Functiones et Approximatio
55.1 (2016), 45-58
doi: 10.7169/facm/2016.55.1.4

NONVANISHING AND CENTRAL CRITICAL VALUES OF
TWISTED L-FUNCTIONS OF CUSP FORMS ON AVERAGE

MARKUS SCHWAGENSCHEIDT

Abstract: Let f be a cusp form of integral weight k > 4 for I'g(IN) with nebentypus 1. General-

ising work of Kohnen we construct a kernel function for the L-function L(f, x, s) of f twisted by
)y

a primitive Dirichlet character x and use it to show that the average >  rc s, (v,0) %af(l)

over an orthogonal basis of Si (N, 1) does not vanish on certain rectangles inside the critical strip
if the weight k or the level N is big enough. As another application of the kernel function we
prove an averaged version of Waldspurger’s Theorem.

Keywords: twisted L-functions of cusp forms, nonvanishing, Poincaré series, Waldspurger’s
theorem.

1. Introduction and results

Let f be a cusp form of even weight k > 4 for SLy(Z) and let L*(f,s) denote
the completed Hecke L-function of f. It has an analytic continuation to C and
satisfies the functional equation L*(f,k — s) = (—1)*/2L*(f,s). The generalised
Riemann hypothesis for L*(f, s) states that its only zeros inside the critical strip
(k—1)/2 < R(s) < (k+ 1)/2 lie on the line R(s) = k/2. Kohnen [Koh97]|
constructed a kernel function Ry(7,s) for the completed L-function L*(f,s) and
used it to show that in a certain sense the generalised Riemann hypothesis for
L*(f,s) holds on average for large weights. More precisely, he proved that for
every tp € R and € > 0 there exists a constant C(¢g,e) > 0 such that for every
even integer k > C(to, €) the function

Z L*(fa S)

res )

(where the sum runs over an orthogonal basis of normalised Hecke eigenforms for
SLo(Z)) does not vanish at points s = o +itg with (k—1)/2 <o < k/2—cor k/2+
€ <o < (k+1)/2. The result was generalised by Raghuram [Rag05] to arbitrary
level N and primitive nebentypus v, using essentially the same arguments.
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Following the ideas of Kohnen [Koh97]|, we consider the kernel function

o0

Rinv(78,) = > X(m)m* ™' Py n g m (7)

m=1

(with Py, nyp,m € Sk(N, 1) being the usual m-th Poincaré series) for the twisted

L-function
oo

L(f.xes) = 3 x(m)ag(m)ym=
m=1

of cusp forms f € S;(IV,9) of weight k > 4, level N and nebentypus v, where
X is a primitive Dirichlet character whose conductor is coprime to the level N
and ay(m) denotes the m-th Fourier coefficient of f. We compute the Fourier
expansion of Ry v,y (7, s, x) and use it to show an analogue of Kohnen’s Theorem
for L(f, x,s). As Raghuram, we generalise Kohnen’s result in the weight and the
level aspect:

Theorem 1.1. Let x be a primitive Dirichlet character mod h.
(1) For every positive integer N with (N, h) = 1, every positive integer m with
(m,h) =1, every T > 0 and e > 0 there exists a constant C(T,e, N,m,h) >
0 such that for every integer k > C(T,e, N, m,h) and every Dirichlet char-
acter ¢ mod N with 1)(—1) = (—1)* the function

L(f, Xa 8)7
Y. —tag(m)
FESK(N ) (£ f)

does not vanish at points s = o + it with =T <t <T and (k—1)/2< 0 <
kj2—¢cork/2+e<o<(k+1)/2.

(2) For every integer k > 4, every positive integer m with (m,h) = 1, every
T > 0 and € > 0 there exists a constant C(T,e,k,m,h) > 0 such that
for every integer N > C(T,e,k,m,h) with (N,h) = 1 and every Dirichlet
character ¢p mod N with 1(—1) = (=1)¥ the function

L(fa X S) TN
Y. T ar(m)
resomay  HD

does not vanish at points s = o + it with =T <t <T and (k—1)/2 <o <
k/2—cork/24+e<o<(k+1)/2.

