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EVALUATIONS OF SOME QUADRUPLE EULER SUMS OF EVEN
WEIGHT

Minking Eie, Chuan-Sheng Wei

Abstract: For positive integers α1, α2, . . . , αr with αr > 2, the multiple zeta value or r-fold
Euler sum is defined by

ζ(α1, α2, . . . , αr) =
∑

16n1<n2<···<nr

n−α1
1 n−α2

2 · · ·n−αr
r .

where |α| = α1 +α2 + · · ·+αr and r are the weight and depth of ζ(α1, α2, . . . , αr) respectively.
By the general theorem given in [11], the multiple zeta value ζ(α1, α2, . . . , αr) can be expressed
as a rational linear combination of products of multiple zeta values of lower depth if its depth
and weight are of different parity. In other words, when the sum of its depth and weight is
odd. However, there are still some exceptions for quadruple Euler sums. As conjectured in
[6], a quadruple Euler sum with even weight exceeding 14 can be expressed as a rational linear
combination of products of multiple zeta values of depth 1, 2 and 3 if and only if it is one of
the following forms: ζ(1, a, b, a), ζ(b, 1, a, a), ζ(b, b, 1, a) or ζ(a, b, b, a) with a = b or b = 1. In
this paper, we shall evaluate these quadruple Euler sums of even weight by the identities among
multiple zeta values with variables and relation obtained from the stuffle formula of two multiple
zeta values.

Keywords: Euler sums, Hurwitz zeta function, stuffle formulae, multiple zeta value.

1. Introduction

For a pair (p, q) of positive integers with q > 2, the classical Euler sum is defined
by

Sp,q :=

∞∑
k=1

1

kq

k∑
j=1

1

jp
. (1.1)
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In 1742, Goldbach proposed to Euler the problem of expressing the Sp,q in terms
of values at positive integers of the Riemann zeta function

ζ(s) =

∞∑
n=1

n−s, ℜs > 1.

Euler sowed this problem in the case p = 1 and gave a general formula for odd
weight p + q without any proof in 1775. We now have a clear understanding of
this problem [1, 2, 3, 5, 9, 10].

1. Sp,q can be expressed in terms of single zeta values when p = 1 or (p, q) =
(2, 4) or (p, q) = (4, 2) or p = q or p+ q is odd.

2. For a positive integer n > 2,

S1,n =
n+ 2

2
ζ(n+ 1)− 1

2

n−1∑
r=2

ζ(r)ζ(n+ 1− r). (1.2)

3. For odd weight w = 2m+ 2n+ 1,

S2m,2n+1 =
1

2
ζ(w) +

n∑
r=0

(
w − 2r − 1

2m− 1

)
ζ(2r)ζ(w − 2r)

+

m∑
r=0

(
w − 2r − 1

2n

)
ζ(2r)ζ(w − 2r).

(1.3)

4. For positive integers p, q with p, q > 2,

Sp,q + Sq,p = ζ(p)ζ(q) + ζ(p+ q).

Formula (4) is called the reflection formula. It plays an important role in our
evaluation of Euler sums.

Multiple zeta values are the natural generalizations of classical Euler sums from
double sums to more general r-fold Euler sums defined by

ζ(α1, α2, . . . , αr) =
∑

16n1<n2<···<nr

n−α1
1 n−α2

2 · · ·n−αrr ,

where α1, α2, . . . , αr are positive integers with αr > 2 for the sake of convergence.
The numbers |α| = α1 + α2 + · · · + αr and r are called the weight and depth of
ζ(α1, α2, . . . , αr) respectively. Triple Euler sums of even weight and quadruple
Euler sums of odd weight were evaluated in [13, 14]. Moreover, there is no
difficultly in extending the procedure to the evaluation of multiple zeta values
of arbitrary depth provided the sum of the weight and depth is odd. On the other
hand, Tsumura [11] proved in 2004 that the multiple zeta value ζ(α1, α2, . . . , αr)
can be expressed as a rational linear combination of products of multiple zeta
values of lower depth provided that the sum of weight and depth, |α|+ r, is odd.
However, there are still some exceptions for quadruple Euler sums. In [6], it was
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asserted that a quadruple Euler sum with even weight exceeding 14 can be ex-
pressed as a rational linear combination of products of single, double or triple
Euler sums if and only if it is one of the following forms: ζ(1, a, b, a), ζ(b, 1, a, a),
ζ(b, b, 1, a) or ζ(a, b, b, a) with a = b or b = 1. Also it was claimed that there is
a proof of these assertion. However, we are unable to give such a proof. Instead,
we give the evaluation of the quadruple Euler sum in these cases. We note that
we have done this for ζ(1, 1, 1, a) in [14].

