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RANKIN-COHEN BRACKETS ON HILBERT MODULAR FORMS
AND SPECIAL VALUES OF CERTAIN DIRICHLET SERIES

MonNI KUMARI, BRUNDABAN SAHU

Abstract: Given a fixed Hilbert modular form, we consider a family of linear maps between
the spaces of Hilbert cusp forms by using the Rankin-Cohen brackets and then we compute the
adjoint maps of these linear maps with respect to the Petersson scalar product. The Fourier
coefficients of the Hilbert cusp forms constructed using this method involve special values of
certain Dirichlet series of Rankin-Selberg type associated to Hilbert cusp forms.
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1. Introduction

W. Kohnen [13] constructed certain linear maps between spaces of modular forms
with the property that the Fourier coeflicients of image of a modular form involve
special values of certain Dirichlet series attached to these forms using the exis-
tence of adjoint linear maps and properties of Poincaré series. In fact, Kohnen
constructed the adjoint map with respect to the usual Petersson scalar product of
the product map by a fixed cusp form. This result has been generalized by several
authors to other automorphic forms (see the list [14, 16, 4, 19]). In particular,
M.H. Lee [15], X. Wang and D. Pei [20] and Wang [21] have analogous results for
Hilbert modular forms.

There are many interesting connections between differential operators and
modular forms and many interesting results have been found. In [17, 18],
R.A. Rankin gave a general description of the differential operators which send
modular forms to modular forms. In [6], H. Cohen constructed bilinear opera-
tors and obtained elliptic modular forms with interesting Fourier coefficients. In
[22, 23], D. Zagier studied the algebraic properties of these bilinear operators and
called them Rankin—-Cohen brackets.

Recently the work of Kohnen in [13] has been generalized by S.D. Herrero
in [12], where the author constructed the adjoint map using the Rankin-Cohen
brackets by a fixed cusp form instead of product map. Rankin—Cohen brackets
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for Jacobi forms were studied by Y. Choie [1, 2] by using the heat operator. The
Rankin-Cohen type differential operators for Siegel modular forms of genus two
were studied by Choie and W. Eholzer [3] explicitly and the existence of such
operators for general genus were established by W. Eholzer and T. Ibukiyama [7].
A K. Jha and second author generalized the work of Herrero to the case of Jacobi
forms in [9, 11] and to Siegel modular forms of degree two in [10]. We generalize
the work of Herrero to the case of Hilbert modular forms in this article. As an
application one can give a different proof of a result of Y. Choie, H. Kim and
O.K. Richter ([5], Theorem 3) using our method.

2. Preliminaries

Let K be a totally real number field over Q with degree n and Ok be the ring of
its algebraic integers. Let

FK:SLQ(OK)I:{<Z Z)|a,b,c,d€(9K,ad—bc:1}.
Let H be th ¢ half plane. For v — ([ @ b ) ... (9 b)) ¢
€ € € uppe all plane. or v = e dl , , o dn

SLy(R)" and z = (21, -+ ,2,) € H" define the action,
a1z1 + b1 G 2n + b,
yoz=|—v-—7, -, ——m | .
c1z1 + d1 CnZn + dn

Let 01,09, ..., 0, be all the embedding of K into R, then I'x can be embedded into
SLs(R)™ by

(0) = (o oy (o mo),

We write a; = 0;(«) for a € K and 1 < ¢ < n. The trace and norm of o € K are de-
fined by tr(a) = Y. ; o; and N(a) =[]}, ;. The trace and norm of an element
a € C™ are given by the sum and by the product of its components, respectively.
More generally, if ¢ = (¢1, -+ ,¢n),d = (dy, -+ ,dn), k = (k1, -+ ,kn) and m =
(my,ma, -+ ,my,) € C", then the trace and norm are defined by

n
tr(mz) := Z MiZ;
i=1

and .
(cz+d)k = H(cizl + d;)ki.
i=1
Let k= (k1 kn) €Ng Fory= (@ 20 ) (@ ")) esmym)n
1, 5 vp, 0" e dl 5 3 Cn dn 2

and a function f: H" — C define the slash operator

(fle7) (2) =35(7,2) " f(yoz),  where j(y,2) = (cz +d).
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A Hilbert modular form of weight k£ € Njj for the group I'k is a holomorphic
function f : H™ — C such that f | v = f, for all v € T'k. In addition, f is called
a cusp form if f vanishes at all cusps of I'. Let My (') denotes the space of
Hilbert modular forms of weight £ € Nf} for the group I'x and Sk(I'x) be the
subspace of cusp forms. These are finite dimensional complex vector spaces and
Sk(Tk) is a Hilbert space with respect to the Petersson inner product

o= [ TG m

where z =z 4+ iy, dv = dzxy---dzx, and dy = dyy - - - dyp.

