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Abstract: We present a characterization of Banach function lattices with the Fatou property
generated by the interpolation sum applied to infinite families of Banach lattices with the Fatou
property. We also discuss the Kothe duality between the sum and the intersection constructions
for Banach spaces.
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1. Introduction

In their seminal paper [1], Aronszajn and Gagliardo initiated the abstract theory
of interpolation spaces. In this work they defined the so called minimal and max-
imal interpolation methods, which play a fundamental role in this theory. These
methods are generated by two abstract constructions, the sum ¥ and the intersec-
tion A, applied to compatible families of Banach spaces. Later Janson [3] (see also
[2]) discovered that under mild assumptions the mentioned minimal and maximal
methods are dual to each other in interpolation sense.

Although the abstract constructions can be given for general Banach spaces
they are in fact relevant tools in the setting of the interpolation of Banach spaces
when the spaces involved are Banach function lattices. The lattice properties
of the resulting space are interesting from the point of view of applications. In
particular, the Fatou property of the sum becomes fundamental for describing
the duality relations between the sum and the intersection of a family of Banach
function lattices (see [9]).

The primary purpose of this paper is to characterize the families of Banach
function lattices {X,}aca on a measure space for which the sums X(X,) have
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the Fatou property. We point out however that we are not interested in showing
concrete examples or applications but in a general description in terms of the lattice
properties of the spaces involved that would be interesting by itself. This is the
main motivation of the present paper, in which we show that the sum of Banach
function lattices with the Fatou property has not in general the Fatou property,
and this holds only when some families of representations of the functions in the
space have nice order properties.

Our notation is standard. We will work with classes of Banach function lattices
over the same o-finite measure space (Q,S, ). As usual we denote by L°(u) the
space of (equivalence classes of u-a.e. equal) real valued measurable functions on
0. We say that (X, |- ||x) is a Banach function lattice on (2, S, ) if X is an ideal
in L9(u) and whenever f,g € X and |f| < |g] a.e., then ||f]|x < ||g/lx. For the
aim of clarity, we will assume throughout the paper that the support of all the
Banach function lattices X over (2, S, p) is Q (i.e., there exists h € X such that
h >0 ae.).

Let X be a Banach lattice on (Q,S, u); X is said to have the Fatou property
if for every sequence (f,) in X and f € L°(u) satisfying 0 < f, 1 f a.e. and
sup,>1 [[fallx < co we have f € X and [|fullx — [flx. Notice that Fatou
property is equivalent to the statement that the unit ball Bx of X is closed in
L°(u). Banach lattices with the Fatou property are also called maximal. We say
that X is order continuous if for every sequence (f,) such that f,, | 0 we have
I fullx — 0.

The Kéthe dual space X’ of X is defined to be the space of all f € L%(u) such
that the associate norm

11l = sun { [ \saldus gl <1

is finite. The Kéthe dual X’ = (X', | - ||x/) is a Banach lattice on (2, S, u). We
set X" := (X'). Clearly X C X" with ||f||x» < ||fll- If || fllx» = ||f|lx for all
f € X, then the norm of X is called order semicontinuous. A Banach lattice X on
(©,S, 1) has an order semicontinuous norm if and only if X has the weak Fatou
property, i.e. if for every sequence (f,), in X and f € X satisfying 0 < f,, T f a.e.
and sup,,> [|fnllx < 0o we have || fn|lx — [|fllx. It is well known that X" = X
with equality of norms if and only if X has the Fatou property. Notice also that if
X is order continuous, then the Banach dual X* can be identified with the Kéthe
dual X’. For more information on Banach lattices we refer to [5, 7].

2. Main results

Let E, F' be Banach spaces. If F and F' are isomorphic Banach spaces, then we
write E ~ F. We write E <» F if E is a subspace of F' and the inclusion map
I: E — F is continuous with ||I]] < ¢, and E < F if this happens and ¢ = 1.
E = F will mean that £ — F and F — F.
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In the present section we discuss the characterization of the maximal Banach
lattices generated by Y-construction applied to a family of Banach lattices on
a given measure space. Let us start our discussion with the following fundamental
definitions (see, e.g., [6, pp. 16-18]). Let { X, }aca be a family of Banach spaces. It
is said to be compatible if there exists a Hausdorff topological vector space X such
that X, is X algebraically and topologically embedded in X. A family {X,}aca

is called strongly compatible if there exists a Banach space Y such that X, Sy
with sup,c 4 ca < 00.
Given a compatible family {X, }nc4 of Banach spaces we let

A(X,) = {m € ﬂ Xoi zllacx,) = sup [|z]|x, < oo}.
acA acA

Then (A(Xa), |- |a(x.) is a Banach space with the following properties:
(i) A(X,) — X, for every a € A.
(ii) If F is a Banach space such that F N X, for every a € A, then F N
A(Xy).

