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MEAN SQUARE FORMULA
FOR THE DOUBLE ZETA-FUNCTION

Isao KiucHi, MAKOTO MINAMIDE

Abstract: We prove the mean square formula of the Euler—Zagier type double zeta-function
C2(s1, s2) and provide an improvement on the € results of Kiuchi, Tanigawa, and Zhai. We also

calculate the double integral sz f2T |¢2(s1, 82)|?dt1dta under certain conditions.
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1. Introduction

Let s; = 0j +it; (j = 1,2) be complex variables with o}, t; € R, and let {(s) be
the Riemann zeta-function, which is defined as ((s) := >~ ;n~ % for Res > 1.
The double zeta-function of Euler—Zagier type is defined by

1
C2(81,82) = Z m, (1.1)
1<m<n
which is absolutely convergent for oo > 1 and o1 4+ g3 > 2. The proof of Atkin-
son’s formula for the mean value theorem of the Riemann zeta-function ((s) (see
F.V. Atkinson [2] or A. Ivi¢ [6]) applies to the function (1.1). Some analytic
properties of (1.1) have been obtained by S. Akiyama, S. Egami and Y. Tanigawa
[1], H. Ishikawa and K. Matsumoto [5], I. Kiuchi and Y. Tanigawa [9], I. Kiuchi,
Y. Tanigawa and W. Zhai [10], K. Matsumoto [11], [12], J. Q. Zhao [15], and
others.

K. Matsumoto and H. Tsumura [13] were the first to study a new type of
mean value formula for sz |C2(s1, 82)|?dts with a fixed complex number s; and
any number 7" > 2. They conjectured that when o1 + o9 = %, the form of the
main term of the mean square formula would not be C'T" with a constant C, and
that, most probably, some log-factor would appear. Recently, their results were

The second author was supported by JSPS KAKENHI Wakate Kenkyu (B) No. 23740009
2010 Mathematics Subject Classification: primary: 11M41; secondary: 11MO06



32 Isao Kiuchi, Makoto Minamide

considered by S. Tkeda, K. Matsuoka and Y. Nagata [4], who showed that

00 2

T
1
/2 |§2 (51,52)|2dt1 = Z 2ot

m=1

T

1
ns2

((s2) =)

{ O (T*21722)  if 3 <o140,<2,

) (1.2)

O(lOg T) if g1 +02:2
Here, the coefficient of the main term on the right-hand side of (1.2) converges if
o1+ o9 > % They also deduced that the asymptotic formula

T
1
/ ICQ (817 82)|2 dt1 = 72T10gT + O (T) (13)
2 |s2 — 1|

holds on the line 1 +09 = % This result implied that the conjecture of Matsumoto
and Tsumura on the line o1 + 09 = % was true.
Before the introduction of our theorems, let us recall the mean square formulas

of the Riemann zeta-function (o +it) (see [2], [6], [7], [14]). It is well known that

T
/ ¢ (o +it)|* dt = ¢(20)T + O(1) (1.4)
2
with o > 1, and

T
1
¢(5+i)
JaS¢
where v denotes the Euler constant. For % <o <1, A Ivi¢ and K. Matsumoto
[8] obtained that

2
T 1
dt:Tlog%—l-@v—l)T—i—O(T?), (1.5)

T
/ IC (0 + it) dt = ((20)T + A(0)T>2" + E, (T) (1.6)
2
with A(o) = (27‘1’)20—1%, where the error term of (1.6) was estimated as

E,(T)=0 (T%(l_") log?/* T) . The mean square formula of {(141it) was obtained
by R. Balasubramanian, A. Ivi¢, and K. Ramachandra [3], who showed that

/T|C(1+z‘t)|2dt = ((2)T — wlog T + R(T) (1.7)
2

with R(T') = O ((log T)?/3(loglog T')'/3), and the estimate
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The main purpose of this paper is to prove the mean square formula for the
double zeta-function (a(s1, $2) within the region 0 < o7 < 1, 0 < g3 < 1 and
0<oy+o2< % Tkeda, Matsuoka, and Nagata made use of the mean value theo-
rems for Dirichlet polynomials and suitable approximations to the Euler—-Maclaurin
summation formula to obtain the formulas (1.2) and (1.3). We use the formulas
(1.4)—(1.8) for the mean square of |((o + it)| and (2.8)—(2.10) in Lemma 3 below,
as well as Lemma 1 below, which was derived from a weak form of the approximate
formula of Kiuchi, Tanigawa, and Zhai [10] for (2(s1,s2) to obtain the following
formula.

