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EXPANDING THE APPLICABILITY OF A TWO STEP
NEWTON-TYPE PROJECTION METHOD FOR ILL-POSED
PROBLEMS

ToanNis K. ARGYROS, MONNANDA E. SHOBHA, SANTHOSH GEORGE

Abstract: There are many classes of ill-posed problems that cannot be solved with existing
iterative methods, since the usual Lipschitz-type assumptions are not satisfied. In this study,
we expand the applicability of a two step Newton-type projection method considered in [10],
[11], using weaker assumptions. Numerical examples for the method and examples where the old
assumptions are not satisfied but the new assumptions are satisfied are provided at the end of
this study.

Keywords: Discretized Two Step Newton Tikhonov method, ill-posed Hammerstein-type opera-
tor equations, balancing principle, monotone operator, regularization method, projection method.

1. Introduction

This paper deals with the finite dimensional realization of a method considered in
[10] for (nonlinear) Hammerstein-type equation

KF(z) = f. (1.1)

Here F : D(F) C X — Z is nonlinear, K : Z — Y is a bounded linear operator
([7],[8]) and X,Z,Y are Hilbert spaces with inner product (.,.) and norm ||.||
respectively.

We will assume that the problem (1.1) is ill-posed due to the non-closedness of
the linear operator K (see [9]). It is assumed that f° € Y are the available noisy
data with ||f — f°|| < 6 and F possesses a uniformly bounded Fréchet derivative
for each z € D(F), i.e.,

IF' (@) < M, e D(F)
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for some M (Here and below F’(.) denotes the Fréchet derivative of F). Observe
that the solution z of (1.1) with f° in place of f can be obtained by first solving

Kz=f° (1.2)
for z and then solving the non-linear problem
F(z) =z (1.3)

In fact, in [10] we consider two cases of F, in the first case we assume that F'(x) !
exist and in the second case we assume F' is monotone but F’(z)~! does not exist.
The method in [10] was a combination of Tikhonov regularization and Two Step
Newton Method.

Regularization methods for ill-posed operator equation are usually defined in
an infinite dimensional setting and have to be discretized for calculating a numer-
ical solution [12]. Since finite dimensional problem are always well-posed in the
sense of stable data dependence one could think of stabilizing an ill-posed prob-
lem by discretization. Regularization of ill-posed problems by projection methods
can be found in literature for eg. in [17, 18, 19]. In this paper we consider the
problem of approximately solving (1.1) in the finite dimensional setting of Hilbert
spaces. Our goal is to expand the applicability of this method by weakening the
usual assumptions for the convergence of these methods (see Assumption 3.1 and
Assumption 3.2).

Recall [20], [21], that an operator F' is said to be monontone operator if
(F(z) — F(y),x —y) >0 for all z,y € D(F).

The organization of this paper is as follows. Section 2 deals with Discretized
Tikhonov regularization (detailed proof can be found in [11]) and Section 3 in-
vestigates the convergence of the Two Step Newton Tikhonov Projection Method
(TSNTPM). Section 4 discusses the algorithm and finally the paper ends with
a Numerical examples in Section 5.

2. Discretized Tikhonov regularization

This section deals with discretized Tikhonov regularized solution 2 of (1.2) and
(an a priori and an a posteriori) error estimate for | F(&) — 29|
The following assumption is used as in [8] to obtain the error estimate .

Assumption 2.1. There exists a continuous, strictly monotonically increasing
function ¢ : (0,a] — (0,00) with a > ||K||? satisfying;
e limy_,op(N) =0,

°
Supaw(k)
A>0 A+«

< p(a) YA€ (0,qa)
and

F(#) - Flao) = p(K*K)w
for some w € X such that ||w| < 1.
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Let {Pp,}n>0 be a family of orthogonal projections on X. Let

en =K =Pl

= |[F@)(I - P, Y€ D(F)
and {b, : h > 0} is such that hmh_mw 0, limp_q
and limy_,obp, = 0. We assume that ¢, — 0 and 7, — 0 as h — 0. The above
assumption is satisfied if, P, — I pointwise and if K and F’(z) are compact
operators. Further we assume that e, < &g, 7, < 70, br, < bo and d € (0, dy).

The discretized Tikhonov regularization method for the regularized equation

(1.2) consists of solving the equation

(= Ph)F(fro)H -0

(PuK*KPy +aPy) (2l = PuF(20)) = PuK*[f° = KF(20).  (2.1)

Theorem 2.2 (see [11], Theorem 2.4). Suppose Assumption 2.1 holds. Let

20 be as in (2.1) and by, < Mﬁ. Then

I7@) - 0 < ¢ (ta) + (T2 (22)

where C = $ max{Mp,1} + 1.

2.1. A priori choice of the parameter
Note that the estimate ¢(a) + 53;% in (2.2) is of optimal order for the choice « :=
a(6, h) which satisfies ¢(«(d,h)) = \/‘S%. Let 9(A) := A\/p1(1),0 < X <
Then we have § + e, = /a(d, h)p(a(d, h)) = @ZJ((p(Oz(d, h))) and

a(d,h) = o (W0 +en)).
So the relation (2.2) leads to ||F(z) — 20| < 2C¢~1(0 + &3).

2.2. An adaptive choice of the parameter

In this subsection, we consider the balancing principle established by Pereverzev
and Shock [14] for choosing the parameter «. Let

Dy={a;:0<ap<a; <az<---<an}

be the set of possible values of the parameter a.

