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BOUNDEDNESS FOR MULTILINEAR MARCINKIEWICZ 
OPERATORS ON TRIEBEL-LIZORKIN SPACES 
LANZHE LIU 

Abstract: In this paper we establish the boundedness in the context of Triebel-Lizorkin spaces 
for multilinear Marcinkiewicz operators. 
Keywords: Marcinkiewicz integral operator; Multilinear Operators; Triebel-Lizorkin space; Lip
schitz space. 

1. Introduction and results 

Throughout this paper, M(f) will denote the Hardy-Littlewood maximal function 
of f, Q will denote a cube in Rn with side parallel to the axes, and for a cube 
Q, let JQ = IQl-1 JQJ(x)dx and J#(x) = sup IQI 1 JQ lf(y)-- !Qldy. For /3 > 0 

xEQ 

and p > I, let Pff,00 be the homogeneous Triebel-Lizorkin space. The Lipschitz 
space A13 is the space of functions f such that 

llfllA11 = sup jLl~J+i f(x)j /lhl 13 < oo, 
x,hER" 

h:/,,0 

where Lli denotes the k-th difference operator (see [131). 
Fix ,\ > 1, 8 > 0 and 0 < 'Y :S;; 1. Suppose that sn- I is the unit sphere of 

Rn(n ;?3 2) equipped with normalized Lebesgue measure da = da(x'). Let n be 
homogeneous of degree zero and satisfy the following two conditions: 

(i) O(x) is continuous on sn-l and satisfies the Lip"! condition on sn-I 

(0 < 'Y :S;; 1), i.e. 

IO(x')- O(y')I :S;; Mix' -yTY, x1,y1 E sn-l; 

(ii) fs,.-1 O(x1)dx1 = 0. 
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We denote r( x) = { (y, t) E R~+ 1 
: Ix - YI < t} and the characteristic 

function of r(x) by Xr(x) · Let m be a positive integer and A be a function on 
Rn. The multilinear Marcinkiewicz integral operator is defined by 

where 

and 

Set 

F/(f)(x, y) = { {l(y - z) Rm+1 (A; x, z) J(z)dz 
l1v-zi(t IY zjn-o-l Ix - zlm 

Rm+1 (A; x, y) = A(x) - I: -;Det A(y)(x - y)°. 
(l'. 

lal~m 

1 n(y- z) 
Ft(f)(y) = I in-o-l f(z)dz. 

jy-zj~t Y - Z 

We also define that 

t nA 
2 

dydt 

( )

l~ 

µA(f)(x) = f h:+i ( t + jx _ yj) IFt(f)(y)I tn+3 , 

which is the Marcinkiewicz integral operator (see [151). 

Let H be the Hilbert space H { h: II h II = (I JR~+ ii h( t) 12 dydt /tn+3 r /~ 00} · 
Then for each fixed x E Rn, F/(J)(x, y) may be viewed as a mapping from 
(0, +oo) to H, and it is clear that 

( 
t )nA/2 

µf (J)(x) = t + Ix - YI F/(J)(x, y) ' 

( 
t ) nA/2 

µA(J)(x) t + Ix - YI Ft(J)(y) · 

Note that when m O, µf is just the commutator of Marcinkiewicz integral ope
rator(see [151). It is well known that multilinear operators are of great interest in 
harmonic analysis and have been widely studied by many authors (see[2-5l[8l[l2]). 
In [10][13], Janson and Paluszynski obtain the boundedness of commutators ge
nerated by the Calder6n-Zygmund operator or fractional integral operator and 
Lipschitz functions on Triebel-Lizorkin spaces. The main purpose of this paper is 
to discuss the boundedness properties of the multilinear Marcinkiewicz operators 
in the context of Triebel-Lizorkin spaces. We shall prove the following theorems 
in Section 3. 
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Theorem 1. Let O ~ 6 < n, 0 < f3 < 1/2, 1 < p < n/6, 1/p-1/q = 6/n and 
D0 A E A/3 for lal = m. Then µf maps £P(Rn) continuously into Ff'00 (Rn). 

