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Abstract. This paper treats resolvent L, estimate and maximal L,-L, regular-
ity for the heat equation with various boundary conditions in an infinite layer.
We need to consider two boundary conditions on upper boundary and lower
boundary. We are able to choose any pair of Dirichlet, Neumann and Robin
boundary conditions. We construct the solutions of Fourier multiplier operators
and we use a theorem for an integral operator, which derives L,-boundedness
and L,-L4 boundedness. The key is that the holomorphic symbols can be prop-
erly estimated from above.
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§1. Introduction and Main theorems

This paper is concerned with the linear heat equations with various boundary
conditions in an infinite layer. Since the layer has two boundaries, we need to
consider various types of the conditions. We give the solutions for any pair
of boundary conditions of Dirichlet, Neumann and Robin. Let 0 < § < oo,
Q:=R"1 x(0,6), ['s := R*"! x {6}, Tp := R" x {0}. We use o, 3; >0
with (s, i) # (0,0) (i = 1,2) to distinguish the boundary conditions. The
equations are as follows;
Oy —Au=f inQ, t>0,

(1.1) au+ f1ou=g on Iy, t >0,

. agu + Bo0,u = h onI's, t >0,

ult=0 = uo in Q.

The function u is unknown, while f, g, h,ug are given functions. We use the

notation 0, := % = v - V with outward unit normal vector v. The case
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(B1,B2) = (0,0) implies Dirichlet boundary condition, and (a1, a2) = (0,0)
implies Neumann boundary condition. However, we emphasize that we are
able to select various cases since «;, §; > 0 with («y, 5;) # (0,0) (i = 1,2).

To solve the heat equation (1.1), we divide the problem into the resolvent
problem and the problem with trivial initial data, i.e., we regard (f, g, h,ug) =
(0,0,0,u9) + (f,g,h,0). The first one is treated by the semigroup approach.
To do so we prove the resolvent estimate. The second one is treated by the
maximal regularity approach, where the time interval is R. Mainly we tackle
the following resolvent problem;

A — Au = f in Q,
(1.2) aju+ B1ou =g on Iy,
oot + Bo0,u = h on I's.

Since the problem (1.2) is Laplace-transformed equation of (1.1), two solutions
are almost same. Resolvent estimate with the case ¢ = h = 0 implies the
generation of analytic semigroup. Moreover we can see maximal regularity
estimate for the problem (1.1) with ¢ € R.

To state resolvent estimate, we introduce some notations. Given a domain
D, Lebesgue and Sobolev spaces are denoted by L,(D) and W;*(D) with
norms | - [z, (py and || - [y (p)- The same manner is applied in the X-valued
spaces L,(R, X) and W"(R, X). For a scalar function f, we use the following
symbols;

Even though g = (g1,...,97) € X™ for some f1, we use the notations g € X
and |gllx as 37 [lgjllx for simplicity.

Let ¥., := {A € C\ {0} | |argA| < m —¢&,|\| > 7} and 2. := Y.
Throughout this paper, we use generic constants ¢ and C which may different
from line to line.

The following is the generalized resolvent estimate.

Theorem 1.1 (Resolvent estimate). Let 1 < g < oo,y > 0,0 < ¢ < 7/2.
For any X € ¥¢ ),

f € Ly(9), ge{Wf(Q) if 1 =0, he{wgm) if By =0,

Wh(Q) if 81 >0, WhHQ) if By >0,
the problem (1.2) has a unique solution u € W2(Q) with the resolvent estimate

1, A2V, V20) 1, 0) < Cngcn (1 l1zy0) + 15, (9) + g, (h))
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with
Iﬁ (g) — H(Ag7 A1/2vgv v2g)HLq(Q) lf Bl - 07
' I(A29,Y9) 1,0 if B >0,
1I (h) o H(/\hv )‘1/2Vh7 v2h)HLq(Q) if B2 =0,
T IO 20, V) 1) if By > 0.

Remark 1.2. Since we give functions g and h as boundary data, only g(«’,0)
and h(2’,0) are important. We have to take 79 > 0. However, this is the reason
why we use cut-off technique as we can see in the proof. We can take vo =0
by assuming g(z’,6) = 0 and h(2’,0) = 0. This assumption is not essential.
So, we can use this boundary conditions g(z’,0) = 0 and h(z’,0) = 0. This
remark is also applied to the following maximal regularity theorem.