Here the sums run over an orthogonal basis of Si(N,v), not necessarily consisting
of normalised Hecke eigenforms.

Note that L(f,x,s) and its completion L*(f,x,s) differ by a factor which is
independent of f and does not vanish in the critical strip, so we could as well
replace L(f, x,s) by L*(f,x, s) in the theorem. Further, the proof of the theorem
shows that the constants C(T,¢e,k, m,h) and C(T,e, N, m,h) are of polynomial
growth as functions of m and h, and are decaying to 0 as functions of the fixed
parameter k and N, respectively.
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As a second application of the kernel function Ry n (7, s,x) we prove an av-
eraged version of Waldspurger’s Theorem relating the central critical value of the
twisted L-function of a cusp form of even weight 2k to the square of a Fourier
coeflicient of a Jacobi cusp form of weight k£ + 1. Let us explain our result in some
more detail:

It was shown in [SZ88] that the space J.'\"7'v™" of cuspidal Jacobi newforms of

weight k+1 and index N is Hecke-equivariantly isomorphic to the space Sy, (N)
of elliptic newforms of weight 2k and level N whose L-function has a minus sign
in its functional equation. This isomorphism is sometimes also referred to as the

Shimura correspondence. Let ¢ € J.'"P'y°" be a cuspidal Jacobi newform of weight

k+1 and index N and let f € S5 (N) be the normalised newform of weight
2k and level N associated to ¢ under the Shimura correspondence. If D < 0
with (D,N) = 1 is a fundamental discriminant which is a square mod 4N, say
D = r?(4N) for some r € Z, the formula of Waldspurger [Wal81] in the explicit
form given by Gross, Kohnen and Zagier [GKZ87] states that

D,r)? E—1)! L(f,D,k
|C¢<(¢7;;;)| :22k(717TkA17\)fk71|D‘k_1/2 ({Jzaf; ), (11>

where L(f, D, s) denotes the L-function of f twisted by the Kronecker symbol (2)
and ¢y (D, r) is the (D, r)-th Fourier coefficient of ¢. We prove an averaged version
of Waldspurger’s Theorem, where by ‘averaged’ we mean the formula obtained by
summing both sides of (1.1) over orthogonal bases of the corresponding spaces of
cusp forms.

Theorem 1.2. Let k > 2 and N be positive integers. Let D < 0 be a fundamental
discriminant with (D,N) =1 and D = r?(4N) for some r € Z, and let m > 0 be
a positive integer with (m, N) = 1. Then it holds

co(D,r)cyir,, (D, 1)
2 (¢, 0)

cusp
Pedi it N

k—1)! - L(f, D,k
- gD S LR

where the sums run over orthogonal bases of the spaces of Jacobi cusp forms of

weight k + 1 and index N and elliptic cusp forms of weight 2k and level N, and

Ton denotes the m-th Hecke operator on Ji'\F .

f€Sak(N)

Iwaniec [Iwa87] gave another averaged version of Waldspurger’s Theorem which
is very different from our formula, e.g. it involves averaging over forms of different
levels.

We remark that the formula does not mention the Shimura correspondence,
that is, the forms ¢ and f need not be related to each other. Further, the forms
¢ and f in the sums are not required to be newforms or Hecke eigenforms. We
see that the left-hand side does not depend on the choice of r with D = r2(4N),
although the coefficient c4(D, ) of ¢ is in general not independent of r.
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For the proof of the theorem we look at the Fourier expansion of the kernel func-
tion Rog, N1 (T, s, (2)) at the point s = k. We show that it equals the image of the
(D, r)-th Jacobi Poincaré series P,;]Jrl’N’(D}T) (1,2) € Jy\ T (see (3.1)) under the
(D, r)-th Shimura-type lifting map Sp ;- from J.°F y to Sar(N) (see (3.3)). Using

the Petersson coefficient formulas (2.1) and (3.2) for the corresponding Poincaré

series in Sox(N) and J;\" we obtain the equation

NE-ID(k —1/2) co(D,7) 7
DR 2 gy o0 = S (Bavon)

PES it N
= Ropna (7. K, (2))

CT(2k-1) 5 L(f, D, k)

= mp G

fE€Sak(N)

and taking the m-th Fourier coefficient yields the result.