Let
l {i:s )<5+5h}<zv (2.3)
i=max]i: p(a;) < , :
¥ o
k =max{i:a; € D} (2.4)
where DY = {a; € Dy : |25, — 25, I < %\/O‘i‘gh) =0,1,2,....,i — 1}.
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We use the following theorem, the proof of which is analogous to the proof of
Theorem 4.3 in [8], for our error analysis.

Theorem 2.3 (cf. [8, Theorem 4.3]). Let ! be as in (2.3), k be as in (2.4) and
20 be as in (2.1) with o = ay. Then I <k and

. 4 _
1P(@) — 22 < (24 g )y (6 + <)

3. Convergence analysis of the projection method

In [11], [10], [8] the following Assumption was used, which is very difficult to verify
(or does not hold) in general (see numerical examples at the last section of the

paper)

Assumption 3.1 (cf.[16, Assumption 3 (A3)]). There exist a constant ky > 0
such that for every z,u € D(F) and v € X there exists an element ®(z,u,v) € X
such that [F'(z) — F'(u)]v = F'(u)®(z, u, v), | ®(z, u, v)|| < kollv|[|z — .

In the present paper we analyze the method by using a weaker Assumption
than Assumption 3.1 and which is easier to verify:

Assumption 3.2. Let xy € X be fixed. There exists a constant Ky > 0 such that
for each z,u € D(F) and v € X there exists an element ®(z,u,v) € X depending
on xg such that [F'(x) — F'(u)jv = F'(u)®(z,u,v), ||P(x,u,v)|| < Kol|lv||(||lz —
Paoll + lu — Pazol)):

Note that Assumption 3.1= Assumption 3.2 but not necessarily vice versa.

3.1. Case 1: TSNTPM when F’(.) is invertible
In this section we assume that F’(z) is boundedly invertible for all x € D(F) i.e.,
1" ()7 < B (3.1)

for some (57 > 0.
For an initial guess xgp € X, the TSNTPM is defined iteratively as;

ywd o =ald = P F (a )T Pa(F () — 2h0), (3.2)
h,§ 6 5 oN— 5 F)
xn—&-l,ak = y’r}lL,ak - P}LF/(y’Z,OAk) 1Ph(F(yZ,o¢k) - ZZk )5 (33)

where xgik := Ppxo and zg;f is defined by (2.1) with a = ay.

Note. Observe that if by < K%) and if x € B, (Pyxo) where r < K%) — bg, then
F'(z)7! exists and is bounded. This can be seen as follows:

1F" ()M = sup [[[7 + F' (o) ™' (F'(x) = F'(20))] " F'(wo) "0

llvli<1

Fl —1
o (o)

ioler L— [ (zo) 1 (F'(x) — F'(zo))o]’ (34)
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Now by Assumption 3.2 and the triangle inequality;
|2 = zoll < ||z = Paxoll + [[Przo — zol|,

we have
[ E" (o)~ (F" () — F'(wo))v|| < Ko(r + bo).

Hence by (3.1) and (3.4) we have

1P @7 < e
Thus without loss of generality we assume that
|F'(z)7| < B, YV € B.(Pyxo) (3.5)
and for some 3 > 0.

Lemma 3.3. Let ¢ € B, (Prxg), by < K%] and r < K%) — bg. Then we have
| P F" () T P F! () || < 1+ Bro.

Proof.
| PuF' ()~ PuF' (z)|| = HSlulp [[PuF’ ()~ Py F' (2)]v]|
v||<1
< sup ||PuF'(2) ' Py F'(2)(Py + I — Py)v||
loll<1
< sup ||[PuF' (z) ' Py F (z)Py)v||
lvll<1
+ sup |[PuF!(2) \PuF (2) x (I — P)o|
lvll<1
<1+ B <1+ B1o. u
Let
et = lyme, =zt . ¥n=0. (3.6)
Suppose that
1
0< Ko< —-—~ 3.7
O™ 41 + Bro) (3.7)
and
do + €0 2 (3.8)

Jao - BEM+3)

Let ||& — zo]| < p, with

1 1 3 do + €0
”<M(5‘(2+M) r)

and
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and let r be such that

r € (r1,r2), (3.10)
where
o 14 /1 —16(1+ B70) Ko,
te 8(1 + Bro)
and
o 1—/1-16(1+ B79) Ko,
‘T 8(1+ o)
b:= 4(1+ﬂ7’0)K07". (311)

Then, we have by (3.7)-(3.11) that

0<n,< (3.12)

1
16(1 + ,BT())KO

Theorem 3.4. Let el be as in equation (3.6) with § € (0,00), & = oy, and
en € (0,e0]. Suppose the assumptions of Lemma 3.3 and Theorem 2.3 hold. Then,
by Assumption 3.2, we have the following:

) .
h,8 h,§
||'Tn o Yn1 (ka X 7(1 +67—0) |:3||'rn lar xO,akH (313)
h,6 h,5
+5||yn 1,0k xO,akH]en—l,ak?
o) .
h,8§ h,§
Hx’Z’,gzk _xn—l,oekH < {1 + 7( +BT0) |:3||xn Lar — Lo ak” (314)
+5||yn 1ak7‘TOo¢kH:|} Cpn— 1,00
and
(c)
Ko h.6
o < 5 S Bro)Bllakd, — ad, |
+3Hyn 1,k ank”]”yn lap nozkH
h,0 n _h,8 n
b2n1ak <b? €0 0, b2'yp
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Proof. Observe that

h,8 h,§ h,8 h,8
ngkiyn lak_yn 1ak7xn 1ak7PhF(yn 1o¢k) 1Ph(F(yn 1ak)
1)
h)+PFl(n1ak) 1Ph( (nlak) )

