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Abstract. In this paper, by utilising the Riesz functional calculus in a Banach
algebra B, we provide some norm inequalities for the generalized commutator

f(y)z—zf(x)

where z, y, z € B and f is an analytic function for which the elements f(y) and
f(z) exist. Some examples for the resolvent and exponential functions are also
given.
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8§1. Introduction

Let B be an algebra over C. An algebra norm on B is a map ||-|| : B—[0, c0)
such that (B, ||-||) is a normed space, and, further:

labl| < [l {|]

for any a, b € B. The normed algebra (B, ||-||) is a Banach algebra if ||| is a
complete norm. We assume that the Banach algebra is unital, this means that
B has an identity 1 and that [|1]| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists
an element b € B with ab = ba = 1. The element b is unique; it is called
the inverse of a and written a~! or % The set of invertible elements of B is
denoted by Inv(B). If a, b € Inv(B), then ab € Inv(B) and (ab)~! = b~ta"L.

For a unital Banach algebra we also have:

(i) If a € B and limy_,o0 [|a”||*™ < 1, then 1 — a € Inv(B);
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(ii) {be B: |1 -b|| <1} C Inv(B);
(iii) Inv(B) is an open subset of B;
(iv) The map Inv(B) 3 a — a~! € Inv(B) is continuous.

For simplicity, we denote A1, where A € C and 1 is the identity of B, by A.
The resolvent set of a € B is defined by

pla):={A e C: N—aeclnv(B)};

the spectrum of a is o(a), the complement of p(a) in C, and the resolvent
function of a is Rq : p(a) — Inv(B),

R,(\) == (A —a)" L.
For each A, pu € p(a) we have the identity
Ra(:u) - Ra()‘) = ()‘ - N)Ra(/\)Ra(M)‘

We also have that
o(a) C{AeC: Al < Jlall}.

The spectral radius of a is defined as
r(a) =sup{|A|: A€ o(a)}.
Let B be a unital Banach algebra and a € 5. Then

(i) The resolvent set p(a) is open in C;

(ii) For any bounded linear functional X : B —C, the function \ o R, is
analytic on p(a);

(iii) The spectrum o(a) is compact and nonempty in C;

(iv) We have

T n)l/n
(@) = Jim """

Let f be an analytic functions on the open disk D(0, R) given by the power
series

o0
FO) =Y a;N (]Al < R).
§=0
If v(a) < R, then the series Z;io aja’ converges in the Banach algebra B
because » > |a;] |a?|| < oo, and we can define f(a) to be its sum. Clearly
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f(a) is well defined and there are many examples of important functions on
a Banach algebra B that can be constructed in this way. For instance, the
exponential map on B denoted by exp is defined as

o0
1 .
expa = E ,—'a] for each a € B.
— ]
J=0

If B is not commutative, then many of the familiar properties of the expo-
nential function from the scalar case do not hold. The following key formula
is valid, however with the additional hypothesis of commutativity for a and b
from B
exp(a + b) = exp(a) exp(b).
Concerning other basic definitions and facts in the theory of Banach alge-
bras, the reader can consult the classical books [12] and [13].

Let B be a unital Banach algebra, a € B and G be a domain of C with
o(a) CG. If f: G — C is analytic on G, we define an element f(a) in B by

(1.1) : 27”/f ¢ —a)7lde,

where v C G is taken to be a closed rectifiable curve in G and such that
o(a) C ins(y), the inside of ~.

It is well known (see for instance [4, pp. 201-204]) that f(a) does not
depend on the choice of v and the Spectral Mapping Theorem (SMT)

(1.2) o(f(a)) = f(o(a))

holds.

Let Hol(a) be the set of all the functions that are analytic in a neighborhood
of o(a). Note that Hol(a) is an algebra where if f, g € Hol(a) and f and g
have domains D(f) and D(g), then fg and f + g have domain D(f) N D(g).
Hol(a) is not, however a Banach algebra.