2. The kernel function for the twisted L-function of a cusp form

In the following let & and N be positive integers with k > 4. Further, let ¢ be

a Dirichlet character mod N with ¢»(—1) = (—1)* and let x be a primitive Dirichlet

character mod h with (N, h) = 1. We write S (IV, v) for the space of cusp forms of

weight k for [o(N) wit character ¢. Throughout we write e(z) := ¢2™* for 2 € C.
Inspired by [Koh97] we define the function

o0
Ry nayp(T,8,x) = Z X(m)m* P npm (T)

m=1

where

PN yp,m(T) = Z (d)(er +d) e (ma7+b)

+d
(25)errum "

with oo = {£(} 1) : n € Z} is the m-th Poincaré series in Si(N,1). For 1 <
R(s) < k — 1 the function Ry n (7, s, x) defines a cusp form in Sx(N, ). Using
the Petersson coefficient formula

- Povson) = g m) 2.)

for f=3"°_, ar(m)e(mr) € Sk(N,v) we obtain

T(k—1)

We now compute the Fourier expansion of Ry w4 (T, s, X)-

(f Brv (58, X)) = L(f,x,k = 3). (2.2)
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Proposition 2.1. For 1 < R(s) < k — 1 the m-th Fourier coefficient of
Ri,N (T, 8,X) is given by

x(m)ym* ™" + dn 1 x(—

—k125— —2s F(S) G(Y) —s—1
1)i~kp2s=k(2m)k mG(X)X(m)mk

Lo I‘(s k c °
z 2 s
ot O ZX DO O E Vv
E(h a,c€Z,(a,c)=1,N|c
(ha+£c)e>0
. - 2mimh
Tis/2 2mima/c F, ke —
x (e € S (S’ ' (ha+€c)c)
. - 2mimh
1 1 —mis/2 —2mima/c F k-
+w< )X( )6 € 141 | S, 7(ha+€c)c ’
where On1 is the Kronecker delta, a is any integer with aa = 1(c), G(x) =

2oy X(Oe(€/h) denotes the Gauss sum of x and 1F(a,b;z) is Kummer’s con-
fluent hypergeometric function (denoted by M (a,b, z) in [AS72], 13.1.2).

Proof. The proof generalises that of Lemma 2 in [Koh97]. We will frequently use
the Lipschitz summation formula

o0

Z (m+71)"° = (_FZ(Z;)Q Z m*~te(mr) (2.3)

m=1

m=—0oo

which is valid for 7 € H and R(s) > 1. Since x is primitive, we have
Z x(0)e(fm/h). (2.4)

The Lipschitz formula (2.3) together with (2.4) shows that Ry n (7, s, x) can be
written as

Z P(d)(cr +d)~* i omym* e (ma7+ b)

d
(CcL S)EFM\FO(N) m=1 cr +
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where f|, (24) (1) = (CT—i—d)_kf(Z:—is) denotes the usual weight k slash operator.

We first compute the Fourier coefficients of the inner sum over I'g(N) for ﬁxed ¢ by
splitting it into three pieces corresponding to ¢ = 0,a + 3 Le=0and (a+ c)c # 0.
For ¢ = 0 we have to sum over the matrices +(}§ ) Wlth beZ:

= ) z>:2 £ (eerl)”

e o=

5 ()

m=

where we again used the Lipschitz formula and the fact that two matrices with
opposite sign give the same contribution.

