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BASE CHANGE AND THE BIRCH AND SWINNERTON-DYER
CONJECTURE

CRISTIAN VIRDOL

Abstract: In this paper we prove that if the Birch and Swinnerton-Dyer conjecture holds for
products of abelian varieties attached to Hilbert newforms of parallel weight 2 with trivial central
character, then the Birch and Swinnerton-Dyer conjecture holds for products of abelian varieties
attached to Hilbert newforms of parallel weight 2 with trivial central character regarded over
arbitrary totally real number fields.
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1. Introduction

Let A be an abelian variety defined over a number field F. Then the Birch and
Swinnerton-Dyer conjecture predicts that (see §1 of [T] for details):

Conjecture 1.1 (Birch and Swinnerton-Dyer conjecture). The L-function
L(s, A;p) of A over F has a meromorphic continuation to the entire complex plane,
and

1) The rank r(A;r) of A over F is equal the order of vanishing of L(s, A;p) at

s=1,
2)
(A, p)| < o0,
where (A /p) is the Tate-Shafarevich group of A,p,
3
) L(S,A/F) |H_I(A/F)| -det < ai,bj > Ve - Vbad
im = ,
=1 (5 — 1)r(Ae) |A(F)tors| - [A'(F)tors|
where A’ = Pic®(A), Voo = volume A(F ®g R), Viaa = volume [Toes AEY)

and S is the set of bad places of A;p, A(F)tors and A’ (F)tors are the subgroups
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of torsion points of A(F) and A'(F), and < , > is the height pairing
<, > A(F) x A'(F) - R,

and {ay,...,a.} and {by,...,b.} are bases of A(F)/A(F)iors and
A/(F)/A/(F)tors'

Given a totally real number field F' and a Hilbert newform f of parallel weight 2
of GL(2)/F with trivial central character and with the field of coefficients a number
field M, it is conjectured that there exists an abelian variety A defined over F', of
dimension [M : Q], such that the L-function L(s, A) is equal to [[_.,,_c L(s, f7)
modulo the factors at places dividing the level N of f (we remark that if the field of
coefficients M is extended to a finite extension M’/M, then one, as above, obtains
an abelian variety A’ defined over F' which is a product of [M’ : M] copies of A;
hence obviously if the Birch and Swinnerton-Dyer conjecture holds for A, then the
Birch and Swinnerton-Dyer conjecture holds for A’; and in this paper we say that
A (or A') is associated to f). This conjecture was proved by Zhang (see Theorem
B of [Z]) when f is a Hilbert newform for I'g(/N) (N an ideal of F'), and [F': Q] is
odd or ord,(N) =1 for at least one finite place of F'.

In this paper we prove the following result:

Theorem 1.2. Let r be a positive integer. Assume that Conjecture 1.1 is true for
all totally real number fields F' and all abelian varieties of the form By p X ... X
B,/r, where By/p,..., B, /r are abelian varieties associated as above to Hilbert
newforms of parallel weight 2 with trivial central character of GL(2)/F. Then
Congecture 1.1 is true for all abelian varieties of the form Ay pr x. .. X Ay /g, where
Aiyp, fori=1,...,r, is an abelian variety associated as above to a Hilbert newform
of parallel weight 2 with trivial central character of GL(2)/F;, fori=1,...,r, and
F'/F is an arbitrary totally real number field containing Fy, ..., F,.

Note the following point: We don’t know that the abelian varieties A;, g, for
i = 1,...,r, correspond to Hilbert newforms, since arbitrary totally real base
change for GLy is not yet established.