Theorem 1. Suppose that 2 <t1 <T, 0<o1 <1, 0<og<1landoi;+oo=1.
Then, for any sufficiently large positive number T > 2, we have

T (2 i s
/2 Ca(s1, 82)|* dity = 47T|32(_)12 T +0 (t2 (1ogt2)Tz) (1.9)

1
with 2 < ty < L2,

Remark 1. Inserting t, = T'3(logT)~! into (1.9), the right-hand side of the

formula (1.9) is estimated by O(T'3 log? T), but if we can take t2 = T, we can
estimate that O(T'logT). The main term of this theorem is not O(Tlog™ T)
(A > 0), but T2 since the analytic behaviour of the double zeta-function (2(s1, s2)
depends on both s; and ss.

As an application of (1.9), we consider the evaluation of the double integral

N T
/ / |Co(s1, 52)|2dt1dts
2 2

and then we deduce the following.

Corollary 1. Let 0 < 01 < 1,0 < 09 < 1 and o1 + 02 = 1. Within the region

'l
2< N K IZTJ'T’ we obtain

_1 2 1
Tlgléoﬁ/ / ‘<2 S1,82 | dtldtg = < — Tan 10'1> +O <N> .

Hence, this observation may be regarded as an average order of magnitude for
the double integral f2N sz |C2(51, 82)|?dt1dts, which is

i T_ Tan_13
240’1 2 g1

fOI'0<01<]., 0<o9<1 and o1 409 =1.
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Theorem 2. Suppose that2 <t1 <T, 0<o1 <1, 0<o09 <1, % <o1+oe < %
and o1 + 09 # 1. Then, for any sufficiently large positive number T > 2, we have

T
2 _ 20142053 (4 — 201 — 203) 4—201—20
dt — 2 1 2 T 1 2
| Gator st = (2 2 B TP

_ 1 5
+0 (tz ZTE—“l—”Z) (1.10)

with 1 < oy +02 < 3 and 2 <ty < T1-3(01+02)

T
2 201+202—3 ((4 — 201 — 203) 4—201—20
dt: = (2 1 2 1 2
/2 [Ca(s1, s2)I" dba = (2m) (4= 201 — 209)]s5 — 12
+0 (1377 i) (1.11)
3—201—20
with % <or14+o02<1and?2 <ty < T520 =205 , and
T
2 ¢(3) 3
dti = ——————=T
/2 |Ca(s1, 82)[" dta 127%[sy — 12
O (1?) if ViogT <ty <T:,
_|_
O (t;'T*/TogT) if 2<ty < logT.
(1.12)

with o1+ 09 = %
In a similar manner to the proof of Theorem 2, we consider the integral
sz |C2(s1, 52)|2 dt, for % < 01 + 03 < 2, which may show the formula

T
/ Ca(s1,82))7 dts = O (1T,
2

but this does not provides an improvement on the formula (1.2). Similarly, in the
case of o1 + 09 = %7 we obtain the formula

T
1
/ |C2(81, 82)‘2 dt; = 72T10gT +0 (tQT)
2 |s2 — 1]

for 2 <ty < (log T)%7 which does not give an improvement upon the formula (1.3),
since the error term of this formula depends on ¢5.

Theorem 3. Suppose that 2 < t1 < T, 0< o1 <1, 0<o2<1and0 <
o1+ 02 < % Then, for any sufficiently large positive number T > 2, we have

C(4 — 20’1 — 20’2)

T4720’1720’2
(4 — 201 — 203)|s2 — 1]2

T
/ ‘C2(51752)|2 dt; = (2,”)2014,26273
2

%701702 5 oo ) 1201 205 3—207 —209
[0) t2 T2 1 2 Zf T'3-201 202 < t2 < T5—201—202’

" (1.13)

1-20] —209

19) (t2—1T3—201—202) Zf 2 <ty T3 201202,
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Remark 2. An average order of magnitude for the double zeta-function (1.1)
derived from the asymptotic behaviour of the integrals of the double zeta-function
Ca(s1, 82) with (1.9)—(1.13) holds when the ratio of the order of #; to that of ¢
is small. However, it is often difficult to determine their analytic behaviour for
a general ratio of the order of ¢; to the order of ¢s.

Sometimes it is more fruitful to study the integrals for the double zeta-function
Ca(s1,82) for 0 <oy <1land 0 <oy < 1.