The following result is known as the Riesz functional calculus Theorem [4,
p. 201-204]:

Theorem 1.1. Let B a unital Banach algebra and a € B.

(a) The map f — f(a) of Hol(a) — B is an algebra homomorphism.

(b) If f(2) = D52, axz® has radius of convergence r > v(a), then f € Hol(a)
and f(a) = 372, axa.

(c) If f(z) =1, then f(a) =



188 S. S. DRAGOMIR

(d) If f(z) = 2 for all z, then f(a) =

(e) If f, f1, ..., fn-.. are analytic on G, o(a) C G and f,(z) — f(z) uniformly
on compact subsets of G, then || fn(a) — f(a)|]] = 0 as n — oo.

(f) The Riesz functional calculus is unique and if a, b are commuting ele-
ments in B and f € Hol(a), then f(a)b=bf(a).

For some recent norm inequalities for functions on Banach algebras, see
[2]-[3] and [5]-[11].

In this paper, by utilising the Riesz functional calculus in Banach algebra
B, we provide some norm inequalities for the generalized commutator

fy)z —zf(x)

where z, y, z € B and f is an analytic function for which the elements f(y)
and f(x) exist. Some examples for the resolvent and exponential functions are
also given.

§2. Main results
We have:

Lemma 2.1. For any elements a, b, ¢ in the Banach algebra B and for any
n > 1 we have

(2.1) ac—cb" = Z a" Y ac — cb)b'.
In particular, for b = a we have
(2.2) a"c—ca" = Z a" " (ac — ca)d'.

Proof. We prove it by induction over n. For n = 1 we obtain in both sides of
(2.1) the same quantity ac — cb. Assume that for k& > 2 we have that

afe — cbf = Zak “ac — ch)b’
and let us prove that

ak Cbk—i-l § ak z bz
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We have

N
S

—1
a*(ac — b)b' + a**(ac — cb)b”

IS}
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k—1
=a) d* " (ac — cb)b® + (ac — cb)b*
=0
= a(a’c — cb*) + (ac — ¢b)b* (by induction hypothesis)

= a" e — ach® + ach® — b = aF e — Pt
and the proof is completed. O

Remark. For ¢ =1, we have from (2.1) that
(2.3) a’ =" = Z a" " Ha - b)b’

for all a, b in the Banach algebra B, see [2] for details.

Corollary 2.2. With the assumptions of Lemma 2.1 we have the inequality

_||b||™ .
el U™ i ) # Jall

(2.4) lla"c — eb"|| < |lac — eb]| x
S
nlall", if [0l = |lal|.-
In particular, for b = a, we have
(2.5) la"c —ca™|| < n ||a||"_1 |lac — cal| .

Proof. By taking the norm and using its properties we have
n—1 n—1
la™c — cb"|| < Z |a" " (ac — eb)t’|| < Z || llac — eb]| ||o|
i=0 i=0
n—1 . )
< llac = ebll Y lla]"~" " [jo]
i=0

llall"—][o]™ -
H bH Tall=Bl if ||b]] # [|all
= |lac — ¢bl|| x

-1 .
nlal*7 3 [|b] = llall,

which proves (2.4). O
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Now, by the help of power series f(z) = > > anz" we can naturally
construct another power series which will have, as coefficients, the absolute
values of the coefficients of the original series, namely, fa(z) := > 7 || 2"
It is obvious that this new power series will have the same radius of convergence
as the original series. We also notice that if all coefficients o, > 0, then f4 = f.

As some natural examples that are useful for applications, we can point
out that, if

(2.6) f)=> (_iwA" =In 1+1)\ A e D(0,1);

g(A)zi(*) A" =cos A\, A€ C;

~ (2n)!
_ - (_1) 2n+1 __
h(\) 27(271“) A2 —sin A, A e C;
IA) =D (-1)"\" = 1+1A A e D(0,1);

n=0

then the corresponding functions constructed by the use of the absolute values
of the coefficients are

(2.7) Fa(h) = %)\” =In - !

n=1
)

ga(A) = Z m)\% =cosh A\, \ € C;
n=0

> 1

ha(\) = Z mvnﬂ =sinh A\, A € C;

; A€ D(0,1);

ZA”— o AED(O,1).