_yz 61 R _‘r}ri’fl,ak _PhFl(yn lak) IPh(F(yn 1ak)
- F( n 1 ak)) - P}L[F/(yn—l,ak) F/( n 1 ak)il]
X Pu(F (a2 ) = 2070)

5 _
= PhF/(qu—l,ozk) 1Ph
1
h,8 h,é
X /0 |:Fl(yn—1,o¢k) F/( n 1 Ne™ +t<yn lar xn—l,ock
h,o _
X(yn 104;67"1:11 1ak)dt+PhFl(yn 1ak) !
s h,é
X Ph[Fl( n 1 ak) - F/(yn—l,ozk)](yn—l,ak - mn—l,ozk)

:=T1 + T,

h,8 —
Fl :PhF/(yn—LOzk) 1Ph/0 [Fl(yn lak) F/( n 1ock

h,§ h,é h,6 h,o
+ t(ynfl ar  Fn—1 ak))}(ynfl,ak —Tp ak)dt

b, R, h.s R,
and I'y := PhF/(yn—l,ak) 1Ph[F/( Ty 1 ak) F/(yn—l,ock)](yn 1,00 xn—l,ak)'
that by Assumption 3.2 and Lemma 3.3 we have

where

h,6 - s
I = P ) P [ (PR o)~ P,
6 s hs
+ (yn lar Tp_1 ozk))] (yn l,ar l'n 1, ak)dt”
h,é
)

h6 )
1+67—0 H/ yn 1ak’ n— 1ak+t(yn lak_xn—l,ak ’

X yn 1o, zn 1 ak)dt”
h,é h,6
KO 1+5T0 [/ Hxn Loy — P00 — (yn 1,0 71’n 1a;€)Hdt

h,§
+ ||yn 1, — T, ak] Hyn Lok xn—l,akH

1
h,o
K0(1+ﬂT0)l/ (l_t)Hxn 1, 1‘0 ak”_'_tHyn 1,k 1‘0 ak”
0

h,é
+ ”yn Lar — Lo ak] dt”yn 1o xn—l,ak”

< Ko ho ] ko
X 7(1 + ﬁTO) [Hxn 1,ap 33‘0 Q) ” + 3||yn 1ar — Lo,ap M Cn—1,ar"

147

)

(3.15)

Note

(3.16)
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Similarly, we obtain

h,é h,é
T2l < Ko(L+ B0)lyn1 0, = @0 | + 2620, = @010, en?y o (317)

Hence from (3.15), (3.16) and (3.17), we get (a). Now (b) follows from (a) and the
triangle inequality;

5
||xZ:ik - xn 1,00 ” || T, ock - yn 1 akH + ||yn lo, xZLl,ak ||

To prove (c) we observe that

h,o -
i, = ks, =yl o — (PUF' (@, )™ Pu(F ()
- h,d
_ Zh,é) + P, F (yn 1 Otk) 1Ph(F(y7l*1,o¢k) _ ZZ;:;)”
é
= ”I" a7 _yZ 1ok _PhF/( nock 1Ph(F($Z’ik)

)~
— F(yr?) o))+ PalF (y?y o )7 = Fl(ahd )7
X Pu(F(yr®) o) — 220

<A+ Ao, (3.18)
where
h,5 h,s
Ay = [lald, —yny 0 — PuF (@l ) T Pu(F(2ld,) — Fyny o)l
and

Az := | PalF (g 10,) " = P/ @) Pu(F (21 o,) = 20011
Analogous to the proof of (3.16) and (3.17), one can see that

Ko h.o h,s
Al 9 (1 + BTO)BHxn R Lo ak” + Hyn l,a, Lo ak”]Hxn ap yn 1 ak”

and

h,o h,o
Az < Ko(L+ Bro)llad, — aga, |+ lyn 1.0, — w00, I, = n1a, |l

Hence from (3.18) we obtain that

Ky
)6 h,0
ez,ak X <1+6T0)[5Hxn ,Qg — Ty ak”

2
h,0 h,o
+3||yn 1,0 — 2y ak”mxn ag _yn lak” (319)
Ko Ky h,o
9 <1+BT0)( ) 9 <1+/8T0)(8r)||$n7—1,ak _yn7—1,ak||
h,é
<b Hxn lak_yn lakH
< bZnES,gk b2n')/p-

This completes the proof of the Theorem. |
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Theorem 3. 5 Let r be as defined in (3.10) and the assumptions of Theorem 3.4
hold. Then x ho € B.(Pyxg), for alln > 0.

