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POLY-EULER POLYNOMIALS AND ARAKAWA-KANEKO TYPE
ZETA FUNCTIONS

Y OSHINORI HAMAHATA

Abstract: We introduce poly-Euler polynomials, which generalize Euler polynomials. Various
results about them are provided. Furthermore, we introduce zeta functions of Arakawa—Kaneko
type, and discuss their properties and the relation with poly-Euler polynomials.

Keywords: polylogarithms, Euler numbers and polynomials, Bernoulli numbers and polynomi-
als, zeta function.

1. Introduction

Euler polynomials E,(x) (n =0,1,2,...) are defined by the generating function

26mt

et +1

The first few values are Eo(z) = 1, Ey(x) = 2 — 1/2, Eo(x) = 2? — z, Es3(x) =
23 —32%/2+1/4. Let & > 0. We define the Euler zeta function of Hurwitz type by

Cr(s,x) =2 g —_ 1.1)
il — (n+x)® (

for Re(s) > 0. This function is analytically continued to the whole complex s-
plane as an entire function. In fact, this follows from the fact that for A € R\ Z,
the Lerch zeta function

> 2miAn

L\ z,8) = Z;) (fL*T)S’ Re(s) >0

is analytically continued to the whole complex s-plane as an entire function
(see [13, (2.2)]). It is known that for each non-negative integer n, (g(—n,z) =
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In this article, we introduce poly-Euler polynomials, which generalize Euler
polynomials. These poly-Euler polynomials are different from those defined in
Son-Kim [15]. Various results about them are provided. Furthermore, we intro-
duce zeta functions of Arakawa—Kaneko type, and discuss their properties and the
relation with poly-Euler polynomials. We establish some results to lay the foun-
dation of poly-Euler polynomials and their associated zeta functions. The rest
of this paper will be organized as follows: we introduce poly-Euler polynomials
and numbers in Section 2 and present basic results. In Section 3, we prove some
theorems stated in Section 2. In Section 4, we define zeta functions of Arakawa—
Kaneko type, which are associated to poly-Euler polynomials. In Section 5, using
Dirichlet characters, we generalize poly-Euler polynomials, Arakawa—Kaneko type
zeta functions, and related results. In Section 6, we prove some theorems stated
in Section 5. In Section 7, we make a remark.

2. Poly-Euler polynomials

2.1. Polylogarithms

For an integer k, let Lig(z) be the formal power series given by

oo

Lig(x) = ) %7: (2.1)

m=1

If k is a negative integer, for instance k = —r, then it converges for |z| < 1 and
equals
>0 <;> xr
Li_,(z) = B T (2.2)
where the <;> are the Eulerian numbers. The Eulerian number <§> is the number
of permutations of {1,...,r} with j permutation ascents. One has
j+1
r r+1\ . ,
<.>:Z(_1)l< )<]_z+1). (2.3)
J 1=0 !

See [9] for some properties of Eulerian numbers. We give Li_,.(x) for some r:

. x ) x
Lio() = 7—, Li_i(z) = (=g
: +x . 23+ 42’ +x
Li_s(z) = =23 Li_s(z) = BT
. 2+ 112t + 1122 4+ . 4+ 262 + 662° + 2622 + =
Li_y(z) = =E , Li_s(z) = =) .

From (2.2) we immediately deduce that, when k is a negative integer, Lix(x)
is a rational function whose denominator is (1 — z)**1 . Summing up, for an
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integer k € Z, the formal power series Lig(x) is the k-th polylogarithm if k£ > 1
and a rational function if £ < 0. When k =1,

Liy(z) = —log(1 — ). (2.4)
2.2. Poly-Euler polynomials and numbers

Using Lig (), let us introduce poly-Euler polynomials and numbers.

Definition 2.1. For every integer k, we define a sequence of polynomials
{E,(,k)(x)}, which we call poly-FEuler polynomials, by

2L1k<1 —e k
W Z E® (z (2.5)

The numbers B := B (0) are called poly-Euler numbers.

It is easy to see that for any n > 0,
EN(2) = En(2).