Other important examples of functions as power series representations with
nonnegative coefficients are:

[eS) 1 .
LA e _
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sin~ A\2ntt A€ D(0,1);

Zan—}—l

1
tanh ™' (\) = van L XeD(0,1)
n=1

o0

B I'(n+a)l(n+ B8)I(y)
52N = D SR B +7)

A€ D(0,1);

N a, B,y >0,

where I' is the gamma function.
We have:

Theorem 2.3. Let f(z) = Y o7 ja, A" be a function defined by power series
with complex coefficients and convergent on the open disk D(0, R) C C, R > 0.
For any x, y, z € B with ||z|, |ly|| < R we have

Lal=dalleD) i iy £
(2.9)  [If(w)z — 2f ()| < llyz — 22| x o

Fall=lD), i Nyl = 1l -

In particular

(2.10) 1f(x)z = 2f (@) < [lwz = zz]| fall])
and, see also [5] for details,

Ll et iyl # 1
Yy m
@10 )~ F@I <y — ]l %

FadllD, i lyll = [l -
Proof. We have, for any m > 1, by making use of the inequality (2.4), that

m m
(Z any")z — Z(Z anz™)
n=0 n=0

m m
Yoanly"z —za")|| <Y lanl [ly"z - 22"
n=1 n=1

n__ noo,
Sy lon| BLAEE it ly)| # 2],

(2.12)

< [lyz — 2z %

-1 .

S a2 iyl = e

e (o ol = S ol [l2]™),
i [yl # ol

= |lyz — zz| x

—1 .
2ney e [l 5yl =l -
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Moreover, since ||z|, |y|| < R, then the series Y > any™ and Y 2 apz”
are convergent in B and

Doy = f(y), Y ana” = f(x).
n=0 n=0

Also, the scalar series

o0 oo o
D laallyl™, > lanl 2™ and Y nfa [l
n=0 n=0 n=1

are convergent

> lanllyll™ = Fallyl), D lanl 2™ = fa(lz])
n=0 n=0

and

[e.e]

> nlan "t = Fallal).

n=1
Therefore, by taking m — oo in the inequality (2.12) we get the desired result
(2.9). O

Corollary 2.4. Let f(z) =Y 07 g anA", g(2) = Y02 B A" be two functions
defined by power series with complex coefficients and convergent on the open
disk D(0,R) C C, R > 0. For any x, y € B with ||z||, ||y|| < R we have

(2.13) 1f(2)g(y) = gW) f @) < lley =yl FalllzlDgallyl)-
Proof. From (2.10) we get

1f(z)z = zf (@)l < llzg(y) — gl fall=]])
and

lzg(y) = 9W)zll < llzy =yl ga(llylD),
which provide the desired result (2.13). O

Remark. If we write the inequality (2.9) for the function f(\) = (1 4+ )~}
defined on the open disk D(0,1) we get for all x, y, z € B with ||z], ||y|| < 1
that

214)  [|(1£ )"t — 21 £ 2) | < flyz — 2all (1= )21 — i)~
In particular,

(2.15) |(1£z) 'z — 21 £ 2)7 | < [loz — 2z (1 — =)~

and, see [5] for details,

(2.16) [t£y) =t z2) | < lly ==l (L~ llylh™ @~ =)~
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We also have:

Theorem 2.5. Let f : D C C — C be an analytic function on the domain D
and x, y, z € B with o(x), o(y) C D and v a closed rectifiable path in D and
such that o(x), o(y) C ins(y). Then we have

I e e e i e
In particular,
218) @)z - 2@ < 5 oz~ =al] [ M de|
ol
and
)
N O e e A i e

see also [7] for details.