For a € Ok, by a = 0 we mean either « = 0 or « is totally positive (all the
conjugates of « are positive) and by « > 0 we mean « is totally positive. By
Koecher principle, f € My (I'k) has a Fourier expansion at the cusp oo of the form

2mitr(mz
E am€ (m) )

meOy,
m>=0

where O}, = {,u e K | tr(uX) € Z for all A € OK} For an integer x € Ny, we
denote é( ) €Ng. For v = (11, ,v,) € Ny and 2z = (21, ,2) €
C"™, we denote

n n
lv| = E v, vl = Hyi! and 2V = Hzfl
i=1 i=1

One has the following growth condition on the Fourier coefficients of a Hilbert
modular form.

Proposition 2.1 (Hecke). Let f(z) = 3. apne? ™ (m2) ¢ M (T'x), then

meOy,
m>=0
N
am < mP= 1 (2)
If f is a cusp form, then
k
A K M2, (3)

For a proof, we refer to [8].

2.1. Eisenstein series

Letfoo:{<(1) 1 )|te(9K} andlet?:(k,---,kj)eNg. Define

En(z) =Y (pN(), (4)
YET o\

the Hilbert Elsenstem series. It is well known that (see [8]) Ff is a Hilbert modular
form of weight k on ' for k > 2.
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2.2. Poincaré series
For p € Ok, > 0and k = (k1,--+ , k) € Ny, define
Pru(z) = Y (2™2)]y)(2). (5)
"/EFOC\FK

It is well known that Py, € Si(I'x) if p >0 and k; > 2 for all 1 < j < n.
One has the following characterization:

Theorem 2.2 ([8]). If f(2) = 3 ane®™(m2) ¢ S (T'k), then

%
k- 7))
(f, Prp) = vOl(OK/R")(Lw):)? Qpr- (6)

For more details on the theory of Hilbert modular forms, we refer to [8].

2.3. Rankin-Cohen brackets

For t = (1, ty) € Ng, let f© = 8 f(). Let f; : H" — C be
holomorphic for i = 1,2 and k = (k1, -+ ,kn),l = (l1,---,ln) € Nj. For all
v=(vy, - ,v,) € N§, define the v-th Rankin-Cohen bracket by

o= Y (—1)'t'<k+V_T)(HV_?)fft)(z)fz(”t)(Z)- 7)

v—t t
teNgy
0<t;i <y

Theorem 2.3 ([5]). For all M € SLy(R)™,

[fileM, foliM]y = [f1, follk+i+20 M. (8)

In particular, if f1 € Mi(Tk) and fo € M;(Tk) then

[f1, folu € Myyi42.(Tk),

and if v # 0, then
[f1, folv € Skti12,(Tk)-

Remark 2.1. For each v € Nj, [, ], is a bilinear operator on the space of Hilbert
modular forms.

Remark 2.2. Let s = (s1,-+-,8,) € C™. The series
1

ms
meO
m>0

converges absolutely if Re(s;) > n for some i, 1 <i < n.
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Remark 2.3. Let s = (s1,:-+,8,) € C". Then the series

1
2 v

m,ne0
n>0,m>0

converges absolutely if Re(s;) > 2n for some i, 1 < i < n.

3. Statement of the theorem

For a fixed g € M;(T'x) and v € Ng, consider the linear map,

Ty Se(Tx) — Skq142.(Tk)
defined by
fr—1f. gl )

Since S (T'k) is a finite dimensional Hilbert space, there exists the adjoint map
T, : Skyiv2r(Tx) — Sk(Tk) (10)
satisfying
(T;, f,h) = (f,Tyuh), ¥ f€Sks2s(Tx) and h € Sp(Tx).

We compute the Fourier coefficients of T, (f) explicitly which involve certain
Dirichlet series associated to the Fourier coefficients of f and g.