Furthermore, the asymptotic behaviour of the ) result of the double zeta-
function (1.1) was derived by Kiuchi, Tanigawa, and Zhai [10], who showed that
for 01 >0, 09 >0, 01 + 02 <1 and

3-201-205

ty Kty TR (1.14)

then we have

%70’170’2
Co(oy +ity, o9 +ita) =< 1T (1.15)

with o1 + 09 < 1, and

1
t7 log logt1> (1.16)

Ca(o1 +it1,02+it2)29< n
2

1_
with o1 + 092 = 1. For example, if we can take to < tf °, then (1.16) implies that

1 . 1 3 14
Ca <2 + 1y, 5 —|—Zt2> = (tf E) .

In view of this, it is of some interest to try to determine the €2 result of the double
zeta-function under the other region. From Theorems 1, 2, and 3, we are able to
expand the region o1 > 0, 09 > 0 and o1 + 09 < 1 of their result into 0 < o1 < 1,
O<ogs<land 0 < o1 4o09 < %, and also improve a relation between t; and to
with the inequality (1.14). Thus we deduce the following © results.

Corollary 2. Suppose that 0 < 01 < 1,0 < 09 <1, and 2 < t; <T. Then we
have

3
tE—al—ag
C2(01+it1702+it2) =0 <1t2> (1.17)

3-201—209

with0 < o1 +o02<1and2 <ty <T5 2122 ° and
tE—Cfl—Ug
Co(o1 +ity, 00 + ita) = Q 1t7 (1.18)
2

with 1 < o1+ 02 < % and 2 <ty < T1*%(51+”2)*5, where € is any small positive
constant.
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320120y _ 8-201 20y _
Remark 3. For the region T7-271-292 "~ & ty < T5 2012027 | the () result of
(1.17) holds, hence this observation expands (1.15) into (1.17). For the case of
1

01+ 09 = 1, the formula (1.16) holds for to < ¢}, but the formula (1.18) holds
for ta < T 3¢, Furthermore, in the case where 1 < o1 + 03 < %, the formula
(1.18) holds for 2 < ty < T'~3(@1to2)=¢ Therefore, this corollary implies an
improvement upon the result of Kiuchi, Tanigawa and Zhai.

Remark 4. Now, we assume that 0 < 01 < 1,0< 02 < 1,01402=1,2<t;: <T
and 2 < t < T2. If the order of magnitude of the function F(s1,s) below is
estimated as O (t5) with € being any small positive constant by more elaborate
analysis. Then, the formula (1.9) can be improved by

T
2 _ C(2) 2 —14e¢ %
/2 [Ca(s1, 52)|" ditr = PP T +O(t2 T ) (1.19)

for any sufficiently large positive number T > 2. Taking t, = T2~ into (1.19),
we obtain the estimation

T
/ Ca(s1, 80)[* dty = O (TF°). (1.20)
2

Notations. When g¢(z) is a positive function of x for x > zg, f(z) = Q(g(z))
means that f(z) = o(g(x)) does not hold as x — co. In what follows, & denotes any
arbitrarily small positive number, not necessarily the same ones at each occurrence.

2. Some lemmas

Let a be any complex number. The generalized divisor function is defined by
oa(n) = 34, d". We use a weak form of the approximate formula of Kiuchi,
Tanigawa, and Zhai [10] to prove our theorems. Suppose that 0 < o7 < 1 and
0 < 02 < 1. They showed that

<(51+8271) 1

Ca(s1,82) = - — 5{(81 + s2)
O1—5,—s (’I’L) max —01—0
() Y T o (jpypreimmete) ()
ng%
where

x(s2) = 2(27)*2 ! sin (%sz> I'(1-—s2).

For our purpose, it is enough to quote the following weak form of (2.1):

M — 1C(sl + 52) + E(s1,52) (2.2)

Ca(s1,82) = 59— 1 B
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with the error term FE(s1, s2). Using the partial summation formula, the estimate
IX(s2)| = |t2|2 72 and the partial sums of the generalized divisor function:

Cg‘fiﬂl)xo‘*l + O (gmex(he)) if >0,
Zaa(n)z zlogx + O (x) if =0,
O (z) ifa<0
for any sufficiently large positive number z > 2, we have the following.
Lemma 1. Let the notation be as above. We have
ta]2771702 i 0<oy 40y <1,
E(s1,80) < { |ta|2 loglta]  if oy 4+ 00 =1, (2.3)

‘t2|% if o1 + 09 > 1.

Note that the error term in this lemma is independent of t;. Here we choosed &
in (2.1) as 0 < € < 1/2. This error term E(s1, $2) is obviously independent of ¢;.
To prove our theorem, we shall establish the mean square formula for {2(s1, s2) by
using (2.2), (2.3) and Schwarz’s inequality, thus we have the following.