For convenience, we define Sp,q,r as

Sp,q,r := ζ(p, q, r) + ζ(p+ q, r) + ζ(p, q + r) + ζ(p+ q + r).

Here are our main theorems.

Theorem 1. For a positive integer p > 2, we have

2ζ(p, 1, 1, p) = 2ζ(p)ζ(1, 1, p)− ζ(1, p)2 + ζ(2, 2p)

+ 2ζ(2, p, p)− 2ζ(p+ 1, 1, p),

2ζ(1, p, 1, p) =

p−1∑
ℓ=2

(−1)p+ℓ+1ζ(p+ 1− ℓ) {Sp,1,ℓ + ζ(ℓ, 1, p)}

+ ζ(1, p)2 − ζ(2, 2p)− 2ζ(2, p, p) + 2ζ(p+ 1, 1, p)

+ {(−1)p − 2}ζ(p)ζ(1, 1, p)− C(p),

and

4ζ(1, 1, p, p) =

p−1∑
ℓ=2

(−1)p+ℓζ(p+ 1− ℓ) {Sp,1,ℓ + ζ(ℓ, 1, p)}

− 2ζ(p+ 1, 1, p)− 2ζ(1, p+ 1, p)− 2ζ(1, 1, 2p)

− {(−1)p − 2}ζ(p)ζ(1, 1, p) + C(p).

Here
C(p) = (−1)p+1{ζ(p)ζ(p, 2) + ζ(p)ζ(p+ 2) + ζ(p+ 1)ζ(1, p)}

+ 2ζ(p, 1, p+ 1) + ζ(1, p, p+ 1) + ζ(1, p+ 1, p)

+ 3ζ(p+ 1, 1, p) + ζ(p, 2, p) + ζ(1, 2p+ 1)

+ 2ζ(p+ 1, p+ 1) + ζ(p, p+ 2)

+ ζ(p+ 2, p) + ζ(2p+ 2).

Theorem 2. For an odd integer p > 3, we have

4ζ(1, p, p, p) = 2

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ) {Sp,p,ℓ + ζ(ℓ, p, p)}

− 2

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, p)Sp,ℓ+1

− ζ(p)ζ(p, 1, p) + ζ(2p, 1, p) + ζ(p, p+ 1, p)

+ ζ(p, 1, 2p)− 2ζ(p)ζ(1, p, p)− 2C̃(p),
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4ζ(p, 1, p, p) = 6

p−1∑
ℓ=2

(−1)ℓ+1ζ(p+ 1− ℓ) {Sp,p,ℓ + ζ(ℓ, p, p)}

+ 6

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, p)Sp,ℓ+1

+ 10ζ(p)ζ(1, p, p)− 4ζ(p+ 1, p, p)− 4ζ(1, 2p, p)

− 4ζ(1, p, 2p) + 3ζ(p)ζ(p, 1, p)− 3ζ(2p, 1, p)

− 3ζ(p, p+ 1, p)− 3ζ(p, 1, 2p) + 6C̃(p)

and

4ζ(p, p, 1, p) = 6

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ) {Sp,p,ℓ + ζ(ℓ, p, p)}

− 6

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, p)Sp,ℓ+1

− 10ζ(p)ζ(1, p, p) + 4ζ(p+ 1, p, p)

+ 4ζ(1, 2p, p) + 4ζ(1, p, 2p)− ζ(p)ζ(p, 1, p)

+ ζ(2p, 1, p) + ζ(p, p+ 1, p) + ζ(p, 1, 2p)− 6C̃(p).

Here

C̃(p) = ζ(p+ 1)ζ(p, p) + ζ(p)ζ(p, p+ 1) + ζ(p)ζ(2p+ 1)

+ ζ(p, p, p+ 1) + ζ(2p, p+ 1) + ζ(p, 2p+ 1)

+ ζ(3p+ 1) + ζ(1, 3p) + ζ(1, p, 2p)

+ ζ(p, 1, 2p) + ζ(p+ 1, 2p) + ζ(1, 2p, p)

+ ζ(2p, 1, p) + ζ(2p+ 1, p) + 2ζ(p+ 1, p, p) + ζ(p, p+ 1, p).

