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MULTIPLE POLYLOGARITHMS AND MULTI-POLY-BERNOULLI
POLYNOMIALS

ABDELMEJID BAYAD, YOSHINORI HAMAHATA

Abstract: In this paper we introduce special generalized Bernoulli polynomials which generalize
poly-Bernoulli polynomials and numbers. We call them multi-poly-Bernoulli polynomials and
numbers. We prove a collection of important and fundamental identities satisfied by our multi-
poly-Bernoulli polynomials and numbers.

Keywords: multiple polylogarithms, zeta function, multi-poly-Bernoulli numbers and polyno-
mials.

1. Introduction and known results

Let us briefly review poly-Bernoulli polynomials. For details, we refer to [2], [7].
For an integer k € Z, put

: o 2"
Lig(z) = Z s
n=1

which is the k-th polylogarithm if £ > 1, and a rational function if ¥ < 0. One
knows that Li;(z) = —log(1 — z). The formal power series Lix(z) can be used to
define poly-Bernoulli polynomials. The polynomials Br(bk)(x) (n=0,1,2,...) are
said to be poly-Bernoulli polynomials if they satisfy

Lik(1—e™) 2 _ N gl L
o=t © :ZBn (x)ﬁ

n=0

For any n > 0, we have
(—1)" B (—x) = Ba(w),
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the classical Bernoulli polynomial defined by
te:ct B B tn
et —1 Zo n(gj)ﬁ
We proved in [3] the following formulae.

Theorem 1.1 (Explicit formula). Fork € Z andn >0

wo-Satp S (er o

Theorem 1.2 (Recurrence formula 1). Fork € Z and n > 2,

B;’“><x>=ni1{85f-l><>+x3<k Z(( )(;)x)B;’:)(x)},

(2)
and
B{(z) =1,
1 —
BY @) = 5 (B V(@) + 2B ().
2
Theorem 1.3 (Recurrence formula 2). For all k >0, n >0,
Bk — m (k 1) B
e =3 (- )()nmzn_m @)
Theorem 1.4 (Appell sequence). For k€ Z, n >0,
d k) 1B® 3
I ni1(2) = (n+1)B" (z). 3)
Theorem 1.5 (Addition formula). Fork € Z, n > 0,
" (n
B) = BE) (z)y"—m. 4
Pt =3 () e 0

For m,n > 0, set

C™ (x,y) = Z( >B(k x)y™k,

Then we have the following result:
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Theorem 1.6 (Symmetric formula).

SIS o™ co oo Mo
E § (—=m) i § § (=n) -
n=0m=0 n=0m=0

ea:t+yu+t+u

T et 4 ev —ettu’
Theorem 1.7 (Duality). For m,n > 0, we have
O™ (w,y) = O (y, ). (7)

Theorem 1.8 (Inversion formula). For m,n >0,

B ™ (z) =Y O (@ y)(—y)m (®)
k=0

Theorem 1.9 (Closed formula). For m,n >0,

C™(x,y) = i(jl)Q <Z<x e (D {(Jl}>

a=0

where {:%} are the Stirling numbers of the second kind.

We now introduce certain zeta functions in terms of the Laplace-Mellin integral.
Let k € Z. Define

_ 1 > le(l — e_t) —xtys—1
Zi(s,x) = F(s)/o o=t ¢ 57 dt.

It is defined for Re(s) > 0 and = > 0 if k > 1, and for Re(s) > 0 and = > |k|+ 1 if
k < 0. In particular, Zx(s, 1) is called the Arakawa-Kaneko zeta function defined
in [1].

The next result was independently proved by Coppo-Candelpergher [4] and the
authors.

Theorem 1.10 (Interpolation formula). The function s — Zy(s,x) is analyt-
ically continued to an entire function on the complex s-plane and for n > 0 and
x>0,

Z(—n,z) = (-1)"B® (~x) (10)

n

1s satisfied. In addition, this zeta function can be rewritten as follows: For k € Z,
we have

> 1 - i(m 1
Zi(s,2) =) CERG _:OH) <J)(x+y) (11)

m=0 i
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We investigated in [5], [6] generalized poly-Bernoulli numbers, which are called
multi-poly-Bernoulli numbers, according to a suggestion mentioned in [1], [8]. In
this paper, we introduce generalized poly-Bernoulli polynomials, which are called
multi-poly-Bernoulli polynomials in our paper. The constant terms of these poly-
nomials are multi-poly-Bernoulli numbers. We prove a collection of formulae which
generalize the above ones. Specializing z = 0, our some results are reduced to the
results about multi-poly-Bernoulli numbers proved in [5], [6].