If {Xa}aca is a strongly compatible family {X,}aeca of Banach spaces, we
define 3(X,) to be the Banach space of all z € Y that are representable in the
form

x = Z To (Ta € Xa) where Z lzallx, < o0 (%)
acA a
equipped with the norm

lollsorn = inf {3 Jzallxas o= D" aa s

acA acA

where the infimum is taken over all possible representations of x in the form (x).
Notice that ¥(X,) is the smallest Banach space with the property Xz —

¥(Xa) for every 8 € A. We note that the constructions A and ¥ play a funda-

mental role in abstract theory of interpolation (for details we refer to [1, 2, 6]).

In this paper we consider the A and ¥ constructions for Banach function
lattices over the same measure space and so we can assume that the family of
spaces is compatible, since all its elements are continuously included into the space
X =L%u).

As we have mentioned we are interested in finding a description of the families
of Banach lattices {X,} such that ¥(X,) satisfies the Fatou property or the weak
Fatou property. It should be pointed out here that even in the case of countable
families { X,, } of reflexive (and so maximal) Banach lattices, ¥(X,,) is not maximal
in general. We provide an example.

Example 2.1. We construct a space X,, for each n € N by renorming £, (1 <
p < 00) as follows:

o0

1/p
lellx, = max ol + (3 o) @ = (@) €

Isis 1=n+1



274 Mieczystaw Mastyto, Enrique A. Sanchez-Pérez

Then X,, ~ ¢, by
n= P alle, < 27P)|ax, <lzlle,-

It is straightforward to see that X, is a maximal Banach lattice and X,, < ¢q for
each n.

We claim that %(X,,) = ¢p. To see this, let (z;); be a norm one element in
co and € > 0. Consider an increasing sequence (i;) such that |z;| < /27 for all
k > i;. Take a decomposition of (z;); as follows,

(zi)i = Z Yj>
j=1

where y; = Z?:@AH x;e; for each j € N with ¢ = 0, and (e;) is the canonical
basis of ¢P. Then we have

oo oo €
ZHyjHXij < 1+Z§ =1+e.
j=1 j=1

Since ¢ is arbitrary, c¢g — X(X,,). Clearly X(X,,) < ¢o by X,, <= ¢o for each n € N
and so the claim is proved. To conclude we note that ¢y is not maximal.

Before we state and prove our main result, we introduce some specific defini-
tions that we present below.

o Let (2,8, 1) be a measure space. We say that a sequence (¢,,), of positive
functions in L>(y) is a partition of unity if Yoo on =1 ae.

e If 0 < f e X(Xy), asequence (¢, )m is an &- representatwn of f if ¢ € X
foreach m €N, f=3""_| ¢, a.e. and

S lémllx,, < IIf] +e.

m=1

e Let 2% = (z;); be a bounded real sequence for each k € N. A sequence
(xF);, is said to be uniformly convergent to (yx)k if every € > 0 there exist

M and N such that |z — yi| < e for each j > M, k> N.
e Let ¢* = (¢;x); be a sequence in L°(Q2, S, u) for each k € N. A sequence

(")}, is said to be uniformly convergent to (1) a.e. if there exists a p-null
set A such that for every e > 0 there exist M, N such that |¢; ,(w)— vk (w)| <
e for every w € 2\ A and each j > M, k > N.

Before proceeding, we need a technical lemma.