Remark 2.2.
(1) We can extend poly-Euler polynomials by

t
O

for a given real algebraic number u.
(2) Our poly-Euler polynomials are different from those of Son-Kim [15]. They
define poly-Euler polynomials E® () (n=0,1,2,...) by

Lig( 1—6
71’ IE
et +1 Z

Since

d | —
£L1k(1 —e ) = - 1Ll;c,l(l —e™h),

if k > 1, then the generating function Y - Jo (2)t™/n! can be written as iterated
integrals:

= t" 2™t b b b
S EW(x) = te / ) / ) / ———tdtdt - dt.
= n!  tlet+1) )y et =1 ), et =1 o et—1

(k—1)-times
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2.3. Some identities

By (2.5),
i e et i EW @)L
o " onl o " n!

Hence, E,(Lk)(ac) form the Appell sequence (see [14], Chapter 2). We have therefore
the following result.

Theorem 2.3. For k € Z, n > 0, we have

EW (z) = f: (Z) Ek) gn=—m (2.6)

d o (k
=B\ (@) = (n+ DEP (@).

We can express Eflk)(x) in terms of Euler polynomials.

Theorem 2.4. For k € Z, n > 0, we have

R 1T mr
E’(Lk)(x):wrl,z_o (m + 1) ZO(I)J< J+ )E"H(x])

2.4. Poly-Euler polynomials with non-positive index

We introduce two-variable polynomials with non-positive index —k to connect
E,(;k)(:zj) and El(;n)(x).

Definition 2.5. For m,n > 0, define

N O

In addition, put F{™™ = F,(fm)(o, 0).
Theorem 2.6 (Symmetric formula).

m n m

oo 00 o s
PP IR LIS S Sy L
n=0m=0 n=0m=0

2ertFyuettu(] — e7t)(1 — e7Y)
tu(et +1)(e% + 1)(et + e* — ettu)’

This result yields a duality theorem for poly-Euler polynomials.
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Theorem 2.7 (Duality). For m,n > 0, we have
Fym™(a,y) = Fi ™ (y, ).
In particular,

F7(l—m) — Fr(n—n)

i i F(—m)ﬁunl - et-l—u(l _ e—t)(l _ e—u)

n!m!  tu(et +1)(e* + 1)(et + e* — ettu)’

n=0m=0

Theorem 2.8 (Inversion formula). For m,n > 0, we have

B () = Y (~1)m @ FSM (,9)(Buni(y — 1) + Bk ().

k=0

where By (z) are the classical Bernoulli polynomials given by the generating func-
tion

Theorem 2.9. For m,n > 0, we have

1
2(n+ 1)(m + 1)

S (S (") ()

j=1 J

(& (") ()

F{m)(z,y) =

where

are the Stirling numbers of the second kind.
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2.5. A relation with poly-Bernoulli polynomials

We briefly review poly-Bernoulli polynomials and numbers ([3]). Let k& denote

a fixed integer. Poly-Bernoulli polynomials B () (n=0,1,2,...) are defined by
the generating function

Lig(1—e™) ., t
et =S B

Moreover, we call B := B(k)(O) (n=0,1,2,...) poly-Bernoulli numbers, which
were introduced in [12], and then investigated in [1, 2, 10, 11]. If k¥ = 1, then
(~1)"BV(=z) = Bu(z)  (n>0).

The following result yields a relation among poly-Bernoulli and poly-Euler
polynomials.

Theorem 2.10. For k € Z and n > 1, we have

nEY, (2) + nBy, (¢ + 1) = 2BP) (z) — 2BF) (z — 1),

3. Proofs of theorems in Section 2

Proof of Theorem 2.4. We use the generating function for poly-Euler polyno-
mials.

2Lij(1 — e~ t)et i (1—e t)ymtt et
t(1+et) N = (m+ 1)k t(1+ et)

oo m—+1 T—7

=y _ Z(_l)j<mfl) .Lj):
= (m+ 1) J:o J t(1+et)
= m+1\ o= Epq1(z—7j)t"

_ tle ATV
Z_ (m + 1)k z < J )n—z—l n+1 n!

Proof of Theorem 2.6. We need the following result.

Lemma 3.1.