nak?ynak

Proof. Note that by (b ) of Theorem 3.4 we have,

h,8
215, — Pazoll = lleva, — o,

[1 + (14 By o S (8r)| (3.20)

ie. ac’f ik € B, (Pyx0). Again note that from (3.20) and Theorem 3.4 we get,

||y1 Qg PthH X ||y1 g T akH + ||I1 Qg thOH
<1+ (1 + Bro)dKor + ((1 + Bro)4Kor)*]v,
<A +b+0%,

ie., yf”ik € B, (Ppxo). Further by (3.20) and (b) of Theorem 3.4 we have,

||Jf2 N Pth” = ||$2 ar T ak” + || Ty ak PhIOH
<1+ b)eLak (1+b)v,
S@A+b+b*+b%),

1
STop ST
and
h.s
g0, — Pazoll < llyzia, — 20, Il + 70, — Pazol
<oy, + (1 +b+0* +b%)y,
< (1+b+b2+b3+b4)%
1
< 1= <r
by the ch01ce of 7 ie., xh ik, Yy, ak € B, (Pyxo). Continuing this way one can prove
that 29 | yl%, € B,(Pyxo),Vn > 0. This completes the proof. [ |
Theorem 3.6. Let y/? o and xﬁgk be as in (3.2) and (3.3) respectively and
hypotheses of Theorem 3.5 hold. Then (QCZZik) is a Cauchy sequence in By(Ppxq)

and converges to xl° € B,.(Pyaq). Further P,F(xh?) = 20 and

(1+ b)b*y
[E% nak || < ﬁgp

where 7y, and b are defined by (3.9) and (3.11), respectively.
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Proof. Using the relation (b) and (c¢) of Theorem 3.4, we obtain

Hmn—i-z+1 ap xn—i—z ag ” < (1 + b) Hmn—i-z ap yn+z g ”
h,o
< (1 + b)b”xn-i-z ap yn—H 1ok ”
h,o
< (1 + b)b H‘Tn—l-z 1ok yn—i—z 1,ap ”
< (1 + b)bQ(n-H h5
< (1 + b)bZ(n+z
So,
h,d
||1’.n+m ag Ty, ock Z Hivn—i-z+1 ap n+i,o¢k||

m—1

=0
W=D (L b
= (1+b)v? T e o e

as m — o0o. Observe that from (3.2)

1Pu(F(230,) = 2 = 1PaF (230, ) (e, — Yo,
< F (@ Myma, — wne,|
< Meh?, . (3.21)

Now by letting n — oo in (3.21) we obtain P, F(z"%) = z"?. This completes the
proof.

Hereafter we assume that

Theorem 3.7. Suppose (14 f79)Kor < 1 and Assumption 2.1 and 3.2 hold. Then

B
1-— (1 + ﬁTo)Ko?")

IF(@) = 2a; |l

12 — 20|l < (
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Proof. Observe that

& — a0 = |& — 2% + Py F' (Pyao) "L Py[F (2 “) F(&) + F(&) — 2]
< || PuF' (Pyxo) ' [PoF' (Phxo) (3 — 2l ) Pn(F(2)
— F(alON]|l + || P F’ (Pazo) ' Pu(F (&) — 2120
1
< HPhF'(thEo)_lph/ [F'(Phxo) — F'(& + t(ng —1))]
0
x (& — alO)dt| + || PuF’ (Pao) "' Pu(F(2) — 210))
1
< HPhF’(Phxo)‘lPhF’(Phxo)||/ ®(Pyxo, & + t(alh?® — 2),
0
& — alO)dt]| + || PuF' (Puao) " Pu(F(2) — 2120)||
< (L+ Bro)Kor||& — x| + BIIF (&) — 222°]l.

The last step follows from Assumption 3.2, Lemma 3.3, (3.5) and the relation
| Prwo — & — t(zl® — &)|| < r. This completes the proof. [ |

The following Theorem is a consequence of Theorem 3.6 and Theorem 3.7.

Theorem 3.8. Let 2/ ik be as in (3.3), assumptions in Theorem 3.6 and Theorem
3.7 hold. Then

ho || < (14 0)b*"y, B

HLE — Tnlag H =X 1— b2 (1 — (1 —+ ﬂTO)KoT)

1F(2) = za; |

where v, is as in Theorem 35.6.

Now since | < k and as < ayq1 < poy we have

0+ep 0+ ep 0+ep
< Sp
\/ L \/ A/ O§

This leads to the following theorem,

= pp((6, k) = ™ (6 + en).

Theorem 3.9. Let 2% be as in (3.3), assumptions in Theorem 3.8 hold. Let

n,op

. p2n < 5+€h}.
Ok

ny = min {n

Then
|| ’I’Lk,OLkH - ( (5+Eh))

3.2. Case 2: TSNTPM when F' is monotone and F’(.) is non-invertible

Assumption 3.10. There exists a continuous, strictly monotonically increasing
function g : (0,b] = (0,00) with b > ||F'(z0)] satisfying;

e limy_,0p1(N) =0,



152 Ioannis K. Argyros, Monnanda E. Shobha, Santhosh George

upagol(A)

< YA e (0,b
T < a(a) (0,

and
e there exists v € X with ||v|| <1 (cf.[13]) such that

o — T = (p1(F’($0))U.

e for each x € B,(zg) := {z : ||z — zo|]| < r} there exists a bounded linear
operator G(x,xg) (cf.[15]) such that

F'(z) = F'(20)G(z, 7o)
with ||G(z, z0)]| < K.

