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ON THE AVERAGE NUMBER OF UNITARY FACTORS OF
FINITE ABELIAN GROUPS

H.-Q. Liu

Abstract: We give a slight improvement on a well-known problem.

Keywords: exponential sums, abelian groups.

1. Introduction

For a finite abelian group G, let ¢(G) be the number of unitary factors of G. For
the group-theoritic description of this quantity, the reader is referred to the paper
[K], in which the asymptotic behaviuor of T*(x) was first considered, where z is a
sufficiently large positive number, and

T* () = Y 4(G),

the summation is taken over all abelian groups of order not exceeding z. In [K] the
author succeeded in reducing the problem to a problem of estimating exponential
sums, by showing that if there holds (e is any small positive constant)

1
> d(1,1,2;n) = Main terms + O (2%),  0<0< > (1.1)

n<x

where d(1,1,2;n) is the number of ordered triple lattice points (r,s,t) such that

rst? = n (r,s and t are positive integers). The interest comes from the fact
that the error term of (1.1) can be estimated by techniques of exponential sums.
Thus in [K| the author first got a permissible value § = 21. Subsequently this
was improved in [S] (0 = 2), [L1] (6 = £5), [L2](0 = 23), [W1] (§ = L) and
[W2] (f = 1% = 0.354...). In an unpublished manuscript, we once got a result
0 = % = 0,356.... In this paper, we first derive a new bound for exponential

sums of the shape
S= 3 > due(awtn ) (oul <), (12)
w~W n~N
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by using Theorem 1 of the recent work of [L3| instead of Lemma 2.1 of [W2], and
then we shall use it in the method of [W2] to get a better 6 in (1.1).

Theorem 1.1. 6 = 16—% = 0.353... is a permissible value.

2. An estimate for the special double exponential sum S

Let F = |A|W%N*1 < 1,M > 1,N > 1. We proceed to estimate the exponential
sum of (1.2). By Weyl’s inequality and a fair splitting of range, we have

L7'S? < (WN)2Q ™! + VV%NQ_1 Z Z Z w e (Aw%t(n,q)) ,
q~Q1 n—g,n+q~N w~W
(2.1)
Q € (1O,NL*1) is a parameter, L = log(FMN + 2),1 < Q1 < Q,t(n,q) =
(n —q)~! — (n + ¢)~*. Denote the multiple sum on the right of (2.1) by S;. If
FQiN~! < W, using a familiar inequality we have (first removing the factor
w™1/2 by a partial summation)

S, <« w3 (£ T QINW 2V ~! (2.2)
1 1 WN . 1 ) .
where V = 5[,%} Assume that V' > e. Using Theorem 1 of [RS] we get
Z w e (Aw%t(n,q)) =1 Z v*%e(Fl(n,q,v))
w~W Vi<v<Va

i (2.3)
+0 <W% <L+ (7) +V1>> ,

(the last term on the right side seems unnecessary when V' > ¢, but it will be clear
that it can be used to absorb the contribution of (2.2) in case V' < €) here

2
1 1 1 1 1
Fy(n,q,v) = (iAt(n,q)> vl = EA(ZW)_it(n,q), Vo = EAW_it(n,q).
Since
t(n,q) = 2qn "2 (1 +0 (QlN*Q)) ,
we have, for Vs = Aq(2W)"2n=2,Vy = AqgW ~2n~2,

S ovie(R)= Y y—ée(Fg)JrO(V—% <1+V(%) )) (2.4)

Vi<v< Vs Va<v<Vy

From (2.3) and (2.4), exchanging the order of summation we have (when V' > €)

Sl < V_% Z Z Z e(FQ(n7an))

q~Q1 vV |n€l(q,v) (2.5)

1 2
+QNV2 <L+ <%> +V (%) + (WV)%> :
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where I(g,v) is a small interval (depending on ¢,v) contained in [N + ¢,2N — q].
Denote the multiple sum on the right of (2.5) by Sa (without the V== factor). We
relax the condition for n by a familiar tool (see Lemma 2.3 of [SW] for instance),
and then use Weyl’s inequality to get

L7283 < (QNV)" | @iV > Z e(Fa(n,q,v,q1))|, (2.6)

Q> Q2 1<]q1|€Q2 [g~Q1 v~V nely (g
where Q2 € (10, NL~!) is another parameter, I1(q) = (N + ¢,2N — q) and
1 _
Fy(n,q,v,01) = Fi(n—q1,q,v)=Fi(n+q1,q,v) = 74%07 (£ (n—q1,q)—t*(n+q1,9)).
Using the easily obtained expansion