Lir(] — e~ ub el —e)
Z ik(1—e )ﬁ_et—i—e“—et*“'
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Proof. As stated in Kaneko [12], it holds that

et+u

o0 oo
2.2 Bt =

To prove Theorem 2.6, we note that the left-hand side becomes

1 = m E 1 E 1 -t u™
522 Z; (k;)E’(L 0 () l+()l+ll+ (y )Hm

1 o= ok & ES)

- (=k) 1))
2u kZ:OnZ:OEn (LL') n! k' £ O(El+1( ) El+1 (y )) (l ¥ 1)|
1 SN 2Lig(1—e” ult!
= — E —F -1
50 2 Hel +1) o Z 1+1(y 1y — 1)) i+ 1)
t Uk = u!
et—i—l ZLl k(1 —e” ﬁ Z(El(y)—EHl(y—l))ﬁ
: 1=0 '
ette(1 — e t)er 2(evt — ely—Du

B ' by L 3.1).
tu(et +1)(et + en — ettu) T (by Lemma 3.1)

This is the right-hand side.

Proof of Theorem 2.8. Starting with the right-hand side, we obtain

o0 m

> 5 S () E ) By = 1)+ Bty
n=0m=0 k=0
(pwt l=m—k)

00 —u)!
<Z ZF( k) i ) <Z(Bl(y -1)+ Bl(y))(u)>

n=0 k=0 =0

e —1 e v —1

2ertTyuettu(] — =) (1 — e %) (—u)e=D(=v) N (—u)ev(—w
)

B tu(et + 1)(e* + 1)(et + e — ettv
(by Theorem 2.6)

QeazteH»u(l _ eft)
t(et 4+ 1)(et + e* — eltu)

Z Z Effm)(x)mﬁ (by Lemma 3.1),

n=0m=0

which gives the left-hand side.

13

)
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Proof of Theorem 2.9. From the left-hand side we get with Theorem 2.6,

[ee) 2emt+yuet+u(1 _ e—t)(l _ e—u)

= t"u
F(=m) r
TL;OTnZ:O " (x,y)n! m!  tu(et + 1)(e* + 1)(et 4 et — ettu)
_ 2e VU (et — 1)(e* — 1)
e+ (e + {1 (¢ = Dler =1}
Qemteru o0

(e = (e ~ 1)

- tu(l+et)(1+ev) =

1 e et ) 2eYU )
=iu {ft(eth}{le u(eul)J}~
ui +e +e

Using the identity

s
e bt
w2 (Srem s {4 5) (S s (i)
- ;g;iw @Em) ()] ’;})
(Erw ()5
- 5_353 S DT T i(j’)g (ki B (") {m
(ST n
S ey 0 (SEese () 1))
(S ()
Buating coeffcients, ve abiain the reul. .

Proof of Theorem 2.10. We compute both sides of

2Lig(1 —e™t)
t(1+et)

2Lig(1 —e™t)

= (1 —e He".
—e

(1+e)e"'t =
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While the left-hand side is

2Lig(l—e!) Lo 2Li(l—e) ine () 0 "
1+ o) e 10+ e e t-%(nEnl(x)-i-nEnl(a:—&-l)) I
the right-hand side is
2Lig(l—e™) o, 2Lip(l—e™) 1) o k k t"
e = e==1) :2}(23,(1)(1;)—235,)@—1))%
from which we deduce the result. | |

4. Arakawa—Kaneko type zeta functions

4.1. Arakawa—Kaneko type zeta functions — basic properties

Definition 4.1. For k € Z, set

2 P Lig(l—e") 4
A = TrSTAdt
£.(5:) I'(s) /0 Ttet ¢ ’

the Laplace—Mellin integral. We call it the Arakawa—Kaneko type zeta function for
poly-Euler polynomials.

Proposition 4.2. The zeta function Zg i (s, x) is defined for Re(s) > 1 andx >0
if k> 1, and for Re(s) >1 and > |k| +1 if k < 0.

Proof. We prove that Zg (s, x) converges for each case.
Case k > 1: for t > 0, we have

Liz(1—e™") 4. o ) PR
Te ‘I;tb <Ll}€(1—€ )6 zts éﬁ
Case k = 0: for t > 0, we have
le(l B eit) 7a:ttsf2 — 6t 7 167:ntt572 < t871
1+et 1+et et

Case k < 0: for t > 0, using (2.2), we have

. _ Ik -1 <|k|> N
le‘(l — € t)efztt572 _ ZJ:O J (1 € ) t372

1+et (1+et)e(l'_‘k|_1)t
k|—1 _ iy
IS (e

= (1 4 et)e(z—\k|—1)t

ke =) {1 -1 —e )M}
= (1 + et)el@—IkI-1)t e

ts—2
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Since 1 — (1 — e 4)I*l <t for all t > 0,

|kl =t
R.H.S. < m-
These ensure the convergence of Zg (s, z). |

Here is a result about the values at non-positive integers.

