O (Lg N) );

Py log p;

C(a) = a(A)log N + O ((log N)°*™V) ;

T(a) = ¢p(p(N) + O ((log N)*N 1) ;
) =

2a((>‘/\))) log N {1 + O 1OgN)5(>‘)—1)},

H(N, \) =/ 72 s mlog N A(a) {1+ O ((log N)*™ 1) }.

The next sections will be devoted to the proofs of the above theorems.

B(a

.C“:“P-”!\"

3. Proof of Theorem 1

Let k > 2. There exist unique positive real numbers pi (), p(A) such that (,(pr (X)) =
¢(p(N\)) = A. Then, we have

—1 -1
I1 (1 _p—pkm) -1I (1 _p—pm) -\ (3.1)
pEPK peEP
Thus, we obtain
A= IL (=) = I1 (1™ IL (1) L 62)
PEPK PEP P>DPrk
Taking the logarithm of the above equation, we get
log Gu(pr (V) — log Gu(p(N) = = > log (1= p~M) . (3:3)
P>Pk

For fixed A > 1, there exists a positive integer m(\) > 2 such that for all k > m(\)
we have pi(A) > 1. By Lagrange’s mean-value, we obtain

log Gu(px (V) — log Ge(p(N) = (p(N) — pe(N) 3 —BL_ (3.4)

op(A)
PEPk per 1

for some o,(A) € (pr(N), p(A)) C (1, 2). We have

1 1
fZIOg(l— A)) ZW+O<ZW>’ (3.5)

P>Pk P>Pk P>Pk
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and by standard estimates we get

1 (p(\) — 1)t 1
) N o +0 (pZ(A)l( ) (3.6)

1
P>pk pi log g log py.)?

since p, = klogk + kloglogk + O(k). Therefore, we obtain

= > tog (1) = kp((/\p)()\l)(lt); I)c;(/\) {1 O (loi§§k> } - 387

P>Pk

On the other hand, we have

log p log p p7r™ Mo (A
- 1 7(9(“’?()—1) . 3.8
e 1 e 1 e —1 P (38)
Note that
pa'p()‘)

1< = <2 (3.9)

and for 2 < p < pg, we have

PO 1T 1 = exp ((p(V) — pr (V) Togpe) — 1

< (p(A) — pr(X)) log px, (3.10)
1
S T (log kyrV 1

For these inequalities, we used exp(z) < x, when z tends to 0 and

1
p()\) - Pk()‘) << k_p()\)_l(log k_)p()\) I

(3.11)

since p, = klogk + kloglogk + O(k). We remark that

log Gk (p(A)) — log Gk (pr(N))
= (o) =) Y e

PEPK

_ log 2 log 3 log py,
- (p()\) _pk()\)) <20'p(/\) _ 1 + SUP()‘) — 1 + + 71

log 2 .
> (p(\) — mmﬁ, with oy (\) > 1. (3.12)
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From (3.3), (3.8), (3.10), and (3.12), we obtain
logp logp
(P(A) = pe(N)) Z m = (p(A) — pe(N)) Z m
PEP PEPK
% {1 +0 (kl—p(/\) (log k)l—p(k))}
_ logp 1-p(A)
= (o) ) Y S {10 (R ) |

PEPK
(3.13)

Therefore, from (3.3) and (3.7), we get

logp _ (p(N)-17! log log k
(p(A) — pk(A))pGZPk 277 1 = T (log k)00 {1 +0 ( gk )} . (3.14)

On the other hand, we have
" (p(N)] ) log p logp log p
= = + N (3'15)
N — Z ) — Z ) —
C(p(N)) aer P’ 1 pere P’ 1 v P L
From (3.6), we deduce

KOOI _ 5~ Jo8p g (s (3.16)

A —
PEPk pr 1

for any small € > 0 and for any integer k such that k& > m()\). Thus, we get

(009 = pu) [ 4 0 (e

_ (e -1 log log k
= 1107 U0 Tk )0 G0

which implies that

A

loglog k
(p(X) = DI (p(N)ker™) =1 (log k)2 {1 o < log k )(}3’18)

p(A) = pe(A) =

Yk >m(\).
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Now, we will prove relation (2.4). We apply the mean-value theorem to the
function z — pTl,l to obtain

ar(N) a(N) < 1 1 ) () + ar(N) —a(A)