By g = h = 0, we have the generation of analytic semigroup.

Corollary 1.3. Let 1 < g < o0 and «y, f; > 0 with (a;, 5;) # (0,0) (i =1,2).
Then the operator A on Ly(S) defined by
D(A) :={uce WqQ(Q) | c1u + f10,u = 0 on Ty, awu + P20,u = 0 on T's},
Au = Au

generates a bounded analytic semigroup e'.

The other main theorem is maximal L,-L, regularity estimate. Although
we usually consider time interval R, for initial value problems, we regard
functions on R to use Fourier transform. To do so and to consider Laplace
transforms as Fourier transforms, we introduce some function spaces;

Lpoqr R, X):={f:R— X |e " f(t) € L,(R,X), f(t)=0 for t < 0},
%’VO(R’ X) = {f € prov'YO(R’X) | G_WOtagf(t) € LP(R7X)’ ] = 1) .. 'am}a

for some 79 > 0. Let £ and E;l denote two-sided Laplace transform and its
inverse, defined as

L) = /°° Ny, L5 gl(t) = - /°° Mg(A)dr,

o 27 J_ o

where A = v+ 47 € C. Given s > 0 and X-valued function f, we use the
following Bessel potential spaces to treat fractional orders;

om0 R X) = {f : R —= X | ASf = LIHIAPLIAIN() € Lpoy (R, X)
for any v > ~0}.
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We consider the heat equation on ¢t € R.

GU—AU=F inQ, teR,
(1.3) a U+ p10,U =G on Iy, t€R,
asU + 528,,(] =H onIs, t € R.

Theorem 1.4 (Maximal regularity). Let 1 < p,q < 0o,y9 > 0. For any

F € Lpoqo(R, Le(2)),

e {Wlm Ly(9) 0 Ly (R,
)

2(Q)) if B =0,
HYP (R, Lo() N Loy (R,WAS)if 1> 0,

1%
1%

He 11002,70( (Q)) N LPO’YO(R WqZ(Q)) if B2 =0,

HYZ (R Ly(Q)) O Loy (RIWHQ) i By >0

the equation (1.3) with initial value Uli=g = 0 has a unique solution

1
Uec Wpﬁﬂo

(R, Lq(2)) N Lp,o.7 (R, W (2))
with mazximal regularity

le™ " (0U,vU, AY2VU, V2U)|| 1, .1y (20)
<Chspanolle”" FllL,® L) + 15 (G) + s, (H))

for v > vy, where

i (G) = {Ile (o oG, A, VG VG 1, g0 i P =0,
le= " (A "G, VG| L=, L) if g1 >0,

Mg, (H) := {Ile %(852 APVH, VZH)| L, ®L,@) if B2=0,
le™ " (A" H, VH)||,,®,L, () if B2 > 0.

Let us review relevant works for resolvent estimate and maximal regularity.
There are some classical books [8, 9]. Based on operator-valued Fourier mul-
tiplier theorem in [11], maximal L,-L, regularity for parabolic equation has
been proved in [1, 7]. The point to be noted is in the assumption. Namely, we
have to check R-boundedness of Fourier multiplier symbols. To do so, there
are some methods given by [6] and [10]. We use the good points of both in
this paper. Although the notion of R-boundedness is difficult, R-boundedness
and usual boundedness for an operator is equivalent on the Hilbert space. We
can use Fourier multiplier theorem twice since we regard Laplace transform
as Fourier transform. Moreover we know that if the Fourier multiplier sym-
bol is bounded and holomorphic, then it becomes a sufficient condition to use
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Fourier multiplier theorem on R™. In our previous papers [3, 5] which consid-
ered on the half space and the layer domain, we constructed theorems to prove
Lg-boundedness and Ly-L, boundedness. Two papers proved resolvent esti-
mate and maximal regularity estimate for the Stokes equations with various
boundary conditions on the half space, and with Dirichlet-Neumann boundary
condition on the layer domain. This paper also treats resolvent estimate and
maximal regularity for the heat equations with various boundary conditions
on the layer domain.