Theorem 2. Let O ~ 6 < n, 0 < f3 < 1/2, 1 < p < n/(6+/3), 1/p-1/q = 
(6 + /3)/n and D0 A E A/3 for !al m. Then µf maps LP(Rn) continuously into 
Lq(Rn). 

Theorem 3. Let O ~ 6 < n, 0 < /3 < 1/2, 6+(3 < n and D0 A E A/3 for lal = m. 
Then for any TJ > 0, 

J{x E Rn: µf(f)(x) > TJ}I ~ C( L IID0 AIIAi;ll/llu/TJt/(n-o-f3)_ 
lal=m 

2. Some Lemmas 

We begin with some preliminary lemmas. 

Lemma 1. (see [13, Lemma 1.51) Let O < /3 < 1, 1 < p < oo, then 

ll/llt:,00 ~ 11~~g IQll~/3/n k 1/(x) - /Qldxl ILP 

~ 11~i8 i~f IQl 1~/J/n k l/(x) - cjdxl\Lv · 

Lemma 2 .. (see [13, Lemma 1.5]) Let O < f3 < 1, 1 ~ p ~ oo, then 

\\J\\Ai; ~ s~p jQjl~/3/n JQ \J(x)-JQ\dx ~ s~p JQ~/n ( l~I l \f(x) fq\Pdx) 1/p. 

Lemma 3. (see [l, Lemma 2J) Let 1 ~ r < oo, 6 > 0 and 

( 
l { ) 1/r 

Mo,r(J)(x) = :~g jQJl-or/n JQ 1/(y)rdy 

Supposer< p < n/6 and 1/q 1/p- 6/n. Then 11.Mo,r(f)IILq ~ CII/IILv • 

Lemma 4. (see [7, p.14]) Let Qi C Q2. Then 

l/01 /Q2I ~ CII/IIAi;IQ2liJ/n_ 
Lemma 5 .. ( see [5, Lemma]) Let A be a function on Rn such that D 0 A E L q (Rn) 
for Jal = m and some q > n. Then 

!Rm(A; x, y)I ~ Clx - Yim L ( j ~ ( l )I r_ jD0 A(z)i4dz) l/q, 
lo.l=m Q X, Y Jt;;(x,y) 

where Q(x, y) is the cube centered at x and with side length 5y'njx - YI. 
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Lemma 6. (see [2, Theorem 2.3]) Let TA be the multilinear operator denned by 

If O < (3 < 1, 0 ~ 8 < n, 1 < p < n/(/3+8), 1/q = 1/p-((3+8)/n and D0 A E Af3 
for lal m. Then TA is bounded from £P(Rn) to Lq(Rn), that is 

Lemma 7. Let O < f3 < 1, 0 ~ 8 < n, 1 <p < n/((3+8), 1/q = 1/p-((3+8)/n 
and D 0 A E Af3 for lal = m. Then µf maps LP(Rn) continuously into Lq(Rn), 
that is 

llµf (f)ll£q ~ C L IID0 AIIAµIIJIILP• 
lal=m 

Proof. Note that Ix - zj ~ 2t, IY - zl ~ Ix - zj - t ~ Ix zj 3t and Ix zi ~ 
t(l + 2k+l) ~ 2k+2t, jy zl ~ Ix zl - 2k+3t when Ix - YI ~ t, IY - zl ~ t, 
Ix - YI ~ 2k+ 1t and jy - zl ~ t. By the Minkowski inequality, we get 

µf (f)(x) 
I 

~1[11 ( t )n>.(IO(y z)IIRm+1(A;x,z)llf(z)l)\r z (y,t/yd_tl 'idz 
t + Ix - YI IY zJn-o-l Ix - zlm { ) tn+3 

Rn R~+I 

l 

-::::.cf !Rm+i(A;x, z)llf(z)I [100 J ( t )n>. Xr(z)(Y, t) dydtl 

2

dz 
"' Ix - zlm t + Ix - YI (Ix - zl - 3t)2n-2o-2 tn+3 

Rn O lx-yj~t 

+cf IRm+1(A;x,z)llf(z)I 
Ix- zlm 

Rn 

[ l 
½ 

oo oo t n>. Xr{z) (y, t)t-n-3dydt d 
x J L J ( t + Ix - YI) (Ix - zl - 2k+3t)2n-2o-2 z 