First we consider an iterative method to approximate the zero x 2 of

Py (F(a:) + %(x - xo)) S (3.22)

and then we show that "3 is an approximation to the solution & of (1.1) where
¢ < a. For an initial guess 29 € X and for R(z) := P,F'(x)Py 4+ %£ P, the
iterative method is defined as:

~h,8 ~h,S 5 5 )

yZ:ak - Zak - R( nak) lp |:F( Zak) + 7( Zuk - xO,ak):| (323)
and

~h,8 ~h,5 ~h,6 |- h,s ~h.5

xn+1,ak Yn, aE R(yn,ak) lPh |:F(yn ak) - Zak + ?(yn ag iEO,ozk):| (324)

where ig:gk := Pjxg. Note that with the above notation

(3.25)
||R( nak) 1P F( nak)” <1+ 7. (326)
Let
~h,§ .
en,ak . ||yn NI Ty’ ak || vn = 0 (327)
and suppose that
1
O< Ko< ——— 3.28
0 4(1 + To) ( )
and 5 5
0t %o (3.29)

< .
v/ Qo 2M+3
Let ||& — zo]| < p, with

1 3 do + €0
—(1-({=+M
r<5r (1= (Go) %)
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and
3 €o + 0
et (Lar) () 50
and let r be such that
7 € (F1,T2) (3.31)
where
s 14 /1 -16(1+ 70) Ko7,
e 8(1+ 7o)
and
i 1-— \/1 —16(1 + 70) Ko7,
2 8(1 + m0)
b:=4(1 + 79) Kof-. (3.32)

Then we have by (3.28)-(3.32) that

1

0<y, < ——m———.
7S 16(1 1 7o) Ko

(3.33)

Theorem 3.11. Let &ld, be as in equation (3.27) with § € (0,8, o = ay and
en € (0,e0]. Then by Assumption 3.2 the following hold:

(a) B Ky ~h,s
18k =Tl < S+ 70) 31207, 0, — 00, (3.34)
h,6 ~h,§
+5||yn 1,0 _irOak”} €p— 1,0
(b) h.o h.o Ko h,o
&, = #0011+ SHA+70) 81000, — 300, 1 (3:39)
~h,§ h,6
+5||yn 1l,ak xO,ak}}enl,ak‘
(c) Ko
~h.5 ~h,0
ZZak < ) ( +T0)[5Hxn Qg — Ty ak”
hs
+3Hyn l,ar Oak”]Hyn lap nakH
_h,§ ngh s n
b2 n 1o¢k b2 0,k b2 Fy/’
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Proof. Observe that

B = e = 0y e — B0y — RN 00) T PR (P (07 ak) 2
+?@Zﬂak 20)) + RN’ 0 ) Pa(F (&L )
ak +*( 251 QK *IO))
=0 e =T = RO o) T PRIF () )
— P2 0) + @, serl )]+ [RGER )7
— R 0) T E @D o) = 2+ @), — 0)
= R(iy’y o) PulF '@Z%ak)@,’z% ak—fi:’fl,ag
— (F@y o) — F@EL° o)) = REY 0) ™

PG ) = PG Gy 721 0)

n—1,a n—1,ax n—1,ak

1
~h,o h,o0 ~h,d
7R( Yn— 1ak) lph/o[ (yn 1ak)7F(zn 1ak+t(yn 1,

~h,0 h,é ~h,§ —
wn 1ak))]P (yn lak_xn lak>dt R(yn l,ak) !

~h,d h,8 ~h, ~h,8
X [F (yn 1ak)7F(xn71,ak)](yn 1ak7‘rn 1a;€)

Now by Assumption 3.2 and (3.26) we have

~h,é h6 ~h,8
Hmnak_yn lak” 1+7—0 ||/ yn lak7 n— lak+t(yn 1,0
~h,6
xn 1(yk)7 n— lak_'rn 1ak)dt||

~h,8 ~h,6 ~h,8 Fhd
+||(I)(yn lakV‘Tn lak’yn l,ar Ly lak)m
The remaining part of the proof is analogous to the proof of Theorem 3.4. |

Theorem 3. 12 Let f be as defined in (3.31) and the assumptions of Theorem 3.11
hold. Then % € Bi(Prxg), for alln > 0.

nak?ynak

Proof. The proof is analogous to the proof of Theorem 3.5. |

Theorem 3.13. Let i and &%, be as in (5.23) and (3.24) respectively and
hypotheses of Theorem 3.12 hold. Then (M0 ) is a Cauchy sequence in Bx(Ppxo)

nak

and converges to xl3, € Br(Pyxo). Further Pp[F(ald )+ 2k (28 —x0)] = Ppzl?

C, C,0 C,0p
and

ok 1- 52

where 7, and b are defined by (8.30) and (3.32), respectively.

&, —
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Proof. Using the relation (b) and (c) of Theorem 3.11, one can show that (%9, )
is a Cauchy sequence in Bz(Ppzg). Observe that from (3.23)

Qe
1Pa(F(Ee,) = 260) + — - =E(@nt, = Puzo)|l = | R@EEA, ) @RS, — did,)]
< |R(z |
~h6
(”PhF( nak)PhH—’_i) n,a

w7,

< (M + —)~h 0 (3.36)

n,o "

Now by letting n — oo in (3.36) we obtain P, F'(z9 )+ (2, —Prag) = Ppzl?.
This completes the proof. |

Remark 3.14.
(a) The convergence order of (TSNTM) would be four under Assumption 3.1.
In Theorem 3.6 and 3.13 the error bounds are too pessimistic. That is why

in practice we shall use the computational order of convergence (COC) (see
eg. [6]) defined by

s — 5) ( e, — i )
%111 ——r- —af 1n Lt —c 1 L .
: ( Tew =23 )™ \Tamr — 2]

The (COC) p will then be close to 4 which is the order of convergence of

(TSNTM).
Hereafter we assume that 7 < % and K; < %
We quote the following Theorems for our further analysis, whose proofs are

given in [11].
Theorem 3.15 (see [11, Theorem 3.7]). Suppose 3

e, 18 the solution of

F(z) + %(x —z0) =20, (3.37)
and Assumption 3.2 and 3.10 hold. Then

12 —23 | e1(ar) + (24 £ Sy~ (6 + en)
corll = 1- (1—c)K1 — Ko '