Now suppose we have a matrix (‘Cl g) € T'o(N) with a + 5 £c = 0. We may
assume that ¢ and h are coprime, since otherwise x(¢) = 0. Then the only integral
solutions of a + %c = 0 with (a,c¢) = 1 are a = +¢, ¢ = Fh. This is only possible if
N | h, and as (N, h) = 1, it is only possible for N = 1. In this case we write

6 -G D6 6T

o ) € To(N) = SLs(Z). So

Sy

where £ is an integer with £/ = 1(h). Note that (
if N =1 the character 1 is trivial and we obtain

L6 e

7t
h

(4 erom
a+%c:0

Now the same calculation as in the case ¢ = 0 but with s replaced by k& — s shows
that for R(s) < k — 1 the last expression equals

o(—1)sp2ek 2T 27” ka “Le(mr)e ( ”;€>
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For (a + %c)c # 0 we have to compute the Fourier integral
iC+1 [ e\ ¢
— +Le)r+b+Ld
/ Yo W @(er+a)t <(a nOT b > e(—mr)dr
K3

iC ab ct +d
(¢ d) €To(N)
(a+%c)c;ﬁ0

with C' > 0. The calculation can be done in the same way as in the case ac # 0 in
the proof of Lemma 2 in [Koh97], so we omit the details. The result for the part
with (a + %c)c >0 is

—k (27T)k k1 k ~ c s o im
CTm " Y(a)e "e(maje) | ——— | 1| s ki ——F—
F(k) (a7c)§;N|c (a + %c)c (a + %C)C
(at+£c)c>0

where aa = 1(c). If we replace a by —a and b by —b in the part with (a—!—%c)c < 0in

the Fourier integral, the sum runs over all integral matrices (‘; Z) with determinant

ad —bc = -1, N | cand (a — %c)c > 0. Now this part can be computed in the
same way as the part for (a + %c)c > 0 and gives the contribution

)k
iF(=1)" (I%(k)) mh1 Z Y(—a)c *e(—ma/c)

(a,c)=1,Nlec
c ’ 2mim
Nz |\ sk —— )
(a— o) (a— gc)c

(a—£c)e>0
We now put everything together. In the pieces corresponding to (a + %c)c =0

and (a + %c)c < 0 we sum over —¢ and —/ instead of ¢, respectively, giving

a factor x(—1) = x(—1) in both cases. Taking into account (2.4) and (—i)~* =
e™8/2 (=1)7° = e~ ™ we obtain the stated Fourier expansion. [ ]

Proof of Theorem 1.1. We follow the arguments of [Koh97]: Let x be a primi-
tive Dirichlet character mod h as above. From (2.2) it follows that

D] 1

(f.1) = Tk =y e (T X0, (2.5)

fESK(N )

where the sum is taken over an orthogonal basis of Si(IN,%). Suppose that s =

k/2 — 0 —it with e < 0 < % and =T < t < T is a zero of the m-th Fourier

coefficient (with (m,h) = 1) of the left-hand side of (2.5). Then also the m-th
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coefficient of Ry n (T, s,x) vanishes:

— x(m)mk/2—o—it=1

(k/2 — 0o —it) G(X)
(k/2+0+it) Gy~

T ,
= 6N,1x(—1)i_k(27r/h)2‘7+2“F (m)mk/2+o+it=1

1 -k k/2 ; F(k/2 — 0 — it) _ hk?/2—0—it
- 2 /240+it k—1
+ 22 (2m) ) m ey
X Z X(f) Z w(a)cfk/2ftffit(ha + gc)fk/2+o'+it
L(h) a,c€Z,(a,c)=1,N|c
(ha+£c)e>0
« [ emilk/2—0—it)/2 2mia/c B (k)20 — itk _M
"7 (ha + Le)e
) i ia . 2mwimh
+px(—1)e T RAmT T 2 2miale  py <k/2 — o —it, k; (ha—&-ﬁc)c) )

For R(8) > R(«r) > 0 the integral representation

. — F(ﬁ) ! uz, a—1 —a—1
1Fi(a, B;2) = m/{) e ut (1 — )P du

from [AST72], 13.2.1, gives the estimate

l1Fi (e, B; 2miz)| < (2.6)

for R(a) > 1,R(f —a) > 1 and z € R.