Theorem 3. For an odd integer p > 3 and an even integer q > 2, we have

2ζ(1, q, p, q) =

q−1∑
ℓ=2

(−1)ℓ+1ζ(q + 1− ℓ) {Sq,p,ℓ + ζ(ℓ, p, q)}

+

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, q)Sq,ℓ+1

− ζ(q)ζ(p, 1, q) + ζ(1, q)ζ(p, q)− ζ(p+ 1, 2q)

− 2ζ(p+ 1, q, q) + ζ(p+ q, 1, q) + ζ(q + 1, p, q)− C(p, q),
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2ζ(q, q, 1, p) =

q−1∑
ℓ=2

(−1)ℓ+1ζ(q + 1− ℓ) {Sq,p,ℓ + ζ(ℓ, p, q)}

+ 2

q−1∑
ℓ=1

(−1)ℓζ(q − ℓ, p)Sq,ℓ+1 +

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, q)Sq,ℓ+1

+ 2

q−1∑
ℓ=1

(−1)ℓ+1ζ(ℓ+ 1)ζ(q − ℓ, q, p) + 2

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ)Sq,q,ℓ

+ 2ζ(q + 1, q, p) + 2ζ(1, 2q, p) + 2ζ(1, q, p+ q)− 2ζ(q)ζ(1, q, p)

− ζ(q)ζ(p, 1, q) + ζ(1, q)ζ(p, q)− ζ(p+ 1, 2q)− 2ζ(p+ 1, q, q)

+ ζ(p+ q, 1, q) + ζ(q + 1, p, q)− C(p, q)− 2C̃(p, q),

and

2ζ(p, 1, q, q) = −
q−1∑
ℓ=2

(−1)ℓ+1ζ(q + 1− ℓ) {Sq,p,ℓ + ζ(ℓ, p, q)}

− 2

q−1∑
ℓ=1

(−1)ℓζ(q − ℓ, p)Sq,ℓ+1 −
p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, q)Sq,ℓ+1

− 2

q−1∑
ℓ=1

(−1)ℓ+1ζ(ℓ+ 1)ζ(q − ℓ, q, p)− 2

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ)Sq,q,ℓ

+ 2ζ(q)ζ(q, 1, p) + 2ζ(p)ζ(1, q, q)− 2ζ(q, q)ζ(1, p) + 2ζ(q + 1, p+ q)

+ 2ζ(q + 1, q, p) + 2ζ(q + 1, p, q)− 2ζ(2q, 1, p)− 2ζ(p+ 1, q, q)

− 2ζ(q + 1, q, p)− 2ζ(1, 2q, p)− 2ζ(1, q, p+ q) + 2ζ(q)ζ(1, q, p)

+ ζ(q)ζ(p, 1, q)− ζ(1, q)ζ(p, q) + ζ(p+ 1, 2q) + 2ζ(p+ 1, q, q)

− ζ(p+ q, 1, q)− ζ(q + 1, p, q) + C(p, q) + 2C̃(p, q).

Here

C(p, q) = ζ(q, p, q + 1) + ζ(q + p, q + 1) + ζ(q, p+ q + 1) + ζ(p+ 2q + 1)

+ ζ(1, p+ 2q) + ζ(1, q, p+ q) + ζ(q, 1, p+ q) + ζ(q + 1, p+ q)

+ ζ(1, p+ q, q) + ζ(p+ q, 1, q) + ζ(p+ q + 1, q) + ζ(q, p+ 1, q)

+ 2ζ(q + 1, p, q)− ζ(q + 1)ζ(p, q)− ζ(q){ζ(q, p+ 1) + ζ(p+ q + 1)}

and

C̃(p, q) = −ζ(q + 1)ζ(q, p) + ζ(p)ζ(q, q + 1) + ζ(p)ζ(2q + 1) + ζ(q, q, p+ 1)

+ ζ(2q, p+ 1) + ζ(q, p+ q + 1) + ζ(p+ 2q + 1) + ζ(1, p+ 2q)

+ ζ(1, q, p+ q) + ζ(q, 1, p+ q) + ζ(q + 1, p+ q) + ζ(1, 2q, p)

+ ζ(2q, 1, p) + ζ(2q + 1, p) + 2ζ(q + 1, q, p) + ζ(q, q + 1, p).