2. Potential modularity

Let F' be a totally real number field and Jg be the set of infinite places of F. If
f is a Hilbert newform of GL(2)/F of weight k = (k;)rec,, where all k, have
the same parity and k, > 2 (one can replace f below by a cuspidal automorphic
representation m of weight k of GL(2)/F which is discrete series at infinity), then
there exists ([TA]) a totally odd A-adic representation

ps = psx: Tr = GLao(My) = GL2(Q)),

which is unramified outside the primes dividing NI and satisfies L(s, pf ) =
L(s, f) (by fixing a specific isomorphism ¢ : Q; = C one can regard py ) as com-
plex valued). Here I'p := Gal(F'/F), M is the coeflicients field of f, A is a prime
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ideal of M above some prime number [, N is the level of f, and totally odd means
that detpy(c) = —1 for all complex conjugations c¢. Moreover, each representation
py.a is crystalline at any place v+ N of F' which divides the residue characteristic
of A, and for each embedding 7 : F < Q; the 7-Hodge-Tate numbers of py ) are
m, and ko — m, — 1, where ko :=max{k,|7 € Jp}, and m, := (ko — k;)/2.

In this paper we say that a representation

p: FF — GLQ(@[),

with F' a totally real number field, is modular if there exists a Hilbert newform of
weight k& > 2 of GL(2)/F such that p ~ py.
We now show the following result:

Theorem 2.1. Fori=1,...,r, let F; be a totally real number field, and let f; be
a Hilbert newform of weight k; > 2 of GL(2)/F;. Letl be a rational prime, and F’
be a totally real number field which contains F; for i =1,...,r. Then there exists
a totally real number field F" which contains F' and which is Galois over Q such

that the representations pyg, x,|r,.,, for i = 1,...,r, are modular, where \;|l is a
prime of the field of coefficients of f;.

Proof: If f; is a CM-form, then it is well known that py, ,|r,, is modular
for any finite extension F”'/F; (see for example Theorem 7.4 of [G]). Hence it is
sufficient to prove Theorem 2.1 when each f; is a non-CM form. We assume this
fact from now on.

We know the following result (this is a particular case of Theorem 4.5.1 of
[BGGT]; see also Lemma 1.4.2 of [BGGT] and the remark after Theorem 4.5.1 of
[BGGT]; we remark that in the statement below we take ¢; representations of T' g,
and in Theorem 4.5.1 of [BGGT] ¢; was a representation of I'gs satisfying some
conjugate self-dual condition, but obviously our ¢;|r,, satisfies this condition):

Theorem 2.2. Suppose that:

(a) Let E' be a Galois CM number field, and let F' denote its mazimal totally
real subfield.

(b) Letl>T7 be a rational prime which is unramified in E'.

(¢c) For eachi =1,...,r, let ¢; : Tpr — GL2(Qy) be a totally odd continuous
representation.

For everyi=1,...,r, suppose also that:

(1) ¢; is unramified at all but finitely many primes.

(2) ki = (kir)ret,, , where all kir have the same parity and ki; > 2, and | > kg,
where ko := max{k;.|T € Jp' }.

(3) ¢ is crystalline at all places v|l, and for each embedding T : F' — Q; the
7-Hodge-Tate numbers of ¢; are (ki — kir)/2 and (ko + kir)/2 — 1.

(4) (Ei|FE/<<1> is irreducible.

Then we can find a finite CM extension E"/E’, such that E" is Galois, and
for each i = 1,...,7, a cuspidal automorphic representation m; of GLa(Ag) of
weight k; such that ¢;|r,,, = pr, ~, for some yil.
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We want to apply Theorem 2.2 to some rational prime [ > 7 and to ¢; =
Pfinlry for i = 1,...,r, (one can assume that the totally real field F’ from
Theorem 2.1 is Galois by replacing it by its Galois closure F' /gal; and we assume
this fact from now on). We choose a rational prime [ unramified in F’ which is
relatively prime to IV;, for ¢ = 1,...,7, where N; is the level of f;, and such that
Il > ki for each 2 = 1,...,r. Then from above we know that ¢; for i = 1,...,r,
satisfies the conditions (c), (1), (2) and (3) of Theorem 2.2. Since f; is non-CM,
we know from Proposition 3.8 of [D], that for [ sufficiently large, the image of
the representation py, », contains SLa(F;). But then for such a prime number [,
because F' is totally real, the image of the representation ¢; = Pfix T, contains
SLo(F;) (see Proposition 3.5 of [V1]). Hence we can choose ! sufficiently large
such that for i = 1,...,r, the image of ¢; contains SLy(FF;). Thus for i =1,...,r,
the representation ¢;|r o, 18 irreducible. Now one can choose a CM quadratic