Lemma 2. For0 < o1 <1, 0< 03 <1, and any sufficiently large number T > 2,
we have

T 11 11 11
/2 Galsts2)Pdts = L+ Lo+ I+ O (T + I + G T7 ) (2.4)
where
1 4 )
n=—— —1)[dt 2.5
V= [ = DR, (25)
1T )
IQ = Z |<(81 +82)| dtl, (26)
2
and
T
13:/ |E(81,82)|2dt1. (27)
2

To deal with the integrals I; (j = 1, 2, 3), we shall use the mean square formula
of the Riemann zeta-function.

Lemma 3. For any sufficiently large positive number T > 2, we have

(2 —20)

T
/ | (o +it) |2dt = (27r)2f’*1C T*727 +((20)T+0O (T'"7)  (2.8)
9 2—-20
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with0<o<%,

/T |C (it) [2dt = @TQ + ZiR(T)T +O(T) (2.9)
2 ™ ™

with o0 = 0, and

T
/2 € (o +it) |Pdt = (27r)2"*1C(22_;2200)

with —1 < o < 0, where R(T) is given by (1.7).

Proof. Since the functional equation (o +it) = x(o+it)((1—o—it), the equality
[C(1 — o —it)| = |{(1 — o +it)| and the formula (see (1.25) in [6])

t

1—20
—20
277) +0(t7%) (t >ty > 0),

o+ i) =

we can integrate by parts and use (1.6) to obtain

T T
/|§(a+it)\2dt=/ (o + it)2IC(1 — o + it)2dt
2 2

1 1—20 T
— () / t7291¢(1 — o 4 it)|*dt
27 2

T
+0 </ 7211 —0o +it)|2dt>
2

= (2m)?7 ! 7“22__22:) T*727 +¢((20)T + O (T'°7)

with Ey_(T) = O (T?) for 0 < ¢ < 5. Similarly in the case of ¢ = 0, we have,
by integrating by parts and using (1.7), (1.8),

T T
/2 (i) 2dt = / ) PIC(L + it) Pt

1" N2 4 2
_%/2 HC(L+ it)| dt+0(/2 (L + it)| dt)

_ @) 1
== 1%+ —R(T)T + O(T).
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In a similar manner, we have,
T T
/ I¢(o +it)|?dt = / Ix(o +it)]2|¢(1 — o +it)|?dt
2 2

1 1—-20 T
= (= t7291¢(1 — it)|2dt
() [ ea-oviol

T
+ 0 (/ 72 1C(1 — o + it)|2dt>
2

_ (27r)2a—1 C(;:;;)Tz—zo +0 (T1—2a')

for —1 < o < 0, which gives the formula (2.10). |

3. Proofs of Theorem 1 and Corollary 1

We evaluate the integral fQT |¢2(51,82)|%dt; under the condition 0 < o7 < 1,

1
0<og<1l,01+0y=1,and 2 <ty < %. From (1.7), we have

T+to 242
I =~ / |§(1+it)|2dt—/ AL +it)dt g = O(T +t2).  (3.1)
4 2 2

Similarly, we have

1 T+ts ) 2+4to )
JPWQ_W{A K@Wﬁ—é |mm%*. (3.2)
Inserting (2.9) into (3.2), we obtain
((2
T +t)R(T +t ty+ DRt +2)} + 0 [ LT 12
+m{( +2) ( +2)_(2+> (2+ )}+ (|821|2)
) ) T(log T)?/?(log log T)'/3 T
_m(T—i—tg) +O< t% >+O(t§) (3.3)
We have
13 =0 ((tQ 10g2 tQ)T) . (34)

Substituting (3.1), (3.3) and (3.4) into (2.4), we observe that all error terms on

1
the right-hand side of (2.4) are absorbed into O (t2 2 (log tg)T%), completing the
proof of (1.9).
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Next, as an application of (1.9), we evaluate the double integral for the double
zeta-function (a(s1, 82): fQN f2T |C2(s1, 82)|?dt1dts. From (1.9), we have

N T
//Iéz(sl,SQ)\thldtz
2 J2
C(2) /N 1 9 3/N 1
= —dt T ol T 1= 2 oo todt
ar \Jy Jsa—127° + : , og tadts

1
for 2 < N < £2.. Tt follows that for 0 < g9 < 1
N
1 1 T 2 1
dty = — —Tan™! O —
/2 5o — 1122 1—02<2 o 1—02>+ (N)

N 1
/ t5 7 log tadty = O (N% log N) :
2

and

Then, we easily see that

N T
2 il ™ 12 2
dtydty = ———— (Z —T, T
/2 /2 (G20, 52)"dtadltz 24(1—02)(2 o 1—02)

+0 (T%N% 1ogzv) ) (?\;) .