We prove Theorem 1 in Section 2, Theorem 2 in Section 3, and finally Theorem
3 in Section 4.
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2. Proof of Theorem 1

First we introduce two kinds of multiple zeta values with variables. For positive
integers α1, α2, . . . , αr with αr > 2 and positive real numbers x1, x2, . . . , xr no
greater than 1, we let

Hα(x) =
∞∑

nr=0

1

(nr + xr)αr
· · ·

ñ3∑
n2=0

1

(n2 + x2)α2

ñ2∑
n1=0

1

(n1 + x1)α1
, (2.1)

where for 2 6 j 6 r,

ñj =

{
nj , if xj−1 6 xj ,

nj − 1, if xj−1 > xj .

With the same conditions on α1, α2, . . . , αr and x1, x2, . . . , xr, we let

Gα(x) =
∞∑

nr=0

1

(nr + xr)αr
· · ·

ñ3∑
n2=0

1

(n2 + x2)α2

n̂r∑
n1=0

1

(n1 + x1)α1
, (2.2)

where ñj for 2 6 j 6 r is as defined before and

n̂r =

{
nr, if x1 6 xr,

nr − 1, if x1 > xr.

For example, for 0 < x < y < 1, we have

Hp,q(x, x) =
∞∑
k=0

1

(k + x)q

k∑
j=0

1

(j + x)p

and

G1,p,q(1, x, y) =
∞∑
k=0

1

(k + y)q

k∑
j=0

1

(j + x)p

k−1∑
ℓ=0

1

(ℓ+ 1)
.

The identities of following theorem served as basic tools in the evaluation of
quadruple Euler sums of odd weight. They remain useful in the cases considered
here.
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Theorem A ([14]). For each positive integer n and positive real numbers x, y,
z with 0 < x < y < z 6 1, we have

G1,1,1,2n(z, x, y, z)−H1,1,1,2n(z, z − x, z − y, 1)

=
2n−1∑
ℓ=2

(−1)ℓ+1ζ(2n+ 1− ℓ)H1,1,ℓ(x, y, z)

−H1,1,2n(x, y, z) {γ + ψ(z)}
+H1,1,2n(z − x, z − y, 1) {−ψ(x) + ψ(z)}

+H1,2n(z − y, 1)
∞∑
k=0

∞∑
j=0

z − y

(j + x)(k + j + y)(k + j + z)

(2.3)

and

G1,1,1,2n+1(z, x, y, z) +H1,1,1,2n+1(z, z − x, z − y, 1)

=
2n∑
ℓ=2

(−1)ℓζ(2n+ 2− ℓ)H1,1,ℓ(x, y, z)

−H1,1,2n+1(x, y, z) {γ + ψ(z)}
−H1,1,2n+1(z − x, z − y, 1) {−ψ(x) + ψ(z)}

−H1,2n+1(z − y, 1)
∞∑
k=0

∞∑
j=0

z − y

(j + x)(k + j + y)(k + j + z)
.

(2.4)

Here ψ(x) is the digamma function defined by

ψ(x) =
Γ′(x)

Γ(x)
,

where Γ(x) is the gamma function.

We are now ready to prove Theorem 1.

Proof of Theorem 1. Apply the partial differential operator

−1

(2n− 1)!

(
∂

∂x

)2n−1

to both sides of (2.3) and then set x = y = z = 1. We obtain

2[ζ(2n, 1, 1, 2n) + ζ(1, 2n, 1, 2n)]

=
2n−1∑
ℓ=2

(−1)ℓ+1ζ(2n+ 1− ℓ) {S2n,1,ℓ + ζ(ℓ, 1, 2n)}

+ ζ(2n)ζ(1, 1, 2n)− C(2n),

(2.5)

where C(p) is defined in Theorem 1.
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Next, we produce the stuffle formula from the product of ζ(1, 1, 2n) and ζ(2n).
Rewrite the product as ∞∑

k=1

1

k2n

k−1∑
j=1

1

j

j−1∑
ℓ=1

1

ℓ

( ∞∑
q=1

1

q2n

)
.

We wish to insert the dummy variable q into the increasing sequence

ℓ < j < k

to form quadruple or triple Euler sums. So we divide the range of q into intervals
or a single number as

1. When q > k, the corresponding quadruple Euler sum is ζ(1, 1, 2n, 2n).
2. When q = k, the corresponding triple Euler sum is ζ(1, 1, 4n).
3. When j < q < k, the corresponding quadruple Euler sum is ζ(1, 1, 2n, 2n).
4. When q = j, the corresponding triple Euler sum is ζ(1, 2n+ 1, 2n).
5. When ℓ < q < j, the corresponding quadruple Euler sum is ζ(1, 2n, 1, 2n).
6. When q = ℓ, the corresponding triple Euler sum is ζ(2n+ 1, 1, 2n).
7. When q < ℓ, the corresponding quadruple Euler sum is ζ(2n, 1, 1, 2n).