We now take absolute values on both sides of the big formula and divide every-
thing by m*/2=1=7. Using |G(x)| = |G(X)| = Vh, the estimate above and some
elementary calculations we obtain
20 |L(k/2 — 0 —it)|

T(k/24 o +it)|
N 4 cosh(nt/2)(2mm)*/2Hopk/2=0+1/2¢(k /2 4 0)( (k)2 — o)
Nk/2He|D(k/2 + o + it)| '
We want to show that the right-hand side goes to 0 for fixed N and & — oo or
fixed k and N — co. We have
T(k/2 -0 —1it)
T(k/2+ 0 +it)
uniformly in o and ¢ by [AS72], 6.1.47, hence the first summand in (2.7) tends to
0 as k — oo. For fixed level N the second summand in (2.7) goes to 0 for k — oo
as well, hence we get a contradiction for large k.

If we fix the weight &, the first summand in (2.7) is 0 for NV > 2, and the second
summand tends to 0 for N — oo, also giving a contradiction.

For s = k/2+ 0 —it the statement follows for N = 1 by the functional equation

of (the completion of) L(f, x,s) and for N > 1 by the same arguments as above.
[ |

1< ona1(2m/h)*m

(2.7)

(k/2)%°+2%t 5 1 (k — o)
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3. Waldspurger’s Theorem on average

Now we take ¢p = 1 and x = (Q) where D < 0 is a negative fundamental

discriminant such that (D,N) = 1 and D is a square mod 4N. Note that for
a negative fundamental discriminant D the Kronecker symbol (2) is a prim-

itive quadratic Dirichlet character mod |D| with (£) = —1 and Gauss sum
G((2)) = Zew) (7)el¢/ID) = iy/IDL
Let e(z) := *™@ and e™(x) := €2™™® for x € C and m € Z. Recall from

[EZ85] that a Jacobi cusp form of weight & + 1 and index N is a holomorphic
function ¢ : H x C — C which is invariant under the slash operation

B LN K Z) ’M} (7,2)

— dfkrfl N[
(er +d) ¢ ( ct+d

& atr+b z+ AT+ p
cr+d er+d

¢

+ M%7 422 + )\u>

of the group I'Y = SLy(Z) x Z* and which has a Fourier expansion of the

form ¢(r,z) = Y pg2e=pun)s(Dir)e (TZ;VDT + rz) with coefficients
cg(D,r) € C. The space J,\} \ consisting of all these forms is spanned by the
Poincaré series

7 r2—D
Planwn(ma= Y e N TR
~yerZ\r’

7, (3.1)
k+1,N

where I'Z, = {[({7),[0,4]] : n,p € Z} and (D, r) varies over all D < 0 and r € Z
with D = r2(4N). The Poincaré series P];’_H’N (D) AN also be characterised by
the Petersson coefficient formula
NE-IT(k—1/2),
(6, Py npy) = 27T,\c—_1/2|D| FH2e4(D, ) (3.2)

for all ¢ € JZTF,N (see [GKZ8T], Proposition II.1).
It was shown in [GKZ87] that for each fundamental discriminant D < 0 and
r € Z with D = 72(4N) there is a Hecke-equivariant lifting map

Sp.(6)w) = 3 Z(S)d“%(?;fa?;r) emw)  (33)

m=1 d\m

from J;' \ to Sox(N). By comparing Fourier coefficients we will show that

R%N(T’ k, (2)) =Sp.r (PIQJH,N,(D,T)) (3.4)

for k > 2. Note that we dropped ¢ = 1 from the notation.
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Proposition 3.1. The m-th Fourier coefficient of ng’N(T, k, (2)) s given by

D ) _ _ T
(I1+0n1) (m) mPt 4 ey 2mbE 12 g n 1/2K§7n(m,D)Jk,1/2 (Em\DD
n>1
N|n

where £1 = (—1)k1 Sy 1 is the Kronecker delta, Ji—1/2 is the Bessel function of
order k —1/2,

D
KN,n<m,D>=Z(£) S enn(m(ID] - 2(Dla + L)a))
£¢(D) (a,c)eZ?
(a,c)=1,e>0,N|c
(|Dla+£c)c=n

with aa = 1(c) is a finite exponential sum, Kﬁn(m,D) = Knn(m,D) £
KN (—m, D) and eg,,(2) = *™*/?" for » € C.

