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HARMONIC BOUNDARY VALUE PROBLEMS IN HALF DISC
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Abstract: The Schwarz problem for the Cauchy-Riemann equation and the Dirichlet and Neu-
mann problems for the Poisson equation are explicitly solved in a half disc and a half ring of the
complex plane. The respective Poisson kernels and the Green and Neumann functions are given.
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1. Introduction

Explicit solutions to some classical boundary value problems are well known for
some particular domains as e.g. the unit disc [3]-]9], [11], [12], [14]-[27], half plane
[10], [28], quarter plane [1], [2], [13] and circular ring [29]-[31]. The Poisson kernel
for the upper half unit disc is given in [26] as an application of Cauchy’s residue
theorem. It is not likely that this kernel can be useful for solving the Schwarz
problem for analytic functions. Here another Poisson kernel is developed on the
basis of the reflection principle leading to the solution of the Schwarz problem for
the inhomogeneous Cauchy-Riemann equation for the half unit disc

Dt :={z:]z| <1,0<Imz}.

With the help of the harmonic Green and Neumann functions, the Dirichlet and
Neumann boundary value problems are also solved explicitly for the Poisson equa-
tion in the upper half disc. Particular attention is paid to the two corner points of
the boundary for the Dirichlet problem. Using tools from [29], [31] these boundary
value problems are treated in similar manners in the upper half circular ring

Rt :={z:r <2 <1,0<Imz},
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which of course is a simply connected domain. Therefore no multiple valued func-
tions and no extra solvability conditions occur.

The fundamental tool for complex boundary value problems is the Cauchy-
Pompeiu representation which just has to be properly modified.

Theorem I. Any w € C*(D;C)N C(D;C) for a reqular complexr domain D C C
can be represented as

we) = g [ 0O -1 [ &
D

(—=z

or

w(e) = 5 [wO2= -1 [wio 22

2mi (—z @ (—z
oD

For this classical result see e.g. [3], [32]. As one knows the right-hand sides
vanish if z ¢ D, the closure of D.

The purpose of these investigations is to provide explicit solutions and, if desir-
able, solvability conditions for some basic boundary value problems in two special
domains. Just some model equations are considered. The results will help to treat
more general equations. This will be done according to the treatment of the gen-
eralized Beltrami equation, which is repeatedly the subject of Bogdan Bojarski,
see e.g. [23]-25].

2. Upper half unit disc

With regard to the Schwarz problem, the Cauchy-Pompeiu formula is modified by
combining it in a proper way with the Cauchy-Pompeiu formula evaluated at the
reflections of the point z at the boundary 0D, 1/z and Z, and for symmetry also
at the reflection 1/z of 1/Z at the real axis, or, what is the same, the reflection
1/z of Z at the unit circle.

Theorem 1. Any w € C*(DT;C) N C(DF;C) can be represented via
1 d 1 déd
w(2) w@)z2 - - [ E2, e, (2.1)

T 2mi (—z 7 (-2’
oD+ D+

and for z € DT

w(e) = o / Rew(C)[C+Z—C+Z}dC+1 / Imw(g)%

~ omi (-2 (—z]¢ m
[¢l=1, <=1,
0<Im¢ 0<Im¢
1
1 1 z
— [ Rew(t — dt 2.2
+7ri/ ew()[tz 1zt] (22)
-1
1

B {“T(O{c“iz_ 1—ch} _W{cif 1—zz<]}d£dn’

D+
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Proof. Besides formula (2.1) the Cauchy-Pompeiu formula for z € DT also ensures

1 zd¢ 1 . zd&dn /

0= [ 0O~ [l OT =2 (217
oD+ D+

_ 1 d¢ 1 - d&dn "

0=o— w(C)C—E_;/wC(C)S’ (2.17)
oD+ D+

B 1 zd(C 1 B zdédn "

0= [ 0O~ [ 0T =2, (2.17)
oD+ D+

Adding (2.1) and the complex conjugate of (2.1'), i.e.

1 CH+z2 | d¢
0o =50 [ {Rew 02 +imuio}
i)
1T 1 )
z . z
L A A oot K ¢
21
1)z
ﬂ/{ﬁ—ZJrl—ZC e
D+

and then substracting the sum of of the complex conjugate of (2.1”) and (2.1"),
namely

i
¢

-

gives (2.2). [ |
This formula provides the solution to the Schwarz problem for D¥.

Theorem 2. The Schwarz problem
wE:f in ]D)Jrv fELP(DJr;C)v P> 2,

Rew =~ in OD', ~ € C(OD';C), ~(—1)=~(1) =0,
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- .
—/Imw(e“p)dgo =c, ceR,
T

0

s uniquely solvable by

_ 1

_ 1 ¢tz Chzlde . 1 1 __z

wz) = 55 / 7(<)[<—z Cz}§+zc+ﬁi/7(t)[t—z 1—zt]dt

Ic=1, 1
0<Im¢

- iD/ V0l - ] TR - g e 9

Proof. The uniqueness part is an immediate consequence of the Cauchy-Pompeiu-
Schwarz representation formula. Namely, if there is a solution the representation
formula (2.2) shows that it necessarily has the form (2.3). That the related homo-
geneous problem is only trivially solvable is seen likewise from (2.2). It remains
to verify that (2.3) in fact provides a solution. As the right-hand side of (2.3) up
to the term

d&dn

(—=z

74 =1 [ 10
D+

is an analytic function in DT and as it is a weak solution to the Cauchy-Riemann
equation wz = f in DT it remains to check the boundary behavior.
Let wy denote the area integral in (2.3). Then for |z| = 1,0 < Imz

o= [ 0] 5] Tt ]

so that Rewp(z) = 0 there. Similarly, for Imz = 0, i.e. for z = Z,

=[] 2] Tl

holds follows from

/[ciz‘l—zzc}djz_ / zi<%+ / zicg

|2|=1, |z|=1, |z|=1,

0<Im z 0<Im z 0<Im z
1 dz 1 dz 1 dz
_ az ez _ 0 1.
[ =5 | = e s
|2I=1, l2l=1, |zj=1