Then, we have

ζ(1, 1, 2n)ζ(2n) = 2ζ(1, 1, 2n, 2n) + ζ(1, 2n, 1, 2n) + ζ(2n, 1, 1, 2n)

+ ζ(2n+ 1, 1, 2n) + ζ(1, 2n+ 1, 2n) + ζ(1, 1, 4n),

which we rewrite as

2ζ(1, 1, 2n, 2n) + ζ(1, 2n, 1, 2n) + ζ(2n, 1, 1, 2n)

= ζ(1, 1, 2n)ζ(2n)− ζ(2n+ 1, 1, 2n)− ζ(1, 2n+ 1, 2n)− ζ(1, 1, 4n).
(2.6)

Finally, we produce the stuffle formula from the product of ζ(1, 2n) with itself.
Write the product as ∞∑

k1=1

1

k2n1

k1−1∑
j1=1

1

j1

 ∞∑
k2=1

1

k2n2

k2−1∑
j2=1

1

j2

 .

According to k2 > k1, k2 = k1, j1 < k2 < k1, k2 = j1 and k2 < j1, we get five
multiple zeta values of the form Gα(x) or the form Hα(x). Decomposing these
multiple zeta values into the usual multiple zeta values, we obtain

ζ(1, 2n)ζ(1, 2n) = 4ζ(1, 1, 2n, 2n) + 2ζ(1, 2n, 1, 2n) + 2ζ(1, 2n+ 1, 2n)

+ 2ζ(2, 2n, 2n) + 2ζ(1, 1, 4n) + ζ(2, 4n),

which we rewrite as

4ζ(1, 1, 2n, 2n) + 2ζ(1, 2n, 1, 2n) = ζ(1, 2n)ζ(1, 2n)− 2ζ(1, 2n+ 1, 2n)

− 2ζ(2, 2n, 2n)− 2ζ(1, 1, 4n)− ζ(2, 4n).
(2.7)
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Solving the system of linear equations (2.5), (2.6), (2.7) with ζ(1, 1, 2n, 2n),
ζ(1, 2n, 1, 2n) and ζ(2n, 1, 1, 2n) as the unknowns, we deduce the assertion of The-
orem 1 for p = 2n. To get the assertion for p = 2n+ 1, we still employ the stuffle
formulae (2.6) and (2.7) with 2n replaced by 2n + 1. Applying the differential
operator

1

(2n)!

(
∂

∂x

)2n

to both sides of (2-2) and then setting x = y = z = 1, we get another linear
equation in ζ(1, 1, 2n+1, 2n+1), ζ(1, 2n+1, 1, 2n+1) and ζ(2n+1, 1, 1, 2n+1).
Our assertion then follows by solving the linear system. �

The general procedure to produce stuffle formulae from products of two mul-
tiple zeta values can be extended as following:

Corollary 1. For positive integers p, q, r and s with p, s > 2, we have

ζ(p)ζ(q, r, s) = ζ(p, q, r, s) + ζ(q, p, r, s) + ζ(q, r, p, s) + ζ(q, r, s, p)

+ ζ(p+ q, r, s) + ζ(q, p+ r, s) + ζ(q, r, p+ s)
(2.8)

and
ζ(q, p)ζ(r, s) = ζ(q, p, r, s) + ζ(r, s, q, p) + ζ(q, r, p, s) + ζ(q, r, s, p)

+ ζ(r, q, p, s) + ζ(r, q, s, p) + ζ(q, p+ r, s) + ζ(r, s+ q, p)

+ ζ(q + r, p, s) + ζ(q + r, s, p) + ζ(r, q, p+ s) + ζ(q, r, p+ s)

+ ζ(q + r, p+ s).

(2.9)

3. Proof of Theorem 2

To prove Theorem 2, we need three independent linear relations among ζ(1, p, p, p),
ζ(p, 1, p, p) and ζ(p, p, 1, p). Two relations come from the stuffle formulae of
ζ(p)ζ(p, 1, p) and ζ(p)ζ(1, p, p) and one relation comes from the differentiation
of (2-2). The resulting system of linear equations is given as follows.