P 1 pp) — 1 \per) —1 prN 1 ) 1
p*logp | ar(N) —a(N)

= (p(A\) = pr(N))ar(N) oot 1 (3.19)
with pr(A) < zo < p(A). Moreover, we get
pro ppz()\) C )\)2
(prco _ 1)2 < (ppz()\) _ 1)2 < ppg(/\) ’ (320)
1 1 1 3p3(N)C(N)logp 1
b0 =1 S 1 S pt) “C(\) < 21og 2 et (3.21)
where
9p2(X)
C(\) = CYROIEE
On the other hand, (ax(\))x is a decreasing sequence such that
2,2(N) _ 1 03(A) p3(A)
—— < ax(N) < ; <3 (3.22)
log 3 2log?2 2

[C2(p(A) = pr(N) + C(A)(ar(A) —a(N)] . (3.23)

2pP2(>\)
We have
ar()) — a(A) = a(\ax () “A) - ]j A)} ~ a(M)? ((&) _ ak;)) a2
and
a(lx) - a,jA) = L'(p(N)) — Li.(p(N) + L (p(N)) — Li.(pr(N)), (3.25)
where

’ 7! _ . log p; N 1 1
Vo) - o) = 3 8 (oi=1) oo 20

Ly (p(N) = L (pr (V) = (p(A) = pr (M) L (p(N)). (3.27)



122 Abdelmejid Bayad, Mohand Ouamar Hernane, Alain Toghé

Using Theorem 1, 3), we obtain

, , AL (p()
FeloO) = Elor O [Tt — Dt gogiypen 529
Therefore, we have
1 1 1
a @) (00 — D(klog kT (3.29)
and
ag(X) —a(A) ~ " ! (3.30)

p(N) =1 (klogk)r®)—1
),

From relations (2.3), (3.23), and (3.30
A such that

there exists a constant v(\) depending on

ak()\) a()\) 1ogp
- < . .
pPk(A) —1 ppo\) —1 = ’7()\) (p()\) — 1)(k; 1og k-)l)k()\)_l (3 31)

Therefore, the proof of Theorem 1 is completed.

4. Proof of Theorem 2

We consider the function

ts H(z,t) Zlog<1+ 4. (4.1)

We have "
t) log =L fi > 0. 4.2
H(z, ;ogt or any x; > (4.2)

The function ¢ — H(x,t) is decreasing from oo to 0, when ¢ € [0, 00). Thus, there
exists a unique C'(z) > 0 such that

H(z,C(z)) =logA,  A>1

Then, for t = e 1), we obtain

= H( Q%) > log 1+(A—1)ZQ“Z) = log \.

This implies that
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For the upper bound, we write

nd T - Z; Q x
1ogA:;10g <1+C(x))> ggc@ = CEm; (4.4)
Therefore, we get
Q(z) Q(z)
T SC@ Tog A (4.5)

Now, we will prove relation (2.11). From equation (2.10), we obtain

w w )

T(z) =Y o c <> CZ g) <A-—1. (4.6)

j=1

We set v; = W One can see that 0 < ; < 1 and
w

¢ T 1 A—1
T( Z’Y] H 1_7] H(E—i—ig(x) :1—X:7)\ . (47)
j=1 j=1 j=1"7 =

Hence, we have

—— <T(@) <A -1 (4.8)

Relation (2.12) is immediate from (2.11).
To finish the proof of Theorem 2, first we will use formula (2.9). We take
F = i. So there exist positive constants C, and Cs such that

C1VrA(a)B(a) < H(n,\) < C2VmA(a) B(a). (4.9)
Second, from the expression of A(a), we have

A —
PRVAN

Cuv/E Cla) 22 exp (F(a)) < H(n, \ (4.10)

and

1
H(n,\) Cgf\/ )\\/» exp (F(a)) o) P ards (4.11)

By the Stirling’s formula T'(z + 1) = a2%e ®s(x), where v2rz < s(z) < ey,
x > 1, the relation F(a) < pi () logn and equations (2.10), (2.11) imply equation
(2.13). Notice that the inequality F'(a) < pi(A)logn can be obtained by the use
of the result given in [13, Lemma 3.5], with A = logn, pr = pr(A), ar = ar(A).
This completes the proof of Theorem 2.
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5. Proof of Theorem 3