((1 X))l -

2
A+X)7"\ _ Z 2k 1
e =1+ DX 0<)(<2 ,

k>1

F2(n7Qava(h) :A2’071q2 (n+QI)74_ (n_Q1)74+ZDkq2ka(na(h) )
k>1
(2.7)
where Ti(n,q1) = (n + q1)™*72* — (n — q1)~*7?*. Without loss the generality
we may suppose that ¢ > 0. Denote the inner triple sum of (2.6) as Ss. If
FQ1q1N72 < ¢, we can use a familiar estimate to get

S3 < Q1V(FQ1Q1N73)71. (2.8)
Assume FQ1q; N2 > e. Then by Theorem 1 of [RS] we get

Z e(Fa(n,q,v,q1)) = —i( Z Gl(u,q,ql,v)e(Gg(u,q,ql,v))>
(2.9)

n€li(q) Ui <u<Us
+0((FQuuN~") "% +1),

where (to avoid confusion we use the same letter to denote also a real variable)

1
0% Fy B
Gl(an7Q1av): <_W(n(uﬂQ7Q1;v)aQ7Q1av) ’
GQ(U, q,91, ’U) = FQ(TL(U, q,91, ’U), q,491, ’U) - UTL(’U,, q,q1, ’U),
n(u,q,q1,v) is the solution of

o (n.0.00.0)
—(n V)=u
on » 4, 41, ’
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and Ul - %(QN - qlv%qlvv)vUQ = %(N + Q1;(IaQ1;’U)~ From (27) we get

8F 2 2

8—:(n7 0, q1,v) = 40A% " P qn " (1 +0 <%>) , (2.10)
thus we have
Z Gle(Gg) = Z Gle(Gg)
Ui <u<Usz Us<u<Uy
_1 2.11
+O<(FQ1(]1> 2<1+FQ1Q1(Q%+Q%)>> @11
N4 N5 ’

where Us = 404207 1¢%q1 (2N — q1) %, Uy = 404207 ¢*q1 (N + ¢1)~°. From (2.9)
and (2.11), exchanging the order of summation, we have

S3 << > | > Gie(Gy)

urU |(q,0)€E

1
_1 B Ja 3
+ @1V <(FQ1(11N4) P+ L+ N (FQiq) ™ + % (@ + (I%)> ;
where U = FQiq1 N~ and E = {(q,v)|qg ~ Q1,v ~ V,U3z(q,v) < u < Us(q,v)}.
Denote the above inner double summation for (¢,v) € E by Sy;. We use the
partial summation for two variables (see [B] or [M] for such a result) to remove
the factor G and get

54 < (NUil)i Z 6(G2(U,g,q17v)) ) (212)
(qvv)eEl

where By = E N {(q,v)|Q' <q¢<Q", V' <v<V"} for certain @', Q" =~ @1,
V', V" = V. From (2.10) we have

Qi +qi
N2

n(u, q,q1,v) = (40A2v’1q2q1u*1)% (1+0(A)),A=

-

Thus we find that for P(v,q,) = CAsv=s¢® (C #0)

Fy(n(u,q,q1,v), 4:41,0) = P(v,q1)g0uf (14 O(A)).
Similarly we get for 1 < i+ j <5 (here (§); =&(E—=1)...(6—i+1))

(n(g.a00)3.00.0) = Ploa) (5) (3) oFub 0+ 02

J

oiti a5
0qtoul
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We use Weyl’s inequality (after relaxing the summation restriction for v) to get

L72S; < NU 'S (VPR +VQIR™ > | > e(Gs(u,q,q1,0,7))] ¢
1<|r|<R |(g,v)EE,
(2.13)
where R € (10,VL™!) is a parameter, £, = {(q,v)lqg ~ Q1, (v +1r) =~ V,
(v—r)~V}, and
GB(%Q;thﬂ”) = GQ(%%(B,U"‘T) - GQ(%Q;QMU - T).

Now we are in a position of using Theorem 1 of [L3] to estimate the inner double
exponential sum of (2.13). We assume

Q2 < Q1. (2.14)
Then we have, with

FQi|q1|R
Nz

L7082 <« NU ! {(VQ1)2R1 +/ FE(VQ1)°

+\/F (VQ1)'3 + Y/ F2(V19Q15 + V15Q19)A } Z T.

1<i<4

F = A=Q3N"24+R*V~2 o =0,

Note that if we take R = qu | , then F1 =V Qq,T> = T3. Thus we choose
N2V2 )
R = min , VL™
(F lg1]”
and thus in (2.6) we get

(NVQ1)?
Q2
+ R/FOVBQPQS + ¥/ FAVBNIQPQL

L7883 < +FV3QiQa + / F2VEN-2Q3Q3

20 V41 35 V37 39 F1loN—8 10

+ 20 (V49Q4117 + V45Q?1)F2N16Q§

+ QINVZ + /FQIN~4V4Q,

+ \/N6V4F—1Q:I)Q2—1 + Q1N4V2F71Q2_1.