2ζ(p, p, 1, p) + 2ζ(p, 1, p, p) = ζ(p)ζ(p, 1, p)− ζ(2p, 1, p)

− ζ(p, p+ 1, p)− ζ(p, 1, 2p),

ζ(p, 1, p, p) + 3ζ(1, p, p, p) = ζ(p)ζ(1, p, p)− ζ(p+ 1, p, p)

− ζ(1, 2p, p)− ζ(1, p, 2p)

and

2ζ(1, p, p, p) + ζ(p, 1, p, p) + ζ(p, p, 1, p) =

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ) {Sp,p,ℓ + ζ(ℓ, p, p)}

−
p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, p)Sp,ℓ+1

− ζ(p)ζ(1, p, p)− C̃(p),

where C̃(p) is as given in Theorem 2.



72 Minking Eie, Chuan-Sheng Wei

4. Further evaluations and proof of Theorem 3

It is interesting to note that neither relations from stuffle formulae nor rela-
tions from differentiations of (2.3) or (2.4) are enough to determine the value of
ζ(1, 1, p, p), ζ(1, p, 1, p) and ζ(1, p, p, p), ζ(p, 1, p, p), ζ(p, p, 1, p) uniquely. Besides,
the conjecture in the page 13 of [6] is not quite true since we can find more quadru-
ple Euler sums which can be evaluated and which are outside the exceptional cases.
For example, quadruple Euler sums of the form:

ζ(1, 2n, 2m+ 1, 2n), ζ(2m, 2m, 1, 2n+ 1) and ζ(2n+ 1, 1, 2m, 2m).

In addition, for positive integers p and q with p > 2, that ζ(p, q, q, p) can
be reduced has been proven in [7], but without the reduction formulae. In the
following, we proceed to evaluate these quadruple Euler sums.

Proposition 1. For positive integers p, q, r and s with p, s > 2, we have

ζ(p, q, r, s) + ζ(s, r, q, p) = ζ(p)ζ(q, r, s) + ζ(s)ζ(r, q, p)− ζ(q, p)ζ(r, s)

+ ζ(q + r, p+ s) + ζ(q + r, p, s) + ζ(q + r, s, p)

− ζ(p+ q, r, s)− ζ(s+ r, q, p).

(4.1)

In particular,

2ζ(p, q, q, p) = 2ζ(p)ζ(q, q, p)− ζ(q, p)2 + ζ(2q, 2p) + 2ζ(2q, p, p)− 2ζ(p+ q, q, p).

Proof. From Corollary 1, we rewrite (2.8) as

ζ(p, q, r, s) = ζ(p)ζ(q, r, s)− ζ(q, p, r, s)− ζ(q, r, p, s)− ζ(q, r, s, p)

− ζ(p+ q, r, s)− ζ(q, p+ r, s)− ζ(q, r, p+ s)

and we also have

ζ(s, r, q, p) = ζ(s)ζ(r, q, p)− ζ(r, s, q, p)− ζ(r, q, s, p)− ζ(r, q, p, s)

− ζ(s+ r, q, p)− ζ(r, s+ q, p)− ζ(r, q, p+ s).

The sum of ζ(p, q, r, s) and ζ(s, r, q, p) is equal to

ζ(p, q, r, s) + ζ(s, r, q, p) = ζ(p)ζ(q, r, s) + ζ(s)ζ(r, q, p)−A(p, q, r, s)

− ζ(p+ q, r, s)− ζ(q, p+ r, s)− ζ(q, r, p+ s)

− ζ(s+ r, q, p)− ζ(r, s+ q, p)− ζ(r, q, p+ s),

(4.2)

where

A(p, q, r, s) = ζ(q, p, r, s) + ζ(q, r, p, s) + ζ(q, r, s, p)

+ ζ(r, s, q, p) + ζ(r, q, s, p) + ζ(r, q, p, s).
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On the other hand, we can rewrite (2.9) as

A(p, q, r, s) = ζ(q, p)ζ(r, s)− ζ(q, p+ r, s)− ζ(r, s+ q, p)− ζ(q + r, p, s)

− ζ(q + r, s, p)− ζ(r, q, p+ s)− ζ(q, r, p+ s)− ζ(q + r, p+ s).

(4.3)

Our assertion now follows by substituting of (4.3) into (4.2). �

We are now ready to give the proof of Theorem 3.

Proof of Theorem 3. Let p = 2m+ 1 and q = 2n. We apply the partial differ-
ential operator

−1

(q − 1)!(p− 1)!