2. Multi-poly-Bernoulli polynomials and numbers

Firstly, we recall a generalization of Lig(z). For k1, ..., k. € Z, define the multiple
polylogarithm by

ZMr

Lig, .k, (2) = Z ke

mi,...,me€ZL my My
0<m1<~~<mr

The following result will be used in the next section.
Lemma 2.1.

iLi () = LLiky ks b—1(2)  (kp > 1)
gz et (2) =95 NS
1—2 1k17~--1kT—1(Z) ( T )

Next, using multiple polylogarithms, let us introduce a generalization of poly-
Bernoulli polynomials.

Definition 2.2. The multi-poly-Bernoulli polynomials B,(lkl""’k”(as), where n =
0,1,2,..., are defined for each integer ki,..., k. by the generating series

Lik ,,,,, kr(l — 671‘/) z s i tm
el 5 et »
n=0 ’

We call B F) .= B,gkl""’k"')(O) (n=0,1,2,...) multi-poly-Bernoulli num-
bers, which were investigated in [5] and [6]. The multi-poly-Bernoulli numbers
satisfy the following recurrence formulae ([6]).

Theorem 2.3 (Recurrence formula 1).
(1) If k. > 1 and n > 2, then

gk — 1

n—+r

n—1
Blkreke 1) () Z ( n 1) B,(,'fl""’k”] .
m—

=1
(2) If k., =1 and n > 2, then

gk, 1 [B(kh...,k,,.,l)

B (A R |
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Theorem 2.4 (Recurrence formula 2).
(1) If k. > 1, then for any n >0,

n!

B(klp..,kr) = (-1 r—1
" (=1) (n+r—1)!

n n—m

. S ()" = 1)l

gale gl

m=0 | p=0 jit+-+jr—1
=n—m+r—1—p

« (” —m+r— 1) B(kl,..i,k,‘l,kw—l)}
P p

n+r—1 i (—1)l m 1 (1) !
_1ym S S BM .. "
X( ) ( m )Zn—l—i—r l Z 21 ’7 ill ir!
=0 l1+;'l+1r
(2) If k. =1, then for any n >0,

n!

Bt = () e

—Ln=mtr=l=r(n —m 4 r —1—p)!
< Z Z (1) .( : p)

lo.o.g.1
m=0 | p=0 ji+-+jr—1 J1 Jr

=n—m+r—1—p

% (TL —-—m-+r— 1) B(kl,.nykrl)}
p p

-1 1 !
O G e L
m n—m+r i gl gy
'Ll 'L

Remark 2.5. If ky =--- =k, = 1, then the above defining equation becomes

1
il S (..
7! (et — 1) B Z B
which gives the definition of higher order Bernoulli polynomials.

3. Some formulae
In this section, we will prove some fundamental identities which generalize ones
mentioned in the previous sections.

Theorem 3.1 (Explicit formula).

My —1

B%kl""’kr)(ﬂ;‘) _ Z ﬁ Z (_1)]‘ (mrj— 7‘) (m — ])" (13)

O<my < <mp<npr 0L T g
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Proof. Since

Lig, .k (1—e7" Z (1— e tyme—r

m’fl oo m:f"'

0<my<---<m

= Z ™ ! % mfz_r(l)j<mr._r)€jtv

O<my<--<m, 01 "M

we have

Lig, .k (1—€et) ., 1 i VEUTE Ay
(I—e ) et = Z N TE—— Z(—l)i ) e\* I

o<my<---<my m mr j=0 J
my—r n
fmy —1 nt
= ) E % (=1) @ =)
m 1., m k. J n'
0<my<--<mpn=0""1 T =0

L e (e

n=00<m<---<m,<n+r

This proves the theorem. |

Theorem 3.2 (Recurrence formula 1).
(1) If k. > 1 and n > 2, then

BF1kr) (0} — 1 Bk =1) (. JrxB(lcl,...,k»~) z
n n4r n 0

()]