0<Im z Im 2<0
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In the same way for |(| =1, 0 < Im(

255

/ (+z (+z)dz / (+z z+()dz
(-2 C(—2z2]z (—2z z—-(| =
|z|=1, z|=1,
0<Im z 0<Im z
C—i—zdz / C—l—z%
(—2z z zZZ
0<Im z O<Imz
_ / CJrz%_'_ / (+zde
N (—z 2z (—z2 z
|z|=1, |z=1,
0<Im z Im 2<0
(+zdz .
— = —2m
(—z %
|z]=1
is seen. Hence,
1 dz 1 d¢
— / w(z)? =ic— — / ’Y(O?,
|z|=1, I¢I=1,
0<Im z 0<Im ¢
1 Irnw(z)% =c
i
|z|=1,
0<Im z
From
¢ ¢ ¢ ¢ }dé
Re — + - = - —
) = o V(C)L—z (-2 (-2 C¢-2|¢
=1
O‘i‘lmc
/ 1
1 1 z z
i | 7 L—z iz i-a 1—zt] dt + Rewo(z)

_ 1 1—|22_1—Izl2}dc
= omi / (C) |:|§ Z|2 |Z_Z|2 C

1 z2—Z z—Z
+ 2m/v<<) Lt—z? TP
1

it is seen that for [{p| =1, 0 < Im

lim Rew(z)

z—Co

7(¢o)

} dt + Rewo(2)
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as [C—Col* #0, 1 —|¢|> =0, [t — ¢o|? = [1 — (ot[?, and for Im ¢y =0, || < 1

lim Rew(z) = v({o),

z—Co

because [¢ — Col = [C = Col, [1 = Cot[* # 0, Co — Co = 0.
Here the corner points were excluded. To check the boundary behavior there,

consider

and

with

for [¢o| =1

in particular

is seen because of the continuity of I" at +1.

Similarly with

/

v(t)

z 1
dt = — -
1—zt /7(t>t

2t dt
—2t2
— 00

- /()

d¢
¢

B C+z Z—l—z
=5 | %Oh_Z—C_J
0t
1 / 1
~ z
a(z) = m/fy(t)[tz - 1zt]dt.
—1
C+zd¢ 1 C+zdC
’Y(C)C_Z? i / ’Y(C)Z_Z?
0t ¢
C+zd¢ 1 - (+zd
0T -0 [ 2T
h c<0
T _ V(C)l OglmCa _
© {VK%ImC<Q J
_Jm  Rew(:) = T(@).
Zﬁilill)r‘lZKlRew(z) =~v(%£1)=0

z dt
t—=zt
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1 1 —+o00
/(t) o dt——/ 1 zt @_/ 1 o ﬂ
AT Nt)i—ze2 = ] "\¥) =274
0 + 1

TOoNT 11
= - — —|dt
[+ -]
then
o 11 T d
t
O(z) = —— - —Zldt+ — [ At
=) T ’Y< )L—z t} er/rY()t—z
—00 —1
1 e 1 1 1
- — - ——|dt
e 7(t) Lﬁz }
1
follows so that N
1 ~ z—Z
Rew = — I'(t) ———=dt
eo(z) 27i / ( )\t —z|?
with
~ t <1,
_’7(;)1 1<|t|»

is seen. This implies for tg € R

lim  Red(z) = D(to),

z—to,0<Im z

in particular for tg = £1 because T is continuous at these points as y(£1) =0. W

Iterating the Cauchy-Pompeiu formulas leads to second order representations,
see e.g. [5]. Introducing the harmonic Green function in the respective formulas
with regard to the Laplace operator gives a representation adjusted to the Dirichlet
problem for the Poisson equation.

Theorem II. Let D C C be a regular domain and G zzG where G is the har-
monic Green function for D, then any w € C?(D;C)NC*(D;C) can be represented
by
1 1
w(e) =~ [ w0061 Qdsc - 1 [ w6 (e
oD D

Here v is the outward normal derivative on 0D and s is the arc length parameter.
The harmonic Green function for the upper half unit disc D* is

(1-20)(¢—2)
(1=20)(¢ - 2)

2
Gl(zv C) = lOg
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This can be directly verified. As one sees, the three reflection points, used for the
Schwarz modification of the Cauchy-Pompeiu formula, appear here. In fact, the
Poisson kernel, i.e. the real part of the Schwarz kernel coincides with the outward
normal derivative of the Green function Gy. It is for |z| =1, 0 < Im 2

8,.G1(2,¢) = (20.+205)G1(2,¢) = 2Re [gfz - gtﬂ = 4Re {CEZ - CEJ

and for z =%, |2 < 1

i@&@@@@&@oMM[C +1:

1—2( (—=z
N
1=z [¢—=22]"

i.e.

1 1
9y.G1(z,¢) = 4Im( {Il e P T z|2} '

In explicit form the Green representation formula from Theorem 2 for D7 is

z z}d{
¢

1 z2—Z 2—Z 1
*@m/w@LpﬁP—H_MJﬁ—W/wdoa@@%m
o . " (2.4)

5 [ ol

1 z2—Z 2—Z 1
T i /w(t) Lt_z|2 B 1 —tz|2} dt — p /wcz(C)G1(Z,C)d€d77~

Theorem 3. Anyw € C%(D;C)NC*(DF;C) can be represented by formula (2.4).