Theorem 3.16 (see [11, Theorem 3.8]). Suppose z™; Oék is the solution of (3.22)
and Assumption 2.1 and Theorem 3.15 hold. In addition if 7o < 1, then

2 o+ep
h,5 §
HJ"C,ak - xc,akH g 1 — < \/@ > N
Theorem 3.17. Let :ch S be as in (3.24), assumptions in Theorem 3.13, Theo-
rem 3.15 and Theorem 3. 16 hold. Then

(i | (1+0)p2r5, ei1(on) + Q2+ )™ (S +en) 2 [d+ep,
Troenll ST T 1—(1—¢)K, — KoF 1—7 \ var /-



156  Toannis K. Argyros, Monnanda E. Shobha, Santhosh George

Theorem 3.18. Let &% be as in (3.24) and assumptions in Theorem 3.17 hold.

n,xg

Further let o1 (o) < Lp(oz ) and

- 0+ ep
1= mi Sp g ——2 %
ng mln{n = }

Then
12— 202, |l = O(W ™" (6 +¢n)).

4. Algorithm
Note that for i,5 € {0,1,2,--- | N},

2=z’ = (=) (PuK* K Pyt 1)~ (PhK* K Phtoul) " Py K*(f° =K F(x)).
Therefore the balancing principle algorithm associated with the choice of the pa-
rameter specified in section 2 involves the following steps.

Step 1: Choose aq such that g + g < W@’ w> {1, w]{, for Case 1

and do +60 < 21@ and p > 1 for Case 2;
Step 2: a; = p*a;

Step 3: solve for w;:
(PoK*K Py, + o;l)w; = P,K*(f° — KF(20)); (4.1)

Step 4: solve for j < i, zZé : (PLK*KPy + 1)z hj(s = (a; — ay)wy;
Step 5: if ||z o > %\/f”) then take k =1 — 1;

Step 6: otherwise, repeat with i + 1 in place of 1.

Step 7: choose ny = min{n : b2 < 6+E’L} in Section 3.1 and ng := min{n :
b < M—j}i} in Section 3.2

h,6
Nk,

5h,0
Nk ,Og

Step 8: solve x using the iteration (3.3) or & using the iteration (3.24).

5. Implementation of the method

Let V,, be a sequence of finite dimensional subspaces of X and let P, = Pi1
denote the orthogonal projection on X with range R(P,) = V;,. We assume that
dimV,, =n+1and ||P,x —z| - 0 as h — 0 for all z € X. We choose the linear

splines {v1,va, -+ ,Up41} in & uniform grid of n+1 points in [0, 1] as a basis of V,.
Since w; € V,,, w; is of the form Z /\ i0; for some scalars A1, Ag, -, Apy1-
It can be seen that w; is a solution of (4. 1) if and only if A = (A1, Ao, - - )\n+1)T

is the unique solution of
(M, + a;B,)\ =@
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where
Mn:(<Kviﬂva>)7 17]:17277n+1
Bn:(<’0i,7}j>), Zaj:1a27an+1
and
a=((P.K*(f° — KF(x)),v))", i=1,2,--- ,n+1.
Observe that zfj in step 4 of algorithm is again in V,, and hence z};‘s =
ntl iy, for some k=1,2,--- ,n+1. One can see that for j < i, 2"’ is
Zk 1 ILL]{; /”Lk;7 » < ) .] ’ 17

a solution of
(PhK*K Py + o)z} = (0 — aq)w;
if and only if pil = (u¥, u¥,- - ,Mif_H)T is the unique solution of

(Mn + ajBn)uij =b

where -

b= ({(aj — ai)wi, vi))".

4C(5+5h) s _ : .
Compute z % till || O > v and fix k =i — 1. Now choose n; = min{n :

VEEES 6+5h} for Case 1 and nj, = min{n : b*" < 6+6:} for Case 2.

Case 1: Since ynk ans o eV, let ynk o = ZnH £'v; and zh =

Nk, Ak "k g

2?4-11 niv;, where £ and n* are some scalars. Then from (3.2) we have

h.s h,g h.s RS
P F ( nk ak)(yn;,ak - xn;c,ozk) = Ph[za;v - F(xn)k,ak)]' (51)
Observe that (yﬁﬁak - xﬁ;ﬁak) is a solution of (5.1) if and only if (§» —nn) =
(& —np, &8 —ny, - &0 —niy )T is the unique solution of

Qn(§" —n") = Bu[A" — Fii]

where

Qn: <F/((E2£ak)’l}i,’l)j>, 7’7]:1727 77’L+1,

Fhl = [F(’/I:Z;iak)(tl)7F(mz’;:s,ak)(t2>7 e ’F(‘/I"Zﬁak)(thrl)]T’
where t1,ts, -+ ,t,4+1 are the grid points.