0 k=02kt<lx-yl"2k+ 1 t 
1 

-::::.cJIRm+1(A;x,z)llf(z)I [ /
00 

dt ]

2

dz 
"' Ix zlm+l/2 (Ix zl 3t)2n-2o 

Rn lx-zl/2 
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J. ( cf IRm+1(A;x,z)IIJ(z)ldz + cf IRm+1(A;x,z)IIJ(z)ldz [~2kn(l-A)l 2 

Ix zlm+n-6 Ix zjm+n-6 L., 
Rn Rn k=D 

=Cf IRm+1(A; X, z)I IJ(z)ldz, 
Ix zlm+n-6 

R,. 

thus, the lemma follows from Lemma 6. 

3. Proofs of theorems 

Proof of Theorem 1. Fix a cube Q = Q(x0 , l) and i: E Q. Let Q = 5.jnQ 
and A(x) = A(x) - I: ~!(DaA)Qx0

, then Rm(A;x,y) Rm(A;x,y) and 
lol=m 

va A= va A - (Da A)Q for lal m. We write, for ft = fXQ and h = fXRn\Q' 

F/(J)(x,y) 

= f f!(y-z) Rm+1(A;x,z)h(z)dz+ f f!(y-z) Rm(A;x,z)fi(z)dz 
IY zln-6-1 Ix zlm IY - zJn-6-1 Ix - zJm 

ly-zl~t 
z)O -

--,'---Da A(z)J1 (z)dz, zm 

then 

lµf(J)(x) - µ1(h)(xo)I 

( 
t )nA/2 A ( t )nA/2 

= II t + Ix YI Ft (J)(x, y)II - II t + lxo YI F;4(h)(xo, Y)II 

( 
t )nA/2 (R (A· ·) ) 

( t+lx-yj Ft ;_'.~~ !1 (y) 

1 ( t )nA/2 ((x- ,)a _ ) 
+La! t+lx YI Ft 1x-•lmDaAJ1 (y) 

lal=m 

( 
t ) nA/2 _ ( t ) nA/2 _ 

+ t + Ix - YI F/(h)(x, y) - t + lxo - YI F/(h)(xo, y) 

= I(x) + JI(x) + I II(x), 
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thus 

IQII~JJ/n J lµf (J)(x) - µt(h)(xo)I dx 
Q 

~ IQl1~/3/n J l(x)dx + IQII:/3/n J II(x)dx + IQll~/3/n J III(x)dx 
Q Q Q 

:=I+ II+ III. 

Now, let us estimate I, I I and / / /, respectively. First, for x E Q and z E Q, 
using Lemma 2 and Lemma 5, we get 

IRm(A; X, z)I ~ Clx - zlm L SUJ? IDa A(x) - (Da A)ql 
lal=m xEQ 

~ Clx - zlmlQl 131n L IIDa AIIA11 , 
lal=m 

thus, taking r,s such that 1 ~ r <p and 1/s = 1/r o/n, by (U,L8
) bounded

ness ofµ>, (see Lemma 7) and the Holder inequality, we obtain 

I~ C L IIDaAjl,".11 l~I J ltt>.(f1)(x)jdx 
lal=m Q 

~ C L IIDa AIIA11llµ>.(J1)1lL• IQl-l/s 
lal=m 

lal=m 

~ C L IIDa AIIA11 (,a11~ro/n J lf(yWdy) l/r 
lal=m Q 

~ C L l!Da AIIA11 Mo,r(J)(i:). 
lal=m 

Secondly, using the following inequality(see [13]) 

ll(Da A - (Da A)q)!xql!Lr ~ CIQl 118+/3/nlIDa AIIA1;Mo,r(f), 

we gain similarly to the proof of I, that 

II~ jQj~/3/n L jjµ>.((D0 A (Da A)q)Ji)IIL•IQl
1
-l/s 

lal=m 

~ C!Qj-/3/n-l/r L jj(D0 A (D 0 A)q)Jil!Lr 
lal=m 

~ C L IIDa AIIA11 Mo,r(J)(i:). 
lal=m 
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For I II, we write 