Theorem 3.1. Suppose k,l,v € N} with k; > 4n + 2 for some i. Let g € M;(T' k)

with Fourier expansion
g(z) _ Z bme%ritr(mz).

meOy,

m>=0
Suppose that either (a) g is a cusp form or (b) g is not cusp form and k; — 1; >
dn for some i. Then the image of any cusp form f(z) € Skyito, with Fourier

expansion
f(z) = Z amesztr(mz)’

meOy,
m>0

under Ty, is given by

Ty (N)(z) = ) cue™irs),

HEOK
n>0

where

%
o o Llrlv2=T) 5 Gmiubm et ()
D UmERTR- 1) GG (me ke T

m>0
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and

k+v T} l+v ?

klv _ 1\t - - t, v—t

Epm = E (-1) < bt )( y >/Lm . (12)
teENy

0<t; <y,

Remark 3.1. Using the estimates in Proposition 2.1, we observe that the series
in (11) converges absolutely.

Remark 3.2. The above result generalises the work of Wang and Pei [20] and
Wang [21] where the authors computed the adjoint map for v = 0.

We need the following Lemma.

Lemma 3.2. Let f and g be Hilbert modular forms with Fourier coefficients a,
and b,, respectively as in Theorem 3.1. Then the series

D (13

(n+m + p)kH+v—T

n,me0
n>0,m>=0

CONVETGES.

k+142v
2

Proof. Using Proposition 2.1, we have a, < n and by, < m? (if g is a

Hilbert cusp form). Hence the series (13) satisfies

1

< -
(n +m + p)k/2=1

n,me0
n>0,m>=0

which converges absolutely using Remark 2.3 as k; > 4n + 2 for some i. If g is not
a cusp form, then b,, < m'~! and the series (13) satisfies

1
> :
/2—1/27
n,me0 (Tl TmAt 'u)
n>0,m>0

which converges absolutely using Remark 2.3 as k; — [; > 4n for some 1. |

Proposition 3.3. Let f and g be Hilbert modular forms as in Theorem 3.1 and
u(>0) € OF. Then the series

. L1 dxdy
/r \H |f(2)[e2mitr(a) |y, gl (2) 12 |? (14)
vEl o\ ¥+ K "

CONVETgES.
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a b

Proof. For any v = (c d) € Tk, changing the variable z to y~!

o z for each

integral, the sum (14) equals to

k+1+2v
_ - _ Y dxdy
|F(y o 2)[e2mr (12 |y, gl (v 0 2)| =
/y(FK\IHI”) |j(y71, 2)[2RHF2) 2

YEN o \I'K

By (8), the sum is equal to

dxdy

/ ()BT g, ()2
(I x \H™) Y

'YGFOC\FK

Now using the Rankin-Selberg unfolding argument, the above sum is equal to

- , dxdy
/ [f(2)[e2mitr (=), g, () |y 2 ==
Too \H™ Y

Replacing f(z) and g(z) with their Fourier expansions and using the definition of
Rankin-Cohen brackets, the last integral is majorized by

— X _ dxd
E av,u(t)/ E : |anbmm” teZWztr(nz)eQWltr((m+#)z)‘yk+l+2u 2y'
fenn oo \H" . Y
0 n,me0
0<t; <v; n>>0
m>0
where

k+1/?>(l+u?

) =11 t

) ein'

v—t

The above sum is a finite sum and now it suffices to show that the integral

— ) _— dxd
It _ / E |anbmmu7t62ﬂ'ztr(nz)eQWZtr((m+M)Z) |yk+l+2y 2y
Foo \H" n,me0 Yy
n>>0
m>=0

is finite for each ¢. We choose R™\ O}, x (0,00)" as a fundamental domain for the
action of ', on H™ and integrating over it, we have

< Z |anbmm”\
e (’fl +m+ M)kz—&-l-‘,—Zu—_l>
n>7>0,m>_{(0

Using Lemma 3.2, the above series converges. |
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Now we give a proof of the Theorem 3.1.

Proof. Let Ty ,(f)(z) = Y cue®™r(#2). Using Theorem 2.2 we have
neOK
>0

vol (O JR™) (dmp) T—*(k — D) ¢,
Tyl s Pr)

= <f T ,V(Pk,u»

= <f a[Pk,w g]u>

— dxzd
- / F o gl @yt
Tk \H" Y

- dxd
:/ Y fE)Em g, gl(z) gt S
[ \H

" YEL o \I'k Yy

By Proposition 3.3, the above expression is absolutely convergent, hence one can

interchange the summation and the integration. The change of variable z to v~ !oz

for each integral gives
vol(Orc /R™) (4mp) T~ (k — D)l

o dxd
- / [0, gl (=) Y (15)
’Y(FK\H" Yy

Using the Rankin-Selberg unfolding argument, the right hand side of (15) is equal
to