Further from (3.3) it follows that

h.s h.s h,8 h.s h,8
PhF/(yn;c,ak)(xnkJrl ap ynk ozk) = Ph[za;c - F(ynk ozk)] (52)
Thus (2%, o, —yl°,,) is a solution of (5.2) if and only if ("1 — €m) = (™ —
R ,nZﬂ n.1)* is the unique solution of

Q (n nntl _ ¢n &) = [7_Fh2]
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where

Qn: <F/(yz;f,o¢k)vivvj>v i, =12, ,n+1,
Fra = [F(yz;jak)(tl)a F(yz;jak)(tQ)? T vF(yZ;f,ozk)(tn+1)]T‘
Case 2: Let & = (E1,85, - nn)s " = (0718 )y T, = iy i
and 0 = S ;. Then from (3.23) we have

n+1 n+1 n+1

g -
(PhFI( nak)+?)2(€n7nz Uy = Z)\vz ZPhF nOék
i=1
o n+1
k -
+ - Z(l‘o(ti) — 7" )vi,
=1
where t1,to, -+ ,t,4+1 are the grid points.
Observe that (Qﬁzik — iﬁ:‘;k) is a solution of (3.23) if and only if (€7 — ") =
(&7 — i, &8 — iy, -+ En g — it q) 7 is the unique solution of

(Sn + %Bn)(ﬂ) = Bn[X— Fis + %(XO _777)]7

where
Sp = (F'(&0 v, vy),  4,5=1,2,-,n+1
Fus = [F(2070,)(t1), F(@0,)(t2), - F(@0,) (tas1)]
and XO = [Io(tl),fﬂo(tg), ce ,l’o(tn+1)]T.
Further from (3.24) it follows that
Fhd Qk o h,6
. 3)
Thus (Z nfl Lo —gh gk) is a solution of (5.3) if and only if (77+! — &n) = (+! —
cn gntl _en .. ,ﬁZﬂ n+1) is the unique solution of
~ o -~ o _
(S + = Ba) ("1 =€) = Bu[A — Fua+ —(Xo — €")],
where

S _<F/(ynak)vi7vj>’ ,j=1,2,---,n+1,
Fa = [F@po,)(00), F@ho, ) (ta), -+ F(Gd,) (tng)] "

Example 5.1. To illustrate the method for Case 1, we consider the operator
KF :L?0,1) — L?(0,1) where F : D(F) C L?(0,1) — L?(0,1) defined by

F(u) :==u?,
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and K : L?(0,1) — L?(0,1) defined by

K(2)(t) = /0 k(t, $)a(s)ds

where
1—t 0<s<t«1l
k(t,s): ( )87 S
(I1—-s)t, 0<t<s<l1

The Fréchet derivative of F is given by

F'(u)w = 3(u?)w,

[F'(v) — F'(u)]w = 3(v? — v?)w

2
—3.2(Y
= 3u (u2 - 1> w
= F'(u)®(u, v, w),
where ®(u,v,w) = (Z—z —Dw= Wm. Thus F satisfies the Assumption 3.2
with ko > || 54,
We take y(t) = 1r0z[—54 + 63722 — 220sin(rt) + 16sin(wt) cos®(rt) +
54 cos?(mt) — 637%t] and y°® = y + . Then the exact solution

Z(t) = 1/2 + sint.

We use
xo(t) =sinnt +3/5

as our initial guess, then
F(x0) — F(#) = x5 — 2°.

Even though we are unable to write F'(zg) — F(Z) = p(K*K)w for some function
©, we use the function ¢(\) = A and obtain the results as given in the last column
of the Table 1. Thus we expect to have an accuracy of order at least O(52).

We choose ag = (1.5)(0 + &5)%, . = 1.3, (0 + &1) = 0.1, g(,) = 0.54 approx-
imately. In this example, for all n, the number of iteration n; = 1. The results
of the computation are presented in Table 1. The plots of the exact and the
approximate solution obtained for n=256 to 1024 are given in Figure 1.

Example 5.2. To illustrate the method for Case 2, we consider the operator
KF:L*0,1) — L*(0,1) where K : L?(0,1) — L?(0,1) defined by

K(x)(t):/o k(t,s)z(s)ds
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Table 1.
n (k[ oy [l [ 2
8 4 1 0.1094 0.2199 0.6902
16 4 | 0.1069 0.1645 0.5192
32 4 | 0.1063 0.1342 0.4242
64 4 | 0.1061 0.1178 0.3725
128 | 4 | 0.1061 0.1091 0.3451
256 | 4 | 0.1060 0.1046 0.3308
512 | 4 | 0.1060 0.1023 0.3236
1024 | 4 | 0.1060 0.1012 0.3199

- exactsoln
1.4} ———approxs

0.4 0.6

0.8

0.2 0.4 0.6

n=128

n=256

- exactson
appro%\
12 y \

0.4 06

08

- exactsoln /\
14 approx.soln

0.4 0.6

and F':

n=512

n=1024

Figure 4. Curve of the exact and approximate solutions of Case 1

D(F) C L?(0,1) — L?(0,1) defined by
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where

|
w
“@F
N 2
-
N ©»
— /N
TR

Thus the operator F' is monotone. The Fréchet derivative of F' is given by
1
F(u)w = 3/ E(t, s)(u(s))*w(s)ds.
0

So for any u € B,.(z¢),z0%(s) = k3 > 0,Vs € (0,1), we have
F'(u)w = F'(29)G(u, z0)w,

where G(u, o) = (35)*.

Further observe that for u(s) > 0, Vs € (0, 1),

F'(0) ~ Futs) =3 [ ke syut(e) | g,

= F'(u)®(u,v,w),

where ®(u, v, w) = %&»w()
Note that
®(u,v,w) = (v(s) + u(s))(;’(s) — u(s))w(s)
u?(s)
Thus F satisfies the Assumption 3.2 with
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In our computation, we take

£(t) = <1817TQ) (1= 1)(14¢ — 7+ cos™(wt)
+ 6cos(rt))i — (181772> £(14t — 7+ cos®(mt)

+ 6cos(nt)) (1 — t2) + <97172

> t(1 — t)(14t — 7+ cos®(nt) + 6cos(mt))
and f0 = f + 6. Then the exact solution

&(t) = cosmt.