In fact (2.4) provides the solution to the Dirichlet problem. This will be verified
for this particular domain DT with a piecewise smooth boundary.

Theorem 4. The Dirichlet problem

wz=f in DY, w=~v on DT,
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for f € C(DF;C), v € C(IDT;C), v(—1)) = v(1) = 0 is uniquely solvable by

o ¢ T ¢ T
W) =5 | ”(C)[cﬁgz‘gz‘gz]c
o

1 z2—z z—Z 1
+ Tm/’y(t) |:|t—22 - |1 —tz2:| dt — ;/f(C)Gl(Z,C)dfd’ﬂ
D+

Proof. By the properties of the Green function and the harmonicity of the bound-
ary integrals w is seen to be a solution to the Poisson equation. It remains to verify
the boundary conditions for the boundary integrals.

For o] =1, 0 < Im o

m = ¢ ¢ ¢ <N«
Zﬂé“lglllz|<127ri / ’Y(C)[C—Z_FC—Z —z C—z]

i J ol

lim [ -
z—Co, |2|<1 | 271

Z —z
I¢1=1,
0<Im ¢ (25)
! ¢ 5 dc
-5 / W(C)LZJrC_z —1}(]
I|r§1|C:<16
= 1 ¢ [
T ol <1 2mi o [( — -2 1] c - 7(Co)
I¢1=1
with
_ Q). 0<Img,
Q) = {—W(C), In¢ <0, ¢ =1
and

[\

1
1 z2—Z z—7Z
li — t - dt =0.
o lel<1 m/V()Lt—zP |1—tz|2}
1
For to :%, |t()| <1

1 ¢ ¢ d
ALy PPy RS S S

z—t0,0<Im z — 2z (—=z (—z (—=z
<=1,
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and
1 1
Z_’tol}gilmzﬂ/’y |tz_ z ’y(to)
1 11 (2.6)

For the corner points +1 formula (2.5) can be used. As v(£1) = 0, the function T’
is continuous in particular at the points +1 and the limit in (2.5) is just I'(£1) =
~v(£1) =0 for (o = 1.

The second term in the boundary integral is transformed according to

—0o0 -1

0
/ & __/ 1 dt _/ 1\ dt
BT P Nt)ep—zner = )7 t— 22
1 -1 —00
1 1 “+o0
/(t) dt __/ 1 dt _/ 1\ dt
T e T t)en—zmr ™ ) "\&) -2
0 +oo 1

Then for tg = £1

1

1 z2—z z—Z
li — t — dt
z—>ill,%l<lmz 21 /7( ) |:|t — 2‘2 |1 — t22:|
1

1 z
= z—Zz
= — [ T(t)g—dt =0=~(£1
za:tll,I(I)l<Imz 27T’L/ ()|t—Z|2 ’Y( )
with
- t), <1,
T(¢) = 7()1 i teR. N
_'7(;)7 1<|t|7

Another representation formula of second order besides the one in Theorem 2
is available, where instead of the Green function the harmonic Neumann function
is used.

Theorem III. Let D C C be a regular domain and Ny = 2N where N is the
harmonic Neumann function for D, then any w € C*(D;C) N CY(D;C) can be
represented as

= / [(Q)0h N1 (2, Q)= w(C) N (2, ) s~ / weg(ON1 (=, )dgen.
oD

D
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As can be verified, the harmonic Neumann function N7 for the upper half unit
disc DT is
Ni(2,¢) = 2log|2¢|* —log |(¢ — 2)(¢ — 2)(1 = 20)(1 — 2¢)*.
For |z| =1, |¢| < 1
z z z z
0y.N1(2,() = (20, + Z0z)N1(2,{) =4+ + —
N(z,0) = ( JN1(z, ) TRl -l S o
zC L z(ﬁ ZZ, 5@; —0
1—2¢ 1-2( 1-2( 1-%C

and for |z| <1, || =1

Ni(2,0) = 2[1og 12 — log|(1 — 20)(1 - z<>|2],

_ _ ¢ ¢ ¢ ¢
(z@z+26§)N1(z,C)—2{C_Z+C_Z1+<_Z+<_Z1},

for z=7%,0 < Re(

_ 12 2 1 1 1
8VZN1(Z,C>:—Z(az_&z)Nl<ZaC):_l|:Z_Z+ sz o sz sz

1 ¢ ¢ ¢ ¢ 1.
c—z T1- 1—%+1—zzi l—zJ =0,
and for 0 < Imz, Im¢{ =0
Ni(:6) = 2 log ¢ ~ log (¢ ~ )1 - 20 .
) . _ 1 ¢? 1
—i(0, — 95)N1(2,¢) = —22(z—z)[<z|2 + TaE _|z|2]

In explicit form the Neumann representation formula from Theorem 2 for DT is

_ i 2 . B 9 %
wiz) =5 [ Du(0) [log |- ~log |(1 — 20)(1 — 20)]
0t
1
+ % /&,w(t) [log [tz[* —log |(t — z)(1 — 2t)[?] dt (2.7)
41
1

- / weg () [2log |2¢[2 — log (¢ — 2)(C — 2)(1 — 20)(1 — =C)[] dedn.

™
D+
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Theorem 5. Any w € C?(D+;C) N CY(D*;C) can be represented according to
formula (2.7).

Formula (2.7) provides the solution to the Neumann boundary value problem
for the Poisson equation.