We start by proving inequality (2.15). Put

A
01 (N = . 5.1
RN TR IV o)
From Theorem 2 and inequality (2.13), we have
Cy [A—1 k
log H <1 — — =1 1 . 2
og H(n, \) og< 5 log)\> 5 og + pr(A)logn (5.2)
Write
pe(A)logn = p(A)logn — (p(A) — pi(A)) logn.
By Theorem 1, there exists a positive constant 61 (\) such that
61 (A
p(A) = pr(A) > 1Y) (5.3)

kr(\)—1 (log ]{;)P(A) ’

Fl(;i n > 16, we have loglogn > 1. Thus, for 2 < k < % < logn, we
obtain
1
01(\) (logn)7o
A) = pr(A) = >0 \)——— 5.4
P = 9N > ity 2 ) S (5.4)
and for k > %, we get
k 1 (logn)/P(N)
=1 —— .
9 08T = 2 loglogn (5:5)
Therefore, we deduce that
k 1 1 1/p(X)
(p(N) — pr(A\) logn + —logm > min | =, 6;(N) (ogn) /77
2 2 loglogn (5.6)
\ (1ogn)1/p(>‘) '
=mn loglogn

For a large positive integer n, we deduce inequality (2.15).
Now, we will prove inequalities (2.16). For this, we take a large H-champion

)1/
number N. We apply [13, Lemme 3.5, with A = logn, k = {a%}, and

0 < a < p(N)a(A\)YPN. So, for a large H-champion number n = 241 - 392 ... pi*
we follow the procedure used in [13] (see pages 1694-1697) to obtain formula (2.16).
By Theorem 2 and inequality (2.13), we have

k
1
log H(n,\) > F(a) — k= 5 Y loga; +logg(%).

i=1
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On the other hand, we know that
Fla) > F(z") - p(A)log2 — k,

where z* satisfies
Fa*) = p(3) logn,
see [13, Lemme 3.5]. Therefore, we get

k

125

1
log H(n, %) > p(A) logn—(p(A)~pk(A)) log n—2k—2 > logai+log g(A)—p(A) log 2,

i=1

Using equation (2.3) of Theorem 1, we obtain

((3) = pr(N)logn = O ((log n) ™ /loglogn ) = O(k)
and

k
1
3 Zlog a; = O(k).
i=1

See [13, Lemme 4.2]. Hence, we deduce that

log H(n, A) = p(A)logn — y2(N)

+log g(A) — p(A) log 2,

for some positive constant . Therefore, we complete the proof of the second part

of Theorem 3.

It remains to prove the third part of Theorem 3. So let k& = w(N). From

equation (2.13), we have
k
log H(N,\) < prp(A\) log N — B log 7+ log f()\)

and

log ™

log H(N, \) < p(A) log N — (p(A — p(\)) log N — &

Thus, we get
log

(p(A = (X)) log N < p(A) log N —log H(N, A) — k—— +log f(N).

From Theorem 3, 1), we obtain

o 1/pa
(p(A) — pr(\) log N < %W(lloggﬁ)gw +log (§§i§> '

One can see that there exists C' > 0 such that

PN =1 (log k)P > C(log N)' /7N Joglog N.

+log f(N).

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)
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Note that the function g : t ~ t*?M~1(logt)?™) tends to infinity when t — oo

1
and is increasing, for t > 1. Its inverse function satisfies g=1(y) ~ (@) " as

y — o0o. Then, we get

_1 <C’(>\) (log N)lfl/p(A) ) N C’ )\ (log N)I/P(/\)

k=
g loglog N loglog N

. (V>0 (512)

Therefore, we obtain the lower bound for k = w(N)

(log N)1/P

N)=k>=~(A .
w(N) s loglog N

(5.13)
Similarly, we obtain the second inequality. This completes the proof of Theorem 3.

6. Proof of Theorem 4

Let N = 2% .3%...p0""  ay,00,...ap > 1, where p; is the kt" prime number.