This paper consists of five sections and one appendix. In the next section,
we reduce the problems (1.1)-(1.3) to the homogeneous source terms except
for boundary data, i.e., we show that f =0, F = 0 are enough to prove main
theorems. To do so, we have to consider the heat equations on the whole space.
The estimates on R™ are proved in the appendix. The proof is straightforward
since the symbols are bounded and holomorphic. In Section 3, We give the
solution formula for the problems (1.1)-(1.3). Thanks to the preparation in
Section 2, the solution operator is given from boundary data to the solution.
In Section 4, we prove the main theorems. After we review a theorem, we
divide the solution into two terms which come from two boundary conditions.
We also divide the symbols while paying attention to the regularity of the
boundary. Since we need to estimate the symbols, we prepare some lemma.
Then we are able to get resolvent estimate and maximal regularity estimate at
the same time. In the last section, we prove the solution is unique. The method
is to use dual problem and fundamental lemma of calculus of variations.

§2. Reduction to the problem only with boundary data

In this section we show that it is enough to consider the case f = 0 in (1.2)
and F' =0 in (1.3) by subtracting solutions of inhomogeneous data.
Let f € Ly(Q) with 1 < ¢ < co. We extend the function f by

_ )@ xeq,
B = {0 z ¢ Q.

Then we have Ef € Ly(R™). We solve the equation (A—A)v = Ef in R". We
are able to get v € W2 (R") and
[, AY2V0, 920) [ 1, < (A0, AY2V0, V20) | 1, g
< CIEf] L, @&
= Cllfllz (o)

The proof of the second inequality is given in Appendix A.
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First we consider the case 81 = 52 = 0. Keeping in mind w = u — v, let w
be the solution of

A—A)w=A—Au—(A—Apw=f—Ef=0 inQ,
oaqw|r, = a1(u —v)lp, = g — aavlr, = 7,
awlr, = ag(u — v)|r, = h — agvlp, =: h.

We see

In(g) + 1o (h) < Ip(g) + Ho(h) + arlo(v) + aolly(v)
< O([flln, ) + To(g) + To(h)).
This means that, if we have theorem 1.1 with f =0,
|, N2V, V20) | 1, @)
< 1w, A2V w, V20) 1, ) + | (A0, AV2V0, V20) 1, )
< C(Ifll by +10(9) + Mo (R
< O fll L, @) + To(g) +To(h

which implies that f = 0 is enough to prove theorem 1.1, where the solution
wisu=w+w.
Next, we consider the general case. Let v be the solution of

(7))
(7))

)

AN=Aw=f in €,
v=20 on I'y,
v=20 on I's.

From above discussion, we have H(/\v,)\l/QVv,VZU)HLq(Q) < Ol fllLy@)- Let
w be the solution of

A—Aw=N-Au-A—Apw=f—Ef=0 in Q,
aqw — P10w = a1 (u —v) = f10n(u —v) = g+ P10v =:§  on I,
aow + B20pw = ag(u — v) + P20, (u —v) = h — Ba0,v =: h on I's.

Then we show u = w + v is the original solution. This is the reason why

I,(9) < 1s,(9) + Bils, (v)

{: I5,(9) if f1 =0,
< Ig,(9) + B1l[(A20,0, V(00) |0y < CUIf Ly +1s:(9)  if 81> 0.

The term of h is treated similarly.

Therefore f = 0 is enough to prove theorem 1.1. After replacing the norms,
F =0 is enough to prove theorem 1.4.
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§3. Solution formula from boundary data

We give the solution of the resolvent problem (1.2) with f = 0 and the non-
stationary problem (1.3) with F' = 0. We apply partial Fourier transform with
respect to tangential direction 2’ € R"~!. We use the notations

’lA}(é',?$n) ::fx/v(£/’$n) = / e—ix’.ffv(m/,xn)dx/’
Rn—1

]. e
fglw(az/,xn) = / P w(€, xy,)dE
Rn—l

Set
> e, B = /A + A2
with positive real parts. Here we consider ¢ = (&1,...,&,-1)7 as complex
values;

& €3y ={z € C\{0} | largz| <n}U{z € C\ {0} | 7 — 1 < |argz]}

for n € (0,7/4).
We need to solve the following second order ordinary differential equations;

(B> = 82)a=0 in0<ux, <S4,
a1t — B0t = ¢ on x, =0,
ol + BoOptt = h on z, =d.
From the first equation, we get the general solution