(
∂

∂x

)q−1(
∂

∂y

)p−1

to both sides of (2.3), and then set x = y = z = 1. we obtain

2ζ(1, q, p, q) + ζ(q, 1, p, q) + ζ(q, p, 1, q)

=

q−1∑
ℓ=2

(−1)ℓ+1ζ(q + 1− ℓ) {Sq,p,ℓ + ζ(ℓ, p, q)}

+

p−1∑
ℓ=1

(−1)ℓζ(p− ℓ, q)Sq,ℓ+1 + ζ(q)ζ(1, p, q)− C(p, q),

(4.4)

where C(p, q) is as given in Theorem 3. Since we have

ζ(q, 1, p, q) + ζ(q, p, 1, q) = ζ(q)ζ(1, p, q) + ζ(q)ζ(p, 1, q)− ζ(1, q)ζ(p, q)

+ ζ(p+ 1, 2q) + 2ζ(p+ 1, q, q)

− ζ(p+ q, 1, q)− ζ(q + 1, p, q)

(4.5)

from Proposition 1, then combining (4.4) and (4.5) yields the value of ζ(1, q, p, q).

Next, let p = 2n+ 1 and q = 2m. We apply the partial differential operator

1

(q − 1)!(q − 1)!

(
∂2

∂x∂y

)q−1

to both sides of (2.4), and then set x = y = z = 1. We obtain

ζ(q, 1, q, p) + 2ζ(1, q, q, p) + ζ(q, q, 1, p)

=

q−1∑
ℓ=1

(−1)ℓζ(q − ℓ, p)Sq,ℓ+1 +

q−1∑
ℓ=1

(−1)ℓ+1ζ(ℓ+ 1)ζ(q − ℓ, q, p)

+

p−1∑
ℓ=2

(−1)ℓζ(p+ 1− ℓ)Sq,q,ℓ − C̃(p, q),
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where C̃(p, q) is as given in Theorem 3. Finally, consider ζ(q)ζ(1, q, p) and rewrite
the stuffle formula as follows

ζ(q, 1, q, p) + 2ζ(1, q, q, p) + ζ(1, q, p, q) = ζ(q)ζ(1, q, p)− ζ(q + 1, q, p)

− ζ(1, 2q, p)− ζ(1, q, p+ q)

Hence, we can reduce ζ(q, 1, q, p)+2ζ(1, q, q, p) from (4-13) since we have the value
of ζ(1, q, p, q) above, then derive ζ(q, q, 1, p) from (4-12), and therefore ζ(p, 1, q, q)
follows by (4.1). �

5. Applications

The reflection formula for r = 2 is given by

ζ(p, q) + ζ(q, p) = ζ(p)ζ(q)− ζ(p+ q),

which follows from the definition of ζ(p, q) by elementary considerations. Markett
[12] obtained the reflection formula for multiple zeta values of depth 3, namely,

ζ(p, q, r)− ζ(r, q, p) = ζ(p)ζ(q, r)− ζ(q, p)ζ(r)− ζ(p+ q, r) + ζ(q + r, p).

Borwein et. al [7] considered the general case. They proved that

ζ(s1, s2, . . . , sk) + (−1)kζ(sk, . . . , s2, s1)

can expressed in terms of multiple zeta values of depth less than k when s1 > 2
and sk > 2. However, no explicit reduction formula was given.

Here, we shall employ stuffle identities of products of two multiple zeta values to
produce an explicit reduction formula for ζ(s1, s2, . . . , sk)+ (−1)kζ(sk, . . . , s2, s1).
As mentioned before, the depth-length shuffle formula or stuffle identity produced
from two multiple zeta values

ζ(s⃗) = ζ(s1, s2, . . . , sm) =
∑

16k1<k2···<km
k−s11 k−s22 · · · k−smm

and
ζ (⃗t) = ζ(t1, t2, . . . , tn) =

∑
16j1<j2···<jn

j−t11 j−t22 · · · j−tnn

is the sum over all possible insertions of j1, j2, . . . , jn into the sequence 1 6 k1 <
k2 < · · · < km which preserve the orders of j1, j2, . . . , jn. On the other hand, this
is equivalent to consider the stuffle product s⃗ ∗ t⃗ of two strings s⃗ and t⃗, which is
defined recursively by [4]

(a, s⃗) ∗ (b, t⃗) = {(a, u⃗) : u⃗ ∈ s⃗ ∗ (b, t⃗)} ∪ {(b, u⃗) : u⃗ ∈ (a, s⃗) ∗ t⃗}
∪ {(a+ b, u⃗) : u⃗ ∈ s⃗ ∗ t⃗}

(5.1)
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with initial conditions s⃗ ∗ () = () ∗ s⃗ = s⃗. The stuffle identity of the product of two
multiple zeta values ζ(s⃗) and ζ (⃗t) is then given by

ζ(s⃗)ζ (⃗t) =
∑
u⃗∈s⃗∗t⃗

ζ(u⃗).