Theorem 6. The Neumann problem
wyz=f in DT, d,w=~ on DT,

for f € C(DF;C), v € C(ODT;C), is uniquely solvable. The solution is given by

W) = 5 / Q) [log 2” ~log (1~ 20)(1 ~ 2Q)[] %
0t
to / ¥(t) [log t=]* ~ log |(t — 2)(1 — =t)[*] dt 28)

= [ 10 21og a6 ~ 10g](¢ ~ 2)C - 2)(1 - D)1~ 2] dln
D+

Proof. As the area integral is a solution to the Poisson equation satisfying the
homogeneous boundary condition, only the boundary integrals representing a har-
monic function have to be shown to satisfy the boundary condition.

1. For z € D*

- 1 ¢ ¢ ¢ ¢ dg
o420l = 5 | e e e I
0Lt
1 z t zt
z z z z
+% V(t)[2+t—z+t—z+1—zt+1—zt}dt

-1

— 2 [ OG0+ 023,z ) dgan,
D+

so that for [(o| =1, 0 < Im (o

O,w(Go) = lim (20 +202)u(=) = 7(6),

because for 0 < Im ¢
_ 1

(-z ¢-7 = [(—z*




Harmonic boundary value problems in half disc and half ring 263
and for |t| < 1, t =1,

z+3+zt+§t (1—|2P) n t

= — |z .
t—z t—z l—2zt 1-7%t t—2(1—-2t) (t—2)(1—zt)
2. For z e DT

24

z (—2z (—2z (—=z
[¢]=1
0<Im¢
1 ¢ ¢ ¢ ¢ ]d¢
_C*?+1*ZC_1—Z+1722_ 12{} ¢
1
z2—7Z 1 2 1
T /”(t) Lt—zp HTIEE _|z|2] dt
21
+ 2 [ €10~ 0 (2, e
D+
Hence, for z € D7, [to] < 1, tg = o,
Oyw(to) = lim [~i(0; — dz)]w(z) = v(to),
as for 0 < Im(
2 2 1 1 1 1 ¢ ¢ ¢ ¢
PRl ol S S T - gl g
=(z—7%) % { ! + !
- C=2)C=2)  ((—2)(C-2)
¢ ¢ 2
" (1=20)(1 —%() " (1—-20)(1 —=20) |Z|2]
and for |t0| <1, tg= %,
, t? 1 t2 1
A, [u — 2t ||] Tt 8 -

Remark. In DT the Neumann problem is unconditionally solvable.

3. Upper half circular ring

In order to modify the Cauchy-Pompeiu formula according to the Schwarz bound-
ary condition at first the Cauchy kernel is replaced by a proper one for the ring
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R={z:0<r < |z| <1}, see [30], [31]. Then this resulting formula is comple-
mented by the respective expressions evaluated at the reflected points 1/Z, Z and

1/z of z and then these four expressions are properly composed.
Let RT denote the upper half part of the ring R.

Theorem 7. Any w € C*(RT;C) N C(RT;C) can be represented as

1 SER o WP I &%
ORTt "=

1 1 S 1 z
Tx /w<<<){<—z r2r et <<<—r2”z>]}d§d”
R+ =
and
X _
wi) = g [ Rew@ {2
¢I=1,
O<Im§

on _ z - ¢ z %
+2Z7" |:2nc_z TQ"Z—C TQnC—Z+T2"Z—C:|} C

L / Rew(g){gfz—gfj

0<Im¢

2n < _ Z < %
—‘rQZ’/‘ |: 2n< 7’27’2—4 TQnC—Z+T2nZ'—C:|} ¢

1 1 z
J— t —
+7rz / Rew(){t—z 11—zt

[—1,r]U[r,1]

> 1 z 1 z
2n
E ( _ — dt
T2 L‘Qnt —z Pz —t)  t(r2" — zt) * r2nzt — 1] }

T [ L[

[¢]=1, Rt
0<Im ¢
= o 1 z 1 z
*,;’" <r2n< e vy B ] Py Ry 1”
zZ
—wc<<>[<_ -

(3.1)
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Proof. Both parts of the Cauchy-Pompeiu formula give for z € RT
1 d¢ 1 d&dn
w(z) w@)z2 - 1 [ we0

~ o (—z (—z
OR+ R+
and
_ oon | € Z | dS
0727”' w(()er |:T2”C—Z C—r2"z] ¢
OR+ "=
1 > " ¢ z
—W/wg(@z:lrz L"%C—Z_FC ron ] gdn
R+ n=
Thus
U}(Z)—27m ((){C_z+er |:T27LC_Z C_TQTLZ]} C
OR* " 3.3
1 - 1 S 1 P déd (33
R0 A Sy [r2nc—z+c<<—r2nz)] s
R+ n=

Evaluating the right-hand side for the reflections 1/z, zZ and 1/z of z € RT shows

_ 1 S — o | 1 ¢
0=5— w(C){ZC_l—FZr [r%z(—l—sz—r?"}}(

OR+ n=1

o (3.3)
1 — L 2n z 1
- ; /wC(C) {ZC -1 * ;T |:7”27LZC -1 + C(ZC _ 7«2n):| } dfdﬂ,
Rt =
T o ’LU(C){C—Z—’_E:lT [TZWC—Z C—T2"Z:|} ¢
" N (3.3”)
1 1 = 2n 1 z
ﬂ/wc(o{c_z+217’ LGc_z C(C—T%z)}}dgdn’
Rt n=
and
T om (C){ <_1+n§::17” |:7,2n2,<_1 ZC—TZ":|} ¢
" (3_3///)

1 z - n “ !
ﬁ/wdc){zc—l*;ﬂ L«?nzc—l +C<Z€—T2")”dgdn'

Subtracting the complex conjugate of (3.3') from (3.3) and the complex conjugate
of (3.3") from (3.3"") and adding both results leads to the representation (3.2). H
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Formula (3.2) serves to solve the Schwarz problem for RT.