(g xn) = CreP*n 4 Coe™Pon,

where the coefficients C'y » are determined by the boundary conditions;
ar — /B ar + 5B Ci\ _ (9
(az + B2B)e™ (az = paB)e™ ) \C2) — \h)

D ::(Oél — /313)(052 — BQB)(E*B(S — (051 + ,BlB)(ag + /BQB)BBJ
= — 2{(ayag + B182B?) sinh BS + (a1 B + aa 1) B cosh B6)}

Let

be the determinant of the coefficient matrix. We prove D # 0 in lemma 4.3.
Therefore we have

(Cl) B i ((042 - ,823)6_36 —(041 + ,BlB)) (g)
Cy) D \—(az+ BB)eP a1 — BB h
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and
e’ )
=S {(02 = BB)e g — (1 + GiB)RY T+
+p{(an + B2B)e%g + (an — iB)R}e P
%%m—&m PO — (ag + BB)eP 0}

+ 5{—(041 + B1B)eP™ + (aq — B1B)e B }h
1
_ 5{OQ(eB((S—ﬂcn) - e—B(&—wn)) + BZB(eB(é—a:n) + e—B((S—xn))}g
1 n
_ 5{0&1(€B$" _ e—B;cn) + ﬁlB(Ban + e—an)}h

B ag sinh B(6 — xy,) 4+ S2B cosh B(§ — x,,) .
"~ (c1ag + B132B2) sinh BS + (132 + aa31) B cosh BsY
. «q sinh Bz, + 31 B cosh Bx,, i
(041042 + 51,3232) sinh B + (06162 + OéQﬁl)B coshB6

Similarly, the solution of (1.3) with F' =0 is

LU 20, N)
B ag sinh B(0 — ) 4+ B2 B cosh B(6 — x,,) —
"~ (a1ag + B132B2) sinh BS + (a1 B2 + aa31) B cosh B

n aq sinh Bz, + 1B cosh Bz, 7
(a1 + B182B2) sinh B + (a1 B2 + aa 1) B cosh BS

§4. Proof of estimates

We prepare a theorem to prove the main theorems. Let us define the operators
T and T, by

)
TWW@—/[(&%%WMW@M%
T S malg(x,t) = =L, / Slm, 5 Ty Yn ) Far LN X, Yy N dyn,
= [ FL T Frse (e 9] (2, 1),

where A = v +i7 € Y., symbols m, m) are C-valued functions, and f: 2 — C
and g: QO xR — C.
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The following theorem is a basis of L,(€2)-boundedness to prove resolvent
estimates, and L,(R, L,(£2))-boundedness to prove maximal regularity esti-
mates, where the domain (2 is layer R"~! x (0,§), while O = R in [3]. We
define

di(zp) =0 —xn, da(xy) = zp.

Let H Oo(f]g_l) be the space of bounded and holomorphic functions on f]g_l.

Theorem 4.1 ([5, Theorem 5.1]). (i) Let m satisfy the following two condi-
tions:
(a) There exists n € (0,7/2) such that

{m(, 0, yn); Tn, yn € (0,0)} C HX (S,
(b) There exist n € (0,7/2), £,¢' € {1,2} and C > 0 such that

Sl}p |m(§,7 Tn,s yn)| < C(dé(l'n) + dZ’ (yn))_l
grespt

for all zp,yy € (0,0).
Then T'/m] is a bounded linear operator on Ly(2) for every 1 < g < oc.
(ii) Let v0 > 0 and let my satisfy the following two conditions:
(c) There exist n € (0,7/2 —¢) and ¢,¢' € {1,2} such that for each xy,y, €
(0,0) and v = 7,
fl:; > (1,&) = ma(€, 2, yn) €C

1s bounded and holomorphic.
(d) There exist n € (0,7/2 —¢), £,¢' € {1,2} and C > 0 such that

sup{[ma (€', @n, yn)| | (7,€) € Z1} < O(de(an) + do(ya)) ™

for all v > ~0 and zpn, yn € (0,9).
Then T, [my] satisfies

le™ Ty [mAlgllz,m.z, ) < Clle™" gl ® 1,9
for every v > v and 1 < p,q < oo.
We define the symbols
a9 sinh Bx,, + B2 B cosh Bz,

D6y, (Tn) = (a1ag + B1 2 B2) sinh B + (a1 + azf1) B cosh B’
" () = a1 sinh Bz, + (81B cosh Bz,
B1,82\+4n (0410(2 + B152B2) sinh B§ + (04152 + 04261)3 cosh B§’
so that

u(x) = fg_’1¢51752 (dl ('rn))]:x’g(m,a O) + }—g_’lqpﬂlﬂz (dz(l‘n))]‘—x/h(l’,, 5)
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=l lUg + up.