( 
t )n>./2 A ( t )n>./2 _ 

t + Ix - YI Ft (h)(x, y) - t + lxo - YI ptA(h)(xo, y) 

_ ; ( t ) n>./
2 

[ 1 1 J O(y z)Rm(A; x, z)h(z) d 
- t + /x - y/ /x - z/m - /xo - z/m /y - z/n-0-1 z 

/y-z/~t 

/ ( 
t ) n>./

2 
O(y - z)h(z) -. -. + --- I e, 11 I [Rm(A,x,z)- Rm(A,xo,z)]dz 

t + Ix YI IY z n- - Xo - z m 
jy-zj:;-;t 

/ [( 
t )n>./

2 
( t )n>./

2
] O(y - z)Rm(A; Xo, z)h(z) d 

+ t+lx YI - t+lxo-YI ly-zln-e,-llxo-zlm z 
jy-zj:;-;t 

1 / [( t ) n>./
2 

(x - z)° ( t ) n>./
2 

(xo - z)"] 
L a! t + Ix - YI Ix - zlm t + lxo - YI lxo - zlm 

lal=m jy-zj:;-;t 

O(y z)D" A(z)h(z)d 
X ------=---=--- Z 

IY zln-e,-1 

Illi + III2 + lll3 + lll4. 

Note that Ix - zl ~ lxo zl for x E Q and z E Rn \ Q. By the condition of 0 
and similar to the proof of Lemma 7, we obtain 

00 

~c L IID"AIL1-.1-1I,:2-kMe,,1(f)(x) 
lal=m k=l 

~ c L IID" AIIA1-1Me,,1(f)(x). 
lal=m 
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For JI h, by the formula (see [51) 

Rm(A;x,z)-Rm(A;xo,z) = L ~Rm-1 111(D71 A;x,xo)(x- z)11 
l11l<m ry. 

and Lemma 5, we get 

IRm(A; X, z) - Rm(A; Xo, z)I ~ C L IID" AIIA~IQl,8/nlx - Xollxo - zlm-l _ 
lal=m 

Thus 

IQll~,8/n / IIIII2lldx 
Q 

~ C 1 / / IRm(A; x, z) - Rm(A; Xo, z)l lf(z)ldzdx 
IQll+,8/n lxo - zim+n-J 

Q R"\Q 

~ ~ j lx-xol 
~ C L IJD" AIIAl.i L lxo _ Yin+i- 8 lf(z)ldz 

lal'-'"'m k=02k+IQ\2kQ 

~ C L IID" All,\:1IQl,8/nM8,1(f)(i). 
1°1=m 

For II /3, by inequality a112 b112 ~ (a - b) 112 if a~ b > 0, we gain 

00 

~c L IID" All"'/j L rk12M8,1U)(x) 
lo:l=m k=l 

~c L IID" All"'/jM8.1U)(x). 
lal=m 

For I I /4, by Lemma 4, we get 
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Thus, similarly to the proof of I I Ii and JI /3, we obtain 

00 

~ c L· IID0 AIIAµ :Z::::(2k(/3-l) + 2kt13- 1!2l)M,5,1 (f)(x) 
lol=m k=l 

~ c L IID0 AIIAµA1,5,1(f)(x). 
lol=m 

Thus 
III~ c L IID0 AIIAµM",1(f)(x). 

1£>1=m 

We now put these estimates together, and taking the supremum over all Q such 
that x E Q, and using Lemma 1 with Lemma 3, we obtain 

JJµf (f)llfrf'"° ~ C L !JD,:, AIIAi;llfllLP• 
lol=m 

This completes the proof of Theorem 1. 

Proof of Theorem 2. By the same argument as in the proof of Theorem 1, 
we have, for 1 ~ s < p and 1/r = 1/s - 8/n, 

l~I j lµf(f)(x) - µf(h)(xo)ldx ~ C L IID0 
AIIAi;(M13+8,rU) + MeH,1(!)), 

Q lol=m 

thus 
(µf (f))# ~ C L IID,:, AIIA;;(M13+<5,r(f) + M13+<5,1(f)). 

l,:,l=m 

Now, using Lemma 3, we gain 

llµf (f)IILq ~ Cll(µf (f))#IILq 

~ C L l!D0 AIIA;;(IIMeH,rU)IILq + IIM13+<5,1(f)IILq) ~ Cll!IILP· 
1£>1=m 

This completes the proof of Theorem 2. 