Theorem 8. The Schwarz problem

ws=f in RT,

feLy,(R"C), 2<p,

Rew =7 on dRT, v € C(ORT;C), v(-1) =~(~r) =~(r) =~(1) =0,
%/Imw(ew)dw =c¢, ceR,
0
is uniquely solvable. The solution is given as
w =g [ a0
I<|=1,
0<Im¢
> on ¢ _ z - ¢ z %
-I-QT;T { R S TQ"Z—C:|} ¢
1 1 z
+E / V(t){t—z 1zt
OR+TUR
Sl 1 z 1 Gt
+ nz::l " [rQ"t —z t(r*mz—t) t(r?—zt)  r2zt 1] e
1 1 z
_w/{f(o {q—z_ -2
R+
= 5, 1 z 1 z
i ;T <r2"< 2 0T o) - 1”
— 1 z
-0 -
> o 1 _ z _ 1 z
- nz::lr (7"2"( —z ((r?z—() ((r*m—2z() 2 — 1)] } dén

Proof. The area integral in (3.4) is obviously an analytic

function up to the term

Tf(z), where T'f(z) is defined at the beginning of the proof of Theorem 2. As
the boundary integrals are also analytic functions the equation (3.4) provides a
weak solution to the inhomogeneous Cauchy-Riemann equation. Moreover, the
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area integral is purely imaginary on the boundary &R™. In order to check the side
condition

the relations

1 C+z (+z dz 1 (+zdz B
,/{ _]_%4/ % _0 for (] =1,
|z

211 C —Z C — 2z z C_ o 2
‘Z‘:l, ‘:1
0<Im z
1 / ¢ Z Z n z %
21 TQTLC —z ,],.277,2 _ C 7’277’2 _ ’]’2”2 _ Z >
z|=1,
O‘<‘Imz
1 1 1 1 1 dz
~ omi = - — | — f —1
271 / |:7"2n—ZC r2n_z< ,r2n_2<- + Tzn—2<:| > or |<| ,
z|=1,
O|<|Irnz
1 1 Z dz 1 1 dz
27i Tl o T o — =0 f 1
2mi / {C—z 1—z§} z 2mi / z—( z or |¢] <1,
z|=1, 2l=1
O‘<‘Imz |2l
and
L / 1 < 1 " z dz
2m rnC—z  ((r*z—¢)  ((r*m—2()  rm(-1] 2
|z|=1,
0<Im z

! 1 1 1 1 dz
2mi / LQ”C —2 T w0 —z0) g _J -

|z|=1,
0<Im z
1 1 1 dz
- — — =0 f 1
2mi / {7“2"(: —z  ((r?m —ZC)] z or 7 < [¢] <
/=1

are to be used. Hence, just the boundary integrals in (3.4) have to be shown to
satisfy the boundary relations. Let wg denote the sum of these two boundary
integrals.
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Then
1 ¢ ¢ 5 ¢
Rewy(z) = — 4 _ _ _
0(z) 2mi / V(O{C—z (—z (-2 (—z
ART
0<Im ¢
z z z
+ r2n = - - —
Z |:/r.2nc T,an = 7/.2712 _ C r2nz C
¢ z d
< S S S
TZTLC TQW/C —Z TQ’!LZ _ C 7"2"2 — C C
n L / (t) 1 1 z n z
i R =
ORTNR
1 z z
2n _ _
+ ; " Lﬂ%t —z r?t—z  t(r?z —t) + t(r?nz —t)
S A S—: dt
t(r2m —zt)  t(r*m—zt)  r2rat—1  r2rze—1
Next

1
Rewo(z):% / W(C){CZ—FCZ_CZ_CZ

I¢1=1
0<Im¢
1 |22 |22
+ 7"2”[ —|— — — — = =
Z n—2C T =ZC P -ZC 2|2 - 2
1 B 1 | 2|2 El }}dC
7’2'” — ZC 7:277, _Z T2n|z‘2 — ZC 7«2n|z|2 _ X C
1 ¢ ¢ ¢ ¢
el
27 C—2 (—z (-2 (—%
OE‘I;TC
+Z 2n r’ r’ Els _ |22
2" ey g e o T P = e
o Bl ERAS
P00 2 ) 3¢ PP =20 P - 5

+z—§/ ) 1 1
omi V=22~ 1=t

ORTNR
1 1 1 1
2n — —
T Z " [ |r2nt — 2|2 + |r2nz —t2 |r2n — 2t]2 |r2nat — 12

n=1

oo
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Thus for |(o| =1, 0 < Im ¢y, z € RT,

. _ _
lim Rewg(z) = lim — / W(Q){CEZ—FCEZ—CEZ—CEZ(?