Although ¢g, s, and ¥, 3, are the functions of A and &', we omit their variables
for simplicity.
Let ¢p € C*°(R) be a smooth cut-off function such that 0 < {y <1 and

)1 y<%5,
CD(y)_{O y>%6

and let 5 := 1 — {p. Recall the fundamental theorem f(z',d) — f(2/,0) =
fOé anf(ﬂl”, yn)dyn, and note

)
f(a'8) = / Oy (Co () £ (2" ) g,

f(a',0) / Oy (Colm) £ (& )

and d;(9) = d2(0) =0
By using the following identities

B2 \l/2 = i,
BE=X+ ) & 1= = A= D0 2 (k).
m=1 m=1

we calculate as follows;
uw) =~ | [0 (o i s () — ) Far o9l
N /ﬂa (Fo s 5, (dan) — i () FarCsh) g
/ Fo 0u(6 5,50 (1 (20) — o)) For Gogdy
- / Fo (850,61 (100) — do(yn) For0n(Cog) g
/ Fo 0u (W, a(da () — i () ForCohldyn
4 /O Fo s, (da ) — i (90)) Far B (G510

Case 31 = 0;

g = [ F 8210000, ) — o) o~ Al
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1)
- /0 Fo N2 B 20,5, (d1 (n) — da(yn)) Far (A 200 (G09))
n—1 5
+2. /0 For [i&mB 0,5, (d1(wn) = da(yn)) For (Omn (G09)) -
m=1
Case 31 > 0;
1)
Ug :/0 ]:71[)\1/2B_2(8n¢61,,32)(d1 (xn) - d2(yn))]:x’(>‘1/2<09)]dyn
n—1 P
o Z/(; JT"_/I[igmB72(an¢ﬁ1,52)(d1(x”) B dg(yn))}“x/(am(Cog))]dyn
m=1

9
_ /0 Fi [0p1,52 (A1 () — do(yn)) Fur O (C09) | Ay
Case (35 = 0;
9
up, :/0 Feo ' [B72(0nthp,.0)(da(xn) — di(yn)) Fur (A — A")C5h))dyn
J
i /0 Fo 2B 2y, o(da(w) — di(yn)) For (N/20,(Cs)
n—1 F)
S /O For ' li€mB 23, 0(da(2n) — dy (yn)) For (Omn (Csh)) .
m=1
Case (35 > 0;
4
Up, _/(; -’tgl[)‘1/2B72(8n¢ﬁ17ﬁ2)(dQ(Ccn) - dl (yn))fz’()‘l/2céh)]dyn
n—1 E)
o Z /0 ]'-g’l[igmB_2(an¢51752)(d2($n) — d1(Yn))Far (Om(Csh))]dyn
m=1

6
+/0 f§1[¢517/32 (dQ(l'n) - dl(yn))fx’an(C‘sh)]dy"'

Let Sug()\,f’, Zp,Yn) and Sy, (A, &', zn, yn) be any of symbols;

(B2(0n60,6,)(d1 (20) — d2(yn)), (81 =0),
AM2B=2¢0 g, (d1 (zn) — da(yn)), (81 =0),

! ,_ igmB_2¢0,52 (di(zn) — da2(yn)), (B1=0),
Sua &t ) =0 12 g2 60 0Ny () — o), (B1 > )
i€ B~ 2(On 5, 52) (i (20) — da(yn))s (B> 0),

\¢ﬁ1,52 (dl(xn) - d2(yn)>v (/81 > 0)7
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B™*(0ntpy,0)(d2(25) — (yn)), (B2 =0),
/\1/2372w61,0(d2(xn) 1(Yn ))7 (/82 = 0)7