1
T3

Hence,f0r0<01<1,0<02<1,01+U2:13nd2<N<1ogT’

T —

IR ) T (7 L2 1
— (T apt 2 —).
Tg/z /2 |Ca(s1, s2)|“dt1dtz — 210, (2 an 01> +0 (N)

Therefore, we obtain the assertion of Corollary 1.

we obtain, as

4. Proof of Theorem 2

Throughout this section, we assume that 0 < 07 < 1,0 < 09 < 1, % Lo1409 < %,
o1+09 #1land 2 < o < T3. Asin the proof of Theorem 1, we shall first evaluate
the integral f2T |C2(s1, 82)[%dty for 1 < o1 + 02 < 2. Using (1.4) and (2.6), we
obtain

T 1
h214|q&+wmmpi§Wm+amT+mh) (4.1)

From (2.3) and (2.7), we have

Iy = O (t,T). (4.2)
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By (2.5) and (2.8), we have

1 T ,
I = 712/ |C(o1 + 02 — 1+ i(tq —|—t2))|2 dtq
|s2 =12 Jy
~(2m)?7 2273 (4 — 201 — 209) 4 90,20,
o ‘32—1‘2 4 — 201 — 209
+0 (17321 =202) 4 O (1;2T) . (4.3)

Now we assume that 2 < o < T2~ 5(1+92) Substituting (4.1), (4.2) and (4.3) into
(2.4), we observe that all error terms on the right-hand side of (2.4) are absorbed

1
into O (t2 2T%_”1_"2). Hence, we derive the formula (1.10).

Similarly, in the case of % < o1+ 02 < 1, we obtain

Iy = 34(2(01 +09))T + A(or + 02)T? 72717272 £ O (1) (4.4)

by using (1.6) and (2.6). From (2.3) and (2.7), we have
Iy = O (5727 72727 (4.5)
From (2.5) and (2.10), we have

(27r)201+202_3 C(4 — 201 — 20’2)

I =
! |82—1|2 4—20’1—20'2

T4—201—202 4 O (t;1T3—20'1—20'2) ) (46)

3—201 —209

Now we assume that 2 < to < T'5-221-272 . Substituting (4.4), (4.5) and (4.6) into
(2.4), we observe that all error terms on the right-hand side of (2.4) are absorbed

into O (té_m_UQT%_"l_"?). Hence, we derive the formula (1.11).
Similarly, in the case of oy + 02 = %, we obtain, by (1.5) and (2.6)
T 1
Ig:Tlog2—+(27—1)T+O(t210gT+T2). (4.7)
T
From (2.3) and (2.7), we have
I;=0 (67). (4.8)
From (2.5) and (2.10), we have

¢3)

L=—>22
LT 12m2)s, — 12

T +0 (t;'7%). (4.9)
Now we assume that 2 < t, < T'2. Substituting (4.7), (4.8) and (4.9) into (2.4),
we observe that all error terms on the right-hand side of (2.4) are absorbed into

O (t;szx/logT) if 2 <ty < /logT, or into O (Tz) if logT <ty < Tz, Hence,
we obtain the formula (1.12).
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5. Proof of Theorem 3

Let 0 <o <1,0< 09 <1land 2 <ty < T3. As in the proof of Theorem 1, we
shall evaluate the integral fQT |¢2(s1, 82)[?dty for 0 < oy + 03 < 5. From (2.6) and
(2.8), we have

I, = O(T?2717202), (5.1)
By (2.3) and (2.7), we have

I3 =0 (727172727 (5.2)
By (2.5) and (2.10), we obtain

(27r)2‘71+202_3 C(4 — 201 — 20’2)
|82—1|2 4—20’1—20'2

Il _ T4—201—202 4 O (t§1T3_201_202) ) (53)

3—207 —20-
Now we assume that 2 < ¢, < T5-271-27 . Substituting (5.1), (5.2) and (5.3) into
(2.4), we observe that all error terms on the right-hand side of (2.4) are absorbed
into
1—207 20, 3—20] —209

3—01—02 15 5,0y . el =2 S—q1--92
0) (t2 T2 ) if T3 201202 Lty < TH5 201202,

or into
1-207 —209

9] (t51T3—201—20’2) if 2 < to < T3=201 203

Therefore, we obtain the formula (1.13).
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