(Note that in view of (2.8), the bound between (2.11) and (2.12) holds also in case
FQi1q1 N~ < ¢€). We impose the conditions Q2 < FQiN~2 and FQ:N~2 > 1,



12 H-Q.Liu

thus in (2.15) the last two terms can be neglected as compared with the first term.
We then use Lemma 2.4 of [SW] to choose (see (2.14)) Q2 € (0, min(FQ1N 2,
Q1L71)) optimally in (2.15) and get

L8, < {S/FVE’QZN2 + {B/FQQ‘?NQVG + %/ FOV3BQILNI2

+ 32 F4 37V33N12 + 60 VGI 55 + V57 59 F10N12

+ 44 (V53Q?1 + V49Q?5)F2N20 + Q/FQ%1N72‘/6
+V/N2V2Q; + /N*V2QF~1.

In view of the last term of (2.16), we find that (2.16) holds also in case
FQiN—? < 1. Put this in (2.5), we get

L7858 < f/FVQQZNQ + €/F7V2Q?N2 + 3{"/}7’6‘/17@4111]\712

+ 3</F4Q§7V17N12 + Y (VIQP + V2TQY0)FION12

+ 44 (V?’lQ%g + V27Q?3)F2N20 + Q/FQ%1N72‘/3 (2'17)

+VNVQi + VNWVQIF1 + QuNV™*
FQWTEN + QINTIWVE + QUNVTIW R,

In view of (2.2) we see that (2.17) holds also in case V' < e. Thus by (2.1) and
(2.17) we get

NW)2Q~! + {3/F3Q3W7N6 + \8/F4Q3W10N8
3€/F23Q22W37N31 4 3€/F21Q18w31N27
VFHQRWOINA 4 N/ F3TQ2W 65 N47
4§1/W+ W/ F29Q16 /39 N37

+ V/FAQSNWS + VFN3W?2 4+ VN> W2

+VFQWAN-1 4 N*W2F~1Q~! 4 /NSWAF-1Q-1.

Assume that F > N and Q < FN~!. Then the last two terms of (2.18) can
be neglected as compared with the first term. We choose optimally a parameter
Q € (0,min(NL~!, FN~1)) to infer

L77S% <«

(2.18)

+ o+ o+~

LS « VF3WIBNI2 4 ¥/ FaWwie N14 o "W/ 2318l N75
4+ VLW 6T NG6s L T/ ALYl 93 - VY 3Ty 115 9T
+ "WEFBWTNG L "V E2OWTING 4 /FIV2N3
+ VNSW2 + VENIW12 + VNW?2 + VF-IN3 W2,

(2.19)

In view of the last term of (2.19), we see that (2.19) holds also in case F' < N.
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3. Proof of Theorem 1.1

We use (2.19) to replace Lemma 2.1 of [W2] in the proof of (3.1) of [W2] for
estimating the three-dimensional exponential sum of the shape

hx
> 2 > ane{ )
heH m~M n~N
Thus we can obtain, instead of (4.4) of [W2], the following estimate

L3S(Hy,N) < <1§/H3G7N112N§ + R/H3GONIING + "/ HILGI6 N> N5
+ 0 HEGI NG NG 1 72 HEGoo NP NS
+ "R/HYGOONYTNZT + '3/ Hy B GONE N33

+ "N/ Hy "GYONPING® + ¥/ HSGI2NITNS

+ {/Hy GN3NE + {/Hy 2N3NG + 4§/ HEGONING

—f—\/HQGNl + ng) HQ = Z Gz H().

1<i<14

Using this and the bound for S(Hy, N) given at the last lines in proving Lemma 4.1
of [W2], we thus get (§ = €2)

270S(Hy,N) < Yoo G+ > G adNTP 4| Hy, o (30)

i£7,8,10,11 i=7,8,10,11

where (by letting 0 = %/H3GMN2N}) G = min(G;,0). Using the usual

1
manner to diminish the power of Hy, we can get (using G := (foaN{b) K

xN; 2N, ! for any permutation (a,b,c) of (1,1,2))

Gr < [GORNIING®? <« s NS o T,

Gy < */GRNIPNS? « /282N =Ty,
10 < Y/GBNPINPE <« ¥/228N3} =T,
1< V/GUNINIT « N/2VTN3 =Ty
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We then insert (3.1) into (4.3) of [W2] and choose Hy optimally to get

J)_(SS(U.,N;J)) < Zi)/ngfl_i_ 127 $46N;6+ 105 $38Nf5+ 177 $66N;34

O AOONTE g 2N YN+ N (3:2)
+{aNTP > T+ al,
1<i<4
where § = . Now if N; > x331 = 2P our result follows from Lemma 4.1 of

178"

[W2], and if Ny < z106s := 2 our result follows from Lemma 4.2 of [W2]. Thus
we can assume z7 < Ny < z”, and our result follows from (3.2). The proof is
finished.
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