) ) i&mB %, o(da(zn) — dl(yn))a (B2 = 0),
Sup (N & T, yn) = )\1/23—21!}/6170@2(33”) d1(yn)), (B2 > 0),
igmB_2(8n¢51ﬁ2)(d2(xn) —dy (yn))a (ﬂQ > 0)7

\1/151,,6’2 (dz(l‘n) - dl(yn))v </82 > 0)-

Here m runs from 1 to n — 1.
We shall confirm that all of the symbols are bounded in the sense that

sup M+ N2l + 1&g IS,
(AE)ES xSt
ro'=1,...n—1

(4.1) » )
A+ 16:D10s, Suy | + 102, Su ||
< C(da(wn) + da(yn)) ™,
sup LN+ 16 + (6] 60 IS
(AENESxEp~?
rr'=1,...n—1
(4.2)

(A2 16 )10 S| + 102, S}
< C(di(zn) +di(yn)) ™",
for suitable n € (0,7/4) depending on ¢.
Let A := /3721 ¢1%

Lemma 4.2 ([3, Lemma 6.3]). Let 0 <e <7/2 and 0 <n < e/4. Then there
exist positive constants ¢ and C' such that for any (A, &', x,) € 3o X Eg_l x(0,6),
o, B =0,

cA<ReA<|A| <A,
c(|A|'? + A) <Re B < [B| < C(]A]'/? + 4),
c(a+ B|B|) < |a+ BB| < a+ B|B|.

Lemma 4.3. Let0 <e < 7/2,0 <n <e/4. Then for any (\, ') € Esxigfl,
we have the estimate

|D| > 2|ay + f1B||az + f2B|sinh ((Re B)J).
Proof.

_ - 5B a1+ 1B
" (a2 + B2B)eP (ay — BaB)e B0
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= (a1 — f1B)(a2 — BoB)e P — (a1 + B1B)(as + B2B)e™.
Therefore
ID| = [(e1 + B1B) (a2 + B2B)e®® — (a1 — B1B) (a2 — B2 B)e ™|
= [”*][(a1 + B1B) (a2 + B2 B) — (a1 — fi1B)(az — BaB)e |
> BB |ay + B1B]|ag + BoB| — |1 — 1B |az — BoBle 2R B,
Here we use |ag + f1B| > |1 — f1B|, |ag + B2B| > |aa — £2B].
ID| > e®e BV |0y + B1Bl|ag + B2 B| — |y + B1B||ag + B2 Ble 2R B}

= |y + B1B| |y + BoB|(eRe B _ o= (Re By
> 2|ay + f1B||ag + B2 B|(sinh (Re B)9J).

We prepare another estimate.

Lemma 4.4. Let 0 < e < /2, 0 < n < /4. Then there exists a positive
constant C' such that for any (A, &, x,) € Xz X EZ‘I, we have the estimate

sinh Bx,, cosh Bz, c
sinhRe BS |’ [sinhRe B | ~ (|A\[1/2 + A)(6 — x,,)
Proof.
sinh Bz 7
ST A2 4 A)(S — 2,
sinh Re Bd (A7 +AX o)
’ean _ e*an‘
< CReB(d —tn) Rops ——ReBs
|€Bwn| + ‘e—an|
< CReB(6 — ) ¢ReBs _ ,—ReBS
< CReB(§ — z,) cReBS | _ ¢ 2ReBd
- B 1 +6—2ReB:cn
Re B(6—xzn
< CReB(§ —ap)e P00 s
<C (=6 <zy <0).
The other ‘sfgih%| is the same. -

Using these lemma, we have

961,85 ()]
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(Ja1 4 B1B||ag + B2 B|sinh Re B§) ™! |y sinh B, + B2 B cosh By,|

<C
< O((ca + BB (N + A) (6 — ),

and similarly,

(V51,62 ()] < Cl(az + Bl B)(IAV? + A)(6 = 2)) 7,
001,82 ()| < C(01 + B1|BI)(8 — 20)) 7,
|Ons1,5: (2n)] < C((az + 2| B)(8 — )"

This implies that

C
‘)"1/2 + A)Q((S - dl(xn) + d2<yn))
c
(A2 + A)2(d2(n) + d2(yn))
C
(IAI'/2 + A)(d2(xn) + d2(yn))
C

(xn) + d2(yn)’
C

A2+ A)2(8 — da(wn) + di(yn))
(JA[1/2 +A>2(d(f<xn> +di(yn))’
(JA[1/2 + A)(d?(m +di(yn))’
(2n) i di(yn)’

and the inequalities (4.1) and (4.2).
We are in the position that we able to use theorem 4.1. We obtain the
following inequality

|0, Sy | <

2
<
|8xn5uq’ — d2

S| < (

|8xn Suh ’ S

92 S, | <
‘Z’n h’—dl

(e, X2V, V20) [ 1, ) < C(Ig, (Gog) + 11, (Csh)).