(2) If k., =1 and n > 2, then

BT(Lkhm,kr—l,l)(z) _ % [Bglkl,...,kr,l)(x)
n r

S {i () () ]

m=0
Proof. Put z =1 —e~t.
(1) The identity (12) leads

L n
Lif, ... ()16 = 27 ZB"“ ()i (14)

Differentiation by z, and division by z"~! gives

Likly--wkr_l(z) exLil(z) + Tz . Lik17'”7k7‘(z) 6:JL’Lil(z)
2" 1-=2 2"
> Liy(2)™ z = Liy(2)"1
_ Bl ) Bk
" Z " (z) n! 1—z2 Z " (n—1)
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Using 2/(1 —z) =ef — 1,

o0
(k ,..A,kr—1 (k1,...k
> B —z Z B @)
n=0
oo tn
k1,....k (k1. .kr)
RO PR W T
_ezBlﬁH 7_etZB ..... tn
n+1 TL'
Comparing both sides of the above identity,

Br(Lkl,...,kT—l)(x) - xBflkl,...,k e B(k1 ki) + B(klw.,kr)

+1
= 2 (:) B'r(rlf-l‘r’i"»kr)(x) - x; (:1) Bk (),
From this, we have
Btk =1 (3) (4 ) Bl ()
= S {(mn_ 1) - x(;) } Biookn) () xBékl,,“’kT)(x).
m=1

(2) Differentiating (14) by 2, and then dividing by z"~!, we obtain

S k) (o 1 (2 (k1 Lil(z)”
=ry B T(a:)i ZBnJri U
n=0 !
Using z/(1—z2)=e'—1land 1/(1—2) =e
(ki,okro1) S gl _ S PN
5 S SETET R g
=0 n=0
> t > o Kook, At
—e thBﬁbkl ..... kr)(x)m+e tZTngl ..... kr)(x)a_e tz Bfﬁl1 )(x)

o1
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Comparing both sides of this identity, we get

Br(zkl ko — 1)( )—‘rﬂ?B(kl’ Lk )( ) BT(L]:H’]CT)(:E)

n

n n
n m B(kl"“’ n m B(k17"'7k7‘)
=3 o) 88 +Z (1) Bt
& n—m| 1 JEPTy 28
> (1 (m)Bf,’fil ) (a)

m=0

= g Bk () — B’Elljii )(x)Jr(nJrr)B(kl, k) ()

+ Zl (=1 {(x +7) (:L) + (mﬁ 1) } Bkreke) (z),

This leads our formula.

Theorem 3.3 (Recurrence formula 2).
(1) If k. > 1, then for any n > 0,
n!

B(k1,~~7k7‘) = (=1 r=1_ "
o ) = (1
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Proof. (1) By Lemma 2.1, we get

t —s

. _ e . _

Ligy,.k, (1 —e™") = / T o=s Loy e -1 (1 — €7%)ds.
O - e

Using this, we have

t’n
Z B?glﬂ ..... kr)(m;)—
n!
n=0
emct t e
frnd L - 1 R d
(lfeft)r/o T o Dlkiky1 by 1(1— e ®)ds
o ' ! L _ 17 —Ss
= € — / 675(1_675)7”—1 1k1,...,kr,17kT_i(T e )ds
1—e 0 1=
- (Smowts)
n=0 n
t e} r—1 00
(—s)" (—s)" oty 8"
~ 7 | = A Bk, skr—1,ky 5 ds.
X/O 7; n! 712::1 n! nz:% n —ds

Rewriting the last expression as in the proof of Theorem 7 (1) in [6] leads the
result.
(2) By Lemma 2.1,

t
Likl,m,krfl,l(l - e_t) = / Likly-ugkrfl(]' - e_s)ds'
0

From this identity, we have
oo

ZBr(Zkl,...,kr,l,l)(rx)Ln

n!
n=0

et ot Lig k (1 — 6_8)
— 1—e 8 r—1 1y Kr—1 d
(7o) [um e Bty

T r—1
oo tnfl t o (_s)n 0 g™
— M) (py _ (F1yeoskr_1) S
B (Zan T ) /o ( 2 2 Bt ds.
n=

n=1 n=0

Rewriting this as in the proof of Theorem 7 (2) in [6], we obtain the result. W

Theorem 3.4 (Appell sequence). For anyn > 0,

d
BT @) = (0t DB (@), (15)
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Proof. Differentiation of both sides of (12) by z gives

i B(kl’ Lk )tn _ tlel ,,,,, k (1 — e*t) ot
o n! (1—et)r
> Er,yon For "
=Y nB @)
n=1
which yields the result. |