We use

1
xo(t) = cos(mt) + 3 (1 —t + 27t?cos(mt)

x sin(mt) + 122 + tcos® (nt) — 27rtcos(7rt)
x sin(mt) — w2t* — cos?(mt)) + 4—15
x (—2cos(mt)sin(nt)w — 2%t + 27tcos(mt)

x sin(mt) + 72t% 4 cos?(nt) + ©° — cos?(nt))

as our initial guess, so that the function xy — % satisfies the source condition
o — QAL‘ = gOl(F/(xo))l

where ¢1(\) = X. Thus we expect to have an accuracy of order at least O(82).
We choose ag = (1.3)6%, 4 = 1.3, § = 0.1 = ¢, p = 0.19, Y, = 0.8173 and
9(7,) = 0.54 approximately. For all n the number of iteration n; = 1. The results
of the computation are presented in Table 2. The plots of the exact and the
approximate solution obtained for n=128 to 1024 are given in Figure 2.

Next we present two examples where Assumption 3.1 is not satisfied but 3.2 is
satisfied.

Example 5.3. Let X =Y =R, D = [0,00),29 = 1 and define function F on D
by

144

T2 + a1z + co, (5.4)

7

T
F(x

(0) =
where ¢, ¢y are real parameters and i > 2 an integer. Then F'(z) = 2/ 4 ¢; is
not Lipschitz on D. However central Lipschitz condition Assumption 3.2 holds for
Ko =2.
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Table 2.
n |k 0 o | & -2 | Bt
8 [4]0.1016 | 0.1094 | 0.3652 | 1.1458
16 | 4 | 0.1004 | 0.1069 | 0.2664 | 0.8408
32 |4 [0.1001 | 0.1063 | 0.1994 | 0.6303
64 4 | 0.1000 | 0.1061 0.1554 0.4914
128 | 4 | 0.1000 | 0.1061 0.1278 0.4042
256 | 4 | 0.1000 | 0.1060 | 0.1115 | 0.3526
512 | 4 | 0.1000 | 0.1060 0.1024 0.3238
1024 | 4 | 0.1000 | 0.1060 | 0.0975 | 0.3083

n=128 n=256

n=>512 n=1024

Figure 5. Curve of the exact and approximate solutions of Case 2

Indeed, we have

|z — xo]

i 1/4
IF" (@) = F'(wo)l| = |2/ — 2" = —=

SO
[1F" (x) = F' (20) || < Lo — xol.

Example 5.4. We consider the integral equations

b
u(s) = f(s) + )\/ G(s, t)u(t)T/"at, n € N. (5.5)
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Here, f is a given continuous function satifying f(s) > 0,s € [a,b], A is a real
number, and the kernel G is continuous and positive in [a, b] X [a, b].

For example, when G(s, t) is the Green kernel, the corresponding integral equa-
tion is equivalent to the boundary value problem

UN — Aul-&-l/n
u(a) = f(a), u(b) = f(b).

These type of problems have been considered in [1]-[6].
Equation of the form (5.5) generalize equations of the form

b
u(s) = / (s, tyut)"dt (5.6)
studied in [1]-[6]. Instead of (5.5) we can try to solve the equation F'(u) = 0 where
F:QCCla,b] — Cla,b], Q={ueCla,b]:u(s) >0,s € [a,b]},
and ,
Fu)(s) = u(s) — f(s) - A / G(s, Du(t) 2/ dt.

The norm we consider is the max-norm.
The derivative F” is given by
1 b
F'(uw)v(s) =v(s) — A <1 + > / G(s, t)u(t) /™ v(t)dt, ve Q.
n a

First of all, we notice that F’ does not satisfy a Lipschitz-type condition in . Let
us consider, for instance, [a,b] = [0,1], G(s,t) =1 and y(t) = 0. Then F’(y)v(s) =
v(s) and

1 b
17 @) = Pl = A (14 ) [t/
If I’ were a Lipschitz function, then
17 (z) = F'(y)l| < Lallz - yll,
or, equivalently, the inequality
1
/ z(t)Y/"dt < Ly max x(s), (5.7)
0 z€[0,1]

would hold for all z € Q and for a constant Lo. But this is not true. Consider, for
example, the functions

Ij(t)zfa .7217 t6[071]

If these are substituted into (5.7)
]. L2 ,171/ .
L Un (1 41/n), Vi1
Ay S 7 2(1+1/n) j

This inequality is not true when 57 — oc.
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Therefore, condition (5.7) is not satisfied in this case. However, condition
Assumption 3.2 holds. To show this, let 2¢(t) = f() and v = minge[q,5 f(5),a > 0
Then for v € §,

b
110~ FGaollol = 1 (1) o | [ Gl 007" — £/ )ote)a

s€la,b]

1
< A (1 + ) max Gn(s,t)

n ) s€la,

_ G(s,t)|z(t)—f(t
where Gn(sat) = w(t)(n—1)/n+$(t)(51,—2))|/n(f)(t)1§ﬂ,)_|~_...+f(t)("—1)/" HUH

Hence,

n b
I () — F'(ao)o] = AT o [ et~ m

(=D/7 sefab)
< Kollz — 2ol

where Ky = %%1)5:)]\7, Ko = 2Ky and N = MaXe[q,b] f; G(s,t)dt. Then condi-
tion Assumption 3.2 holds for sufficiently small A.
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