Lemma 2.1. Suppose that for each m € N, (am. k)i is a sequence of nonnegative
real numbers so that for each k € N all the series Y~ _| am.j converge uniformly
to their limits, and limy_, o Zm: Gy 1 exists. If for all m € N and p € N there

exists limg_ o % Zle Q. j+p which does not depend on p, then

Z S ( Zam’J) = Z G-
m=

m=1
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Proof. Fix € > 0 and put A := limy_, 22:1 Q.- Our hypothesis on uniform
convergence implies that there exist p € N and a positive integer M such that

M
Zam,k+p>A—5, ke N.
m=1

This yields

o) 1 k 0o 1 k M 1 k
>t (3 ams) = 32t (33 amen) = 30 i (3 ame)
m=1 7j=1 m=1 j=1 m=1 j=1

1 k M
= Jim g 20 (X amann) 24
j=1 m=1
Since € > 0 was arbitrary,
0o k

Now by the Fatou lemma we have

') k 0o k k 0o
. 1 . 1 .1
> i (2o oms) <tpmint 32 (5 3 amas) = pmind 5 32 (3 o)
m=1 j=1 m=1 j=1 j=1 m=1
= i mk = A,
and this gives the required equality. |

We also will need a "matrix form" variant of the well known Komlés Theorem
that can be found in [4, Lemma 4.1].

Lemma 2.2. Suppose that for each m € N, (¢ n)n is a sequence of nonnega-
tive functions in L°(u) so that conv{¢y,, : n € N} is bounded. Then there is
a sequence (¢m)m in LO(1n) and a strictly increasing sequence of natural numbers
(ng)r such that for each m € N, and for every subsequence (fmr)r of (Gm.ny )k,
and a.e.,

lim
T—00

%(fm,l +- + fm,r) = (bm

As we show in the result stated below, uniform convergence of the sequences of
representations of norm bounded nonnegative and nondecreasing sequences (f,)n
of ¥(X,,) when evaluated on almost every w €  is the keystone for proving the
Fatou property of ¥(X,). Roughly speaking this is equivalent of having uniformly
norm bounded nondecreasing representations of the elements of the sequence (f,, ).
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In order to clarify the statement of the result, we say that a norm bounded nonneg-
ative and nondecreasing sequence (fy ), in X(X,,) has uniformly bounded ordered
representations if for every ¢ > 0 there exists an n. € N and e-representations
(5n.n)m Of (fn)nzn. such that for all n > n., (45, ,,)m is nondecreasing.

Now we are ready to state our main result.

Theorem 2.1. Let {X,, }men be a strongly compatible family of maximal Banach
lattices on a measure space (0, S, u). Then the following statements are equivalent.

(i) 2(Xm) s a mazimal Banach lattice.

(ii)) For every morm bounded nonnegative and nondecreasing sequence (fp)n in
3(X,,) and every e > 0, there exist a positive integer n. and e-representations
(Pm.n)m for all fn, n = ne, that are uniformly convergent to (fn)n a.e., i.e.,
that the sequence of representations satisfy the condition

M
i (s (3 omn ) =0, o
o o (20 [0 = 1) =0 e

(iii) Every nonnegative and nondecreasing sequence (fy,)n in the unit ball of X(X,,)
has uniformly bounded ordered representations.
(iv) For every nonnegative and nondecreasing sequence (fy)n in the unit ball of

Y(Xm) and every € > 0, there is an n. € N and a partition of unity (©m)m
such that (om frn)m is an e-representation of f, for all n = n..

Proof. (ii) = (i). Put ¥ := X(X,,). Let (f,)n be a nondecreasing sequence of
nonnegative functions in the unit ball By;. We need to show that f := sup,,cy fn €
Bs. Given € > 0 and n € N, there is a sequence (¢m,n)m such that ¢, , € X,
for each m,

0
fn = Z d)m,na a.e.
m=1

and
o0
Z émnllx, <1+e. (%)
m=1

In particular we have that conv{¢, »; n € N} is bounded in . and so also in L°().
By Lemma 2.2 it follows that there is a sequence (¢, )n in L°(1) and a strictly
increasing sequence of natural numbers (ng)g such that for each m € N, and for
every subsequence (fpm ) of (@ ny )k, 1Moo %(fml + -+ fm,r) converges a.e.
to ¢, for each m € N. In particular for each m € N,

k

lim

Gm = A 1¢>m,nj7 a.e.
j:

Since X, is maximal, ¢,, € X,, for each m € N and

k k
N o1
[éllx,, <liminf |3 |, < mint 3 o, e
j: ]:
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Combining above inequalities with () yields