Theorem 3.5 (Addition formula). For anyn >0,

BRIy = 32 () B (16)
m

m=0

In particular, we have

n
B»Slkh”.,kT)(x) — Z (n)B',gfl ..... kr)xn—m.
m

m=0
Proof.
> t" le k,(l & )
Bk1kr) 1,005k (z+y)t
2 AR T (T
0 gm 2yl
— Z Bk 7kf7‘)(x)> (Z )
| ]
(m() me: =0 !
- m m Yy n'
n=0 \m=0
This proves the theorem. |

4. Special multi-poly-Bernoulli polynomials

In this section we consider multi-poly-Bernoulli polynomials of special type. For
a positive integer r, we define

0,...,0
B[r]™(z) := B VR ().

n

It is easy to see B[l]glk) (x) = B (). Also, we easily verify that B[r]%k) (0) =
B [r]Sf), which is defined by

——
(k) . B7(10, .. .,O,k).

n

Blr]
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One sees in [5] that the generating function of these numbers is written as

o0 (o] n k t+u I
t"u e
(=p)2 2> _(___ =
2.2 Bl nl k!l <et + et — et+“> ' (7

k=0n=0

From this, for n, k > 0, we have

For m,n > 0, set

Then we have

Theorem 4.1 (Symmetric formula).

o0 o0 . N tnm
S O ) - S O, )= —

n=0m=0 n=0m=0

et+u T
_ xttyu
=e 7 T .
et et —etTu

Proof. By definition of B[r]sfk) (x) we have

>3 Ch e iZZB[r]““(x)ylﬁf”—
" "7 nl m! " n! k! 1!

n=0m=0 n=0 k=0 (=0

“ t’n
== ey E E B[TL(I k) (.’II) n' k'
Yyu xt § (—k) 3 uk
=e€ (& B['f']n 7' ﬁ

Using (17), the last identity yields the claim. |

As a corollary, we have the following result:

Theorem 4.2 (Duality). For alln,m >0,

Ol ™ (@) = CIS™ (3, @), (19)
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In particular, for z = y = 0 we obtain (18), the duality property of special multi-
poly-Bernoulli numbers. Furthermore, for r = 1 we have

B’SL—m) — B7(n—n)’
the duality property of poly-Bernoulli numbers.

Theorem 4.3 (Inversion formula). For m,n > 0, we have

BT @) =3 (1)l -, 20

k=0

Proof. Putting j = m — k and using Theorem 4.1 gives

ZZ(Z( )e [r];—“(x,y)(—y)m—k)fm
=33 Y oy T

J'
n=0m=0 j+k=m

. JuZZC 1R (3 )’L'%

n=0m=0
t+u r
— ext ¢
et + ey — et—i—u

One sees that right hand side is the generating series of B[r]%_m) () (n,m>0). W

Theorem 4.4 (Closed formula). For m,n >0, we have

Im)
(—m) _ n:m:
C[T]’I’L m (‘r’y) - Z Z nl‘nr‘mllmr|

n=ni+:n, m=mi+:--m,
ni,...,np 20 ma,...,mp20

min(ni,m1) min(n,,m,)

% Z Z (jll"'jr!)2

j1=0 jr:O
T N x _— n; a;
xz(zww () {ji})
i=1 ai:O
<y
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Proof. We have

X ( ) "o - ettu r
—-m vu  rttyu
33 el = e (o)
e(w+r)t+(y+r)u
S (L= (et = 1)(ev — 1))

T
o0

(e - (e~ 1y

j=0

_ e(a:+'r)t+(y+r)u

Z e (z/r+1)t 1)je(y/r+1)u(eu _ l)j
7=0

Here making use of

i{z}“_(eu—l)’“

n! k ’
n=0

the right hand side of the last expression becomes

O k)

EE S e (6T ()
(Sea o)

This gives the result.