z—Co z—Co 27TZ
I¢|=1
0<Im¢
B zh—{?o % / ’Y(C) {nz;)r |:7f-2n< — + TZnZ —z
0t
z C - 2n ‘Z|2C
- | [
|2°¢ B |21°¢ B EIS ”dé
r2n|z|2¢ —r2z  r2|z2¢ — 12z 22 —1%Z] ) ¢
~ i L ¢ ¢ ¢ _
= lim i / ') h_z e 1] = =)
¢l=1
with
riey = 47€): - 0<Img, _q
© {—wo, m¢ <o, ¢
For |(o| =7, 0 <Im{p, z € RT,
lin<1 Re wy(z)
— 13 L = 2n Z z . z
h zli»n(lo 211 / (S {;T |:r2nz —|2|%¢ + r2nz _ |Z|QZ 2z — |2|2¢
0tme
- = on z z _ z _ z %
7‘2nZ—|22C:| TLZ:OT {T2"2§+T2"Z—C T2n§7< TQnZ—<:|} C
L1 ¢ ¢ ¢ ¢
" o / 7(O{c“—z:+g“—z -z (%
0t
- 2n C Z Z 2n
+ng1’r |:T'2nC_Z+T2nC—Z_T2nC—Z TQnC_Z:| Z
{ |21%¢ EES. EES. |Z| ¢ d¢
P20 — 2z p2n|p2C — 22 p2n|2|2C — 12z r22]2C - 122 (

I ¢ T
o zl—>C0 2’/Til / F(C) |:<—Z+<—Z :| C (CO)
Cl=r
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with

re) = {”(O’ DSIme =y,

—v(¢), Im¢ <0,
Finally, for tg € (=1, —r)U (r,1), z € RT

1 = — o0
lim Rewg(z) = lim — / v(t) { SR + Zrzn
n=1

z—to z2—to 210 [t — 22 |1 —tz|?
ORTNR

« z2—Z " z2—Z z2—Z 2=z dt
‘T.Qnt _ Z|2 |’I"2”Z _ t|2 |r2n _ Zt|2 |1 _ 7'2"Zt|

1 SN z2—Z
ZL»n;lo 271 |: +/:| ( )‘t— Z|2 ,Y( 0)’

=

3

with
W, r<ll<i

1 1 teR.
i Bl B 1<‘t|<7
t r

In order to check the boundary behavior in the corner points +r and +1 decompose

L'(t)

Rewy = wy + we + @

according to the boundary integrals along |¢| =1, 0 <Im¢, and [¢| =7, 0 < Im(
and r < [t| < 1, ¢ € R. From

0<Im ¢
S 2n C Z _ < z %
+ ;T |: 2n<’_z TQnZ z T'QnZ—C r2nz C:|} C
1 ¢ ¢
 2mi / (C){C—z+§—z_1
[¢|=1,
0<Im¢
= o ¢ ¢ z Z d¢
Jrn;l?" [72”(_2 7“27%—277"2”2—( TQ"Z—C]}C
1 ¢ ¢
27 r'e) C*Z—i_(fz_l
I¢]=1
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[C|=mr,
0<Im¢
- 2n C Z Z Z %
Jrnzlr [7"27L<—Z+r2"§—z 7“2"2—C 7“2”,2—{]} ¢
1 ¢ ¢
= 7(0{cﬁ<z_
o'i';?c

and as well

1 ~ z2—Z > z2—Z z—Z
- T(t){ —— 2 dt
27 {/—’_/} (){|t—22 —l—;r [|r2”t—z|2 + |r2"z—t|2}}

as
1
z—z = on zZ—z zZ—z d
4
o(z) 277@{/+/} t—z|2+nzlr [r%t—z|2+|r2”z—t|2}
% =
with
(1), r<f <,
() = r2 teR
_’Y<t ) 712 < |t| < T,

By the properties of the Poisson kernels for discs and half planes, see e.g. [5], [28],
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and the continuity of T, f, [ in the respective corner points

lim1 wy(z) =T(£1) =0 = ~(£1),

lim wy(z) = lim wq(2) =0,
|2|—r #7220
hm wa(z) =T(£r) = 0 =~(xr),
z—tr
ﬂml wz(z) =0, lim wy(z) =0,
lim @(z) = [(+1) = 0 = (1)
lim @(z) = T(£r) = 0 = y(&r),
i, @(=) =0, | I (z) =0.
Thus for {y € {-1,-r,r, 1}
liHC1 Rewp(2) = 0= 7(Co)- o
z2—GCo

For the Dirichlet problem for the Poisson equation the harmonic Green function
is used. On the basis of [29], [31] and using the reflections on the boundary parts
as in the case of the half disc this Green function for the half ring R* is

_ _ _ 2
1—2( ¢(—= ﬁz—rQ"C 20—12 (—r?z 1 —r?yC

(=2 1=2C % z2=r"C 2 —r** (—r*"z 1 —r?"2(

GI(Z7 C) =

(3.5)
To obtain the Poisson kernel the outward normal derivatives are calculated. On
2 =1
¢ <
(—=z

8,.G1(z,¢) = 4Re {

|

—Zz

+nz::17’ |:T2n<_zT2"<—Z+T2H_ZCT2"—ZC:|}’
on|z|=r
_ ¢ ¢
8uzG1(Z7C)__4Re{C_Z _Z_Z

- 2n C Z z z
+;7‘ |:T2n<._zT2n<—2+7’2nz—<—r2n2_c:|}’

onz==z

By.C1(2,C) = —4Im<{ !

1 p—
€=z [T =2

1 1 1 1
2n — —
+Z l:|’l“2"C22 ‘C*T2nz|2 |’I“2"72’C‘2 1T2n2<|2:|}

n=1
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Thus Theorem 2 in the case of RT is reformulated.

Theorem 9. Any w € C?(R*;C) N C(RT;C) is representable as

1 ¢ T T ¢
we) =g [ wo{Fr2=-2 -

ORT,
0<1m4
2n C _ C z _ z
+nzlr |:’I"2"C—Z TQTLC—Z—'—?”Z"LZ—C 7"27122—(
< < : ___Z Hdc (3.6)
Tan—Z r2n<’ T2nz_< TZnZ—C C
z—z 1 1
* om / (){|t—z|2_1—zt2
ORTNR

3 + L 1 ! dt
\TQ”z—tP |z —r2nt|2 |2 —zt]2 |1 —r2nzt)?