Theorem 4.3. We assume that x >0 if k > 1, and x > |k|+ 1 if k < 0. Then,
the function s — Zg (s, x) has analytic continuation to an entire function on the
whole complex s-plane and

Zpx(—n,x) = (~1)"EY (~x)
holds forn >0

Proof. We express Zg i (s,x) as the sum of two integrals:

2 © Lig(l —e™?
Zpk(s,x) = / (1= e )e*”tsfzdt
1

I(s) 1+et
2 [TLig(l—e") .o
T2,
+ I'(s) /0 1tet ¢

The first integral converges absolutely for any s € C and = > 0 and cancels at
non-positve integers because 1/T'(s) does so. If Re(s) > 1, then the second integral

can be written as
1 i EP(—z) 1
I'(s) il it+s’

=0

from which we have for a non-negative integer n

5,
ZE)k(fn,x) = <ngn F(s)(; " S)) Ey n(' ) _ (7]_)”ET(LIC)(—(£) |

When k = 1, one obtains the zeta function in (1.1):

o0

2 n 1
Z = ——0 =2
LRICED F(s)/o n—l—x

n=1

=(g(s,z+1). (4.1)

We give two kinds of expressions for Zg (s, x).
Theorem 4.4. The zeta function Zg (s, x) can be expressed as follows.
(i) If s # 1, then

) m—+1

Zpx(s,x) = ilz m+1kz (m+1)<E(51x+j+1)

7=0
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(i) If k <0, then

Ll |k|—3

Zertoe) =3 (W) Y 0 (M7 et - v

=0\ i
Proof. (i) One computes

o0

Y e e
7 = —wtys—2 3,
2.k (5, 7) T(s) 2= (m+1 k/o 1+et ¢

1 2 ad 1 e (@tit

:s—IF(s—l)mz::O(m—&—l)k 1+et

m=

which is the right-hand side by (4.1).
(ii) Since

Ll

Lip(1—e™") = elFTDEY " < |’?|> (1— e tykl=i

=0 \J
by (2.2), we have
L |k|—J : 00— (z4i—|k|—1)t
|| (1Kl =3 / e~ (il 2
Z = E E —1) ——— %7 %dt.
E,k(&x) 3=0 < -7 i=0 ( ) i 0 1 + €t

This yields the formula.

4.2. A relation with the Arakawa—Kaneko zeta function Zg (s, x)

We review the zeta function investigated in [3]. For k € Z we set

1 > le(l — eit) —xtys—1
Zp k(s x) = F(s)/o e Tt

17

the Laplace—Mellin integral. It is defined for Re(s) > 0 and z > 0 if £ > 1, and
for Re(s) > 0 and « > |k| + 1 if k¥ < 0. The function s — Zp (s, x) has analytic

continuation to an entire function on the whole complex s-plane and
Zpp(—n,x) = (=1)"BP (~x).

holds for n > 0, > 0.
There is a relation between Zg (s, ) and Zp i (s, x).

Theorem 4.5. For k € Z, we have

sZpr(s+1,2)+sZgr(s+ 1,0 — 1) =2Zp k(s,x) —2Zp k(s,z + 1).

(4.2)
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Proof. The left-hand side of the identity in the theorem equals

2 [ Lip(1— et
/ k(1 e )t(1+et)e—“ts—1dt
0

I'(s) t(1+e’)
_ 2 > le(l _ eit) o eft efa:t s—1
n F(s)/o 1—et (1 Jem T,

which is nothing but the right-hand of the identity. |

5. Generalized poly-Euler polynomials and Arakawa—Kaneko type
L-functions

In this section, using a Dirichlet character, we extend poly-Euler polynomials and
Arakawa-Kaneko type zeta functions.
5.1. Generalized poly-Euler polynomials

Let f be a positive integer and x the Dirichlet character with conductor f = f,. As
is well-known, generalized Euler polynomials are defined by the generating function

at e

tn
22 X g = X By

Definition 5.1. Let k € Z. We define generalized poly-Euler polynomials Ey(lk;c(x)
(n=0,1,2,...) by

P, Lip(1—e

z —1)e k% (z+a)t _ (k) (

P S Z E¥) (o

We call Eflk))( = ng”‘))< (0) (n=0,1,2,...) generalized poly-Euler numbers.