Proof of Theorem 3. First we prove the following estimate 

Jµf (f)(x)I ~ C L IID0 AIJAµ (17f+ 13 M f(x) + 11f+/3-n/r' llfll~,'/' (M f(x)) 1lr), 
lc.J=m 
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for any T/I > 0 and n/(n o /3) < r. In fact, for the fixed the cube Q = Q(x, A1), 
similarly to the proof of L€mma 6, we have 

I A(J)(x)I ~CJ IJ(z)IIRm+l (A; x, z)I dz 
µ>. Ix - zim+n-<5 

R" 

lf(z)IIRm+1(A; x, z)I d = I + I 
I I + ,. Z 1 2· X _ z m n-u 

For k > 0 we put 

Then, by Lemma 5, for z E 2-kQ, 

IRm+1(Ak;x,z)I ~ C L IID0 AIIAl"l(rkT/1)/31x zlm. 
lol=m 

Thus, by Lemma 5 and Lemma 6 

IJ(z)IIRm+l (Ak; x, z)I dz 
Ix - zim+n-6 

00 

~ C L IID0 AIIA/j I:,:(2-kT/l )13 

10'.l=m k=O 

00 

~ C L IID0 AIIA# I:,:(2-kT/l )/3+8-n 

lol=m k=O 

~ C L IID0 AJIAt>T/fH M(J)(x). 
lol=m 

IJ(z)I d~ 
jx zjn-8 ,,, 

IJ(z)ldz 

For h , taking £ > 0 such that ( n + £) / ( n - o - /3) < r, we write n - o = 
(n + c)/r + n/r' - £/r - o, then, by Holder's inequality, 
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I ~ C GJ IJ(z)ldz ) l/r ~! IJ(z)j (IRm+1(A;x,z)l)r' d) l/r' 
2 "' Ix zin+e: Ix - zjn-(8+e:/r)r' Ix - zim z 

C C 

~ C IFl=m IID0 AIIAt> (t(2k .\i)-c-n f lf(z)ldz) l/r 
lx-zl<2k)q 

1/r' 

x (~(2k,\ )tlr' J lf(z)idz ) 
L.,, I Ix - zln-{8+e:/r)r' 
k=O 2-kQ\2-k-lQ 

~ C L IID0 AIIA/j (f: rk"111e: M(f)(x)) l/r 11f+f3-n/r'+c/r 
lol=m k=O 

1/r' 

X (t 2k(6+(3-n/r' +e::/r)r' ! lf(z)ldz) 

k-0 2-•Q\2-•-IQ 

~ C L IID0 AIIA/>17;e:/r(M(f)(x))1lr17f+f3-n/r'+e:/rllflltr' 

lol=m 

~ C L IIDaAIIA/>17f+f3-n/r'IIJlltr' (M(f)(x))1/r_ 

lai=m 

Thus, the desired estimate holds. Now we can prove Theorem 3. For any 
1] > 0 and J E L 1(Rn), taking 1]1 = (Llal=mllDaAIIA

1
;IIJIIL11J-1

)
1/(n-.S-fJ) in 

above estimate, we gain, by the weak type boundedness of M, 

l{x E Rn: µ1(f)(x) > 11}1 

~ {x E Rn: M f(x) > 
17 

8+(3} 
2CLial=m IID0 AIIA/>1J1 

+ { X E Rn · M J ( X) > ( 1] ) r} 
. 2CI:10l=m 11naAIIAi;17f+f3-n/r'1I1I1tr 

~ C L IIDa AIIA/>17f+f3IIJllu /17 + C( L IID0 AIIAt>17f+f3-n/r' llflltr /11? 
lal=m lal=m 

~ C( L IIDa AIIAt> llfllu /11t!(n-<5-f3). 
lol=m 

This completes the proof of Theorem 3. 
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