Proof. Let A € C, A # 0 and a, b € B such that A € p(a) N p(b), then we have
the following inequality for the resolvent function that is of interest in itself:

(2.20) 1Ry (X)z — 2Ra(N)|| < (b= — 2al| (IA] = (o)~ (IA] = fJal)~*
Indeed, by (2.14) we get for A € p(a) N p(b), A # 0 that
(A=) —2(A—a)7!|
b

= H)\_l(l — X)—l,z A2 (1 - X)_l

I H U L U
sl slo- o
= IM 5 116z = zal A (|A] = 161D~ (IA] = [Jal) ™!

= [|bz — zall (IA] = [lb]) = (IA] = flal) ™!
and the inequality (2.20) is proved.

Let x, y, z € B with o(x), o(y) C D and v a closed rectifiable path in D
and such that o(z), o(y) C ins(y). Using the Riesz functional calculus we have

Pz —250) = g [ F€E )2k [ a6 ) e
2m/f )z a(e — )] e
= 301 | FOF©)2 ~Ra(e) ac.
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By taking the norm in this equality and using the properties of integral, we
get

) ) @IS o [N~ Ra(e)] ]
Using inequality (2.20) we have
1
22 oo [IFOIIR©: - 2Rule)] 146
8l
L o =1lel — a1
<l ==l 5 [ 11 el = ol (el L)~ ]

By making use of (2.21) and (2.22) we get the desired result (2.17). O

Corollary 2.6. With the assumptions of Theorem 2.5 and if

[£1l,00 == sup|f(£)] < o0,
g€y

then

. 1 |d¢|
2:23) 1)z — 2f(@)] < 5= ly=— = IS “w/v (el TwID Ul Tall)
In particular,

1 d
(2.24) If(@)z = 2f @) < 5 llwz — za]] Ilf!\%oo/m
ol

and

1 €]
| < o ly—=llf ”w/, EEENGEE

(2.25) 1/ (y) — f(z)

see [1] for details.

Remark. 1f we assume that f : D C C — C is an analytic function on the
domain D and z, y € B with o(x), o(y) C D(0,R) C D, then by taking
v parametrized by £(t) = Re*™ where t € [0,1], then dé(t) = 2miRe*™dt,
|dé(t)] = 2mRdt, || = R and by (2.17) we get

220 )2 < = [ e

In particular, we have

22 W@ - el < T [ e

(1)
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and

e Ry o
229 1) - 1@< s [ e

see also [7] for details.

Moreover, if || f|| 5 o = SUPycpo 1] |f(R€2mt)‘ < 00, then we have the simpler
inequality
Rllyz — zz| Ifll
(2.29) 1f(y)z — zf(@)]| < ™

(B —[ly[) (R — [l=])

and, in particular,

Rljez — 2zl || fll g 00

(R — [|l=))?

(2.30) 1f(x)z = zf(@)]| <

and

Rlly — 2l 151l 70
(R = llylD(R—llz]l)

Corollary 2.7. Let f, g: D C C — C be analytic functions on the domain
D and x, y € B with o(z), o(y) C D and 7y a closed rectifiable path in D and
such that o(x), o(y) C ins(vy). Then we have

(2.32) 1F@)9) — 9 F@)]
A1) 9(9)
S gzl =y "L<|s|||x|r>2 'd5'£<|s|\|y||>2 d¢]

11l .00 = sup|f(§)] <00, [lgll, 00 :=sup|g(§)] < oo
g€y g€y

(2.31) 1f(y) = f@)] <

and if

then

@5 1S) ~ oW o
o de] e
< gz lorv = el 17 ”g”'m/ <\§|—|rx\>2l<|s|—ry\|>2‘

Applying the inequality (2.18), the result follows and we omit the details.