0o ') 1 k
S émllx, < 3 timint > b lx.,
m=1 m=1 j=1

[e%S)

k
hmmf % E::l ( Z | P, HXm> <l+e

Now it follows by Lemma 2.1 and (ii) (taking (am.k)k := (@m,n, (w))k, where w € Q
is such that ¢y, pn, (w) < oo for all m, k € N) that we have (by lim, o fr = f
a.e.)

qum— 1i>m Zqﬁmnk = hm foe=1F a.e.;

m=1

from this we see that f € ¥ and

Iflls <1+e.

Since £ > 0 was arbitrary, (i) holds.

(i) = (iv). Fix € > 0 and take a norm bounded nonnegative and nondecreasing
sequence (fy,), in ¥ := X(X,,) such that sup,,~; || fn|ls = 1. By the Fatou property
of X(X,n), f :=lim, f, belongs to X(X,,) and ||f|| = 1. Take e > 0 and an ¢/2-
representation (¢pm,)m of f. Then (¢n/f)m is a partition of unity for f, since
sz:1(¢m/f) =1landso f = Zﬁ:ﬂ‘bm/f)f = f,and (¢n/f)f = pm € Xm for
each m € N.

Take ng such that for all n > ng, 1 —¢/2 < ||fn]|. Note that, since (fp)n is
nondecreasing and order bounded by f, (¢m/f))m is also a partition of unity for
each f,, since for all m, (¢m/f)fn < ©m € Xm. In fact, it is easy to see that
((¢m/ ) fn)n defines an e-representation of f,, for each n > ng. This proves (iv).

(iv) = (iii). It is enough to consider the nondecreasing representations
(dm,n)m = (Pmfn)m for each f,, for the adequate n > n..

(ili) = (ii). Fix w € Q which does not belong to the null set where the
pointwise convergence does not hold. Fix ¢ > 0 and consider the corresponding
nondecreasing e-representations (¢5, ,,)m of fn that exists for each n > ng from
some positive integer nyg.

Since (fy)n converges pointwise to f and for each fixed m the sequence (45, ,,)m
is nondecreasing, we have that for a given § > 0 there exist positive integers
Ny = ng and My such that

He qu ()] < 6/2

and
| fn(w) = flw)] < 6/2, n > Ny, M > M,.
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The following inequalities show that the a.e. convergence requirement for this
sequence of representations holds for all n > Ny and M > M, since

M
fale Z G n(@)] < [F@) = fl@)| + @) = Y ¢ 0(@)] <6
m=1
This shows that
o lim (:;150 Z G — Ju|) =0, ae.
and so (ii) is proved. |

In order to give further characterizations of the Fatou property of (X, ) based
on the proof of Theorem 2.1, in what follows we center our attention in a special
class of sums of Banach function spaces. We analyze the sums of Banach lattices
which satisfy the property: for every 0 < f € X(X,,) there is a representation
(¢m)m such that > ||émllx,., = [flls(x,,)- In what follows we call such a se-
quence (¢,)m a O-representation of f.

Lemma 2.3. Let { X, }men be a strongly compatible sequence of mazimal Banach
lattices on a measure space (2, S, ). Suppose that ¥ = 3X(X,,) has the weak
Fatou property. Then the following statements are equivalent.

(i) Bvery 0 < f € ¥ has a O-representation.

(ii) If (fn)n is a nondecreasing sequence in ¥ such that f, — f a.e., where
f € X, then there exists a positive sequence (£(n)), in co for which there is
an g(n)-representation for each f, such that for each m, (¢fr$n72)n is nonde-
creasing.