)
extension E’ of F”, whichlis Galois over Q, such that [ is unramified in E’, and
E'((;) linearly disjoint over F'((;) from ler‘z’il%/(m for ¢ = 1,...,r, and hence
the representation ¢;|r 5 is also irreducible for 7+ = 1,...,r. Hence condition
(4) of Theorem 2.2 is satisfied. Conditions (a) and (b) are also satisfied from our
choices made above. Thus we verified all the conditions of Theorem 2.2, and we
conclude that there exists a CM extension E”/E’, such that E” is Galois, and
for each i = 1,...,r, a cuspidal automorphic representation m; of GLy(Ag~) such
that ¢;|r,,, = px, ., for some 7;|l. Let F" be the maximal totally real subfield of
E". Since ¢;|r,,, is modular and E”/F" is quadratic (solvable), one can deduce
easily that ¢;|r,,, is automorphic (see Lemma 1.3 of [BGHT]). Hence we finished

the proof of Theorem 2.1. W

3. The proof of Theorem 1.2

Let F; fori =1,...,r, be a totally real number field and let f; be a Hilbert newform
of parallel weight 2 with trivial central character of GL(2)/F;. We denote by A;
the abelian variety defined over F; conjecturally associated to f; as above. Let
F’ be a totally real number field which contains F; for ¢ = 1,...,r. Then from
Theorem 2.1 we know that there exists a totally real finite Galois extension F”
of Q which contains I such that the representations py,|r,,, , fori =1,...,r, are
modular.

From Theorem 15.10 of [CR]| we know that there exists some subfields E; C F”,
such that Gal(F"/E;) are solvable, each E; contains F’, and some integers n;,
such that the trivial representation

1pr: Gal(F”/F’) — @X,

can be written as

Lpr = Z nalnng}E?:fgg 1E; (a virtual sum), (3.1)
j=1
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from which we get that
u
L(s, Ayypr % .o x Ay = [ L(s, Ay, % oo X Ay,
j=1

Since py,|r,,, is modular, and Gal(F"'/Ej) is solvable, from Langlands base
change for solvable extensions (|L]), one can deduce easily that py,|r, is modular,
and hence the abelian variety A;/p; corresponds to a Hilbert newform of parallel
weight 2 and trivial central character of GL(2)/E;, and py, rg, corresponds to

one piece of the l-adic Tate module of A;/p,. Hence the function L(s, Ay pr ¥
... x A,/ pr) has a meromorphic continuation to the entire complex plane because
from our assumptions in Theorem 1.2 the functions L(s, Ay g, X ... x A, /g, ) have
meromorphic continuations to the entire complex plane.

We know (Theorem 1 of [M]):

Theorem 3.1. Let L/K be an extension of number fields, and A be an abelian
variety defined over L. Then the Birch and Swinnerton-Dyer conjecture holds for
A if and only if the Birch and Swinnerton-Dyer conjecture holds for Resy,/x A.

We know (Theorem 7.3 of [M1]):

Theorem 3.2. Let A and B be two isogeneous abelian varieties defined over
a number field L. Then the Birch and Swinnerton-Dyer conjecture holds for A
if and only if the Birch and Swinnerton conjecture holds for B.

The following theorem is obvious:

Theorem 3.3. Let A and B be two abelian varieties defined over a number field L.
If the Birch and Swinnerton-Dyer conjecture holds for A and B, then Birch and
Swinnerton conjecture holds for A x B. If the Birch and Swinnerton-Dyer con-
jecture holds for B and A x B, then the Birch and Swinnerton conjecture holds
for A.