>\\Hﬁ

1
J/ )G (2 C)dedn.

R+
Theorem 10. The Dirichlet problem
=fin R, w=+v on ORT,

for f € Ly(RT;C)NC(RT;C), v € C(ORT; C), y(—1) = v(=r) =(r) =~(1) =0,
is uniquely solvable. The solution is

1 ¢ ¢ ¢ ¢
=g [ 0=

ORT,
0<Im’¢
+ f:,,ﬂn _ C + z _ <
— r’n—z -z r?z—( r?z—(
¢ ¢ H d
< S - —|}2 (37)
TZnC -z 7‘2"C r2ny _ C: r2ngy _ C C
Z—Z 1 1
* om / (){u =P
ORTNR

- 1 1 1 1
2n
E - - dt
+n:1T [r2”2t|2 + |z —r2nt|2 |r2n — 2t|? |17‘2"th} }

-+ [ 106z ¢)agan
Rt
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Proof. Let wi, we and @ denote the three different parts of the boundary integral
along the respective paths on || = 1, || = r and R. Then as before for the Schwarz
problem

w5 [ rO{Zs ==
I¢1=1

& 1 — |2 1— |22 } g
2 [(ﬂncz)(r%z 0 2 Q) } ¢

with
_ )0, 0<Img, _
F(O_{—wo, mc<o, 70
. _
wz(z):fﬁ F(C){CEZJFCEzl
[¢l=r
_ on |2? K } d¢
2 Lr?nc—z)(r%z—c)*(W—z)(r?"z—o 3
with
_ 7(¢), 0 < Img, _
F(O_{m, mc<o, ="
z2—Z fay n 1
T 2mi {/ /}F { z|2+nzlr2 LrQ”t z|? +7“2”2—t|2]}dt’
ith
) V(t), r <t <,
T(t) = 1 1 teR,
(7)1
and
1
o, Z2—Z om 1 1
RS [/ /] {u—w*zr e |r2nz—t2]}dt
ith
) W0, r<ll<t,
_ 2
S I E T

Thus for any point of continuity ¢y of v on OR™

lim [wy(2) + wa(z) + wW(2)] = v(o)

z2—Co
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holds. This is even true at the corner points of R in analogy of the proof of the
Schwarz problem, due to the vanishing of the boundary function there. |

The harmonic Neumann function for Rt is

2(|? _ _
Ni(,¢) = 210g 2 1og (¢ — )T — 2)(1 — 201 - 202

r2

'y [4 log | ¢[2 — log |(z — r2"¢)(z — r2") (¢ — r2") (T — ")
n=1

x (¢ —r2)(C —r?"2)(1 —r*20)(1 — Tznzoﬂ ’
(3.8)

Its behavior for 0 < |z]| < 1 is

Z2 —
Ni(.6) =2 {log 5~ og (1 - 201 - 0P

- nz::l log <1 - rl”() (1 - TQZC) (1—7r*20)(1 —r*"20)

)
2
} on [¢| =

on [¢| =1 and
Ni(2,¢) = 2 {log|2¢[2 ~ Tog |(1 — ¢)(1 - 20)]?

- i log (1 - fg) (1 - T%) (1 —r*2¢)(1 —r*"2()
n=1

=1
For0O<ImzonIm({=0

_ B ¢ ¢ 2C S
(zc’“)z—i—zc%)]\fﬂz,g)—?{CZ—&-Cz-i-lZC+IZC

o0
_ 2n C C 1 1
nzz:lr {2—7‘2”C+z—r2”§+z§—r2”+z§—r2”
_ z _ z _ K16 _ zC
C—r2ny 2l -7z 1—r2ny( 1-—r2nzl| [

Thus for Im{ =0
0, if |z| =1,

81/2N1(Z7C):{4 if |Z|:T'

Also for r < |z]<1lonIm¢ =0

1 1 z2+z
—1 z zN s =2i(z—7Z T 9
02 = 0N (2.0) =26~ ) { s~ e+
2n

+ir2n (r’n¢ —z—2)¢ r2n(z + %) B 42+ Z n r
P NP e e P Fere A e U




276  Heinrich Begehr, Tatyana Vaitekhovich

so that for Im{ =0

27 2=Z (2—-2)(2+7) o
00 Nu(210) = 2+ g - ] e
On [¢]=1,0<Im( forr < |z| <1
(z8z+28§)N1(z,C):2{ ¢ + ¢ —1—|-7< + E -1

so that
¢ ¢ ¢ ¢ ]
2 + —14+=——4+—=——1|, if |z| =1,
aule(Z,C): |:CZ —z — ¢ — | |
4, if |z|=r.
Moreover, for [(| =1, 0 < Im(
a— -z z2—Z

i(azﬁg)Nl(z,g)m{ PR + C—ac=9 G

S 2n C C C
- ;T L(z —r2n) C 2z —r20) * 2(z — r27()

¢ ¢ ¢ ¢

Z(Z—r2n) 1—r2nz( 1-—12"%C C1—r2ng
¢
) )

0y,.N1(2,() =0 if z=7=.
Forr <|z|<lon|{|=70<Im(
¢ =C Z 2
= + + + =
1—2¢ 1-2¢ 1-2C 1-2C

so that

(20, +20z)N1(2,¢) = 2 {

i M[ . 1 N 1 N 1

— r — —

el 20 =12y —y2n Z(—p2n ZC—rIn
2z 2z 2z

T LA, (=2, =2tz

B r’z
Z — r2(n+l)% ’
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Hence,

0, if |z] =1,
ayzm(z,c):{Q{ (S S SN S T VR
; ¢ ) o

Finally, for [¢| =7, 0 <Im(

| ¢ ¢ ¢ ¢
Z(azaE)Nl(z’C)QZ{l—zg1—2C+1—Z< 1—5(

1 1

2n —_
* Z " [ ZC —r2n) z(zz —r2n)  Z(2( —r2n)
T
Z(Z¢—r?) 1 —yr2z  1—r2z(¢

¢ ¢
T e |

so that
Oy, N1(2,) =0 if z=7%.
For ¢ € RT
0, |2|=1, 0<Imz,
0. N1(2,¢) =<4, |z|=7r, 0<Imz,
0, z=%, r<|z| <1,
holds.