5. Generalized Arakawa-Kaneko zeta functions

Let k1, ko, ..., k. € Z. We consider

1 > Lig, g . k(l - e*t) _ _
Z — 1,k2,...,k, ZL’ttS ldt
k1.k2,..., kr(sa LIZ) F(S) [) (1 _ e—t)r € ’

the Laplace-Mellin integral. When all k; are positive, this function is defined for
Re(s) > 0 and « > 0. We call it the generalized Arakawa-Kaneko zeta function
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Theorem 5.1 (Interpolation formula). The function s — Zy, .. i (s,x) is
analytically continued to the whole complexr s-plane and for n > 0 and xz > 0,

Ziy,or (=1, 2) = (=1)" Bt () (21)

is satisfied. Moreover, Zy, . . (s,x) is written as follows:

.....

Zklv---7k7‘ (37 Z)
my+1—r 1

_ 1 Y m,+1—r
- T e & (Y e

o<m<---<my 7=0
(22)

Proof. We split up Zy, . k. (s,z) as the sum of two integrals:

1 ['Li 1—e?
Ziy ooy (8,7) 7= / by, — € )e_xtts_ldt
0

---- T(s) (L—e -ty
1 o Likl,...,kT(l _ e_t) —xtys—1
+ ) /1 (1= ey e TP dt.

The second integral converges absolutely for any s € C and = > 0 and cancels at
negative integers because 1/T'(s) so does. If Re(s) > 0, then the first integral is
expressed as

1 i": Bk gy
I'(s) &= n! n—+s

From this, for a nonnegative integer n,

1 Bk
Ziey... e (—n, ) = < lim > ' (=)
n!

A T(s) 0+ 5)
= (~1)" Bk (<),
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As for the latter part, we calculate

]. oo . . (1 _ e*t)m,.fr

T
0<my <---<my my my

1 1 e
- - 1 _ —t mrfrtsfl 7ztdt
T(s) Z 3 k /0 (1—e™) ¢

... ~
0<my < <my my mr

1 1
:ﬂ Z T

0<my < - <my My~ oMy

© My T — . .
></ Z (mr. r)(—l)]e_” 5 le Tt gt
0

=0~ 7

1
k ko
F(S) 0<my <---<my mll L

~ \ (—1)7 (mrl—r> /°° =1 =@+t gy
J 0

J=0

D e D DR (m,j— T)(Hly)

0<m<---<m,. my

1
= Z (my + Dk (my + 1)

0<my <~ <my.

i=0 J

Remark 5.2. In the case x = r, we have

_ 1 [ Lk (l—e) oy
Zkl’,_,’kT(S,T') = F(S) /) (et — 1)r t dt

= <7I,(k17 BRI kT;S)v

which are investigated in [9]. The above theorem is an extension of a result in [9].

Theorem 5.3 (Difference formula). We have

iy (8,0 + 1) = Zy g, (5,7)

_ 1 s fme—r+2y 1
S I e ey e D P =

0Smy < <myp
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Proof.
LHS. = 7F<18) / - Lik(ll,..;kilt):_elt)emts1 ”
— e~ tymr—r+1
_ % §<m/ (I1—e I
g, S L mlj; >(m)d

0<my < o <1 (my + 1)k ~--(mr + 1)k

my—r+2
« Z (_1)j+1 my —1r+2 L /oo e(w+j)tts—1dt
= J I'(s) Jo ’
which yields the result.

Theorem 5.4 (Raabe type formulae).
(1) If s # 1, then

1
1 1
z dw =
/<)’“"“”“<S’$+w)w P D DI ey T (e

o<mi<---<my
me—r+2
Imy—1+2 1
X (].)j( . )'»'
];0 j (x+j)*!

(2) We have

1

1 1
B(kl,...,kT) _ d —
/o" s NP DU e\ e e

0my <-+-<m
my—r—+2

j T 2 .
y Z (_1)] (m .T-‘v- )($+])7l+1'
=0 J
Proof. (1)
o T : _ 1
LHS. = — / Lk, (1= € )e*“ﬁ*l/ eVt dwdt
['(s) Jo (I—e7t)r 0
1 > Likl k~(1 - e_t) —xty5—2 -
= AL 721 —e Hdt
M), e e
I'(s—1
= (F(S))(Zkl’”’k (5—1 x) Zk17___7kr(8—1,$+1)).

Applying the last theorem to this expression, we get the result.
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(2) By B kr)(ac) = (=1)"Z,,... k,(—n, —z), the left hand side becomes

1
(*Dn/ .ok (7, =2 + w)dw.
0
From the above result (1), we complete the proof. [
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