Hence, we have the following result.

Theorem 4. For positive integers s1, s2, . . . , sk with s1, sk > 2, we have

ζ(s1, s2, . . . , sk) + (−1)kζ(sk, . . . , s2, s1)

=
k−1∑
i=1

(−1)i−1ζ(si, . . . , s2, s1)ζ(si+1, si+2, . . . , sk)

+
k−1∑
i=1

(−1)i
∑

w⃗∈u⃗i∗v⃗i

ζ(si + si+1, w⃗),

(5.2)

where u⃗i and v⃗i are given by (si−1, . . . , s2, s1) and (si+2, si+3, . . . , sk), respectively.

Proof. For 1 6 i 6 k − 1, u⃗i and v⃗i are as mentioned above, we consider the
product of two multiple zeta values as following

ζ(si, . . . , s2, s1)ζ(si+1, si+2, . . . , sk),

which is equal to∑
w⃗1∈u⃗i∗v⃗i−1

ζ(si, w⃗1) +
∑

w⃗2∈u⃗i+1∗v⃗i

ζ(si+1, w⃗2) +
∑

w⃗3∈u⃗i∗v⃗i

ζ(si + si+1, w⃗3)

by the stuffle multiplication rule. Note that for i = 1 and i = k − 1, the first
and second summations above become ζ(s1, s2, . . . , sk) and ζ(sk, . . . , s2, s1), re-
spectively. Next, consider the alternating sum for these stuffle formulas, that is,

k−1∑
i=1

(−1)i+1ζ(si, . . . , s2, s1)ζ(si+1, si+2, . . . , sk)

=
k−1∑
i=1

(−1)i+1
∑

w⃗1∈u⃗i∗v⃗i−1

ζ(si, w⃗1) +
k−1∑
i=1

(−1)i+1
∑

w⃗2∈u⃗i+1∗v⃗i

ζ(si+1, w⃗2)

+

k−1∑
i=1

(−1)i+1
∑

w⃗∈u⃗i∗v⃗i

ζ(si + si+1, w⃗).

(5.3)

As desired, the term
k−1∑
i=2

(−1)i+1
∑

w⃗1∈u⃗i∗v⃗i−1

ζ(si, w⃗1)
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is canceled out by
k−2∑
i=1

(−1)i
∑

w⃗2∈u⃗i+1∗v⃗i

ζ(si+1, w⃗2).

It turns out that

k−1∑
i=1

(−1)i+1ζ(si, . . . , s2, s1)ζ(si+1, si+2, . . . , sk)

= ζ(s1, s2, . . . , sk) + (−1)kζ(sk, . . . , s2, s1)

+

k−1∑
i=1

(−1)i+1
∑

w⃗∈u⃗i∗v⃗i

ζ(si + si+1, w⃗).

(5.4)

Therefore, our assertion follows by simple rearrangement. �

Immediately, we can obtain the value of ζ(s1, s2, . . . , sk, sk, . . . , s2, s1) in terms
of lower depth.

Corollary 2. For positive integers s1, s2, . . . , sk with s1 > 2, we have

ζ(s1, s2, . . . , sk, sk, . . . , s2, s1)

=

k−1∑
i=1

(−1)i+1ζ(si, . . . , s1)ζ(si+1, . . . , sk, sk, . . . , s2, s1)

+
(−1)k+1

2

ζ2(sk, . . . , s2, s1)− ∑
w⃗∈u⃗k∗u⃗k

ζ(2sk, w⃗)


+
k−1∑
i=1

(−1)i
∑

w⃗∈u⃗i∗v⃗i

ζ(si + si+1, w⃗),

(5.5)

where u⃗i = (si−1, . . . , s2, s1) and v⃗i = (si+2, si+3, . . . , sk, sk, . . . , s2, s1).

For example, we have

ζ(s1, s2, s3, s3, s2, s1) =ζ(s1)ζ(s2, s3, s3, s2, s1)− ζ(s1 + s2, s3, s3, s2, s1)

− ζ(s2, s1)ζ(s3, s3, s2, s1) +
∑

w⃗∈s1∗(s3,s2,s1)

ζ(s2 + s3, w⃗)

+
1

2

ζ2(s3, s2, s1)− ∑
w⃗∈(s2,s1)∗(s2,s1)

ζ(2s3, w⃗)

 .
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