Remark. If we assume that f, g : D C C — C are analytic functions on the
domain D and z, y € B with o(z), o(y) C D(0,R) C D, then

(2.34) 1 (@)g(y) — 9(y) f(@)]

2
< R ”93?/ ?J»”U” / ‘f Re 2mt |dt/ ’g p2mit }dt
(R — [|z][)2(R — [[y]})?
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Moreover, if

1l g0 := sup |f(Re*™)| < 0o, ||gllpe = sup_[g(Re*™)| < oo,
te[0,1] t€[0,1]

)

then

R ||lzy =yl [1£1l oo 191l 7,0
(B — [|l=[))*(R — [lyll)*

(2.35) 1f(x)g(y) — g(y)f(@)]| <

§3. Some Examples for Exponential Function

Consider the exponential function f(a) = expa, a € B. By using Theorem 2.3
for the exponential function, we get the inequalities
(3.1)

exp(\\ﬁﬂ‘)‘:ﬁzﬂ(”xu)? if |yl # ||,

l(expy)z — z(exp )| < |lyz — 2z x
exp([lz[]), if [lyll = [l=] -

In particular
(3.2) [(exp )z — z(exp x)|| < [loz — za|| exp(||z]))
and, see also [5] for details,

RUyl=ollel i y|) o],

(33)  llexpy —expaf| <|ly —z| x
exp(||zl)), if |lyll = [lz]| -

Now, assume that z, y € B and ||z||, ||y| < R for some R > 0. Observe
that

|exp(Re*™)| = |exp [R(cos(2mt) + isin(2t))]| = exp [R cos(27t)]
and then by (2.26) we get

R|lyz — 2z
(R —[lylN(R — [l|

(3.4) |l(expy)z — z(expx)|| < )/0 exp [R cos(27t)] dt.

In particular, we have

R||zz — zz|| (!

35 lewa): (o) < T |

exp [R cos(2nt)] dt
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and

Rlly — =
(B = [lyll) (7 = =]

1
(3.6) lexpy — expz|| < ] / exp [R cos (27t)] dt,
0

see also [7] for details.
The modified Bessel function of the first kind I,(z) for real number v can
be defined by the power series as, see [1, p. 376] for details,

PR SVR < S ¢ o
V(Z)_(iz) kz_oklr(’/‘FM7

where T' is the gamma function. For n = 0 we have Iy(z) given by

o (320"
In(2) =) (4k!)2 :
k

=0

An integral formula for real number v is

I(2) = ! /7r e cos(v0)dh — sin(vm) /OO o~z cosht—ut 1y
Y T Jo s 0 ’
which simplifies for v an integer n to
1 ™
In(z) — / eZCOSGCOS(nQ)dQ,
T Jo

For n = 0 we have

™

1 ™
Io(z) = — / e7°0s0g,
0

If we change the variable 6§ = 27t, then dt = %d& and

1 1 2w
/ exp [Rcos(2nt)] dt = — / exp [R cos 0] df
0 2m Jo

1,1

T 1 21
= 2(7r/0 exp [Rcos@]d0+7r/ exp [Rcos 6] df)

= L Io(R) + Io(~R)) = Io(R).
From (3.4) we then get

Rllyz — za| Io(R)
R—lylD(R — [l=[))’

(3.7) l(expy)z — z(expa)| < (

for z, y, z € B with ||z, ||y|]| < R.
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In particular, we have

Rl|zz — zz|]

(3.8) I(expa)z - 2(expa)] < o o(R).
and
(3.9) lexpy — expall < — W=l __zp).

(B —llyl) (B — [lz])

for z, y, z € B with ||z]|, ||y|| < R. For more details, see [7].
Since, in general expu does not commute with exp v, then from (3.2) we
get

(3.10) Jexpuexpw — expvexpul| < [[uv — vul exp(full + [|o])

for all u,v € B.
From (3.8) we also have

R? ||uv — vul|

(B — [lull)*(R — [Jv])?

(3.11) llexpuexpv — expvexpul| < IZ(R)

for u, v € B with ||u||, ||v]| < R.

By utilising the examples from (2.6), (2.7) and (2.8), the interested reader
may obtain other similar inequalities for functions defined on the Banach al-
gebra B. We omit the details.
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