Proof. (i) = (ii). Fix f € X(X,,), and let (¢,,)m be a O-representation for f.
Consider a nondecreasing sequence (f,, ), such that f, — f a.e.. Note that by the
weak Fatou property, sup,, ||fnlls = || flls. Let (¢(n)), be a nonnegative sequence
in ¢ given by e(n) = ||flls — [fnulls for each n € N. Define the partition of
unity (©m)m by ©m = ¢m/f for each m € N. Take for each n € N a family of
representations of f, defined by

¢a(n = Sﬁmfrr
Since each X, is maximal, we can easily get (by lim,, qﬁe(") = ¢ a.e.)
lim ||¢fr(£2||Xm = H¢TVLHXm
n—oo

Hence

00
> lesinlix,, < sup [falls = Iflls = falls +e(n),  neN
m=1 nz

s(n))

Consequently, for each n, (¢m.» )m defines an £(n)-representation for f;,.
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(ii) = (i). Fix 0 < f € ¥(X,,). Take f,, := f for each n € N. Then there is
a sequence (e(n)), and e(n)-representations (qu,(Ln,z)m of f that are nondecreasing
for each fixed m. Since f = Zf::l %72 for each n and for each n the represen-

tations are nondecreasing, we get that in fact the representation ¢f,Sn,2 does not
depend on e(n). Therefore

o
1£lls < D sl < IfI +em),  neN,
m=1

and so || f] = S0, [[ommll- n

Corollary 2.1. Let { X, }men be a strongly compatible sequence of maximal Ba-
nach lattices on a measure space (2, S, p). Then the following assertions are equiv-
alent.

(i) Bvery 0 < f € X(X,) has a 0-representation and X(X,,) is mazimal.

(ii) If (fn)n is a nondecreasing and norm bounded sequence in 3(X,,) such that
fn = [ a.e., then there exists a nonnegative sequence (e(n)), in co for which
there is an (n)-representation for each fy, such that for each m, ( f,ﬁ”,Z)n is

nondecreasing.

Proof. (i) = (ii). Let (f,), is a nondecreasing and bounded sequence in X(X,,)
such that f,, — f a.e. The Fatou property implies that f € 3(X,,). Since X(X,,)
has also the weak Fatou property, Lemma 2.3 applies and so (ii) is proved.

(ii) = (i). Combining Theorem 2.1 with (ii) implies that X (u) is maximal.
Moreover, by Lemma 2.3, we have that each f allows a 0-representation, and this
completes the proof. |

3. Applications to the Kothe duality

In this section we apply the results of the previous one to derive the representation
of the Kéthe duals of the sums of Banach function lattices with the Fatou property
generated by arbitrary families of spaces that are not necessarily countable. This
requires to extend the results of the previous section to this case.

We note that the Fatou property of a sum does not imply the Fatou property
of each of the Banach space that composes the sum, even in the finite case. To see
this it is enough to note that the sum of /> and ¢y gives again £°°, that has the
Fatou property while ¢y does not have it. This of course has its counterpart in the
characterization using ordered representations of the elements in the space, and
adds some difficulty to the natural extension of the concept of uniformly bounded
representations to the noncountable case.

We recall that if {X,,}men is a sequence of Banach lattices on a measure
space then a nonnegative and nondecreasing bounded sequence (fy,)n in X(X,,)
has uniformly bounded ordered representations if for each € > 0 there is a positive
integer n. and e-representations (¢%, ,,)m Of (fn)n>n. such that for all n > n.,

m,n
. : :
(¢5.n)m is nondecreasing.
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We can extend this definition to the sum X (X, ) of an arbitrary family { X, } e
of Banach lattices on a given measure space in the natural way: a sequence (f,), in
(X a) has uniformly bounded ordered representations if it has them in 3(X,,, ) for
every countable family { X, } of { X4} such that (f,), € U,,cn Xa.,,- Notice that
it follows from Theorem 2.1 that under the assumption that every X, is maximal,
the statement that every nonnegative and nondecreasing norm bounded sequence
has a uniformly bounded ordered representations is equivalent to the statement
that all countable sums of the family {X,}qec4 are maximal.

An immediate consequence of Lemma 3.2 (iii) in [9] and Theorem 2.1 is the
following result stated below. Notice that if {X,}aca is a strongly compatible
family of maximal Banach lattices on a measure space (2, S, 1), then by duality
there exists a constant ¢ > 0 such that X/, <> A(X,,)’ for all & and so {X/}aca
is also a strongly compatible family of Banach lattices on (£2, S, u).