Proof. The hypergeometric function appearing in the Fourier expansion of
Rok. N (7’7 k, (2)) is related to the Bessel function of order k — 1/2:

2mim|D| 1 am|D| \ /2
MlE2ki—mm—m— | =T(k+1/2)| =——mm——
! ( ’(Da+ec>c> (-t ”<2<Da+ec>c

" m|D| J mm|D)|
¢ 2(|Dla+ te)e ) 2\ (|Dla+ te)e )

see [AST2], 13.6.1. Using the Kummer transformation
1F1(a7 b? Z) =e® 1F1(b - a, b7 72’/)7
see [AST2], 13.1.27, we get

N (kﬂk;— 2mim|D| >

(IDla + fc)c

141/ (5 g ) o (-pnr)

e m|D| J mm|D]|
2(|Dla + c)e ) “FY2\(ID]a + te)e )

The formula now follows by a straightforward calculation using the Legendre du-
plication formula T'(k)T'(k + 1/2) = 2172k /7 (2k). |

In order to prove the identity (3.4) we compute the Fourier expansion of the
right-hand side. To this end, we need the Fourier expansion of the Poincaré series

J cusp
PNy € Jirin
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Proposition 3.2 (J[GKZ87|, Proposition I1.2). The Jacobi Poincaré series

Pl N (D) € T8 N has the expansion

12

J + r? — D'
P ny(o,n(T:2) = Z gk+1,N,(D,T)(D/’ e <4NT * T/Z)
D'<0,r' €z
r’>=D’(4N)
where £1 = (—1)F+1,

Ter Ny (D7) = G (0.0 (D' 1) £ Gy w0y (D =1)

and
g1 v ) (D' 1) = n(D,r, D v M /2N T2 (D D) 2
0
xS Hyn(D,r,D' 1) Ty 12 (N—n D/D)
n>=1
where
1, if D'=D andr =r(2N
oy (Do D)= b D= Dand =N,
0, otherwise ,
and

HN,n(Dver/aT/)
2 D 2 _ D’/
=n32 N e, ((N)\2 At N )p+ . N p+r’)\> eann(rr’)
p(n)*
A(n)

with pp = 1(n) is a Kloosterman-type sum.

Proposition 3.3. The m-th Fourier coefficient of Sp ( h+1,N,(D, T)> is given by

D . _ ™
(1i5N,1) <m> mk_1+lk+1 k 1/2Zn 1/25:|: m D)Jk 12 (EmlDD

n>1
N|n

where +1 = (=1)F+1, dn,1 18 the Kronecker delta, Jy_1 /3 is the Bessel function of
order k —1/2,

)= S ([ £%))entm

b(2n) 4n
b?>=D?(4n)
b=D(2N)

with the genus character xp defined in [GKZ87], Sﬁvn(m,D) = Snn(m,D) £
SN.n(—m, D) and ez, (2) = >™2/2" for » € C.
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Proof. The m-th coefficient of Sp (Pl,;]_s_1 NL(D r)) is

DY k1 + m? m
> (d) 4" Gk1,N,(Dr) (dzD’ a

d|m

where 91;:+1,N,(D,7~)(D/7 ") denotes the (D', r")-th coefficient of P,€J+17N,(D7T).

The dy-part only gives a contribution for d = m, and in this case we have
On(D,r,D,r) = 1. Further, d5(D,r,D,—r) is 1 if and only if N | r which is
equivalent to N | D since D is a fundamental discriminant and 72 = D(4N).
Since (D, N) =1 by assumption, this is only possible for N = 1.