In order to simplify the notations we denote A pr := Ay pr X ... X Ay /pr.
From our assumptions in Theorem 1.2 we know that the Birch and Swinnerton-
Dyer holds for A/p;, and thus from Theorem 3.1, we deduce that the Birch and
Swinnerton-Dyer conjecture holds for Resg,/rA/g;. Now from (3.1) we get that
the abelian varieties A /g X Hj/ —nj/ResEj,/F/A/Ej, and H].,, njuResEj,,/F/A/Ej,/
are isogenous (for details see the proof of Theorem 2.3 of [DO]), where j’ has the
property that n;  is negative, and j” has the property that n;- is positive. Be-
cause the Birch and Swinnerton-Dyer conjecture holds for each Res B/ Ay By
from Theorem 3.3 we get that the Birch and Swinnerton-Dyer conjecture holds
for Hj,, njuResEj,,/F/A/Ej,,. But the varieties A/ p/ x Hj, —nj/ResEj,/F/A/Ej, and
ij njuResEj/,/F/A/Ej,, are isogenous, and hence from Theorem 3.2 we get that
the Birch and Swinnerton-Dyer conjecture holds for A, g/ x Hj, —nj/ResEj,/F/A/Ej, .
Now because the Birch and Swinnerton-Dyer conjecture holds for
Hj’ —le/ReSEj//F/A/Ej/ and A/F’ X H], _nj/ReSEj//F'A/E]»/a from Theorem 3.3
we get that the Birch and Swinnerton-Dyer conjecture holds for A,p/, and we
conclude the proof of Theorem 1.2. B



194 Cristian Virdol

References

[BGGT] T. Barnet-Lamb, T. Gee, D. Geraghty, and R. Taylor, Potential auto-
morphy and change of weight, preprint.

[BGHT] T. Barnet-Lamb, D. Geraghty, M. Harris, and R. Taylor, A family of
Calabi- Yau varieties and potential automorphy II, to appear P.R.I.M.S.

[CR] C.W. Curtis and I. Reiner, Methods of Representation Theory, Vol. I,
Wiley, New York, 1981.

[D] M. Dimitrov, Galois representations mod p and cohomology of Hilbert
modular varieties, Ann. Sci. de ’'Ecole Norm. Sup. 38 (2005), 505-551.

[DO] T. Dokchitser and V. Dokchitser, On the Birch-Swinnerton-Dyer quo-
tients modulo squares, Annals of Mathematics 172 (2010), no. 1, 567—
596.

[G] S.S. Gelbart, Automorphic forms on adele groups, Ann. of Mathematics
Studies, Princeton University Press, 1975.

[HLR] G. Harder, R.P. Langlands, and M. Rapoport, Algebraische Zyclen auf
Hilbert-Blumenthal-Flichen, J. Reine Angew. Math. 366 (1986), 53-120.

(L] R.P. Langlands, Base change for GLs, Ann. of Math. Studies 96, Prince-
ton University Press, 1980.

[M] J.S. Milne, On the arithmetic of Abelian Varieties, Invent. Math. 17
(1972), 177-190.

[M1] J.S. Milne, Arithmetic duality theorems, Perspectives in Mathematics,
No. 1, Academic Press, 1986.

[T] J. Tate, On the conjecture of Birch and Swinnerton-Dyer and a geometric
analog Seminaire Bourbaki 1965/66, expose 306.

[TA] R. Taylor, On Galois representations associated to Hilbert modular forms,
Invent. Math. 98 (1989), 265-280.

V] C. Virdol, Non-solvable base change for Hilbert modular forms and zeta
functions of twisted quaternionic Shimura varieties, Annales de la Faculte
des Sciences de Toulouse. Mathematiques, to appear.

[V1] C. Virdol, Zeta functions of twisted modular curves, J. Aust. Math. Soc.
80 (2006), 89-103.

[Z] S. Zhang, Heights of Heegner points on Shimura curves, Ann. of Math.
153(2) (2001), no. 1, 27-147.

Address: Cristian Virdol: Department of Mathematics for Industry, Kyushu University.

E-mail: virdol@imi.kyushu-u.ac.jp
Received: 10 January 2011; revised: 9 March 2011