Finally, N; satisfies the normalization condition

1 dz 1 z % dz
o / Ni(z, )7:—5 / log (1—4) (1—4)(1—20(1—2‘0
02 o‘i‘;ﬁ
- Z % / log < ) (1 - r2:z> (1 —r*20)(1 — r2"2()
02
n n, n n 2
XG—MC)@—”C)@—”)(*”Q)dZ
z z zC 2 z

dz

= —— / log

z|—r

—Z /lo

| |=r

(“c)“"”o

277

2n< r2n 7"2n2’ " dZ _
L o e
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by the Gauss mean value theorem for harmonic functions and because
™
/log(4 sin? ¢)dy = 0.
0

With this Neumann function Theorem 2 provides the Neumann representation
for RT.

Theorem 11. Any w € C?(R*;C) N C*(RT;C) is representable in the form

| 2

w(Z)Zli( d<ﬂ+7 / Ay w(C {log—logl(l—ZC)(l—ZC)l

s
[¢]=1,
*\ ¢
¢

0<Im¢
*| ¢
¢

- Zlog ( W) ( 7”22‘5) (1= 12"20)(1 — #257)
} a

tarr [ Buw(O {logl(1 - 201 = ) ~log P

I¢l=r,
0<Im¢

0 2n 2n
+ Z:: log (1 — TZC) (1 - Tz() (1—7?"2¢)(1 — r?"2()

2 2
_~_7 / Oy, w(t {log'—log <l—t)(1—zt)

8R+0]R
2"t T2n TQTLZ
- 1 1— 1—— (1= 1—r2"at
s (1) (1) (1= e

- % /m wez(QNi(z, C)dEdn.

Theorem 12. The Neumann problem
. -+ + 1 ip
=fin R", dw=+v on ORT, — [ w(re)dy =c,
T
0

with f € Lay(RT;C) NC(RT;C), v € C(ORT;C), c€ C, y(—1) =y(-r) =~(r) =
(1) = 0 is solvable if and only if

21
OR+

2 [ ac=2 [ e (3.10)
R+
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The solution is unique and given as

2
w) =t or [ a0 {og B~ 1o - 5000 - 02
0

,,,QnC
z

_ gl log (1 - ) <1 - 7'2:4) (1 —r2"2¢)(1 — r22C)

/ 7(¢) {log |(1 = 20)(1 — 20)? — log |¢[?

*| ¢
¢

2mi
0<m
e T?n ,r2n _ 2 dC (311)
log|(1—-—)(1-—=) (1—r>"20)(1 —r*" —
+;og( C)( z<>( P220)(1 - 2027) }C

2

+% / y(t){logif—log (1—:)(1—Zt)

T2nt 7,,2n 7,2712 on
Zlog(l . )<1zt>(1 ; ) (1 —r"zt)

n=1
- J(QN1(z, ¢)d&dn.

2
}dt

1
T
Proof. The normalization condition

T

1 .
— )dp =
- /w(re Ydp =c¢

0

follows from the normalization condition of Ni(z,().
Denote by wg the sum of boundary integrals on the right-hand side of (3.11).
Then for |zo| =1, 0 < Im 2o, z € RT,

1 ¢ ¢ d
e
1 ¢ d
= lm 55 / F(C)L“EszCCz:l ?C:F(zo)zv(zo)
I¢l=1

with

o [0, k=1 0<me,
) {—wo, =1, m¢ <0,
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For |zg| =7, 0 < Im zg, z € RT,

0, wo(20)

T ¢ z—20 271 -z (—z (-2 (¢(—%Z](
K|:1, ‘C‘:Ti
0<Im¢ 0<Im ¢
1 1 1 ¢ ¢ d¢
1 Bt = = Cim = [ ()] —— %
wx [ ata= [ im oo [ ro[ s 2= 1)1
dRTAR OR* Ici=r
|
o)+ 1 [ 2(Odsc
OR*
with
; =T, 0<Im ;
o< {70, 1 ¢
_’Y(C)7 |C| =T ImC <0.
For zg = Zg, r < |20| < 1, z € R™,
1 z—%zZ z—-%Z (2—-2)(z+7%2)
=1 _— — —
Dywo(z) = lim 5= / (@) [|t 2 oP ioap |
ORTNR
— lim — /+ ;f(t) Tt = T(z0) = (20)
_zingo 2T |t_Z|2 B o) =

with

Moreover, for |zg| = 72, 0 < Im 2
b) b)

0, w(eo) — wn(zo)) =~ [ F(C)dsan,
Rt

while this is vanishing for the other parts of the boundary. Hence, on OR™

dw(z) =~(z) + B(2)
with 3 vanishing on OR' \ {|z| =7, 0 < Im z} and

56 =1 [ s~ [ s)dsan. .
Rt

™
IR+t
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