The Kloosterman sum part of gx41,n,(p,r) gives the contribution

Z-k+1ﬂ_\/§N—1/2mk—1/2Z Z (1;) g1/
)

n>1d|(mon
m2 m ™
X Hn,n/a (Dm, 2P d7“> k172 (mm|D|> :

The proof will be finished by the following lemma from [GKZ87]. |

Lemma 3.4 (|[GKZ87], Lemma I1.3). For allm > 1,n > 0,r € Z with D =
7?2 —4Nn < 0 we have

D m? _m
SN,Nn(va) = Z (d) (n/d)1/2HN,n/d (D,T’, ﬁD’ dr) .
d|(m,n)

Comparing the Fourier coefficients of the kernel function Ry (T, k, (Q)) with
those of 8D7T(P,;]+1 Ny(D T)), we see that it suffices to show

SN,n(m, D) = Kan(m, D)

for all n > 1 with N | n,(D,N) =1, and all m € Z. This immediatly follows from
the next lemma:

Lemma 3.5. Let N | n and (D,N) = 1. A set of representatives for b(2n) with
b2 = D?(4n) and b= D(2N) is given by

b=|D| - 2(|Dla + tc)a

where a, ¢ run through Z with (a,¢) =1, ¢ >0 and N | ¢, and £ runs mod D such
that (|D|a + €c)e = n. Here a is any fived integer with aa = 1(c). If b is of this

form, we have
n b/2 (D
wllye o)) = (7)
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Proof. Recall that for every class p mod 2N the group I'g(IV) acts on the set of
quadratic forms

a b/2 _
ON,D,p = {Q = (b/2 . ) : N |a, b* — dac = D?, b:p(2N)}
by Qo M = M'QM. The elements b(2n) with b> = D?*(4n) and b = D(2N) can
be thought of as the upper right entries of a full system of I'g(N)-inequivalent

quadratic forms in Qu p2 p with fixed upper left entry n. A system of I'g(NN)-

representatives for the whole set Qn p2 p is given by (DO/2 D€/2) where ¢ runs mod

D (here the condition (D, N) = 1 is used). Hence we need to find all (3 g) €
To(N) such that the matrices

a7 0 D/2\ (a B\ [ (aD+~t)y =2F2elitid .
B 4 D/2 L Yy 1) B M (BD-F(SK)(S ()

2

have upper left entry n and are inequivalent mod T'g(NN). Setting a = —a,¢c =
v,a = —d and changing a and ¢ to —a and —c if ¢ < 0 it is now easy to see that
we can take b = |D| — 2(|D|a + ¢c)a with a, ¢, as stated in the lemma.

The genus character xp of the matrix (3.5) and the Kronecker symbol (%)
both are 0 for (D,¢) > 1. For (D,¢) = 1 the quadratic form (3.5) properly
represents ¢, so xp applied to the matrix (3.5) equals (%) by definition of the
genus character. |

Proof of Theorem 1.2. As in (2.5) we write

T2k —1) 5 L(f, D, 2k —3)

R2k,N(7_787 (Q)) = W <faf>

f(7),

fE€S2k(N)

with f running through an orthogonal basis of S, (N). On the other hand, the
Petersson coefficient formula (3.2) gives

NFID(k —1/2) ce(D,r)
J _ 2 : o\
Sp,r (Pk+1,N,(D,r)) (1) = 27Tk—1/2|D|k—1/2 peet o) SD,T(¢)(T),
€SN N

where ¢ runs through an orthogonal basis of Ji'\" - and c4(D,r) is the (D, r)-th
coefficient of ¢. As we have shown above, both expressions are equal at s = k. By
|[EZ85], Theorem 4.5, the m-th Fourier coefficient of Sp ,-(¢) is just the (D, r)-th
coefficient of ¢|T;,, so taking the m-th coefficient (and complex conjugation) yields

(4m)2k—1 fe%N) . £(m)
NE-IT(k —1/2 co(D,7) ——
B 27rk1/2(|D|k/1/g > WCMTM(D,T)

PeS T N
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Now the Legendre duplication formula I'(k — 1/2)I'(k) = 2272F/7T'(2k — 1) com-
pletes the proof of Theorem 1.2. |
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