We have log N = Zle «; log p;. We consider the maximization problem for the
function

k
F(z) = Z:cj log (1 + O(I)> , z = (x1,T2,...,Tk) (6.1)

Zj

on the set i

Dy ={z R} : ) =z;logp; <log N}. (6.2)
j=1

This problem is equivalent to the following one

Zle zjlogp; =1log N 63)
max F'(z). '
Referring to [9, Lemma 6] and [13], there exists a unique z* = (z},23,...,2}) €
Dy such that
k
log N = Zmi log p;), C(z*) = ar(N) log N, (6.4)
i=1
and
«_ ar(A)log N .
P = S _ F(z*) = pr(A) log N. (6.5)

Moreover, for 8 = (81, B2,...,Bk) € Dy, we have

k
> (B —a)?(logpi)®, V=2 (6.6)

i=1

1
F(z*)> F 41og N 1og pr
(z%) = F(B) + 4log N log pi
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If N is a H-champion number, then we have

k

1
log py, ~ Py log Nlog N, and Z(Bi —27)(logp;) = O(log N)°™ . (6.7)
P i=1

Now, we can start the proof of Theorem 4. We set

a(N)
fim —o)
™ —1

and k=w(N). (6.8)

Then, we have

k k k k
D (i = Bilog N)| <> |ai=Bilog N| < Y o=} |+ |27 —Bilog N, (6.9)
i=1 i=1 i=1 i=1
where
Z la; — x}| < O(log N)°N (6.10)
and
k k
* a(N)
Z|xifﬂilogN| (log N) Z pk()\ p()‘)_l
=1 =1 pz
(N (log N) <~ logp: _ log N
S (klog kyp—T 2= 00 O\ oot (6.11)
By Theorem 3. 2), we have
(log N)l/P(A)
k> AN)————— 12
13(A) log Nlog N (6-12)
Thus, we get
log NV 1/p(A) (V-1 5N
=0 ((logN) (log log N) ) -0 ((log N) ) . (6.13)

where p(A) > 1. One can see that

A S | 2a(\
> = #@W) 2 < (p()\)l()liﬂ(’\)l' (14

=kt 1 i=kt1 P 1 i=k+1P;

Hence, we have

O(log N)°™, (6.15)
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For 1 < i < k, we obtain

(log N)*™)

o — T < :
and
log p; log N 1 log N .
r—Bilog N| < v(N = ;o Vi
|7 =P log N| < 7 )pipm (Klog k)= ~ logp; ~ \ ke)—1 !
We deduce that 1500
loe N 1 A
a5 — filog N| < LB T2
log p;
and 500
log N)°(A
|27 — filog N| <0((0g)>, vi<i<k
log p;
This shows the first part of Theorem 4.
One can see that
k oo
Cla) = C(B)log N| <3 |ai — Bilog N| + > Bilog N = O(log N)°™),
i=1 i=1

ﬁ(>\

=TI (=) =T -2

_ I [ERE—
i=1 i=1 pz -1 i=1 P( -1

Therefore, equations

1 B a(\) a(N)
C(2P(/\)_1,...> =1 and C(QP(A)—I’?)P()\)—l
imply that
C(8) = a(A).
Thus, the second part of Theorem 4 is proved.

From Theorem 4 1) and relation (2.6), we obtain

T(a) = ¢p(p(N) + O((log N)*™M7H).

)

a(A)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

Using Theorem 4. 2), 3) and equation (2.8), we complete the proof of Theorem 4.

7. Comments on numerical computations

In this section, we do some numerical computations to study the behavior of some
constants. Let A be a complex number, k a positive integer, and Pj the set of
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primes numbers defined by P, = {p1,p2,..., Dk}, Wwithp; =2 <py =3 < -+ < pg.

We know that
Gls)= T a-p",
PEPk

(see (2.1)), px(A) is a positive real solution to (x(s) = A and

A
ar(A) = ———F—.
)= o)
Moreover, we consider
A
Pr(A) =

(pr(N) = )¢ (pe(N))

the truncated part of the coeflicient in equation (2.3) and

6()\):;<1+p(1)\)>,

(see Theorem 4). We wrote a program in Maple that we run under a MacBook
Air. We restricted the computations to 3 < A < 7 and 3 < k < 20, because the
result is known for A = 2 and the computations become extremely slow for higher
values of A and k. Here are some comments on these computations, which confirm
the properties that we proved:

1. As we consider pg(\) > 1, we notice that the first value of pi()) is obtained
for higher values of k£ when A is higher.
2. The values of pi(A) increase when k increases. They are smaller when A

increases. But in all cases, we have pg(\) < 2.
3. When k increases, the values of ai (), pr(A), pr(N), 0k (pr) decrease. We no-
tice that as A increases, the behavior is different. In all cases, we see that

ar(N) <0.772,  pp(N) < 125406,  Sp(pr) < 1.
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