One can easily prove the following two theorems as in poly-Euler polynomial
case.

Theorem 5.2 (Addition formula). For k € Z, n > 0, we have

. n n—m
e+ = Y (1) B

m=0

Theorem 5.3 (Appell sequence). For k € Z, n > 0, we have

d _(k
B (@) = (n+ DEE ().

We have the following expressions of Eglk;(x) in terms of Eglk)(a:) and E,(z).
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Theorem 5.4. For any n > 0, we have

F-1
B () = £ 3 (1) x(a) EY ( - ) 7

a=0 f

-1
B =3 (- >“x<a>E5f>(

a=0

a
f
Theorem 5.5. For k € Z, n > 0, we have

EM) (x)
B fn f-1 . o 1 m+1 ; m+1 £E+a*fj
EPIE) x(a)%(mﬂ)k;(—l)( ) )Enﬂ (f )

5.2. Arakawa—Kaneko type L-functions

Definition 5.6. For k € Z, define the L-series attached to x by the Laplace—Mellin
integral

1 [P Lig(1—e ) e
L (z a)tts 1dt.
£.:(S, T, %) fg )/o el +1) e

By Proposition 4.2, Lg (s, z,x) is defined for Re(s) > 1 and x > 0if k > 1
and Re(s) > 1 and « > |k|+1if k£ < 0. We call Lg (s, z,x) the Arakawa-
Kaneko type L-function. These functions include Arakawa—Kaneko and Hurwitz
L-functions:

Theorem 5.7. One has

LE’k(S,x,X f Z ZE k (S, H) . (51)

Especially,

LE_rl(s,ﬂc,x):ffsfi:l( 1) ()CE( x—a+1>.

a=0
Furthermore, if x = xq, the trivial character, then
Lgi(s,x,x0) = Zpa(s,z) =Cr(s,z+1).

Theorem 5.8. The function s — Lpg (s, z,x) has analytic continuation to an
entire function on the whole complex s-plane and has the identity

LE,k(_nam7X) = (_1) ’SL]?))(( .TZ‘)

forn >0,z >0.
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6. Proofs of theorems in Section 5

Proof of Theorem 5.4. To begin with, let us prove the first identity. We make

use of the generating function for E,(lk;(a:) We calculate

- nf71 a T+a tn f-1 . 00 v ta ftn
S {r T ()} 5 - Doy s (5) 4

n=0 a=0 a=0

f-1 : _

2Lig(1 — e /") (otaypy

= —1 @ T T ! b}
2 Ty e

which yields the generating function for Eflki(x) The second identity comes from
the first identity for x = 0. |

Proof of Theorem 5.5. The result follows from Theorems 2.4 and 5.4. |

Proof of Theorem 5.7. The first identity is proved by

f-1

2 [P Lig(l—e ) (ee)pg
L = —1)e 7 T dt
pulee) = VN | o

(put u = f)

= rT—a

=f7*> (-1)*x(a) Zg .k <s, 7 > .

a=0

Recalling (4.1), we obtain the second result. |

Proof of Theorem 5.8. The first claim follows from Theorem 4.3, 5.7. As for
the second claim, by Theorem 4.3, Definition 5.1 and Theorem 5.4,

f-1
Lesl=n.a) = (1" ()@ e (<150

= (~1)" Bl (). u

a=0

7. Concluding remark

Dilcher [8] and Chen [6] investigated the following sums of products of Euler poly-

nomials:
n
> (")) B
11,

7

. . s bm
i1+ tim=n

B150eesm 20
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for n > 0. It seems interesting to consider the following sums of poly-Euler poly-

nomials:
2 : n k k
(. ) )Ei(l)(xl)'”Ei(m)(mm)
. ’ 11y---5Tm
i1t tim=n

U155 tm 2

forn>0and k € Z.
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