Theorem 3.1. Let {X,, }men be a strongly compatible family of mazimal Banach
lattices on a measure space (2, S, ). Suppose that each norm bounded nonnega-
tive and nondecreasing sequence (fpn)n n (X)) has uniformly bounded ordered
representations (equivalently, (X)) is mazimal). Then A(X,,) is mazimal and
the following Kothe duality formula holds

A(Xp) 22X,

Now we introduce the notion of union space of a family of Banach function
spaces. Let {X,}aca be a family of strongly compatible Banach lattices and let
J(X4) denote the union of the sets of the family. It is easy to check (see [2, p. 215],
[8, Theorem 1]) that a homogeneous functional defined by

lzllucxa) = inf{llz]x.; Xa 22}, @ e J(Xa),

is a norm on | J(X,) if and only if {X,}aea is a scale, i.e., {X,}aeca is a directed
family of strongly compatible Banach spaces, i.e., such that for every a,8 € A
there exists v € A such that X, — X, and Xg — X,.

Following [8], the scale { X4 }ac . is said to be | J-complete if (J(Xa), || [lycx.))
is a Banach space.

Combining the above results, we obtain the following one which seems to be
of independent interest from the point of view of applications.

Theorem 3.2. Let {X,}aca be a strongly compatible scale of mazimal Banach
lattices. If {Xa}aeca is U-complete and each norm bounded nonnegative and non-
decreasing sequence (fn)n i X(X4) has uniformly bounded ordered representa-
tions, then X(X,,) is a mazimal Banach lattice.

Proof. We will use Theorem 1 from [8], which states that for a strongly compatible
scale of Banach spaces {X,}aea to be | J-complete is equivalent to

JXa) = 2(Xa).
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Let (fn)n be a nondecreasing sequence of nonnegative functions in the unit ball
By of ¥ :=3(X,). Given € > 0, for each n € N, we can find an «,, € A such that

”fn”Xan < ”anE te<1l+e.

In particular this implies that for the strongly compatible family {X,, }men we
have fn S E(Xam) with

[frllex.,) <1+e, n € N.

Thus we have from Theorem 2.1 (by using the existence of uniformly bounded

ordered representations of (f,),) that f € ¥(X,,,) with ||fllgx, ) < 1+e.
Combining with (X, ) < 3 yields f € ¥ and

[flls <1+e.
Since € > 0 was arbitrary, f € By, and this completes the proof. |

We need the following observation and for the sake of completeness we prove it.

Proposition 3.1. Let X be a Banach lattice on (Q,S,p) and let Z C X be an
ideal subspace dense in X. If the norm of X is order semi-continuous on Z, then
X has the weak Fatou property.

Proof. Let 0 < f, 1 f, a.e., f € X. By density we can find a sequence (g, )m C Z

such that ||gm — fllx — 0. Then A = min{fy, |gm|} € Z and 0 < h™ 1 h(™) =
min{f, |gm|} a.e. as n — oo. Since |||gm| — fllx — 0, we get [|h(™) — f||x — 0 as
m — 0o. Our hypothesis gives

Ifllx = Jim 2]y, meN.

Combining the comments above with ||h5¢m)|\X < fnllx < Ifllx and ||fllx =
lim, oo [|[A]|x, we arrive at |fllx = lim, seo||fnllx, and the proof is
complete. |

Let us show now some applications.

Theorem 3.3. Let {Xn}aca be a strongly compatible scale of maximal Banach
lattices. Assume that A(X,) is dense in X(X,) and X, for every a € A. Then
¥(Xa) has the weak Fatou property.

Proof. We apply Corollary 2 from [8], which states that if {X,}ac.a is a strongly
compatible scale and Z is a subspace which is dense in X, for every « € A, then
for all x € Z,

[zllsx.) = lzllyxa)-
By Lemma 3.1 in [9], we have that A(X,,) = A(XY) = (3(X],))’, which in particu-
lar means that A(X,,) has the Fatou property, and so it has order semi-continuous
norm. Thus, applying Proposition 3.1 we obtain the result. |
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An immediate consequence of the obtained results is the following one.

Corollary 3.1. Let {X,}a be a family of mazimal Banach lattices on a given mea-
sure space such that {X/ }aca is a strongly compatible scale and each countable
sum of {X.} is mazimal (equivalently, every nonnegative norm bounded nonde-
creasing sequence in each countable sum of {X)} has uniformly bounded ordered
representations). Then the following Kdthe duality formula holds,

A(X,) 23(X)).
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