To remove the cut-off function, we use o, (s € WE(R), [[(¢o, ¢s)llwz r) < C
and 0 < 79 < |\| as follows; When ; = 0,

A G0 I Ly2) < 160l Lo 0.6)[Adl L) < ClIAGlI L, @)
IV (Go9) Ly ) < 1IVG Lo 0.5 IN 29l 1,0 + 10l L@ IN2V 9l L, ()
< CH()\Q, )\1/2v9)||Lq(Q)7
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IV (oD L) < IVl 0819l L,@) + 21V 1w 0.6Vl Ly @)
+ 160l Lo 0.6) 1V 291l Ly )
< Cll(Ag, A'*Vg, V29) ),

—1/2‘)\’1/2

where we used 1 < v, When £; > 0, we show similarly,

IX2 (09 g2 < 160l 0. 1IN 29l < CINgllz, @
V() ) < IVCllzws) gl @) + HCOHLOO(O,é)HvQHLq(Q)
< CI(AY%g,Y9) 1,
The term A is same as the term g. Therefore we are able to prove
I, N2V, V20| ) < C (1, (9) + g, (R)).

This concludes the proof of theorem 1.1 with f = 0.
By theorem 4.1 again, we are able to prove theorem 1.4 with F' = (. Since
v < |A|, we have the estimate for the term U.

§5. Uniqueness

In this section we prove the heat equation with various boundary conditions
has at most one solution.

Theorem 5.1. Let 1 < g < oo and u € W2(Q) satisfy

A=A)u=0 in0<x, <0,
aju — B10pu =0 on z, =0,
agu + B20pu =0 on x, =9,

then uw = 0.

Proof. The method is based on fundamental lemma of calculus of variations.
For any ¢ € C§°(Q), take ¢ € Wq%(Q) such that

AN=A)p=2¢ in 0 <z, <9,
a1 — 10, =0 on x, =0,
agp + P20 =0 onxp =0,

where % + % =1.
Remark that

/
/ axQ dx - /IRH 1 </ axQ dxn) v
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B Op J o Ay Jp ;
= /I%n_l <|:uaxn:|0 — ) T%T%dxn dx
B Op J ou 1° 0 92y ,
= /Rn_l ([uaan— [axngo}o—i—/o a—z%@dxn dz’.

For the case 1,82 > 0,

L0010 [ou 1°
0z | 3mn¢ 0
« @ Qa2 ]

— (é@u!xnza) - (Fiwulxn:o) - (Eugp\xn:(;) + (Ewmzo)
=0.

For the degenerate case, we can lead the same result more simply. Therefore
we have

/Q bz = /Q wOrp — Ag)dz
_ /Q (i — Au)pdz
— 0,

which implies u = 0. O

§A. Appendix: Proof of estimates in the whole space
Proof. We can solve the equation (A — A)v = Ef in R", and then we see
M = F IAB2F(Ef),

AN290 = F-I\V2ig; B2 F(E),
0j0kv = —F &6 B2 F(Ef),

where B = /A +3°7 5]2. Here we note that the symbols AB~2, \1/%i¢; B2,
fjékB*Q satisfy holomorphic in A € 3., & € f]f‘] and boundedness

IAB72| < O(MYV2+ A2 <O,
INV2ig; B2 < CIAV2lig (M2 + A) 2 <
&;6.B72 < Cl&|I€ (N2 + A)~2 < .
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This H*® property implies L,-boundedness for the Fourier multiplier operator
by [6, Proposition 4.2.1] and [10, Proposition 4.3.10]. This concludes that the
resolvent L, estimate

(A, N2V, V20) || &y < CIEF| L, @e)

holds. The maximal L,-L, estimate is also same. O
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