S L dzdy
/ o SN, gl (2) 122 (16)

Using the definition of Rankin-Cohen bracket (7), the above integral is equal to

5 (_1)“(“”:?) (z+ut— ?)

teNg
0ty

% / F(z)e2mitr(uz)® glv=1) () ykti+2v dx;ly'
oo \H™ Yy

Substituting f(z) and g(z) by their Fourier expansions and observing the repeated
action of differential operators,

eQﬂitr(,u,z)(t) — (27T,L-u)t627ritr(,uz)
g(uft) (Z) — Z (27_(_7:,,,’1)1/7tbme2’n’ii&r(mz)7
meOy

m>0
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the integral (16) equals

5 () (T s

teNG
0t <y;
T (o v—t 2imtr(nz) 2wt k+l+2udxdy
x Anbm (2imm)” e e2mitr((m+p)z)y —
R\ O% % (0,00)™ nmeQi Yy
n>0
m>0

Writing z = x + 4y and choosing R™ \ O}, x (0,00)™ as a fundamental domain for
Foo \ H™ (see [8]) the above expression equals

— -
v—t t R\ 0% x (0,00)"

teNy
0<t; v
« Z ana(?iﬂ_m)V—te2i7rtr((n—(m+u))3:)e—27rtr((n+(m+,u))y)yk+l+2v dx;ly
n,me0 y
n>>0
m>0
Integrating over z first, we have ([8])
[ e tmiigs — ol 05 (17)
R™\O%

if n = m + p and zero, otherwise. Using (17) in the previous integral, the integral
(16) equals

— R\ 0) 3 (~1)l <’“ tre ?> <l tre ?> (2rip)!

y v—1t t
teNy
0t <y,
_ d
8 / Z a(m_,_ﬂ)bm(27m‘m)l’*te*47rtr((m+u)y) yk+l+2V%.
(0,00)™ meOy y
m>0
Integrating over y, we have
_>
/ 6747rtr((m+y,)y) yk:+l+21/@ — F(k + l +2v—1 ) 1 (18)
(0,00)" Y2 (47T)k+z+2u—? (m + u)k+z+2u—?’

where T(k +1 +2v — 1) = [T\ (k: + ; + 2v; — 1). Finally, substituting (18) in
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the previous integral, the integral (16) is equal to

S (- (k tr- ?) (l Tre ?> (2ip) vol (O /R™)

teNg vt t
0<ti<y;
Tt l+2v - T) 5 b (Zi) Y~
= = .
(4m)ktitov=T  £o. (g4 ki1
m>0
Hence,
, - _
o0 — (2md) 1T (k + 1 + w— 1) 47 Gmipbm kv ()
pm s
(4m)+2D(k — 1) e C R L
m>0
where ef>L¥ is given by (12). This completes the proof. |

As an application one can give a different proof of Theorem 3, [5]. Choie, Kim
and Richter [5] computed the Petersson scalar product (f,[Ek,g],) in terms of
special values of a certain Rankin-Selberg convolution of Hilbert modular forms
f, g which generalises the work of Zagier for the case of modular forms [22].

Theorem 3.4 ([5]). Let k > 2 be a natural number and l,v € N with k—1; > 2n
for some i,1 < i < n. Suppose that f € Skriy2,(Cx) with Fourier expansion

f(Z) — Z am€27ritr(mz)7

meOy,

m>3>0

and g € M;(T k) with Fourier expansion
g(z) _ Z bnGQWitT(mZ).

meO

m>0

Then

<f7 [Ekiag}l/>

?—i—l—l—Qu—?)!(?—&-y—l)! anbn
F—T 2

_ R™) (2 |V\( _—.
vol( Orc /R™)(2i) (47T)|?+l+21/7—1>|( _ nkHAv—T

neOy
n>0

Following the method of Zagier [22], the authors [5] expressed [Ey, g],, as a lin-
ear combination of Hilbert-Poincaré series and then used the characterization prop-
erty of Hilbert Poincaré series given in Theorem 2.2 to compute the inner product.
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Following the method of proof of Theorem 3.1, one can give a different proof of
Theorem 3.4 by evaluating the integral

—_— dxd
/ F(2)[Er, gloyt it 222y
I \H" Y

using the Rankin-Selberg unfolding argument.
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